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Abstract

This reportdescribes a fourth order tensor defined on projective spaces which can be used for the
representation of medium-level features, e.g., one or more oriented segments. The tensor has one part
which describes what type of local structures are present in a region, and one part which describes
where they are located. This information can be used, e.g., to represent multiple orientations, corners,
and line-endings. The tensor can be defined for arbitrary signal dimension, but the presentation
focuses on the properties of the fourth order tensor for the case of 2D and 3D image data. A method
for estimating the proposed tensor representation by means of simple computations directly from the
structure tensor is presented. Given a simple matrix representation of the tensor, it can be shown
that there is a direct correspondence between the number of oriented segments and the rank of the
matrix provided that the number of segments is three or less. The reportalso presents techniques for
extracting information about the oriented segments which the tensor represent. Finally, it shown that
a small set of coefficients can be computed from the proposed tensor which are invariant to changes
of the coordinate system.
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1 Introduction

Computer Vision has over the last few decades presented a number of descriptors and estimation proce-
dures for low-level features which only in a few computation steps can produce information about basic
features, e.g., line or edge segments together with their orientation (e.g., [1] [2]), of curvature (e.g., [5]), of
corners (e.g., [6] [12]), and even of multiple orientations (e.g., [11]). However, it has proven difficult to go
beyond these basic features to medium-level features, e.g., of shape, objects, relations between objects,
etc. There are different reasons for this situation, and we will here shortly discuss this topic.

One reason is that the various methods often use computations and representations of features which
are incompatible, e.g., processing steps cannot be shared between different feature computations, and
their descriptors cannot be related in a straightforward manner. This makes it difficult to combine the
low-level features into more complex descriptors which integrate information about different features over
a larger region.

Furthermore, some descriptors do not provide all information necessary to form descriptors of higher
complexity. For example, the so-called structure tensor which is used for representation of local orientation
of lines/edges, can be described as a matrix T,

T = A n̂ n̂T , (1)

where A > 0 and n̂ is a normal vector of the line/edge [4]. This means that two line segments which
have the same orientation will be represented by the same tensor, even if they are not part of the same
line. Consequently, this type of descriptor only provides limited possibilities of relating estimates of two
different local features into a combined and more complex descriptor, e.g., of corners. A solution is to use
descriptors based on projective spaces, thereby allowing representation of all the parameters of oriented
structures, e.g., lines or planes, and which also can be transformed in an easy manner from one coordinate
system to another. Steps in this direction have already been taken, e.g., [10], mainly based on providing
a maximum likelihood representation of 3D geometrical primitives from observations of a scene. The
result is in the form of second order tensors defined on a projective space which carries information about
local structure and orientation in the eigensystem of the corresponding coordinate matrix, similar to the
structure tensor.

Finally, there is also a lack of suitable mathematical tools for constructing and analyzing complex
descriptors. For tensors of order two, which can be represented as matrices given a suitable basis, we can
use eigenvalue or singular value decomposition. However, for higher order tensors there does not seem
to exist corresponding tools and instead various tricks have to be used in order to analyze the result (an
approach for multi-linear SVD is presented in [8]).

This reportpresents a fourth order tensor which is proposed as a means for defining medium-level fea-
tures. The tensor can, e.g., be used for representation of multiple orientations, corners, and line-endings.
It can be defined in arbitrary dimensions, even though this reportfocuses on the general properties for
the 2D case. The tensor is defined on a projective space and can be used for defining more regional (or
non-local) descriptors by integrating these descriptors in various ways over a larger region.

The necessary concepts and notations are presented in sec. 2, while the proposed representation is
presented in sec. 3, 4 and 5. With the representation properly established, we next turn to the problem of
how to estimate it. This can be done in many different ways, and and particular method for the estimation
is presented in sec. 6, based on simple computations on the structure tensor. In sec. 9, we will discuss
the issue of computing coefficients which are invariant to transformations of the coordinates system. The
proposed framework suggests that there is a relation between the number of oriented segments and the
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rank corresponding tensor, and this topic is developed in sec. 7. Finally, in sec. 8, we will look at the
computations which are needed to extract the parameters of the segments represented by a particular
tensor.

2 Concepts and notations

The following work is based on the notion of homogeneous representations of Euclidean spaces [7] [13].
We will use a canonical representation of a point x in a Euclidean space E = Rn according to

xH =
(

x0

x

)
, (2)

such that xH ∈ Rn+1. The real number x0 6= 0 can be chosen arbitrarily, but there are some practical
issues related to this parameter which are discussed in sec. 6. In this presentation we will consider affine
hyperplanes in E, i.e., lines in R2 and planes in R3. Any such hyperplane is characterized by the equation

x · l̂− l = 0, (3)

where x∈E is any point in the affine space, l̂∈E is a normal vector of the affine space pointing from the
origin to the plane, and l≥ 0 is the distance from the origin of E to the affine space. To represent this
equation in a more compact form we define

lH =
(
−l

l0 l̂

)
∈ Rn+1, (4)

where l0 6= 0 is another arbitrary real number, and consider the expression

xT
H

(
l0 0T

0 x0I

)
lH = x0 l0 (x · l̂− l), (5)

where I is the n × n identity matrix. Clearly, eq. (5) vanishes if and only if x lies in the hyperplane
defined by l. With these relations in mind, we can take the view that both xH and lH belong to the
same vector space V = Rn+1, and on V we have a scalar product

G =

(
l0 0T

0 x0I

)
, (6)

such that two vectors xH , lH ∈ V represent a point and a hyperplane, respectively, and the point lies in
the hyperplane if and only if they are orthogonal, i.e.,

xT
H G lH = 0. (7)

Furthermore, since this orthogonality relation is invariant to multiplication with non-zero scalars, V can
formally be seen as a projective space. This means that both xH and αxH are equivalent representations
of the point x ∈ E for α 6= 0, and the corresponding statement is valid also for lH .

Even though any practical implementation implies that all xH and lH belong to Rn+1, it should be
noted that xH and lH formally should be regarded as elements of two separate spaces, which is the reason
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for the difference in notation. If we change the coordinate system of the space E, corresponding to a
transformation of any projective vector xH to x′H according to

x′H = R xH , (8)

then all vectors lH must transform according to

l′H = R̃ lH with R̃ = G−1 (RT )−1 G (9)

to keep expressions like eq. (7) invariant. This implies that vectors xH and lH lie in spaces which are
dual relative to each other.

Finally, to make the presentation brief and not too hampered by notation, second and fourth order
tensors are sometimes represented by matrices, typically equating tensor products of tensors in tensor
spaces with the outer products of vectors from Rd where d is the dimensionality of the tensor spaces.

3 The tensors S02 and S20

The fourth order tensor to be defined is derived from two second order tensors, here denoted S02 and
S20. S02 is closely related to the structure tensor. More precisely, it is defined as an element of V⊗V in
the following way:

S02 = A lH ⊗ lH , A>0. (10)

We can represent S02 as a symmetric matrix which has one single eigenvector of non-zero eigenvalue; lH ,
which suggest some similarity between S02 and the structure tensor, eq. (1). Both are outer products or
tensor products of vectors which describe orientation, but lH includes also information about the position
of the corresponding structure while n̂ does not.

The S02 tensor has been proposed in the framework developed in [10], and gives a distinct repre-
sentation of lines/edges which distinguishes, e.g., between two lines of the same orientation but with
different positions (different l’s). This representation has some interesting properties, e.g., the set of all
eigenvectors of zero eigenvalue with respect to S02 corresponds to the set

{G xH , all points xH which lie on the hyperplane lH}. (11)

This means that the tensor
A1 lH1 ⊗ lH1 + A2 lH2 ⊗ lH2 + . . . , (12)

where A1, A2, . . . > 0, has a set of eigenvectors with vanishing eigenvalues that all corresponds to the set

{G xH , all points xH which lie on every hyperplane lHk }. (13)

The S20 tensor is defined in the corresponding way with xH :

S20 = B xH ⊗ xH , B>0. (14)

Again, we have a symmetric matrix with a single eigenvector of non-zero eigenvalue; xH . Furthermore,
we see that the set of eigenvectors of zero eigenvalue correspond to the set

{G lH , all hyperplanes lH which pass through the point xH}. (15)
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This means that the tensor
B1 xH1 ⊗ xH1 + B2 xH2 ⊗ xH2 + . . . , (16)

where B1, B2, . . . > 0, has a set of eigenvectors with vanishing eigenvalues which all correspond to the set

{G lH , all hyperplanes xH which pass through every point xH1}. (17)

In the following section we will combine the two tensors S20 and S02 into a fourth order tensor which
is the main result of the report, but before doing this let us look at some properties of S20 and S02 which
are of importance to the analysis of the fourth order tensor.

1. Since both xH and lH can be regarded as elements of projective spaces, i.e., they represent the
same property regardless of a scaling with a non-zero number, this feature is inherited also by S20 and
S02. For example, a statement such as “S02 is constant along a line segment” means that it is constant
seen as an element of a projective space, but its elements can still vary corresponding to a common scalar
multiplication. Another property which is inherited from xH and lH is the fact that S20 and S02 lie in
dual spaces, i.e., a transformation of one corresponds to the dual transformation of the other, see sec. 9.

2. We assume that the estimation of S02 is such that this tensor vanishes everywhere except close to
and on oriented structures. However, the validity of this condition is to a high degree dependent on the
way the tensor is being estimated, something that is discussed in more detail in sec. 6.

3. S02 should be constant (seen as an element of a projective space) for all points which lie within a
specific oriented structure, e.g., line or plane. This may seem like an obvious statement, but we will need
it later on when tensors are integrated over larger regions which may contain more than one oriented
structure and where the statement may not be as obvious.

4. There is a duality between S20 and S02; if we look at a specific point xH which lies in a specific
hyperplane lH , that gives us the corresponding S20 and S02, then xH spans the range of S20 and it also
lies in the null space of G S02 G, whereas lH spans the range of S02 and it also lies in the null space of
G S20 G. Consequently, the range of S20 is a subspace of the null space of G S02 G and, vice versa, the
range of S02 is a subspace of the null space of G S20 G.

5. In the presentation so far we have made the implicit assumption that there exist a basis in which
all coordinates of points or hyperplanes can be computed. An important point is that we need not employ
one global coordinate system for all points in the image. Instead we may use one coordinate system for
each point where we estimate our tensors, e.g., centered at that specific point. This approach simplifies
certain practical computations but also means that we need to take transformations between coordinate
systems into account when doing these computations.

6. Both S20 and S02 are elements of V ⊗ V and more precisely the symmetric part of this space. In
the following, this space will be denoted V2. In practice we can identify V2 with the set of symmetric
(n + 1)× (n + 1) matrices, which in itself is a vector space of dimension

d =
(n + 1)(n + 2)

2
. (18)

Formally this matrix space can then be identified with Rd, but it carries an additional structure in terms
of eigensystems.

7. Assuming that we have estimates for S20 and S02 given at a certain point, they represent a
statement about where and what. The tensor S02 describes what hyperplane is involved but does not say
anything about what part of the hyperplane is considered. The tensor S20, on the other hand, gives a
statement about where we have estimated something, but does not say anything about what structure is
involved.
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Next, we will combine S20 and S02 into a fourth order tensors which then carries information about
both where local features are located and what features they are.

4 The S22 tensor

Let S20(x) and S02(x) denote the estimates of the two tensors at the point x, and consider the fourth
order tensor

S(x) = S20(x)⊗ S02(x). (19)

Obviously S combines statements about both what hyperplane is involved and where it has been esti-
mated, even though it may not be immediately clear that the “where” and “what” statements can be
separated again once they have been combined in this way. However, if we take the view that both S20(x)
and S02(x) are elements of V2, which in turn can be identified with Rd, eq. (18), then S(x) is just the
outer product of two vectors in Rd. This means that S can be seen as a d × d matrix (not necessarily
symmetric) of rank one. A singular value decomposition of S can then provide the information we need:
S20(x) and S02(x).

Given the n-dimensional signal space E, we are now considering a fourth order tensor that is of
dimensionality O(n4), e.g., in the 2D case the dimensionality of S is 6×6 and in the 3D case it is 10×10.
It seems reasonable to believe that all these 36 dimensions should be sufficient to host information about
more than only a single oriented structure, and this is precisely the idea which we will explore here. We
will consider the result of integrating the tensor S over a larger region which may contain more than one
oriented structure. Formally we define a tensor S22 as

S22(x) =
∑
y

w(x− y) S20(y)⊗ S02(y), (20)

where w(y) is a suitable weight function which localizes the resulting tensor S22. Note that S22 ∈
V2 ⊗ V2 = V4 and that the right-hand expression above corresponds to a convolution between w and
S20 ⊗ S02.

It should be noted that the expression for S20 given in eq. (14) suggests an implementation for the
computation of the elements of S22(x) in the form of convolutions between the elements of S02(y) and
filters which are of the form w(y) yH ⊗ yH . This corresponds to polynomials up to order two which are
weighted by w(y) (see also sec. 6). It should also be noted that in order to compute S22(x) it is necessary
that all S20(y) and S02(y) are defined in a common coordinate system. Furthermore, as has already been
pointed out in sec. 3, the coordinate system we use for S22 may be dependent on x.

5 Representation of oriented segments

Let R denote the local region (around a point x) from which we compute S22. We will now focus on
the general properties of the tensor S22 for the particular case that R contains a number of oriented
structures, e.g., lines or edges in 2D or planes in 3D. Using the assumption that S02(y) vanishes except
for y close to these structures, the summation in eq. (20) over all points in a region around x can then
be reduced to only points y where S02(y) is non-zero, resulting in the following expression:

S22(x) =
∑
k

[ ∑
y∈Γk

wk(x− y) S20(y)

]
⊗ S02,k. (21)
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S02,k is the constant value of S02 for segment k, Γk is the set of points y which belong to segment k,
and wk is the weight function (possibly containing also the variation of the norm of the estimated S02).
Consequently, eq. (21) can be written as

S22 =
∑
k

S20,k ⊗ S02,k, (22)

with one term for each segment, where

S20,k =
∑

y∈Γk

wk(y) S20(y) (23)

is a weighted covariance of the xH vectors belonging to segment k. This means that each S20,k, after
proper normalization, can be expressed in coordinates as the matrix

S20,k =

(
x2

0 x0 xT
k

x0 xk Σk + xk xT
k

)
, (24)

where Σk is the covariance of the points from segment k, and xk is the corresponding mean. In this
presentation, we are assuming that the oriented surfaces correspond to hyperplanes, e.g., lines in 2D
and planes in 3D. This means that the rank of S20 is n and the rank of Σk is n − 1. Since the latter
observation will be used further on, we will declare it as the following statement

Any Σk is a symmetric and positive semi-definite n× n matrix of rank n− 1. (25)

Using a matrix notation also for S02,k, we get

S02,k = lH ⊗ lH =

(
l2k −l0 lk l̂Tk

−l0 lk l̂k l20 l̂k l̂Tk

)
, (26)

where lk is the distance from the origin to the corresponding line or plane and l̂k is a normal vector which
point from the origin to the line or plane.

In [9] the idea of rank complement is developed. The rank complement operation can be seen as an
interchange of range and null spaces of a matrix. However, the practical computation of this operation is
specific for the rank of the initial and resulting matrix. The above presentation of S20,k and S02,k shows
that S02,k is the rank complement of S20,k, where S20,k has rank n− 1 and S02,k has rank 1.

According to the observations we made in sec. 3, one way of interpreting eq. (22) is as a sum of outer
products of vectors in V2. With this view it seems reasonable that there is a relation between the rank
of S22 and the number of segments in R, since each segment contributes with one term in the sum. This
issue is discussed in more detail in sec. 7, and the main result is that as long as the number of segments is
three or less then there is a direct correspondence between the rank of S22 and the number of segments.
Unfortunately, however, this correspondence is not valid in general for four or more segments.

Note that in this context, rank does not refer to a strict definition in terms of number of non-zero
singular values. Due to signal noise and approximate estimation methods the singular values of S22 are
never exactly zero. Therefore, we need to employ some strategy for determining which singular values
should be classified as zero and which are non-zero. This is a general problem [3] and will not be treated
here, but it is related to the parameters x0 and l0, to be discussed in the following section.
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6 Estimation of S22

We will now turn to the problem of estimating S22 from image data. It should be emphasized that
the proposed tensor representation is independent of the estimation procedure used in that the specific
method for estimation has to be designed to fit the image data at hand, as well other computational
constraints. For example, in the 3D case we may estimate the tensor S22 either from 3D volume data,
from motion stereo, from baseline stereo, or from range data. In this section we will discuss one relatively
simple and straightforward method of estimating S22 based on local orientation tensors in the form
presented in eq. (1). At the end of this section, we will also discuss the role of the parameters x0 and l0
introduced in sec. 2.

In the following we assume that the local orientation tensor T has been computed from image data
(see [1] [4] [2]), and that it is given as a function of the position x. Note that this position can be relative
to any suitable coordinate system, and we require that all variables which are functions of x are defined
is the same coordinate system. Furthermore, we also assume that T (n×n) is given according to eq. (1),
i.e., point x is close to or on an oriented segment for which there is a corresponding lH . It then follows
that a corresponding tensor S02, eq. (10), is given by

S02(x) = K(x) T(x) KT (x), K(x) =
(
−xT

l0 I

)
, (27)

where K is a (n+1)×n matrix that varies with x. To prove this relation, insert eq. (1) into the left-hand
side of eq. (27) to get

K(x) T KT (x) = A

(
−xT

l0 I

)
n̂ n̂T

(
−x l0 I

)
= A

(
−xT n̂
l0 n̂

) (
−n̂T x l0 n̂T

)
. (28)

At this point we can identify n̂ = l̂ and l = xT n̂ to get

K(x) T KT (x) = A

(
−l

l0 l̂

) (
−l l0 l̂T

)
= A lT ⊗ lH = A S02 (29)

The above discussion presents an explicit formula for computing a local estimate of S02 given that
local estimates of the orientation tensor T are available. We can then insert eq. (27) and eq. (14) into
eq. (20) and obtain

S22(x) =
∑
y

w(x− y) yH ⊗ yH ⊗
[
K(y)T(y)KT (y)

]
=

=
∑
y

w(x− y) yH ⊗ yH ⊗
[(
−yT

l0 I

)
T(y)

(
−y l0 I

)]
. (30)

The S22 tensors computed in this way have a coordinate system that is independent of x, i.e., all such
tensor are defined relative to one single global coordinate system. However, using the idea presented in
point 5, sec. 3, we may employ a local coordinate system for each S22(x), e.g., centered at point x. S22

is then computed as

S22(x) =
∑
y

w(x− y)
(

x0

y − x

)
⊗
(

x0

y − x

)
⊗
[(

xT−yT

l0 I

)
T(y)

(
x−y l0 I

)]
. (31)

An interpretation of this expression is as follows:
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• Each element of S22 is a linear combination of linear functionals applied to the elements of T, the
latter seen as function of position y.

• Each such functional is an integration/summation over the position y of the corresponding element
in T times a polynomial in the elements of (y − x) times the weight function w.

• Each such polynomial has an order between zero and four.

Given this interpretation, it should be clear that each element of S22, seen as a function of x, can be
computed in terms of convolutions of the elements in T with specific polynomials, of up to fourth order,
which are weighted with w, and finally linearly combined.

Related to the estimation procedure is the selection of the two parameters x0 and l0, introduced in
sec. 2. We will here summarize some of the experiences related to these two parameters which have
been made from working with practical implementations of the proposed tensor. If the tensor S22 has
been estimated according to the methods presented above, then T(x) is typically not an exact impulse
function if we look at how it varies across an oriented structure. Normally it is the size of the filters used
for the estimation of T which determines the amplitude response across the structure. Consequently,
each oriented structure contributes with a set of terms in eq. (22). This implies that the rank of S22,
seen as a d× d matrix, is perturbed by the fact that each proper segment contributes with several terms
in eq. (21). However, since we consider lH to be an element of a projective space, a fast variation of
this vector implies that the variation of the scalar l relative to the parameter l0 is large. Consequently,
by choosing a sufficiently large value for l0, the variation of lH across an oriented structure can be kept
within an acceptable range for practical applications. On the other hand, we cannot choose a too large
value since this will make lH approximately constant even for distinct structures which implies that all
S02,k are approximately equal and the rank of S22 will become equal to one.

Another critical case arises when we consider the crossing of two or more oriented structures, e.g.,
lines or planes, and we have set the origin of the coordinate system exactly at the crossing. Assuming
that all structures are symmetric around the crossing, this means that xk vanishes and we get

S20,k =

(
x2

0 0

0T Σk

)
. (32)

Note that each Σk is different in this case, but the variation of these is balanced by the value of x2
0 in

the variation of S20,k. This means that we should choose a sufficiently small value for x0 to make each
S20,k distinct as an element of a projective space, otherwise the rank of S22 will not reflect the number
of segments in the correct way. However, we cannot choose a too small value for x0 since this makes
it difficult to distinguish two segments of the same orientation that have different positions, i.e., Σk is
constant by xk varies.

To summarize, any practical implementation of S22 involves choosing suitable values for x0 and l0,
where the corresponding ranges of the two parameters are given by, e.g., filter sizes, and resolution of the
representation.

7 The rank of S22

In sec. 5 it was stated that there is a relation between the number of oriented segments in a region and
the rank of the corresponding tensor S22. In this section we will discuss this relation in more detail and
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come to the following conclusions:

Proposition 1 If S22 has been estimated from a region which contains at most three oriented segments
then the rank of S22 is the same as the number of segments.

Proposition 2 There are configurations of four segments which produce an S22 of rank three.

To prove these two propositions, let us consider S20,k and S02,k to be vectors of V2 rewrite eq. (22)
in a matrix form as

S22 =
∑
k

S20,k ST
02,k, (33)

i.e., S22 is the sum of outer products of factors S20,k and S02,k. Notice that this sum consists of one
term for each segment. Clearly, if and only if the set {S20,k} and the set of {S02,k} are both linearly
independent, then the rank of S22 is the same as the number of segments. This means that the issue at
hand reduces to determining that these two sets are both linearly independent for the cases of one, two
and three segments. We see immediately that Proposition 1 is valid for the case of one segment and we
need to consider only the cases of two and three segments.

First, however, it must be clear what is means that two segments are different. The results derived
in sec. 5 are based reducing the integration of S22 in a local region, eq. (21), to a finite sum, eq. (22). In
doing so, we assume that S02,k is the constant value of the tensor S02 for all points which are on segment
k. However, this means that if the region contains two different segments which are both located on
the same line or plane (same lH), they are merged into one segment with a common S20. Consequently,
the parameters of S20 which are presented in eq. (24) then refer to the common mean and the common
covariance of the two segments. Normally, this situation should not happen if the regions which are used
for estimating S22 are sufficiently small. To summarize, two segments can only be considered as distinct
if they are located on two different lines or planes (have different lH). In the subsequent derivations
we need a more formal definition of when two segments are distinct. This is provided by the following
lemma.

Lemma 1 Let two segments be defined by their means x1,x2 and their covariances Σ1,Σ2. If they
are not distinct this is equivalent to these two statements:

Σ1 and Σ2 have a common (one-dimensional) null space. (34)
This null space is orthogonal to the difference of the means. (35)

This implies that there exists a y ∈ Rn,y 6= 0 such that

Σ1 y = Σ2 y = 0, (36)

yT (x1 − x2) = 0. (37)

7.1 Rank two

Let us begin with the case of two segments, and we then have to prove that if S22 is estimated from
a local region which contains two distinct segments then the sets {S20,1,S20,2} and {S02,1,S02,2} are
both linearly independent. Without loss of generality, this is equivalent to showing that if either of the
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following equations are valid

S20,2 = α1 S20,1, α1 6= 0, (38)
S02,2 = β1 S02,1, β1 6= 0, (39)

then the two segments are not distinct. Assume first that we can find α1 such that eq. (38) is valid.
Using eq. (24) this matrix relation can be written as the following three equations

x2
0 = α1 x2

0, (40)
x0 x2 = α1 x0 x1, (41)

Σ2 + x2 xT
2 = α1 (Σ1 + x1 xT

1 ). (42)

From this and x0 6= 0 follows immediately

α1 = 1, (43)
x1 = x2, (44)
Σ1 = Σ2, (45)

which then implies that the two segments have a common mean and that the covariances are equal, i.e.,
they are not distinct. Assume instead that eq. (39) is valid for some β1. From the definition of S02,
eq. (26), it follows that

l22 = β1 l21, (46)

−l0 l2 l̂2 = −β1 l0 l1 l̂1, (47)

l20 l̂2 l̂T2 = β1 l20 l̂1 l̂T1 . (48)

Taking the trace of the last equation, together with l0 6= 0, gives β1 = 1, from which we conclude that
l̂1 = l̂2 and l1 = l2, and again we see that the two segments are not distinct. Consequently, we have
proved Proposition 1 for the case of two segments.

7.2 Rank three

Let us continue with the case of three segments. Without loss of generality we the want to prove that if
either of these relations are valid

S20,3 = α1 S20,1 + α2 S20,2 α1, α2 6= 0, (49)
S02,3 = β1 S02,1 + β2 S02,2 β1, β2 6= 0, (50)

then the two segments are not distinct. Assume first that we can find α1, α2 so that eq. (49) is valid.
Using the same approach as in the rank two case, we then arrive at

α1 + α2 = 1, (51)
α1 x1 + α2 x2 = x3, (52)

α1 (Σ1 + x1x
T
1 ) + α2 (Σ2 + x2x

T
2 ) = S3. (53)
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Inserting eq. (52) into eq. (53) gives

Σ3 = α1 Σ1 + α2 Σ2 + α1(1− α1) x1x
T
1 + α2(1− α2) x2x

T
2 − α1α2 (x1x

T
2 + x2x

T
1 ), (54)

which together with eq. (51) let us arrive at

Σ3 = α1 Σ1 + (1− α1) Σ2 + α1(1− α1) δδT , (55)

where δ = x1 − x2.
Before we continue, it should be noticed that each Σk must satisfy the condition in eq. (25). We are

now going to study eq. (55) and see that all values of α1 lead to either a violation of eq. (25) or to a
situation where segments 1 and 2 are not distinct according to Lemma 1. First, it is clear that α1 = 0
or α1 = 1 does not satisfy eq. (49). Consider the case α1 < 0. Since Σ2 satisfy eq. (25), there exists a
vector y2 6= 0 such that Σ2 y2 = 0. This gives

yT
2 Σ3 y2 = α1 yT

2 Σ1 y2 + α1 (1− α1) (δT y2)2. (56)

Since α1 < 0 and Σ1 is positive semi-definite, it follows that

yT
2 Σ3 y2 ≤ 0, (57)

with equality if and only if Σ1 y2 = 0 and δT y2 = 0. Consequently, if α1 < 0 then we have two
possibilities. It must either be the case that

Σ1 y2 = Σ2 y2 = 0, (58)

yT
2 (x1 − x2) = 0, (59)

i.e., segments 1 and 2 are not distinct according to Lemma 1. Or we come to the conclusion that Σ3 is
not positive semi-definite which means that it does not satisfies eq. (25). Both conclusions violate basic
assumptions about S20,k and implies that α1 < 0 cannot lead to the validity of eq. (49). In a similar way,
the same result can be derived for the case α1 > 1.

It remains to consider the case 0 < α1 < 1, which characterizes Σ3 as a sum of the three positive
semi-definite matrices α1 Σ1, (1− α1) Σ2 and α1(1− α1) δδT . Since S3 is meets eq. (25) there exists a
vector y3 6= 0 such that Σ3 y3 = 0. However, from the previous characterization of Σ3 follows then that

Σ1 y3 = Σ2 y3 = 0, (60)

yT
3 (x1 − x2) = 0, (61)

which again means that segment 1 and 2 are not distinct according to Lemma 1. We have thus proved
that all values of α1 which satisfy eq. (49) also violate the basic properties of S20,k; eq. (25) and Lemma 1.

Consider now the case that we find β1, β2 such that eq. (50) is valid. Using eq. (26), this leads to the
following three relations

l23 = β1 l21 + β2 l22, (62)

l2 l̂3 = β1 l1 l̂1 + β2 l2 l̂2, (63)

l̂3 l̂T3 = β1 l̂1 l̂T1 + β2 l̂2 l̂T2 . (64)
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Taking the trace of the last equation gives

1 = β1 + β2 ⇒ β2 = 1− β1. (65)

Equation (64) can be multiplied from both left and right with l̂1, l̂2, l̂3, respectively, which gives

(̂lT1 l̂3)2 = β1 + (1− β1)(̂lT1 l̂2)2, (66)

(̂lT2 l̂3)2 = β1(̂lT1 l̂2)2 + (1− β1), (67)

1 = β1(̂lT1 l̂3)2 + (1− β1)(̂lT2 l̂3)2. (68)

Adding eqs. (67) and (68) results in

β1

[
(̂lT1 l̂2)2 + (̂lT1 l̂3)2 − (̂lT2 l̂3)2 − 1

]
= 0. (69)

The symmetry of the problem (exchanging segments 1 and 2) then gives

β2

[
(̂lT1 l̂2)2 + (̂lT2 l̂3)1 − (̂lT1 l̂3)2 − 1

]
= 0. (70)

Since β1, β2 6= 0 it follows from eqs. (69) and (70) that

(̂lT1 l̂2)2 + (̂lT1 l̂3)2 − (̂lT2 l̂3)2 − 1 = 0, (71)

(̂lT1 l̂2)2 + (̂lT2 l̂3)1 − (̂lT1 l̂3)2 − 1 = 0. (72)

By adding these last two equations we get

2 (̂lT1 l̂2)2 − 2 = 0 ⇒ l̂1 = ±l̂2, (73)

which inserted into eq. (66) gives l̂1 = ±l̂3. Consequently, either l̂1 = l̂2 = l̂3 or this relation is valid
except for the change of sign for one of these normalized vectors.

Let us begin with the case that l̂1 = l̂2 = l̂3. Equations (62) and (63) can now be rewritten as

l23 = β1 l21 + (1− β1) l22 = β1 (l21 − l22) + l22, (74)
l3 = β1 l1 + (1− β1) l2 = β1 (l1 − l2) + l2. (75)

Multiply eq. (75) with l1 + l2 and subtract eq. (74) to get

(l1 − l3) (l2 − l3) = 0, (76)

from which we conclude that l1 = l3 or l2 = l3 or both. In the first case (l1 = l3), eq. (75) simplifies to

(β1 − 1) (l1 − l2) = 0 (77)

and since β1 6= 1 it follows that l1 = l2. In the same way, we see that l1 = l2 leads to l1 = l3. Consequently,
l̂1 = l̂2 = l̂3 implies l1 = l2 = l3 which means that all three segments are generated from the same lH

and they are not distinct.
In the case that all l̂k are parallel but one of them have opposite sign relative to the other two, we

can use similar derivations to show that all lk are equal except for the sign. However, in the definition of
lT , eq. (4), it was stated that lk ≥ 0, and therefore we conclude that l1 = l2 = l3 = 0 in this case. Again,
this implies that all three surfaces are generated from the same lH and they are not distinct.

We have thus proved that we cannot find α1, α2 or β1, β2 such that eq. (49) or eq. (50) are satisfied
for S20[, k] or S02,k which are defined according to the current framework, and therefore Proposition 2 is
valid also for the case of three segments.
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7.3 Proposition 2

Unfortunately, the relation between number of segments and the rank of S22 does not hold in general for
larger numbers than three. This can be demonstrated with an example in 2D. Let four segments of equal
length have a common mean point at the origin, i.e., x1 = x2 = x3 = x4 = 0, and let the normal vectors
l̂k of the segments be given by

l̂1 =

(
1

0

)
, l̂2 =

( 1√
2

1√
2

)
, l̂3 =

(
0

1

)
, l̂4 =

(
− 1√

2

1√
2

)
. (78)

This implies that S20,k are given by

S20,1 =


x2

0 0 0

0 σ2 0

0 0 0

 , S20,1 =


x2

0 0 0

0 σ2

2
σ2

2

0 σ2

2
σ2

2

 , S20,3 =


x2

0 0 0

0 0 0

0 0 σ2

 , S20,1 =


x2

0 0 0

0 σ2

2 −σ2

2

0 −σ2

2
σ2

2

 .

where σ2 is the variance of each segment. Clearly, it is then the case that

S20,1 − S20,1 + S20,3 − S20,1 = 0, (79)

which proves that all S20,k are linearly dependent. Consequently, if S22 is formed as in eq. (33) then it
will have rank three.

This observation generalizes to the higher dimensional cases if we have four segments (hyperplanes of
dimension n − 1) which intersect along a single hyperplane of dimension n − 2. By means of a suitable
transformation of the coordinate system, the latter hyperplane can be completely embedded into the
space spanned by basis vectors {e4, e5, . . .}. This implies that the corresponding S20,k have the same
structure as above even though they are larger in size. This means that we can find four S20,k from
distinct oriented segments which are linearly dependent.

8 Extracting the oriented segments from S22

In this section we will discuss the problem of extracting information about the oriented segments which
are located in the local region from which S22 has been estimated. According to the previous section, if
the rank of S22 is at most three, the number of segments is the same as the rank of S22. Consequently,
to analyze the content of an S22 tensor we need first to determine its rank. If the rank is four or higher,
we cannot know how many segments that where present in the corresponding region or their properties
in terms of orientation, etc. If the rank is one or two, there are one or two segments in the region,
respectively. In the case of rank three, it can either be this corresponds to three segments, but as we
have seen in sec. 7, it may also correspond to four or more segments which are configured in a particular
way. However, in this section we will assume that the rank three case does in fact correspond to three
segments.

We will now look at these three cases and see how the parameters of the segments can be determined.
In the following, S22 is represented as an (n + 1)2 × (n + 1)2 according to eq. (33).
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8.1 The rank one case

The rank one case is the simplest since S22 then can be written

S22 = S20 ⊗ S02. (80)

If S22 has been factorized by means of an SVD, it must then be the case that there is a single non-zero
singular value and the corresponding left and right singular vectors are S20 and S02, respectively. If the
singular vectors are not known for S22, but its rank is still known to be one, an alternative approach is
simply to take a suitable column and row from S22 as S20 and S02, respectively. In principle all columns
and rows of S22 should be proportional to S20 and S02, respectively, but depending on the parameters
of the segment one or several of the columns or rows may be close to zero. A safe choice is to add the
columns which correspond to the n last diagonal elements of S02 to obtain S20 and to take the row which
corresponds to the first diagonal element of S20 to get S02.

8.2 The rank two case

The rank two case is somewhat more complicated. This time, S22 can be written

S22 = S20,1 ⊗ S02,1 + S20,2 ⊗ S02,2. (81)

Notice that the two terms does not necessarily contribute to the result with equal strength since each term
contains an arbitrary scalar factor which depends on the local amplitude of the corresponding segment.
Given an SVD of S22, there are two non-zero singular values with corresponding pairs of left and right
singular vectors. Let the two left singular vectors be denoted U1 and U2 and let V1 and V2 denote
the two right singular vectors. In must then be the case that S02,1 and S02,2 can be written as linear
combinations of V1 and V2, e.g., there must be α ∈ R such that

S20,1 = α V1 + (1− α) V2. (82)

To find this α, we can use the property that S02,1 is an outer product of lH1 with itself, i.e., it is symmetric
and has rank one. Any (n+1)× (n+1) symmetric matrix S02,1 has a set of n+1 real valued eigenvalues
λ1 ≥ . . . ≥ λn+1. Let consider the following expression in these eigenvalues

q =
n+1∑
k=1

n+1∑
l>k

λk λl. (83)

Clearly, q = 0 if S02,1 has rank one (however, implication in the other direction is not always valid). This
means that we should look for an α such that the right-hand side of eq. (82) has a set of eigenvalues which
makes q vanish. The reason for bringing in q into the discussion is that this expression can be computed
directly from the elements of the matrix S02,1. More precisely, q is the coefficient in the characteristic
polynomial of S02,1

P1(λ) = det [S02,1 − λ I] = det [α V1 + (1− α) V2 − λ I] , (84)

corresponding1 to the factor λn−1. This coefficient is always a homogeneous second order polynomial in
the elements of S02,1, i.e., in α V1 + (1− α) V2. Consequently, q = P2(α) where P2(α) is a second order

1disregarding a sign that depends only on n. Since we will consider the relation q = 0, this is of no consequence.
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polynomial in α with coefficients given by the elements of V1 and V2. This means that P2 can have zero,
one, or two real roots. In the latter case we can choose either one as α and obtain S02,1 from eq. (82).
By symmetry, the other root must then give S02,2. Since we should be able to obtain two distinct linear
combinations of V1 and V2 which have rank one, the cases with zero or one root for P2 cannot be valid
in the context of this application. This implies that if the last cases appear, the corresponding S22 has
not be estimated in a correct way or has been perturbed by noise.

Given the two distinct roots α1 and α2 of P2, we can write

(
S02,1 S02,2

)
=
(
V1 V2

) ( α1 α2

1− α1 1− α2

)
. (85)

In matrix notation, we can rewrite eq. (81) as

S22 =
(
S20,1 S20,2

) (
S02,1 S02,2

)T (86)

and the SVD of S22 allows us to write

S22 =
(
U1 U2

) (σ1 0
0 σ2

) (
V1 V2

)T
. (87)

With

A =
(

α1 α2

1− α1 1− α2

)
, (88)

we can then rewrite eq. (87) as

S22 =
(
U1 U2

) (σ1 0
0 σ2

)
(AT )−1 AT

(
V1 V2

)T
. (89)

Substituting eq. (85) into eq. (89) then gives

S22 =
(
U1 U2

) (σ1 0
0 σ2

)
(AT )−1

(
S02,1 S02,2

)T
. (90)

We can now identify the factors in eqs. (86) and (90), and obtain

(
S20,1 S20,2

)
=
(
U1 U2

) (σ1 0
0 σ2

)
(AT )−1. (91)

Notice that both S20,k are elements of projective spaces which means that the inversion of the 2 × 2
matrix A can be replaced by

(
S20,1 S20,2

)
=
(
U1 U2

) (σ1 0
0 σ2

) (
1− α2 α1 − 1
−α2 α1

)
, (92)

where the division with det(AT ) has been removed.
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8.3 The rank three case

This case is even more complicated, but can be solved by extending the previous case. S22 is now written

S22 = S20,1 ⊗ S02,1 + S20,2 ⊗ S02,2 + S20,3 ⊗ S02,3. (93)

Given an SVD of S22, there are three non-zero singular values with corresponding left and right singular
vectors, denoted {V1,V2,V3} and {U1,U2,U3}. It must be the case that all three S02,k can be written
as linear combinations of U1,U2,U3, e.g., there must be α1, α2 ∈ R such that

S02,1 = α1 V1 + α2 V2 + (1− α1 − α2) V3. (94)

Following the discussion in sec. 8.2, we want to find α1, α2 such that q(α1, α2) vanishes, the latter being a
second order polynomial in α1, α2 with coefficients given by the elements of V1,V2,V3. We can rewrite
this condition as

qT
H B qH = 0, (95)

where

qH =

 1
q1

q2

 (96)

and B is a symmetric 3×3 matrix that is completely determined by the elements of V1,V2,V3. In order
to find the solutions to this equation, we will consider a general quadratic form of two variables y1, y2:

(y − y0)T Q (y − y0) = 1, (97)

where

y =
(

y1

y2

)
. (98)

y0 is the displacement of the quadratic form and Q is a symmetric 2 × 2 matrix which defines the
characteristics of the form. Equation (97) can be rewritten in a homogeneous representation as

yT
H QHH yH = 0, (99)

where

yH =
(

1
y

)
(100)

and

QHH =
(

yT
0 Qy0 − 1 −yT

0 Q
−Qy0 Q

)
. (101)

At this point we can identify (α1, α2) = yT and

B =
(

b11 bT
12

b12 B22

)
= g QHH = g

(
yT

0 Qy0 − 1 −yT
0 Q

−Qy0 Q

)
, (102)

where g is a scalar which depends on B. Given that we know V1,V2,V3, then B is also known and we
can then compute y0 and Q as

y0 = −B−1
22 b12, (103)

g = yT
0 B22 y0 − b11, (104)

Q = g−1 B22. (105)
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To summarize, the set of solutions to q(α1, α2) = 0 is the same as the points yT = (α1, α2) which solves
eq. (97).

The latter set can be parameterized by a single parameter z in the following way. Let the orthogonal
matrix E and the diagonal matrix D be given by a diagonal factorization of Q:

Q = E D ET . (106)

Set (
α1

α2

)
= y = y0 + E D− 1

2 z, (107)

where

z =
1
2

(
z + z−1

i (z − z−1)

)
, z ∈ C. (108)

Insert this into the quadratic form, eq. (97), which gives

(y − y0)T Q (y − y0) = zT D− 1
2 ET Q E D− 1

2 z = zT z =
1
4
[
(z + z−1)2 − (z − z−1)2

]
= 1. (109)

Consequently, for arbitrary non-zero z ∈ C, any (α1, α2) given by eq. (107) is a solution to eq. (95).
Before we continue, it should be noted that even though z is a complex variable, there is no complex
conjugation made in the quadratic forms above. The quadratic form in eq. (95) should not employ a
conjugation since the expression is derived from a coefficient of the characteristic polynomial which in
turn is computed in terms of a determinant and this operation does not use complex conjugation. Notice
also that the parameterization of (α1, α2) can be made in other ways than what has been chosen here,
e.g., using trigonometric or hyperbolic functions. However, the current parameterization does provide
some simplifications in the following step.

At this point, we have derived a parameterized set of solutions to q = 0. However, not all points in
this set will correspond to an S02,1, eq. (94), which is of rank one. Consequently, q = 0 is not sufficient
in this case, and we need to find a second condition which can further restrict the set of solutions. Such
a condition is given by c = 0, where c is given by

c =
n+1∑
k=1

n+1∑
l>k

n+1∑
m>l

λk λl λm. (110)

In the same way as for q, c vanishes if S02,1 has rank one and it can be computed directly from the
elements of S02,1, i.e., from the elements of the right-hand side of eq. (94). More precisely, c is the
coefficient of the characteristic polynomial, eq. (84), corresponding2 to the factor λn−2. This implies that
c is a third order polynomial in α1, α2 with coefficients given by the elements of V1,V2,V3. We have
derived a parameterization of (α1, α2) in terms of z ∈ C, eq. (107). By substituting (α1, α2) for z in c it
must then be the case that c z3 is a sixth order polynomial in z.

The six roots of c z3 can easily be determined by means of standard techniques but need to be further
analyzed. There cannot be six different solutions to the original problem, only three of the roots can be
valid solutions. First, it must be established if some of the six roots are double roots, in which case the
set of possible solutions decreases. If the remaining set of roots is larger than three, one option is to take

2disregarding a sign that depends only on n. Since we will consider the relation c = 0, this is of no consequence.
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each root z, compute α1, α2 from eq. (107), then compute S02,1 from eq. (94). We know for sure that
q = c = 0 for this S02,1, but only for the valid solutions will it also be the case that

det(S02,1) = λ1 λ2 λ3 λ4 = 0. (111)

The three solutions z1, z2, z3 which are obtained in this way will then generate S02,1,S02,2 and S02,3.
Each solution also generates coefficients α1, α2 from which can define

A =

 α1(z1) α1(z2) α1(z3)
α2(z1) α2(z2) α2(z3)

1− α1(z1)− α2(z1) 1− α1(z2)− α2(z2) 1− α1(z3)− α2(z3)

 , (112)

such that (
S02,1 S02,2 S02,3

)
=
(
V1 V2 V2

)
A. (113)

Using the same approach as in the rank two case, the SVD factorization of S22, according to

S22 =
(
U1 U2 U3

) σ1 0 0
0 σ2 0
0 0 σ3

 (
V1 V2 V3

)T
, (114)

can then be written

S22 =
(
U1 U2 U3

) σ1 0 0
0 σ2 0
0 0 σ3

 (AT )−1
(
S02,1 S02,2 S02,3

)T (115)

and we get (
S20,1 S20,2 S20,3

)
=
(
U1 U2 U3

) σ1 0 0
0 σ2 0
0 0 σ3

 (AT )−1 (116)

9 Invariants of S22

In this section we will draw some conclusion from the discussion around eq. (9). The conclusion was then
that xh and lH are in fact elements of two different spaces since they transform in different way with
respect to changes of the underlying coordinate system in E. More precisely, if R is the transformation
of xH then R̃, eq. (9), transforms lH .

Let xh and x′H be related by the transformation R, eq. (8). This means that

S′20 = x′H ⊗ x′H = (R xH)⊗ (R xH) = R2 (xH ⊗ xH) = R2 S20. (117)

The last relations defines a new mapping R2 which represents the transformation from S20 to S′20. In a
similar way we can define R̃2 from

S′02 = l
′H ⊗ l

′H = (R̃ lH)⊗ (R̃ lH) = R̃2 (lH ⊗ lH) = R̃2 S02. (118)

From eq. (7) we know that xh is on the hyperplane lH if and only if

0 = (xT
H G lH)2 = (x′H ⊗ x′H) G2 (lH ⊗ lH) = ST

20 G2 S02. (119)
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Notice that the last relation defines the mapping G2. R2 and R̃2 are then related as

R̃2 = G−1
2 (RT

2 )−1 G2. (120)

Let us now consider how S22 transforms under changes of the coordinate system:

S′22 = S′20 ⊗ S′02 = S′20 S′02
T = (R2 S20) (R̃2 S02)T = R2 S20 ST

02 R̃T
2 = R2 S22 R̃T

2 . (121)

Notice that the multiplication form left with R2 and from right with R̃T
2 is a linear operation on S22.

Consequently,
S′22 = R2 S22 R̃T

2 (122)

describes how S22 transforms also if it is a linear combination of terms S20,k ⊗ S02,k, eq. (21). Inserting
R̃2 from eq. (120) gives

S′22 = R2 S22 G2 R−1
2 G−1

2 (123)

and
S′22 G2 = R2 S22 G2 R−1

2 . (124)

The characteristic polynomial of S′22 G2 is then given by

P (λ) = det(S′22 G2 − λ I) = det(R2 S20 S02 G2 R−1
2 − λ I), (125)

which can be rewritten as

P (λ) = det(R2 S22 G2 R−1
2 − λ R2 R−1

2 ) = det(R2) det(S22 G2 − λ I) det(R−1
2 ) =

= det(R2) det(S22 G2 − λ I) det(R2)−1 = det(S22 G2 − λ I). (126)

From this follows then immediately that P is invariant with respect to R which implies, e.g., that
the coefficients of P are invariant to R. This is an interesting result which could be used in practical
implementations where we want to extract local information which is invariant to the position, orientation
or scale of the corresponding features. The following, we will discuss this result further.

The coefficients of P are polynomials in the elements of S22 G2 of orders one to dim(V2) = n(n+1)
2 .

This implies that each successive coefficient will depend on the norm of S22 to a larger and larger order.
Consequently, some coefficients will be much larger or smaller than others and it will be difficult to draw
conclusions about the structure of S22 only by observing these invariant coefficients. This can be solved
by normalizing the roots of P with respect to the norm of S22 G2, and therefore we define a normalized
polynomial P̂ as

P̂ (λ) = P (λ ‖S22 G2‖) = det(S22 G2 − λ ‖S22 G2‖ I) (127)

The coefficients of P̂ are still invariant with respect to R but they are also of the same order relative to
the norm of S22 G2 and therefore easier to use for representation of local invariant features. In order to
ensure these invariance properties we need to define the norm as follows

‖S‖2 = trace(S S), (128)

which means that
‖S22 G2‖2 = trace(S22 G2 S22 G2), (129)



REFERENCES 21

Notice that S22 G2, seen as a matrix, is not symmetric which means that this norm does not correspond
to the usual Frobenius norm. However, it is invariant with respect to the above transformations:

‖S′22 G2‖2 = trace(S′22 G2 S′22 G2) = trace(R2 S22 G2 R−1
2 R2 S22 G2 R−1

2 ) =

= trace(S22 G2 S22 G2) = ‖S22 G2‖2 (130)

This leads us to the issue of what information the coefficients of P̂ can provide. For the subsequent
derivations, we will need the following combination of S20 computed from segment i combined with the
S02 related to segment j.

ST
20,i G2 S02,j =

(∑
x∈Γi

w(x) xH ⊗ xH

)
G2 (lHj ⊗ lHj ) =

∑
x∈Γi

w(x) (xT
Hi G lHj )2 = Dij (131)

The squared factor is proportional to the distance between point xHi and the hyperplane lHj , eq. (5).
Consequently, Dij vanishes if and only if all points in segment i lie on the hyperplane lHj . Otherwise, Dij

is positive. From this follows that

‖S22 G2‖2 = trace

(∑
k

S20,k ST
02,kG2

∑
l

S20,l ST
02,l G2

)
=

=
∑
kl

trace(ST
02,kG2 S20,l ST

02,l G2 S20,k) =
∑
kl

(ST
02,kG2 S20,l) (ST

02,l G2 S20,k) =
∑
kl

Dkl Dlk (132)

The range of k and l are here 1 to the number of segments.
A consequence of this relation is that ‖S22 G2‖2 = D11 D11 = 0 for the case when S22 represents one

single segment. This implies that P̂ (λ) = det(S22G22) = 0 since S22G22 has rank one, and no interesting
information about the parameters of the segment can be derived from the invariants. Consequently, the
rank one case is not interesting for this type of invariants. However, for the cases of S22 having higher
rank than one, ‖S22 G2‖2 is strictly positive and P̂ does not vanish.
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