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Abstract

In this thesis, quantum-mechanical calculations within density-functional theory
on metallic systems are presented. The overarching goal has been to investigate
effects of disorder. In particular, one of the properties investigated is the binding-
energy shifts for core electrons in binary alloys using different theoretical methods.
These methods are compared with each other and with experimental results. One
such method, the so-called Slater-Janak transition state method relies on the as-
sumption that the single-particle eigenvalues within density-functional theory are
linear functions of their respective occupation number. This assumption is inves-
tigated and it is found that while the eigenvalues to a first approximation show
linear behavior, there are also nonlinearities which can influence the core-level
binding energy shifts.

Another area of investigation has been iron based alloys at pressures corre-
sponding to those in the Earth’s inner core. This has been done for the hexagonal
close packed and face centered cubic structures. The effects of alloying iron with
magnesium and nickel on the equation of state as well on the elastic properties
have been investigated. The calculations have shown that the hexagonal close
packed structure in FeNi is more isotropic than the face-centered cubic structure,
and that adding Mg to Fe has a large impact on the elastic properties.

Finally, the effects of disorder due to thermal motion of the atoms have been
investigated through ab-initio molecular dynamics simulations. Within the limits
of this method and the setup, it is found that the face-centered cubic structure
of molybdenum can be dynamically stabilized at high temperature, leading to a
metastable structure, on the average. The dynamical stabilization of face-centered
cubic molybdenum also rendered it possible to accurately calculate the lattice
stability relative to the body-centered cubic phase. Inclusion of temperature effects
for the lattice stability using ab-initio molecular dynamics simulations resolves the
disagreement between ab-initio calculations and thermochemical methods.
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Populärvetenskaplig Sammanfattning

Denna avhandling baseras p̊a kvantmekaniska beräkningar inom materialfysik.
Målen inom materialfysiken innebär bland annat att via numeriska metoder erh̊alla
intressanta materialegenskaper, samt att fördjupa först̊aelsen för olika material.
Även om för en bred publik andra omr̊aden inom fysiken är mer kända än just
materialfysik, hänger väldigt m̊anga av de stora upptäckterna under de senaste 200
åren samman med just detta omr̊ade. Exempel p̊a upptäckter är bla halvledare,
supraledare, grafen, halvmetaller, magnetiska material, solceller etc. Den kanske
mest grundläggande problematiken inom materialfysiken är att den ekvation som
beskriver fysik p̊a och under atomär niv̊a, Schrödingerekvationen, är väldigt sv̊ar
att lösa. För system med fler än ett par elektroner är det i praktiken omöjligt att
lösa Schrödingerekvationen, samtidigt som de system man vill studera best̊ar av
uppskattningsvis 1023 elektroner. Att lösa Schrödingerekvationen för m̊anga par-
tiklar kallas ofta m̊angpartikelproblemet. Det finns med andra ord behov av alter-
nativa metoder och/eller approximationer till m̊angpartikelproblemet. De system
som studerats i denna avhandling är, som merparten inom fasta tillst̊andets fysik,
kristallina material dvs de har en ordnad struktur som repeteras i alla riktningar.
Detta innebär att istället för att lösa m̊angpartikelproblemet för en hel kristall
kan man lösa det för en minsta repetitiv enhet. Det finns dock andra aspekter som
spelar in, varför man ofta betraktar ett n̊agot större system än s̊a.

De metoder som använts i denna avhandling baseras p̊a s.k. densitets-funktional-
teori (DFT). I korthet g̊ar metoden ut p̊a att istället för att lösa det sv̊ara m̊ang-
partikelproblemet kan man lösa m̊anga enpartikelproblem och approximera de de-
lar som explicit beskriver m̊angpartikeleffekter. Med denna förenkling kan man
idag beräkna materialegenskaper för uppemot 1000 atomer, förutsatt att man har
tillg̊ang till en hyfsat kraftfull superdator.

Avhandlingen best̊ar av tre delar. I den första delen beskrivs de teorier och nu-
meriska metoder som använts, b̊ade för att lösa det grundläggande kvantmekaniska

vii



viii

problemet för de material som undersökts, men även de metoder som använts för
att räkna ut specifika materialegenskaper. Den andra delen best̊ar av de huvudsak-
liga resultat som erh̊allits samt diskussion kring dessa. Den sista delen inneh̊aller
de artiklar som hör samman med avhandlingen och inneh̊aller stor del av resul-
taten fr̊an andra delen.

Huvudsakligen best̊ar undersökningarna av tre olika projekt, där varje hänger
samman med begreppet oordning. Som nämnts ovan har man inom materialfysiken
främst att göra med kristallina material, som best̊ar av atomer ordnade p̊a ett
visst sätt (materialets struktur). Det har dock visat sig att m̊anga materialegen-
skaper beror p̊a just oordning, dvs avvikelser fr̊an de perfekt ordnade atomerna.
Tex. utgör slumpmässiga legeringar en viktig klass av material och just legering
är ett av dom äldsta och mest effektiva sätten att p̊averka ett materials egen-
skaper. Kärnniv̊askift, dvs hur elektronerna nära atomkärnan ändrar egenskaper,
har studerats för just slumpmässiga legeringar. Dessa skift är av intresse för ma-
terialanalys av olika slag och ger insikt om vad som händer i ett material vid
bla legering. De beräkningar av kärnniv̊askift som gjorts i denna avhandling har
bland annat jämfört olika teoretiska modeller med varandra, samt med experi-
ment. Dessutom har en av de teoretiska metoderna undersökts i viss detalj och
ett av dom bakomliggande antaganden som använts har testats systematisk för en
uppsättning överg̊angsmetaller och legeringar av dessa.

Vidare har elastiska egenskaper hos material vid extremt höga tryck, mot-
svarande jordens kärna, undersökts. Det är allmänt vedertaget att jordens inre
kärna best̊ar i huvudsak av järn, samt andra lättare grundämnen. Det är dock
ännu inte känt vilken (eller vilka) kristallstruktur kärnan har, exakt vilka de lättare
grundämnena är och till vilka koncentrationer. I denna avhandling har effekten p̊a
elastiska egenskaper av legering av järn med nickel samt magnesium undersökts.
Elastiska egenskaper hänger samman med bla mekanisk stabilitet hos ett material,
men även med dess ljudhastighet. Just ljudhastigheten är en av f̊a egenskaper hos
jordkärnan som kan mätas. Resultaten visar att medan nickel har relativt liten
effekt p̊a elastiska egenskaperna, förutom den sk elastiska anisotropin, har magne-
sium en stor effekt. Även om magnesium troligtvis inte är det huvudsakliga lätta
grundämnet i jordens kärna, kan även sm̊a koncentrationer ha tydliga effekter p̊a
de elastiska egenskaperna.

Slutligen har effekter av oordning genom termisk rörelse hos atomerna stud-
erats. Molybden har materialstrukturen som kallas body-centered cubic och den
struktur som kallas face-centered cubic är dynamisk instabil. Detta innebär att vi-
brationer hos atomerna gör att strukturen överg̊ar i en annan, energimässigt mer
fördelaktig struktur. Genom att undersöka vibrationer hos atomerna med hjälp
av sk molekyldynamik-simuleringar kan den dynamiska instabiliteten undersökas.
Det visar sig att den termiska rörelsen vid höga temperaturer kan f̊a just face-
centered cubic molybden att blir dynamiskt stabilt. Detta beror framförallt p̊a
att den termiska rörelse skapar oordning, dvs atomerna besätter inte vid n̊agot
tillfälle den ideala kristallina strukturen, även om deras medelpositioner gör s̊a.
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Avvikelserna fr̊an den ideala kristallina strukturen gör att elektronerna beter sig
annorlunda och den energimässiga fördelelen med att byta struktur hämmas.
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to thank Prof. Göran Grimvall for sharing his unlimited knowledge of physics. A
big thank you also to all my colleagues and friends in the Theoretical Physics and
Computational Physics groups for making the time spent at work more enjoyable.
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CHAPTER 1

Background

1.1 Introduction

Ever since the dawn of mankind, the activities of humans are related to the use
of different materials. The first history eras of mankind are even named after the
materials that were used, such as the stone-age, the bronze-age and the iron-age.
With the emerging large societies, such as the Sumer, Greek and so forth, science
and philosophy (which was the more or less the same thing then) begun to be-
come important. However, science was not particularly interested in materials and
their properties as such, rather the fundamental questions about the universe were
the main issues. It was not until the start of the scientific revolution in the 16th
century that the first book on metallurgy was published. This also reflects that
during the scientific revolution, science was beginning to be perceived not only as
philosophy, but also as a tool to learn things that could be useful for humankind.
During the 19th and 20th centuries, scientific investigations of materials and their
properties exploded and became a scientific branch of its own and today its one
of the largest and most important fields of science in general, and physics and
engineering in particular.

Many times throughout history the discovery of new materials has had large
impacts on society, both positive and negative. For instance, important material
discoveries (except those already mentioned) are alloys, concrete, plastics, ceram-
ics, radioactive isotopes, ferromagnets, half-metals, semiconductors, superconduc-
tors, superliquids, composite materials, etc. Today there’s need for good materials
for applications such as fuelcells, solarpanels, computers, automobile industry, etc.
For instance, if the weight of a vehicle can be reduced while maintaining the same
rigidity in the chassis, fuel consumptions can be decreased which will decrease
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2 Background

carbon-oxide emissions, which is an important issue to deal with. Another aspect
of reducing the use of energy and resources is to use materials that last for a long
time. An example of this is surface treatments of materials that can increase the
lifespan of, for instance, a drill many times.

1.2 Materials

The materials investigated in this thesis are metals and alloys. Alloys are formed
by mixing two or more different metals. The use of alloys is very old, and it allows
for great tuning of material properties. It was not until the birth of quantum me-
chanics and solid state physics that many properties of alloys could be understood,
and still much remains to be investigated. Now, with the aid of calculations, the
field of alloy research has indeed become a very interesting one and new useful
alloys are invented almost every day.

1.3 Method

This thesis is based on research done by theoretical calculations. The calculations
are so-called Ab-Initio (or First-Principles) calculations. This means using no ex-
perimental parameters in the numerical models1. On the other hand, one should
always ask nature itself (by doing experiments) to confirm the theoretical models.
The motivation for doing calculations instead of experiments are many. First,
experiments can be expensive and dangerous. Others may be less dangerous but
involve materials that are bad for the environment. Of great importance is also the
fact that in a calculation one can control all parameters, while in an experiment
there are always factors that are difficult to control. The calculations don’t need
constant monitoring. You can start your calculation, do something else and if all
goes well you can come back a few months later and collect the results. You can
even do many calculations at the same time, something that may be quite diffi-
cult when it comes to experiments. Of course, we still need to verify our findings
through experiments. While we can obtain reliable data for many materials, many
of the computational models are still under development, which of course calls for
extra verification with experiments.

On the other hand, there are also some drawbacks with calculations. Natu-
rally, one should always verify findings from calculations by doing experiments.
In order to do reliable calculations, many tests of different parameters may be
needed before the actual calculations can begin. But the biggest problem by far
is that there are just so many atoms in stuff! A macroscopic sample of a material
contains around 1023 atoms, while we can solve the full many-body problem for
only a few electrons. A clever reformulation of the problem is density functional
theory, for which W. Kohn was awarded the Nobel prize in chemistry in 1998.
Using this reformulation and suitable approximations, it is feasible to calculate

1Except the fundamental physical constants.
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material properties for systems containing around 1000 atoms in periodically re-
peated unit cells, provided one has access to a fairly large supercomputer.

At this point it should perhaps be pointed out that it is incorrect to state, as
above, that there are advantages doing calculations instead of experiments. The
way of doing science is the combination of theory and experiments, and the nu-
merical calculations lie somewhere in between the two and can perhaps be viewed
as a complement. Especially the molecular dynamics simulations, described and
used in chapters 10 and 13 respectively, are neither theory nor experiments. These
simulation are sometimes referred to as computer experiments, which also indi-
cates the increased importance of numerical simulations in science during the last
decades.

There are also limits on what we can calculate. For instance, with the aid of
density functional theory, we can calculate many ground state properties. How-
ever, excited state properties and a material response as function of time to some
change in parameters are more difficult to obtain. Also, whenever the material
under consideration is not perfect, or ideal, but has some disorder also adds dif-
ficulties. It is within this context that this work has been done. The overall aim
is to investigate selected properties in solid state physics that are related to some
type of disorder. The Core-Level shifts in chapters 7 and 11 are calculated for
random alloys and put in relation to pure metals. Further, the elastic properties
in chapters 8 and 12 are also investigated for random alloys. Finally, effects of
disorder due to thermal motion in metals is investigated in chapter 13.

Because of the problems and advantages of calculations, there is great motiva-
tion for development of the theory used and of the computational methods used
as well. The long-term goal of the field is to gain a thorough understanding of
properties of materials, in particular crystalline, at the atomic level. A perhaps
more utopian goal, but still a good goal to aim for, would be the possibility of
finding suitable materials by stating ones needs, and then calculating ”backwards“
to obtain the components to mix and how to create the material.

1.4 Outline

This thesis is divided in three parts, one about theory, one describing our results
from using the theory and finally one part with the papers written and published
by me and my collaborators. In chapter 2 the basic underlying theory of the
calculations is presented. After this, the main methods I have used are given
an overview in chapters 3 and 4. Other methods related to calculating materials
properties from first-principles, such as the treatment of alloys, core-level shifts,
elastic properties etc., are described in chapters 5 through 10.

The results for the core-level shifts in random alloys are presented in chapter
11. This chapter is related to Papers I through III. Further, in chapter 12 elastic
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properties for several Fe based alloy systems are presented, which are related to
Papers IV, VI and VII. Calculations and simulations of dynamical stability and
lattice stabilities are presented in chapter 13 and are related to Papers V and VIII.
Finally, conclusions and outlook are presented in chapter 14.



Part I

Theory
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CHAPTER 2

Density-functional theory

2.1 Background

The advent of quantum mechanics in the beginning of the 20th century made it
possible to accurately describe physical systems at (and below) the atomic level.
The central equation in quantum mechanics is the Schrödinger equation, which
is a wave equation that describes the physics of matter. A relativistic version of
the Schrödinger equation was developed by P.A.M. Dirac, and is generally known
as the Dirac equation. In the Dirac equation, electronic spin is a natural part of
the solution, while in the Schrödinger equation this degree of freedom has to be
added manually. The time-independent version of the Schrödinger equation has
the general form:

ĤΨ = EΨ , (2.1)

where Ψ is the wavefunction and E the energy of the system. The Hamiltonian (Ĥ)
for a system of several atoms will include the following terms (in atomic units1):

Ĥ = T̂nuc + T̂ + V̂nuc + V̂ee + V̂ext (2.2)

= −1

2

∑
k

∇2
k

Mk
− 1

2

∑
i

∇2
i +

1

2

∑
k �=j

ZkZj

|Rk − Rj | +
∑
i �=l

1

|ri − rl| −
∑
i,k

Zi

|ri − Rk|

where the first term (T̂nuc) is the kinetic energy of the nuclei, the second (T̂ ) is
the kinetic energy of the electrons, the third (V̂nuc) is the Coulomb-interaction
between the nuclei, and the forth (V̂ee) is the corresponding term for the electrons
and the last term (V̂ext) represents the interaction between nuclei and electrons.
The wavefunction Ψ will have the general form

Ψ = Ψ(r1, r2, r3, . . . , rN , σ1, σ2, σ3, . . . , σN ,R1,R2,R3, . . . ,RM ) , (2.3)

1In Hartree atomic units: � = me = e = 1.
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8 Density-functional theory

where the ri:s are positions for the electrons, the σi the spin for electron i and
Rk:s are the positions of the nuclei.

While quantum mechanics was developing fast during its first decades, the
main issue was (and still is) that the Schrödinger equation is difficult to solve. The
equation has analytical solutions for the hydrogen atom, but for larger systems,
numerical methods has to be employed, and it’s practically impossible to find
solutions in systems containing more than a few atoms. Because of this problem
we need to make approximations and, if possible, reformulate the problem. Since
the mass of a single hydrogen atom is about 2000 times larger than the electron
mass, we can neglect the kinetic energy of the nuclei, which means that we treat
the nuclei as being ”frozen“. The first term in Eq. (2.2) is therefore set to 0.
Further, if the nuclei are frozen, the third term in Eq. (2.2) above will only
contribute with a constant term, which we don’t need to include when solving
the Schrödinger equation, but it should be included in the end to get an accurate
energy. The separation of the electronic and ionic degrees of freedom is called the
Born-Oppenheimer approximation. So, within this approximation, we seek to find
solutions to an electronic Hamiltonian, which describes the motion of electrons
moving in a field of fixed point charges:

Ĥ = T̂ + V̂ee + V̂ext

= −1

2

∑
i

∇2
i +
∑
i �=l

1

|ri − rl| −
∑
i,k

Zi

|ri − Rk| (2.4)

Even though we have simplified the problem, the Schrödinger equation is still more
or less insoluble for systems containing more than a few atoms.

Density functional theory (DFT) is a clever reformulation of the problem, and
it also tells us where to make approximations. The general strategy of DFT is to
replace all the electronic degrees of freedom [the r:s in Eq. (2.3) above] with the
3-dimensional charge density, n(r), so that 3N degrees of freedom are replaced
by 3. The effect of this is that the many-body problem is replaced by many one-
body problems. This is done by putting all many-body effects into one term,
the exchange and correlation term. While the general form of this term is not
known, it turns out that this term can be approximated with sufficient accuracy,
since its contribution to the total energy is relatively small. [1] We start with the
Hohenberg-Kohn theorems, and later move on to the Kohn-Sham ansatz.

2.2 The Hohenberg-Kohn theorems

In 1964, Hohenberg and Kohn derived two theorems [2] that has later become
known as the Hohenberg-Kohn theorems.

Theorem 1 In a system of interacting particles in some external po-
tential, Vext(r), the external potential is (within a con-
stant) determined by the ground-state electron density,
n0(r).
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The proof of this quite general theorem is a very nice reductio ad absurdum proof,
given in textbooks on many-body physics.[3]

Theorem 2 There exists a universal energy functional F [n] for any ex-
ternal potential. For a specific external potential Vext(r),
the minimum value of the energy functional is the ground
state energy, where the density that minimize the func-
tional is the ground state density, n0(r).

These two theorems, when taken together, tells us that for some external potential,
we can always find the ground state electron density by minimizing the total energy
functional. The universal energy functional has this form:

F [n] = T [n] + Vee[n] (2.5)

That F [n] is universal can be understood since it only contains the kinetic energy
and the interaction between the particles, both of which only depend upon the
density. The non-universal part of the total energy is contained in the Vext part.[4]
The total energy functional will have this form:

E[n] = F [n] +

∫
dr Vext(r)n(r)

= T [n] + Vee[n] +

∫
dr Vext(r)n(r) . (2.6)

2.3 The Kohn-Sham ansatz

So far we know that we can use the density as the basic variable instead of all
the variables for the electrons, but how do we find the density and the energy?
What equations should be solved? This is where the Kohn-Sham ansatz comes
in. In 1965, Kohn and Sham put forward the idea that the interacting many-body
system [Eqs. (2.1) and (2.2)] could be replaced with some auxiliary system that is
easier to solve. Since there is no unique way of choosing this auxiliary system, an
ansatz was made by Kohn and Sham. The ansatz was to replace the interacting
many-body system with a non-interacting system that has the same ground-state
density [3, 5]. If the auxiliary system has the same ground state density as the
real system, the Hohenberg-Kohn theorems ensures us that we can get the total
energy correctly as well.

From Ref [2] we know that we can write the Kohn-Sham total energy functional
as

EKS [n] = Ts[n] +Eext[n] +Exc[n] + U [n] (2.7)

= Ts[n] +

∫
dr Vext(r)n(r) + Exc[n] +

1

2

∫∫
drdr

′
n(r)n(r′)

|r − r
′|

where Ts[n] is the exact kinetic energy of non-interacting particles, Exc[n] is the
exchange-correlation energy for an interacting system with density n and the last
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term (U [n]) is the Hartree energy. The exchange-correlation part contains all the
many-body interactions, but the general form for this term is unknown.

For an N -electron system, the density should integrate to exactly N electrons,
so that

N =

∫
dr n(r) , (2.8)

which can be used as a constraint when applying the variational principle to Eq.
(2.7)

δE[n]

δn(r)
=

δTs[n]

δn(r)
+ Vext(r) +

δExc[n]

δn(r)
+
δU [n]

δn(r)

δTs[n]

δn(r)
+ Vext(r) + Vxc(r) +

∫
dr′

n(r′)

|r − r
′| = μ (2.9)

where μ is the Lagrange multiplier due to the constraint2 and Vxc(r) = δExc[n]
δn is

the exchange-correlation potential.

On the other hand, for a non-interacting system with an effective potential
Veff (r), the corresponding equation would be

δE[n]

δn(r)
=
δTs[n]

δn(r)
+ Veff (r) = μ . (2.10)

This means that in order to obtain equality between the interacting and non-
interacting particle systems [Eqs. (2.9) and (2.10), respectively], the following
condition should be applied to the non-interacting system:

Veff = Vext(r) + Vxc(r) +

∫
dr′

n(r′)

|r − r
′| . (2.11)

The variational principle for the non-interacting system leads to the Schrödinger
equation for non-interacting particles

{
− 1

2
∇2 + Veff (r)

}
ψi(r) = εiψi(r) (2.12)

For the single particle orbitals, ψi, the density is

n(r) =
N∑

i=1

|ψi(r)|2 (2.13)

The Eqs. (2.11), (2.12) and (2.13) are known as the Kohn-Sham equations. They
can be solved iteratively, until convergence is reached. In section 2.6 the art of
solving these equations is discussed.

2Note that μ is the chemical potential, since ∂E/∂N = μ. [4]
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Eq. (2.12) can be multiplied with ψ∗(r), integrated over r and then summed
over all i:s, giving

N∑
i

εi = Ts[n] +

∫
dr′ Veff (r)n(r) (2.14)

= Ts[n] +

∫
dr
{
Vext(r) + Vxc(r) +

∫
dr′

n(r′)

|r − r
′|
}
n(r)

= Ts[n] +

∫
dr′ Vext(r)n(r) +

∫∫
drdr

′
n(r)n(r′)

|r − r
′| +

∫
dr Vxc(r)n(r)

By comparing this with Eq. (2.7) we can identify several common terms, which
allows us to rewrite our expression

N∑
i

εi = E[n] +
1

2

∫∫
drdr

′
n(r)n(r′)

|r − r
′| +

∫
dr′ Vxc(r)n(r) − Exc[n] (2.15)

By rearranging terms we now arrive at

E[n] =

N∑
i

εi − 1

2

∫∫
drdr

′
n(r)n(r′)

|r − r
′| −

∫
dr′ Vxc(r)n(r) + Exc[n] (2.16)

This equation can be used to obtain the total energy once we have obtained a
solution to Eqs. (2.11), (2.12) and (2.13). At this stage it is important to note (at
least) three things:

• First, so far we have not made any approximations3. The Kohn-Sham equa-
tions are exact, and for every physical system the Kohn-Sham version is
well-defined [4].

• Second, Eq. (2.16) tells us that the total energy E[n] is not the sum of the
eigenvalues ε. This implies an important point: the one-particle orbitals
(ψ:s) do not describe real particles. They are non-interacting quasi-particles
whose only purpose is to yield a correct ground state density.

• The Kohn-Sham equations are much easier to solve than the many-body
equations. The price for this is that we do not know the form of the exchange-
correlation functional. As mentioned earlier, it turns out that this part can
be approximated with sufficient accuracy [1].

The inclusion of spin is obtained by having two separate densities for spin up
and down, which are the solutions of the KS equation for the spin-dependent effec-
tive potential. The spin dependence enters the effective potential in the exchange-
correlation potential.[6]

3except the Born-Oppenheimer approximation, but that is done at a different level.
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While the original formulation of Hohenberg and Kohn [2] was for T = 0K,
Mermin [7] formulated an extended functional for the free energy for finite tem-
peratures, and there are other functionals as well. The inclusion of temperature
also involves the Fermi-Dirac functional for the occupation of states around the
Fermi-level. For a metal, this also has the advantage that the calculations becomes
less sensitive to numerical approximations [3].

2.4 Exchange and correlation

2.4.1 Local Density Approximation

Since the general form of the exchange-correlation functional is not known, we
have to make some approximation. The perhaps simplest form is the Local Density
Approximation (LDA), first suggested by Kohn and Sham [5]. In the LDA, the
exchange-correlation functional is calculated as

ELDA
xc [n] =

∫
εxc[n(r)]n(r)dr (2.17)

where εxc is the exchange-correlation energy density per particle in a uniform elec-
tron gas with density n. εxc is parametrized from calculations on the uniform
electron gas. Note that different parametrizations of ε may yield different results
in actual calculations. Naturally, a single atom may be quite different from a uni-
form electron gas, and the LDA may not be suitable for single atoms, especially
for lighter elements. The LDA is an extremely successful approximation and it has
been widely used for more than 40 years. One of the reasons for this success is can-
cellation of errors. For atoms and molecules, the LDA underestimates exchange by
around 10% and overestimates correlation by 200 − 300%. Since these two errors
cancel to a large degree4, the total exchange-correlation energy is underestimated
by around 7%.[4]

The LDA works well for many solid state systems. However, band gaps in
semiconductors are poorly reproduced and sometimes non-existent. The perhaps
most famous failure of the LDA is the prediction that the ground state structure
of iron is non-magnetic face-centered cubic, while it is in fact ferromagnetic body-
centered cubic [8].

The derivation of the KS equations and the LDA have been shown without spins
for the sake of simplicity Both the KS equations and the LDA can be generalized to
include spins. The generalized gradient approximations are also spin-dependent.

2.4.2 Generalized Gradient Approximation

One way to correct some of the problems with the LDA is to include gradients of
the density in some way. Usually this is done adding an enhancement factor to the

4For many systems, exchange is about 10 times larger than correlation.
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exchange-correlation energy density in the LDA. The general form of the exchange-
correlation energy within the Generalized Gradient Approximation (GGA) is

EGGA
xc [n] =

∫
f [n(r),∇n(r)]n(r)dr . (2.18)

Since there is no unique way to add gradients, there exists several different GGAs
(and sometimes different parametrizations of each) with different strengths and
weaknesses. Common for all of them is that they solve many of the failures of the
LDA [4]. In some cases though, the inclusion of gradients may lead to increased
problems with convergence of the Kohn-Sham equations.

2.5 Possibilities and limitations in DFT

Density functional theory is a very successful theory. Since its inception, it
has been used to calculate properties in metals, alloys, semiconductors, atoms,
molecules (even DNA). But what properties can we calculate within this theory?
The Hohenberg-Kohn theorems are valid for the energy ground state of the system
under investigation. Also, the requirement on the Kohn-Sham ansatz is that the
non-interacting system yields the correct ground state density. This implies that
only ground state properties can be obtained from DFT calculations. However,
the Hohenberg-Kohn theorems assures us that once we have found the ground
state density, we have determined the Hamiltonian for our system. From this, all
ground- and excited states can, in principle, be obtained.[3] However, the total
energy functional we use [Eq. (2.16)], won’t necessarily provide us with all infor-
mation.

In actual calculations we have to make approximations. This will have the
effect that the Hamiltonian is not fully determined. How this influences the possi-
bility to obtain properties for excited states is not yet well-known. It should also
be pointed out that the Kohn-Sham ansatz is an ansatz and thus has not yet been
proved (except for some special cases) [3]. However, calculations indicate that the
ansatz is a sound one. The approximations we make in order to solve our problem
also decides what ground state properties we can obtain. For instance, if we wish
to calculate forces between the atoms, planewave methods are very good while
other methods can be more difficult.

Another problem associated with the limitations of DFT is that it is often hard
to decide where errors come from, since one is often forced to use approximations
at several levels (exchange-correlation, potentials, basis sets, etc.). The fact that
we have to approximate the exchange-correlation suggests that explicit many-body
effects are hard to capture within DFT [9].

It is within this context that this work enters. The overall aim has been to
calculate properties is systems with different types of disorder, especially using
state-of-the-art density-functional theory calculations and simulations. The Core-
level shifts in chapter 11 are excited state properties to which we have limited
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access, as discussed above. But the core-level shifts considered in this work are
the core-level shifts upon alloying, and as such are direct applications to methods
dealing with disorder. The calculations of elastic constants in chapter 12 deal with
not only ultrahigh pressures, but explores the effects of disorder when creating
random iron-based alloys out of pure iron. Finally, the effects of disorder due
to thermal motion of the ions when temperature is included, through the use of
ab-initio molecular dynamics, is investigated and discussed in chapter 13.

2.6 Solving the Kohn Sham equations

As mentioned in section 2.3, the Kohn-Sham (KS) equations are solved self-
consistently. A general scheme for this is given in Fig. 2.1. The most demanding
part of this is the (single particle) Schrödinger equation. Naturally, the methods
used to solve the equations decides what type of problems that can be treated,
how fast it can be done and, to a certain extent, what properties can be calcu-
lated. This chapter will further discuss some of these issues. Of importance is also
how the initial guess for the density [nguess(r)] is done, and how the density is
mixed in each iteration. When making an initial guess for the charge density, we
can use renormalized atoms. In this scheme, we renormalize the charge density
for each site by requiring that the charge density is zero outside the Wigner-Seitz
cell. Another way of making the initial guess is to use overlap charge densities. In
this case, for each atom the charge density is a sum from the central site and the
overlapping densities from the surrounding sites.

For each iteration j in the self-consistent loop we will have an input and an
output density (nin and nout respectively). For each iteration, we take the output
density and plug it back into the loop in some way. But what way to do this is
the most efficient, i.e., what scheme will make the loop self-consistent in as few
iterations as possible? The first, and perhaps logical guess would be to put the
new input density equal to the output, so that:

nin
(j+1) = nout

j (2.19)

This method, while simple, is not very efficient. The reason for this has to do with
the behavior close to the equilibrium (when nout is close to nin). Simply using all
the output density can lead to oscillations near the minimum. We can also use
linear mixing:

nin
j+1 = αnout

j + (1 − α)(nout
j − nin

j ) , (2.20)

where 0 ≤ α ≤ 1 is the mixing parameter. The optimal value for α depends on the
problem at hand, so it can be difficult to use linear mixing with constant mixing
parameter. Calculating the optimal value for the problem at hand is computation-
ally costly, but one can deduce approximations which at least give reasonably fast
convergence. There are more advanced methods for the mixing, where the mixing
is decided by the convergence behavior of all the iterations done. Examples of such
methods are Broyden and Andersson mixing. For details about these methods,
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Figure 2.1. Flow-chart showing the self-consistent loop in DFT.

see for instance Ref. [3].

When solving the KS equations, some way of representing the unknown wave-
functions is needed. This is solved by expanding the wavefunctions in a basis set
{|ψ〉}:

|ψi〉 =
∑

j

cj |ϕj〉 , (2.21)

where we have used bracket notation to keep things simple. If the expanded
wavefunction is inserted into the single particle Schrödinger equation and then
multiplies the equation with the bra-vector (〈ϕk|) from the left, we get the following
expression: ∑

j

cj
{
Hkj − εiOkj

}
= 0 , (2.22)

where Hkj = 〈ϕk|Ĥ|ϕj〉 are matrix elements of the Hamiltonian, Okj = 〈ϕk|ϕj〉
is the overlap matrix elements for the basis functions and εi is the one-particle
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eigenvalue for the state i. This equation will only have (non-trivial) solutions if

det
{
Hkj − εiOkj

}
= 0 . (2.23)

The expansion into basis functions has transformed the one particle Schrödinger
equation from an differential equation into an linear-algebraic equation, which is
more suitable for solving on a computer.

The choice of basis set is a crucial one, and generally depends on the way the
potentials are represented. Some basis sets are made up of complicated functions,
but few of them are needed. While others are simpler but require many terms
in the expansion to correctly describe the wavefunction, there is often a trade-off
between these two. Because of this division, combined basis sets/potentials are
often used, where one basis set is used close to the nuclei and another set in the
interstitial region between the atoms.



CHAPTER 3

Muffin-Tin orbital methods

In this chapter the muffin-tin approximation is introduced together with the Exact
Muffin-Tin Orbitals method, which is based on multiple-scattering theory. This
family of methods have the advantages that they allow for separation of the struc-
tural and chemical problems and the formulation in Green’s functions provides a
framework suitable for disordered systems. [3]. I have used this methods together
with the Coherent-Potential Approximation (see chapter 5) to calculate the elas-
tic properties reported in chapter 12. In the end of this chapter and in chapter
5, I outline other muffin-tin based methods that I have used for the calculation of
core-level shifts reported in chapter 11.

3.1 The Muffin-Tin approximation

In order to simplify the computational problem of having a periodic potential, one
can disregard the parts in the external potential that are not spherically symmetric.
Also, away from the atom cores the potential is rather smooth. Therefore one
can make the approximation that the potential is constant between the atoms.
These two approximations together constitutes the so called Muffin Tin (MT)
approximation. A schematic figure of the MT potentials is shown in Fig. 3.1.
Mathematically, the MT potential can be written:

V (r) ≈ VMT (r) ≡ V0 +
∑
R

[
VR(rR) − V0

]
(3.1)

where V (r) is the spherical average of the potential, V0 is the muffin-tin zero and
rR = r − R. How to find the muffin tin potential in Eq. (3.1) is described in
Refs. [10, 6]. For the muffin-tin approximation to be as accurate as possible, a large
degree of overlap of the spheres is usually preferred.[11] There are several methods

17
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Figure 3.1. Schematic drawing of muffin tin potentials, and the interstitial region
between the muffin tins.

that utilize the MT approximation, most notably the Augmented Plane Wave
(APW), and the Korringa, Kohn and Rostocker (KKR) family of methods. [12]

3.2 Exact Muffin-Tin Orbital method

In the Exact Muffin-Tin Orbital method (EMTO), the single particle equations
are solved exactly for an optimized1 overlapping muffin-tin potential [6]. This is
since in the interstitial region the Schrödinger equation reduces to the Helmholtz
equation, while inside the potential spheres the Schrödinger equation can be sep-
arated [13]. The wavefunction that solves the one-electron Schrödinger equation
[Eq. (2.12)] can be expanded in a basis set:

ψi(r) =
∑
RL

Ψ̄a
RL(εi, rR) · ua

RL,i (3.2)

where a is the potential sphere radius, the Ψ̄a
RL(εi, rR) are the exact muffin-tin

orbitals, ua
RL,i are expansion coefficients and L = (l,m) denote the orbital quan-

tum numbers. This basis set is further divided into three different kind of basis
functions and expansions of these. The main basis functions are the screened
spherical waves, which are composed of Neumann/Hankel functions, which are
well localized. Since the screened spherical waves diverge at the lattice sites, they
are augmented by another basis set, the partial waves, inside the potential spheres.
[10] Finally, in order to make the screened spherical waves and the partial waves
join smoothly, a third set of basis functions is introduced, the free electron solu-
tions. This is shown schematically in Figs. 3.3, 3.4 and 3.5. The conditions of
smoothness of the different parts will lead to the kink cancellation equation which
in turn can solve the electronic structure problem.

1In the sense that the mean of the squared deviation between the real and the muffin tin
potential is minimized. [6]
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Figure 3.2. A drawing describing how the Wigner-Seitz cell (octagon) in the upper
panel is replaced by muffin tins (circles) in the lower panel.

3.2.1 Partial waves

Inside the MT-spheres, the so-called partial-waves are chosen as basis functions [10]:

φRL(ε, rR) = φRL(ε, rR) · YL(r̂) , (3.3)

where the φRL(ε, rR):s are solutions to the radial Schrödinger equation with the
spherical potential VR(rR) and YL(r̂) are spherical harmonics. This choice of basis
functions inside the potential spheres is suitable since we have indeed a spherical
symmetric potential, and they are also regular at the origin [13].

3.2.2 Screened spherical waves

Screened spherical waves are solutions to the Helmholtz equation:

{1

2
∇2 + κ2

}
Ψa

RL,i(κ
2, rR) = 0 , (3.4)

where κ2 = ε−V0. They are similar to plane-waves, but are localized in space and
in energy [13]. These screened spherical waves can be defined together with non-
overlapping hard-spheres with radii aRl which, as denoted, depend on atomic site
(R) and l. A drawing of this can be seen in Figs. 3.3 and 3.4. The screened spherical
waves behave like a pure real harmonic YL(r̂R) on their own a-spheres, while their
projections on the other hard spheres (R �= R′) vanish for l ≤ lmax, while they



20 Muffin-Tin orbital methods

can penetrate for higher l = lh > lmax. The screened spherical waves can further
be expressed in two functions f and g, called value and slope respectively. These
functions have the following properties imposed due to the required boundary
conditions

fa
Rl(κ

2, r)
∣∣∣
aRl

= 1 and
∂fa

Rl(κ
2, r)

∂r

∣∣∣
aRl

= 0 (3.5)

and

ga
Rl(κ

2, r)
∣∣∣
aRl

= 0 and
∂ga

Rl(κ
2, r)

∂r

∣∣∣
aRl

=
1

aRl
(3.6)

The f and g functions can, in turn, be expanded in terms of Bessel and Neu-
mann/Hankel functions[10, 6]. Now, the screened spherical waves can be written:

Ψa
RL,i(κ

2, rR) = fa
Rl(κ

2, rR)YL(r̂R)δR′RδL′L +

+
∑
L′

ga
Rl(κ

2, rR)YL′(r̂R′)Sa
R′L′RL . (3.7)

where Sa
R′L′RL are called the slope matrix elements in EMTO. They correspond

to the expansion coefficients of the screened spherical waves centered on R around
R′ [6]. Further, the slope matrix is related to the structure constants in the KKR
methods. If the hard sphere radii and κ2 are properly chosen, the screened spheri-
cal waves are short-ranged. Usually lmax is set to 3 or 4 (s,p,d and f orbitals), while
lhmax ≈ 8 − 12. For l:s higher than lmax, the a-sphere radii are set to zero, forcing
the low-l components of the screened spherical waves to become short-ranged for
κ2 inside the hard-sphere continuum. [10] This makes it feasible to calculate them
in real space and the method can be used to treat impurities, defects etc.[11]

3.2.3 Adding the free electron solution

The connection between the partial-waves (at the hard-spheres) and the screened
spherical waves (at the muffin-tin spheres) is done by introducing another wave-
function, the free-electron solution:

ψ̄a
Rl(ε, rR) = fa

Rl(κ
2, r) + ga

Rl(κ
2, r) ·Da

Rl(ε) (3.8)

where the radial logarithmic derivative function is defined as

Da
Rl(ε) = −f

a
Rl(κ

2, sR)

ga
Rl(κ

2, sR)

D{ψRl(ε, sR)} − D{fa
Rl(κ

2, sR)}
D{ψRl(ε, sR)} − D{ga

Rl(κ
2, sR)} (3.9)

in which the logarithmic derivative D in the point x0 for some function y(x) is
calculated as

D{y(x0)} ≡ x0

y(x0)

∂y(x)

∂x

∣∣∣
x0

. (3.10)

At the muffin-tin sphere (r = sR), the free electron solution joins continuously
and differentiably to the partial wave, while at the hard-sphere (r = aRl), it joins
continuously to the screened spherical wave. The free-electron solution is shown



3.2 Exact Muffin-Tin Orbital method 21

in Fig. 3.3 were the hard-spheres are shown to be larger than the potential spheres
for the sake of clarity. In the following figure (Fig. 3.4) the actual relative sizes of
the hard- and potential spheres are shown.

3.2.4 Matching the different solutions

Using these free-electron solutions and the partial waves, we can now introduce a
complete basis set that is defined in all space. The exact muffin-tin orbitals can
now be written [11]:

Ψ̄a
RL(εi, rR) =

[
φa

RL(ε, rR) − ψ̄a
Rl(ε, rR)

]
YL(r̂R) + Ψa

RL,i(κ
2, rR) , (3.11)

where the the terms inside the brackets are truncated outside the muffin-tin sphere.
Using the expansion in Eq. (3.11), the Ψ̄a

RL(εi, rR):s are continuous and differen-
tiable in the whole space, except at the hard-sphere boundary where the wave
function will have kinks, which should be removed. The so-called kink cancella-
tion equation is the requirement on the different parts of the EMTOs that needs
to be fulfilled in order to remove the kinks:∑

RL

Ka
R′L′RL(εi) · ua

RL,i = 0 (3.12)

where
Ka

R′L′RL(εi) ≡ aR · Sa
R′L′RL(κ2) − δRR′δLL′ · ar D

a
RL(εi) (3.13)

is the kink matrix. Solving the above equation (3.12) yields the one-particle en-
ergies and wavefunctions. For a periodic system, the kink cancellation equation is
solved for R:s in the primitive cell, while the kink and slope matrices as well as
the scattering path operator (defined below) are calculated within the Brillouin
zone.[6] However, the solutions can also be found from the poles of the scattering
path operator, ga

R′L′RL(z), which is also known as the auxiliary Green’s function
and is here defined as:∑

R′′L′′

Ka
R′L′R′′L′′(z,k) ga

R′′L′′RL(z,k) = δR′RL′L . (3.14)

Notice that z is a complex energy. Now, the scattering path operator is analytical
in the whole complex plane, except at the real axis where it has poles at points
corresponding to the one-electron eigenvalues. [10] Therefore it is possible to use
the residue theorem to find all states below the Fermi level. Using the formalism
of the scattering path operator with the kink and slope matrices, the integrated
density of states can be calculated as

N(EF ) =
1

2πi

∮
EF

G(z)dz (3.15)

where G(z) is defined in the following way in order to remove unphysical poles of
the energy derivative of Da

RL (with energy derivative denoted by an over-dot):

G(z) =
∑

R′L′RL

∫
BZ

ga
R′L′RL(z,k)K̇a(z,k) dk −

∑
RL

[
Ḋa(z)

Da(z)
−
∑
εD

Rl

1

z − εD
Rl

]
(3.16)
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Figure 3.3. Schematic picture of the EMTO basis set(s). Note that in this picture
aR > sR, which is illustrated to make the basis set division clear. The hard-spheres
(a-spheres) are shown in gray while the potential-spheres (s-spheres) are shown in white.
See text for further details.

Figure 3.4. Schematic picture of the EMTO basis set(s). The hard-spheres (a-spheres)
are shown in gray while the potential-spheres (s-spheres) are shown in white. Note that
in this picture aR < sR, which is opposite to the picture in Fig. 3.3. This is the case
used in the EMTO method.

Figure 3.5. Schematic picture of the EMTO basis set(s). For optimized muffin-tins, the
potential spheres should overlap. See captions for figures 3.3 and 3.4 for more details.
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Now, since the Ka(z,k) depend upon the slope matrix as well as the radial log-
arithmic derivative function [Eq. (3.9)], we need to be able to compute the slope
matrix. However, in the SCF cycle the Fermi level will change in each iteration,
and therefore the slope matrix also needs to be recalculated in each iteration.
This would be rather computationally expensive. However, it is possible to use
parametrization of the slope matrix since its energy dependence is rather weak [6].

Next, the electronic density can be expanded into components for each lattice
site, and inside the Wigner-Seitz cell it can be expanded further into components
of spherical harmonics:

n(r) =
∑
R

nR(r) =
∑
RL

nRL(rR)YL(r̂R) . (3.17)

In each self-consistent field (SCF)2 step, once the density has been found from
the kink cancellation requirement, the potential for the next SCF step can be con-
structed. However, it turns out that constructing the full potential is a rather time
consuming task and therefore doing it in each SCF step is problematic. This is
the main reason behind using the so-called Spherical Cell Approximation (SCA).
[11] In the SCA, during the SCF cycle the Wigner-Seitz cell for each lattice site
is replaced by a spherical counterpart. Usually, the volume of the spherical cell is
chosen equal to the volume of the Wigner-Seitz cell. It can be shown that in the
SCA both VR(rR) and V0 can be found from the spherical symmetric part of the
full potential, which is relatively computationally cheap to calculate. [6]

The current implementation of EMTO use the Full Charge Density (FCD)
[6, 14] technique to evaluate the total energy functional. This technique improves
the accuracy for the kinetic energy term in the total energy functional, compared
to the ASA method.

3.3 The KKR-ASA methods

The EMTO method is said to be among the third generation of LMTO meth-
ods [15], and in this thesis earlier generation methods have also been used. In
particular, the Bulk Green’s Function Method (BGFM) [16, 17] and the Locally
Self-consistent Green’s Function method (LSGF) [18, 19] have been used to cal-
culate spectroscopic properties described in chapter 11, using methods outlined in
chapter 7.

In BGFM, the Korringa-Kohn-Rostocker (KKR) [20, 21] method is used in the
Atomic-Sphere-Approximation (ASA) for the potentials. The KKR method is the
basis for many methods, such as KKR-ASA, LMTO and EMTO [3, 10]. The slope
matrix in EMTO is written in terms of the so-called bare KKR structure constants
matrix. In the ASA the potential is approximated by spherical cells that have the
same volume as the Wigner-Seitz cell. This makes the ASA spheres space-filling

2The iterative solving of the electronic structure.
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and therefore, the crystal is described by spheres that may overlap. Generally, the
ASA works well for close-packed solids, while open structures are more difficult. [3]
One drawback is that comparison between different structures can lead to errors
due to the fact that different structures will have different degrees of overlap and
are therefore calculated with different accuracy.
Also, in the interstitial the kinetic energy is chosen to be constant and most often
equal to zero:

κ2 = E − V0 = 0 (3.18)

This procedure makes the structure constants that enter the multiple scattering
problem energy independent, which makes the calculations faster, though less
accurate. BGFM uses a modified version of the ASA that includes multipole
corrections to the charge density, known as ASA+M. [22, 23] In chapter 5 this
modification is shortly described. Also, the LSGF method is described in chapter
5, since it is very closely related to the description of random alloys.



CHAPTER 4

Pseudopotentials and Projector-Augmented Waves

4.1 Pseudopotentials

In condensed matter theory, the electronic states in an atom are often categorized
as

• Core states: Localized and do not take part in bonding between neighboring
atoms.

• Valence states: In general not localized but extended and are responsible for
bonding between atoms.

• Semi-core states: These are in between the former two types. They are lo-
calized and do not often contribute directly to bonding, but are close enough
to the valence states to influence them.

In many computational methods, only the valence states are fully included. How-
ever, depending on the system at hand, the method and the properties one wishes
to calculate, semi-core states sometimes need to be included in the valence as well
for an accurate calculation. The core states are calculated as though they were
inside a single, isolated atom and hence these are simpler to calculate and only
need to be found once in the calculation. This is called the frozen-core approxi-
mation. [24]

For the valence electrons in a crystal, the potential is usually relatively smooth
and the electrons behave similarly to free electrons. In such case it is desirable to
expand the wavefunctions in planewaves, since few are needed to describe the wave-
function, making the calculations faster. Also, planewaves are relatively straight-
forward to implement computationally [3]. But in the core region the potential
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varies rapidly and hence the wavefunctions are complicated. In this case many
planewaves are needed to accurately describe the wavefunctions, which makes the
calculations heavier and more complex. There are several solutions to this problem
and the idea of pseudopotentials is one of them. The basic idea of the pseudopo-
tential transformation is this:

• The core electrons are treated as atomic-like.

• The interaction between the remaining electrons (valence) and the core-
region is described approximately by an effective potential (pseudopoten-
tial).

Now that the core states are not included we are left with only the valence
states. In the valence region these are usually well-behaved since the potential is
smooth. But these valence-states extend into the core region, since they interact
with the ion core, and in this region the wavefunction is not smooth. It is in this
region that the potential is replaced by a pseudopotential that is much softer than
the real counterpart [24]. A schematic figure of the pseudopotential transforma-
tion can bee seen in Fig. 4.1. Obviously, it is not a straightforward task how to
set up the pseudopotential so that it is a good representation of the real potential.

Figure 4.1. Schematic image of the pseudopotential transformation.

To give a rather simplified account on the pseudopotential transformation,
we started by assuming the frozen-core approximation and regarding the valence
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wavefunctions ψv
k, which naturally should satisfy the Schrödinger equation

Ĥψv
k = εv

kψ
v
k (4.1)

The valence wavefunctions can be expanded in a scheme originating in the Or-
thogonalized Plane-Wave method (OPW)1:

ψv
k(r) = ψ̃v

k −
∑

c

[∫
dr′ ψc ∗

k (r′)φ̃v
k(r′)

]
ψc

k(r) , (4.2)

where the ψc
k(r) are core states and the ψ̃v

k are the smooth parts of the valence
wavefunctions. The smooth part can be expanded in planewaves:

ψ̃v
k(r) =

∑
K

cK · ei(k+K)·r . (4.3)

If the above expression for the valence wavefunction is inserted into the Schrödinger
equation, it is straightforward to show that

(Ĥ + V̂ ′)ψ̃v
k = εv

kψ̃
v
k , (4.4)

where the potential operator V̂ ′ operates on some wavefunction χ so that:

V̂ ′χ =
∑

c

(
εv
k − εc

k

)[ ∫
dr′ Ψc ∗

k χ

]
Ψc

k (4.5)

These equations show that we have replaced the valence wavefunctions with smooth
counterparts, that still produce the same eigenvalues. Note that the above defi-
nition for V̂ ′ is just one possible choice. There are many other definitions with
different strengths/weaknesses, since there are many ways to construct pseudopo-
tentials that produce the correct eigenvalues. [12]

The pseudopotential V̂ ps is defined as the sum of the real, periodic potential
V̂ and the auxiliary potential V̂ ′:

V̂ ps = V̂ + V̂ ′ (4.6)

The pseudopotential is in general weak and smooth, which is desired. However, it
is also more complicated and non-local. It should also be noted that the smooth
pseudo-wavefunctions ψ̃v

k are in general not orthonormal. [3]

When constructing a pseudopotential, it needs to be tested. To do this one can
either compare the material properties the pseudopotential predicts with experi-
ment (called empirical pseudopotentials) or with all-electron calculations (called
ab-initio pseudopotentials). While it may be a nice idea to compare with experi-
ment, the advantage of comparing with all-electron calculations is that they also

1Related method that predates the pseudopotential methods [12].
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suffer from the same approximations of exchange and correlation. [24] A high-
quality pseudopotential should not only reproduce the results in the system where
it was created, but also in other chemical environments. This is known as the
transferability of a pseudopotential and is important for a high-quality pseudopo-
tential [3].

Adding the requirement of norm-conservation of the pseudo wavefunctions
greatly increases the accuracy and transferability of pseudopotentials. It can also
make the process of constructing the pseudopotentials simpler. [3] Another class of
pseudopotentials is called ultrasoft pseudopotentials and was suggested by Vander-
bilt in 1991. [25]. In this approach one seeks to minimize the number of planewaves
needed for a certain degree of accuracy, while loosening the requirement of norm-
conservation. This method is suitable when using planewaves as basis set.

4.2 Projector-Augmented Waves

Another very important method, and one that is heavily used in this thesis,
is known as the Projector-Augmented Waves (PAW). Originally suggested by
Blöchl [26] and later recast by Kresse et al. [27], the PAW is similar to the OPW
and pseudopotential transformations. The main difference however, is that in the
transformation to smooth wavefunctions in the PAW, the all-electron wavefunction
is retained. The implementation of the PAW method that has been used in this
thesis is the Vienna ab-initio Simulation Package (Vasp). For detailed accounts
on the PAW as well as Vasp, see Refs. [26, 28, 29, 30, 3] and references therein.



CHAPTER 5

The alloy problem

Even though we now have methods for obtaining material properties for solid state
materials, there is still the problem of how to describe a random alloy. If the mix-
ture of two or more metals form an ordered structure, this ordered structure can
be directly used in our calculations, at least provided it’s not too complex. But
often the created alloy is disordered and random. In a completely random binary
alloy, AcB1−c, the probability of finding an A-atom at a site is c and (1 − c) to
find a B-atom.

In order to model a random alloy, a large number of randomly distributed
atoms is needed, especially when one species in the alloy has low concentration.
This is numerically expensive, especially for calculating properties such as elastic
constants where high accuracy is needed. Also, several supercells with different
distributions of the constituent atoms should be used for the calculations, and
then averaged over. While this would make the method even more expensive com-
putationally, another drawback is that not all properties of interest can easily be
averaged over.

5.1 Supercell methods

The use of a so-called Special Quasirandom Structure (SQS) solves some of the
above problems. This method was developed by Zunger et al. [31]. The idea is
to create a supercell that mimics the random alloy in the sense that it has the
same average distribution of atoms. The aim is that the created supercell gives
the same ensemble averages of properties as the real random alloy. This means
that one supercell can be used to calculate some properties of interest instead of
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creating a larger number of supercells, calculating some properties of interest in
each supercell and then taking averages. The latter obviously requires much more
computational effort. Still, the supercell may need to be large to obtain good
results from some property of interest, especially if one atomic species in the alloy
has low concentration.

5.2 Effective medium approaches

Another way of treating a random alloy is to create an effective medium that
describes the average properties of the real alloy. If such a medium can be created,
”real“ atoms can then be inserted into the effective medium in order to calculate
the properties of interest. A schematic figure of this is shown in Fig. 5.1.

Figure 5.1. The use of an effective medium. A random alloy is replaced by an effective
medium, into which each type of real atom is placed one at a time.

The question now is of course if such an effective medium can be created, and if
so how it should be done. Several attempts have been made to create the effective
medium. The perhaps simplest one is the Virtual Crystal Approximation (VCA),
where the potential for the effective medium is calculated by

VV CA = c · VA + (1 − c) · VB . (5.1)

This means that the potential for each atom is added with a weight corresponding
to the concentration of that atom in the alloy. This method generally works when
the potentials are not very different from each other. If the potentials are very
different there may be problems, and it doesn’t work very well for transition metal
alloys. [9]
After the VCA, Korringa put forward the idea to mix the KKR t-matrices for the
alloy components:

tavg = c · tA + (1 − c) · tB . (5.2)

This approximation is known as the Average t-matrix Approximation (ATA). In
multiple scattering theory and the KKR methods, the t-matrix describes the scat-
tering of an atom, and is related to the potential for the atom. The ATA was
an improvement over the VCA, but still it produced the wrong eigenvalues and
eigenfunctions [10].
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5.2.1 Coherent Potential Approximation

In an article from 1966, P. Soven derived an improved scheme for creating the
effective medium, known as the Coherent Potential Approximation (CPA) [32,
33]. The requirement when constructing the potential for the effective medium is
that an electron that moves through the effective medium should be, on average,
scattered in the same way (or as close as possible) as it would in the real alloy. [10]
This means that if one real potential (atom) is inserted into the effective medium,
there shall on the average be no further scattering [34]. The main equation to be
solved is the following:[

c · VA + (1 − c) · VB

]− V0 = (VA − V0) ·G0 · (VB − V0) , (5.3)

where G0 is the Greens function for propagation through the effective medium; VA,
VB and c are defined above; and V0 is the potential for the effective medium. The
formulation of the CPA in terms of Greens functions is suitable for use together
with KKR-ASA and EMTO. The approximation in the CPA is that the average
Greens function can be approximated by [32]:

〈G〉 ≈ G0 . (5.4)

The main drawback when using the CPA, or any other effective medium, is that
it is a single-site approximation. Within the KKR-ASA methods there is only the
single-site contribution to the potential, while in the EMTO-CPA method, there
is also a multisite contribution that improves its accuracy [6]. Still, there is no
information about the local environment around each atom. This can lead to
problems in systems with charge transfer between different atomic species. It also
means that one cannot treat local relaxations of the structure, nor include short-
and long-range order effects.

5.2.2 Screened Impurity Model

The Screened Impurity Model (SIM) [35] partly corrects for the missing charge
transfer in the single-site approximation by adding an expression for the Madelung
potential for the A component in the AcB1−c alloy:

V A
Mad = α

e2 ·QA

rWS
, (5.5)

where QA is the net charge on the A-atoms and α is a parameter that can be found
by fitting to supercell calculations using for instance the LSGF method, outlined
below. The Madelung energy for a binary alloy in the SIM can be written

EMad = −βe2c(1 − c)
(QA −QB)2

R1
, (5.6)

where R1 is the radius of the first coordination shell and β is a parameter that can
be adjusted1 to obtain equality for the total energy between CPA and supercell
calculations. [22, 35]

1After α has been adjusted to produce the right charge transfer.
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5.2.3 Locally Self Consistent Greens function method

Even though the CPA works very well, there are effects that cannot be captured
without having any local environment. On the other hand, a full calculation of all
the atoms in a supercell can be numerically very expensive to perform. So, would
it be possible to create a scheme that does something in between these two? The
method put forward by Wang et al. was to use a supercell, but only include the
nearest atoms around each site and let the rest of the atoms be excluded [36].
So, for each atom in the supercell, we center on the atom, and calculate the elec-
tronic structure for the center atom surrounded by a small region of real atoms
(and exclude the rest); then we move on to the next atom and so on. The re-
gion that is included for each atom is known as the Local Interaction Zone (LIZ).
This concept is shown in Fig. 5.2. In order to produce more accurate calculations

Figure 5.2. The principle behind the LSGF. To the left we have a supercell with periodic
boundary conditions. The other parts show how real atoms are inserted into the effective
medium.

while keeping the LIZ small, the Locally Self Consistent Greens function method
(LSGF) was proposed by Abrikosov et al. [18]. The difference between the two
methods is that LSGF includes the atoms outside the LIZ by describing them with
the CPA effective medium.

A very nice feature of the LSGF method, and one of its main ideas, is that
the computational effort scales linearly [O(N)] with the number of atoms, which
can easily be understood from Fig. 5.2, while most electronic structure methods
scales as O(N2) or O(N3). It should be noted that the computational effort in
LSGF scales as O(M3) when increasing the size of the LIZ, so when having a
small number of atoms in the supercell, other methods may be more efficient. The
LSGF method treats the Madelung contribution to the total energy correctly, and
takes proper care of the charge transfer between different atomic species.

Still, we cannot treat local relaxations within the LSGF at the present. In order
to perform such calculations, full supercells with a method that can calculate forces
are needed.



CHAPTER 6

Equations of state

6.1 General considerations

An Equation of State (EOS) is, in general, some relation between different (macro-
scopic) state variables of a system. In our calculations, we often want to have
relations between volume (or lattice constant), pressure and bulk modulus. By
calculating the total energy as a function of volume, we can obtain the EOS for
our system of interest. As an example, the total energy as function of volume in
FCC Ag is shown in Fig. 6.1, where the calculations have been performed using
the BGFM code. The pressure (P ) and bulk modulus (B) can be calculated by:

P = −∂E
∂V

B = −V ∂P

∂V
= V

∂2E

∂V 2
, (6.1)

where V is the volume. The bulk modulus derivative may also be of interest, and
can be calculated as

B′ =
∂B

∂P
= −V

B
· ∂B
∂V

(6.2)

The work presented in this thesis has mainly used the 3rd order Birch-Murnaghan
[37] and the Modified Morse [38] EOS. These EOS are among the most com-
mon ones in condensed matter theory and are therefore presented in this chapter.
Mainly for historical reasons and to give some idea about how an EOS model is
constructed, the Murnaghan EOS [39] is also presented in this chapter.
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Figure 6.1. Total energy as function of volume in FCC Ag. The interpolation methods
are Murnaghan (”MU37“), Birch-Murnaghan (”BM52“) and Modified Morse (”MO88“).
The Birch-Murnaghan and Modified Morse curves are on top of each other. The dotted
vertical line denotes the equilibrium volume. Total energies were calculated using BGFM.

6.2 Murnaghan EOS

In the Murnaghan EOS [39], the bulk modulus derivative with respect to pressure
(here denoted B′) is set to be constant and equal to the value at equilibrium
volume. From this approximation one can integrate several times to obtain the
total energy as:

E(V ) = E0 +
B0

B′
0

[
(V0/V )B′

0

B′
0 − 1

+ 1

]
· V − B0V0

B′
0 − 1

(6.3)

where V0 is the equilibrium volume and we use the following notation: E0 = E(V0),
B0 = B(V0) and B′

0 = B′(V0). Note that for volumes corresponding to pressures
far away from zero, the approximation becomes less valid, since in the expression
for B(V ) the B′ term is multiplied by the pressure. An example of this is shown
from EOS calculations for FCC Ag in Fig. 6.2.

6.3 Birch-Murnaghan EOS

In 1947, Birch built upon the Murnaghan EOS to create an EOS suitable for high
pressures [37]. In this model the pressure in the 3rd order approximation is given
by the following expression:

P =
3B0

2

[(
V0

V

) 7

3

−
(
V0

V

) 5

3

]
·
[
1 +

3

4
(B′

0 − 4)
[(V0

V

) 2

3 − 1
]]

. (6.4)

Once again, integrating this expression over volume yields the energy as function
of volume:

E = E0+
9V0B0

16

{
B′

0 ·
[(

V0

V

) 2

3

−1

]3

+

[(
V0

V

) 2

3

−1

]2[(
6−4· V0

V

) 2

3

]}
. (6.5)
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Figure 6.2. Bulk modulus as function of volume in FCC Ag. The interpolation methods
are Murnaghan (”MU37“), Birch-Murnaghan (”BM52“) and Modified Morse (”MO88“).
The Birch-Murnaghan and Modified Morse curves are closely spaced. The dotted vertical
line denotes the equilibrium volume. Total energies were calculated using BGFM.

6.4 Modified Morse EOS

The so-called modified Morse EOS appeared in the appendix of a paper by Moruzzi
et al. [38]. Based on the Morse EOS from 1929 [40], the ansatz to the total energy
is:

E(r) = a+ b · e−λr + c · e−2λr , (6.6)

where r is the Wigner-Seitz radius and a, b, c and λ are fitting parameters. Using
a change of variables, x = e−λr, it is straightforward to show that

P =
xλ3

4π(lnx)2
(b+ 2cx)

B = − xλ3

12π lnx

[
(b+ 4cx) − 2

lnx
(b+ 2cx)

]
. (6.7)

For the equilibrium Wigner-Seitz radius, r0, P = 0 and so we must have b+2cx = 0
for x = x0. This means that

x0 = − b

2c
and r0 = − lnx0

λ
. (6.8)

6.5 Practicalities

Regardless if one uses the Murnaghan, Birch-Murnaghan, Modified Morse or other
types of EOS, a good starting guess for the ground state parameters (E0,V0, B0

and B′
0) is needed to find the EOS. This guess can be obtained using a suitable

fitting method on the energy-volume dataset at hand. One can use polynomial or
spline methods. Care should be taken though, especially with polynomials, since
the degree of the polynomial that one can use depends on the number of points in
the dataset. If the polynomial degree approaches the number of datapoints, large
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oscillations may occur.

In practice to obtain the EOS for some system, one first runs a series of total
energy calculations for different volumes. After this the EOS of choice may be ob-
tained by fitting procedures, which will then provide an approximate description
of the true EOS for the system at hand. Note that in this chapter the EOS has not
included any temperature dependence. It is possible to incorporate temperature
in the EOS, but then one needs to either have experimental data or be able to do
ab-initio calculations at finite temperatures, both of which may be difficult and
time-consuming tasks.

In addition to finding relations between state variables, the EOS may also be
used for extrapolation. This means using the EOS for values of state variables
outside the range of which the EOS was found. For instance, some experiments
may readily be performed at ambient conditions, while at high temperature and/or
pressure, they are fraught with difficulties. In such cases extrapolation may be an
option. However, care must be taken since one does not know how the real system
will behave when some state property is changed [41].



CHAPTER 7

Core-Level Shifts

7.1 Introduction

In a single, isolated atom, the electrons occupy well-defined, discrete energy levels.
If several atoms are put together to form a solid, the top-most electron levels will
form bands. The energy levels for a core-electron in a single atom and in a solid
will therefore be slightly different. If two different species of atoms are mixed to
form an alloy, the energy for our electron will also change. The difference in bind-
ing energy for a core-electron in a system of interest and some reference system is
known as the Core-Level Shift (CLS). In this work we are interested in the CLS
upon alloying, which means the difference in binding energy for some core-electron
in an alloy and the pure metal. There are other types of CLS, for instance when
going from a single atom to a molecule, or when changing the surrounding chem-
ical environment for a molecule.

The CLS can be used to gain insight about heat of mixing, charge transfer,
cohesive- and segregation energies [42]. CLS obtained from calculations can also
be used for structure determination [43] in experiments.

Experimental measurements of the binding energies of electrons is often done
by X-ray photoelectron spectroscopy (XPS). In XPS, a beam of X-ray photons is
focused onto the sample, whereby electrons will be ejected due to the photoelectric
effect. The binding energy of the ejected electrons can be obtained by knowing the
energy of the photons, the work function of the sample and measuring the kinetic
energy of the ejected electrons. A schematic figure of an XPS event is shown in
Fig. 7.1.
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Figure 7.1. Schematic figure of XPS event. The gray box depicts the valence band.
Left: A photon with energy �ω is incident on a core electron. Right: The core-electron
has been ejected from the atom.

The CLS can be divided into initial- and final state contributions, which can
be understood through the XPS process. The initial state corresponds to the state
before the excitation of the electron at level i, while the final state describes the
system with a core-hole at the i:th level. The final state contribution is therefore
due to relaxation effects in the core and valence region, since the ejected electron
”feels“ the created core hole differently depending on how the core hole is screened
by the other electrons. Because of this, the experimental binding energy depends
on many-body effects which may be difficult to capture within DFT.

Here we use the notation that the binding energy EB > 0. This means that if
the CLS is positive (ECLS > 0), the electron in question is more strongly bound
in the system of interest than in the reference system. The CLS upon alloying for
the A-component in a binary alloy, A1−xBx, is defined as:

EA
CLS = E

A1−xBx

BA
−EA

BA
, (7.1)

where EBA
is the binding energy of a particular core-electron in the A-component.

7.2 Initial state model

In a one-electron Schrödinger equation, each electron is treated as moving in an
effective field of all other electrons. Thus, if the electron density changes on an
atom, the potential in the core will also change, which in turn will shift the one-
electron eigenvalues. Therefore, one may define the initial state contribution as
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the shift in the one-electron eigenvalue [44].

Though there is no absolute reference level for the one-electron eigenenergies
in a solid [45], the CLS are often related to the Fermi level, as it is practical for
metals [46]. This means that

εi = EF − εoe
i , (7.2)

where EF is the Fermi-energy and εoe
i the one-electron eigenvalue for the i:th core

state. Using the above notation, the CLS for electron state i calculated within the
initial state (IS) model takes this form:

EIS
CLS = εalloy

i − εmetal
i

=
{
Ealloy

F − εoe,alloy
i

}
−
{
Emetal

F − εoe,metal
i

}
(7.3)

The applicability of the IS model depends, naturally, on the final state contribu-
tions. If they are similar in the system of interest (the alloy) and the reference
system (the pure metal), this contribution to the CLS will be small and the IS
model will serve as a good approximation. But since the difference in computa-
tional effort between the initial state model, and the Complete Screening (CS)
or the Transition State (TS) model is not very large, one can most often use the
Complete screening or Transition state. Still, the IS model can be used to separate
initial and final state contributions.

7.3 Complete screening picture

The Complete Screening picture, suggested by Johansson et al. [47], is a total
energy approach, as compared to the initial state and transition state models that
use the one-electron eigenvalues. The CLS is calculated by comparing the total
energies for the initial and final states, where the final state is relaxed with the
constraint of having one core-hole. Having a core-hole implies that the atom is
core-ionized, which means that one electron has been removed from the core, as
described in the introduction to this chapter. In actual calculations, we do not
ionize the atom, but rather promote the core-electron of interest to the top of the
valence band, as shown in Fig. 7.2. The reason for this procedure is to retain
charge-neutrality in the system. The basic assumption of the CS model is that
the final state is fully relaxed electronically, i.e., the valence electrons screen the
core-hole [42]. While this can be said to be an excited state, the DFT calculation
will find the ground-state with the constraint of having a core-hole.

In order to calculate the CS CLS, we need to evaluate the generalized thermo-
dynamic chemical potential [48] for the core-ionized atom:

μ =
∂E

∂c

⏐⏐⏐⏐⏐
c→0

(7.4)



40 Core-Level Shifts

Figure 7.2. Promotion of a core-electron to the valence band. The valence band is
shown as a gray box.

where c is the concentration of core-ionized atoms and E the total energy for the
system with the core-ionized atoms. When performing the calculations, c must
have a finite value. We have used c = 1 −2%, which means that in our calculations
we have evaluated

μ ≈ E∗ − E

c

⏐⏐⏐⏐⏐
c=0.01

, (7.5)

where E∗ is the total energy for the system with a concentration c of core-ionized
atoms and E is the total energy for the ground state system.
The CS CLS is then given by:

ECS
CLS = μalloy − μmetal . (7.6)

The CS model is based on differences in total energies, which is a well defined
physical quantity within DFT. In the IS model, on the other hand, the one-electron
eigenvalues are used, which may be problematic since they do not have a well-
known physical meaning.

7.4 Transition state model

7.4.1 Occupation numbers in DFT

The Transition State method is based on a theorem that was proposed by J.F.
Janak [49]. The DFT charge density can be defined as:

n(r) =
∑

i

ηi|ψi(r)|2 , (7.7)
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where ηi is an occupation number for electron state i (0 < η < 1). It should be
noted that for a given set of ηi we can use Eq. (2.12) together with Eq. (7.7)
to find self-consistent solutions. This can be done for sets containing non-integer
occupations. Moreover, the kinetic-energy functional can be defined as:

T̃s =
∑

i

ηi

{∫
drψ∗

i (−	2)ψi

}
=
∑

i

ηiti . (7.8)

For this functional for the kinetic energy, a new total energy functional can be
constructed,

Ẽ = T̃s[n] +

∫
drn(r)Vext(r) + U [n] +Exc[n] , (7.9)

which in general will be different from the standard DFT one [Eq. (2.7)]. However,
for a Fermi-Dirac distribution of the occupation numbers, Ẽ will be numerically
equal to E [49]. This means that it is possible to find self-consistent solutions to
this new set of equations [Eqs. (2.12), (7.7) and (2.11)].

Janak’s theorem

With the above definitions, Janak’s theorem,

∂Ẽ

∂ηi
= εi , (7.10)

can be derived. It should be noted that this theorem gives at least some physical
meaning to the one-electron eigenvalues in DFT; they are the derivative of the
total energy with respect to the occupation number for a certain state. We can
integrate Eq. (7.10) to make a connection between the ground-state total energies
of an N and N + 1 particle system:

EN+1 − EN =

1∫
0

ε(ηi)dηi (7.11)

Equation (7.11) can be used to calculate the change in total energy when adding
or removing one electron, which is the binding energy for that electron. Hence
we can use this to calculate the core-level binding energy for an electron state of
interest, by evaluating Eq. (7.11) when removing one electron from the electron
state:

EBi
=

1∫
0

ε(ηi)dηi (7.12)

In its strictest sense, Janak’s theorem is only applicable to the highest occupied
electron state [1, 49]. However, the theorem has been used with success when
calculating core-level shifts [50, 51].
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The transition state and the assumption of linearity

If we assume, as a first approximation, that the one-electron eigenvalues are linear
functions of their respective occupation numbers (η), the binding-energy integral
for an electron becomes particularly simple:

EBi
=

1∫
0

εi(ηi)dηi

≈ εi(1/2) (7.13)

≈ εi(1) +
1

2

{
εi(0) − εi(1)

}
(7.14)

where Eq. (7.13) is known as the Slater-Janak transition state [49, 52]. Eq. (7.14)
separates the initial and final state contributions to the binding energy (the first
and second terms, respectively). It should be mentioned here that the use of frac-
tional occupation numbers, such as the evaluation at mid-point in Eq. (7.13), is
a way of solving the integral. It does not necessarily represent any real physical
system in itself.

Though the assumption of linearity has not been thoroughly tested, the TS
model has been used with success for several systems [50, 53, 54]. The main focus
of Paper II was to systematically verify this assumption of linearity for metallic
systems, within local approximations for exchange and correlation. This was done
by calculating one-electron eigenvalues for occupations ηi = (0.0, 0.1, · · · , 0.9, 1.0)
and then plotting the result as function of η. Further it was done for several
concentrations of the FCC alloys AgPd, CuPd, CuPt, CuAu and the pure metals
constituting these alloys. Also, for Cu and Au, calculations were performed for
different electron states, to see if the linearity depended on this. All these results
are shown in chapter 11 and have been reported in Paper II.

Assuming that the one-electron eigenvalues are linear functions of the occupa-
tion number, they can be written as:

ε(η) = α · η + β (7.15)

So, to get a measure of the deviation from linearity, the one-electron eigenvalues
for all values of η can be calculated and then fitted to the linear function in Eq.
(7.15). From this procedure a simple measure of the deviation from linearity can
be obtained in the norm of residuals:

Δi =
1

n
·
√√√√ n∑

j=0

{
ε(ηj

i )
interpol − ε(ηj

i )
calc
}2

, (7.16)

where εinterpol are the values from the linear interpolation and εcalc are the the one-
electron eigenvalues from the calculations. Like above, ηj

i = (0.0, 0.1, · · · , 0.9, 1.0),
so that n = 11. Though Δi will provide a measure of the deviation from linearity,
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it depends on the magnitude of the one-electron eigenvalues, and therefore it is
difficult to compare Δi:s for different electron states or for different metals. To
account for this, Di can be defined as a relative measure of the deviation from
linearity:

Di ≡ Δi

|αi| , (7.17)

where αi comes from Eq. (7.15).

Another way of investigating the assumption of linearity is to calculate the
CLS using different versions of the transition state model. If the assumption of
linearity is correct, the CLS calculated using Eq. (7.13) or Eq. (7.14) should be
equal. This method not only provides a measure of the linearity, but also indi-
cates if deviations from linearity are important or not, at least for the application
of calculating the CLS. It should also be noted that calculating the CLS using
Eq. (7.13) requires two self-consistent calculations (one for the alloy and one for
the pure metal), but Eq. (7.14) requires four calculations.
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CHAPTER 8

Elastic properties

8.1 Introduction

Whenever we want to find out how a material behaves in real life, its elastic prop-
erties are of great importance. Not only do these properties tell us if a material is
hard or soft, or if it shears easily; they can also tell us if the material is unstable
and provide estimates of heat capacities. The elastic constants are closely related
to the sound velocities. As an example, this can provide us with a way of investi-
gating the possible materials in Earth’s (solid) core; the sound velocity of the core
can be measured in experiments and then compared to data from calculations to
give clues to what materials that are to exist in the core.

In this chapter we are interested in elastic properties as functions of pressure.
This can be done by calculating the elastic properties for several volumes and then
use Eq. (6.1) to get the corresponding pressure instead.

8.2 Basic relations

Whenever there is some external force on a sample of a material, the forces will
cause strain1 (deformation) of the sample [56]. Fig. 8.1 shows how some strain
u will move the point P to P ′. The points are thought to be embedded in some
material, it can be a macroscopic continuous material or a microscopic crystal.
The strain causes a displacement

u = r − r
′ (8.1)

1For a mathematical definition of strain, see for instance Ref. [55].
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Figure 8.1. A distortion u moves point P to P ′.

of the point P . Considering two points located an infinitesimal vector dr apart,
the distance between the points is

dl =
√

(dr1)2 + (dr2)2 + (dr3)2 (8.2)

Now, if the strain is applied, dr will change to dr
′, which will correspond to new

distance between the points, dl′. It is possible to show that to the lowest order in
u we have that

(dl′)2 = (dl)2 + 2

3∑
i=1

3∑
j=1

uij · dridrj , (8.3)

where uij is the strain tensor.[3] In Ref [57] it is shown that for small deformations

uij =
1

2

(∂ui

∂rj
+
∂uj

∂ri

)
. (8.4)

Now, for small u the strain is proportional to the stress [58]. This is known as
Hooke’s law which can be written as [59]:

σij =
3∑

k=1

3∑
l=1

cijkl · ukl , (8.5)

where σij is the stress tensor and cijkl are the elastic (stiffness) constants. Since
indices run from 1 to 3, there are 34 = 81 cijkl:s. These can be reduced to 21
by symmetry considerations, and even further depending on the crystal structure.
Therefore, Eq. (8.5) can be rewritten:

σα =

6∑
β=1

cαβ · uβ , (8.6)
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where the new indices correspond to the old ones through this relation [60]:

⎛
⎝ u1 u6 u5

u6 u2 u4

u5 u4 u3

⎞
⎠ =

⎛
⎝ u11 2u12 2u13

2u12 u22 2u23

2u13 2u23 u33

⎞
⎠ . (8.7)

This notation is often referred to as Voigt notation, after one of the pioneers in
the field.

In this new, simplified notation, the elastic energy density can be expressed
as [58]:

Uelastic =
1

2

6∑
α=1

6∑
β=1

cαβ · uαuβ (8.8)

As we can see, the elastic energy density is of the harmonic form and, as mentioned
above, valid for small deformations of the crystal structure. From this equation,
it is possible to deduce requirements of the elastic constants for a material to be
stable with respect to deformations. Since Uelastic should be at a minimum for the
undeformed lattice, the energy must increase for small deformations if the crystal
is to be stable.

When using Eq. (8.8) in actual calculations, it can be multiplied by the vol-
ume of our system to get the total energy instead of the energy density. Also,
when deforming the crystal, the difference in energy between from the undistorted
crystal can be calculated. For many volume-conserving deformations, the relation
between the energy difference and the elastic constant can be written:

ΔE ≈ A · V · c · δ2 , (8.9)

where A is a constant and may be different for different deformations. Note that
the strain tensors are written in terms of a variable δ. How to decide what strain
tensor components to change and which to set equal to zero depends on the struc-
ture and what elastic constant we wish to calculate. It is important to note that
for each structure and elastic constant, there may be more than one way of obtain-
ing a specific elastic constant. There are choices of the strain tensor that yields
volume-conserving deformations of the crystal [60].

So, for the general case, in order to evaluate some elastic constant c, we cal-
culate the total energy for several small deformations δ = (0.00, 0.01, . . . , 0.05).
Then the elastic constant can be obtained by performing a linear2 fitting of the
energy difference as function of x = δ2. See Fig. 8.2 for an example of this, where
the slope of the curve corresponds to (A · V · c).

2One can also apply a polynomial fit to the energy difference as a function of δ.
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Figure 8.2. ΔE as function of x = δ2.

8.3 Monocrystalline elastic constants

8.3.1 Face Centered Cubic lattice

In cubic systems the only independent elastic constants are c11, c12, c44 �= 0 [58].
It is common in cubic systems to define a new elastic constant

c′ =
1

2

(
c11 − c12

)
, (8.10)

which is s shear modulus (volume conserving). In order to calculate c′ we can do
the following volume-conserving deformation of the FCC crystal:

D + I =

⎛
⎝ 1 + δ 0 0

0 1 + δ 0
0 0 1

(1+δ)2

⎞
⎠ (8.11)

The matrix D+ I (where I is the unit matrix) should be multiplied to the matrix
describing the basis vectors of the crystal. The c′ elastic constant can now be
obtained through Eq. (8.9). A visualization of this deformation is depicted to the
left in Fig. 8.3.

By expanding the sums in Eq. (8.8) for cubic structure and using strain tensor
components that yields a uniform strain, it is straightforward to show that

B =
1

3

(
c11 + 2c12

)
(8.12)
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Using this relation and Eq. (8.10) c11 and c12 can be obtained:

c11 = B +
4

3
c′

c12 = B − 2

3
c′ . (8.13)

The last elastic constant in FCC is c44, which is also a shear modulus. This can be
calculated by using a body centered orthorhombic (BCO) structure with c/a =

√
2

which is equivalent to an FCC crystal. The deformation used is the following:

D + I =

⎛
⎝ 1 δ 0

δ 1 0
0 0 1

1−δ2

⎞
⎠ (8.14)

which is also volume-conserving and can be seen in the right hand part of Fig. 8.3.

Figure 8.3. Distortions of the FCC lattice. Left: c′ (FCO), right: c44 (BCO).

8.3.2 Hexagonal Close Packed lattice

The hexagonal close packed structure (HCP) is more complicated than the cubic
ones and has lower degree of symmetry. There are five independent elastic con-
stants: c11, c12, c13, c33 and c44. We will calculate c44, c66, cs and cR, which
will be explained further below. In order to calculate the equation of state, the
equilibrium c/a ratio [(c/a)0] for each volume (or Wigner-Seitz radius) needs to
be calculated (or obtained from experiments). Once this [(c/a)0 = (c/a)0(V )] is
known, the total energy for each volume can be calculated and then the equation
of state may be found as described in chapter 6. The function (c/a)0 = (c/a)0(V )
will also provide two other constants, called R and cs.

R = −d ln(c/a)0(V )

d lnV
(8.15)

cs =
9(c/a)20
V

∂2E(V, c/a)

∂(c/a)2

⏐⏐⏐⏐⏐
c/a=(c/a)0

(8.16)
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It is possible to fit (c/a)0 = (c/a)0(V ) to some function in order to take deriva-
tives. We used polynomial fit for this.

c66 can be calculated by using a base-centered orthorhombic structure with the
following deformations:

D + I =

⎛
⎝ 1 + δ 0 0

0 1 − δ 0
0 0 1

1−δ2

⎞
⎠ (8.17)

and then evaluate the elastic constant by using Eq. (8.9). This setup is illustrated
in the left part Fig. 8.4.
The next elastic constant to calculate is c44, which can be calculated with a simple
monoclinic structure with these volume-preserving deformations:

D + I =

⎛
⎝ 1 0 δ

0 1
1−δ2 0

δ 0 1

⎞
⎠ (8.18)

The c44 elastic constant can be calculated through Eq. (8.9) and the deformation
can be seen in the right hand part of Fig. 8.4.

Figure 8.4. Distortions of the HCP lattice. Left: c66 and right: c44.
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Calculating c11, c12, c13, c33 as functions of pressure

The following relations from Ref. [59]

c66 =
1

2
(c11 − c12) (8.19)

BR =
c2

cs

c2 ≡ c33(c11 + c12) − 2c213

cs ≡ c11 + c12 + 2c33 − 4c13

R =
c33 − c11 − c12 + c13

cs

can be used to obtain these relations:

c11 =
1

2
cs + c66 +

2cs
9

(1 +R)(R− 2) +B (8.20)

c12 =
1

2
cs − c66 +

2cs
9

(1 +R)(R− 2) +B

c13 = B +
cs
9

(1 +R)(2R− 1)

c33 = B +
2cs
9

(1 +R)2

With the help of the relations in Eq. (8.20), the remaining HCP elastic constants
can be obtained.

8.4 Polycrystalline elastic constants
and averaging

Materials in real, macroscopic life are most often poly-crystalline, which means
that a sample of material will contain several (single) crystals that are oriented in
different directions relative to each other. Since most of the elastic properties for
single crystals are direction-dependent, one has to average the elastic properties
in some way in order to compare them with real samples. There are different ways
of doing this. We will calculate the Voigt and Reuss shear moduli and compare
them as a measure of the anisotropy. See for instance Ref [59] for more details on
this. It is worth to notice that for a polycrystalline material, the bulk and shear
moduli are sufficient to describe the elastic properties.

8.4.1 Face Centered Cubic lattice

The relations in Eq. (8.13) can be used to obtain c11 and c12. For cubic crystals,
the Voigt and Reuss bulk moduli are equal, so that BV = BR. Then the Voigt
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and Reuss shear moduli can be calculated by these relations [59]:

GV =
c11 − c12 + 3c44

5
=

2c′ + 3c44
5

(8.21)

GR =
5(c11 − c12) · c44

4c44 + 3(c11 − c12)
=

5c′c44
2c44 + 3c′

(8.22)

Using these relations the anisotropy can be calculated using Eq. (8.26).

8.4.2 Hexagonal Close Packed lattice

In HCP crystals, the Voigt bulk modulus can be calculated by

BV =
2(c11 + c12) + 4c13 + c33

9
. (8.23)

Here the Voigt and Reuss shear moduli are defined as follows [59]:

GV =
12c44 + 12c66 + cs

30
(8.24)

GR =
5

2

c44c66c
2

(c44 + c66)c2 + 3BV c44c66
(8.25)

For any structure, one can use the Voigt-Reuss-Hill definition of the anisotropy:

A =
GV −GR

GV +GR
, (8.26)

i.e., the difference between the Voigt- and Reuss shear moduli [59]. Hill showed
that the Voigt and Reuss bulk and shear moduli are upper and lower bounds to the
bulk and shear moduli. From the Voigt and Reuss bounds one can then estimate
the average bulk and shear moduli.



CHAPTER 9

Lattice vibrations

9.1 Forces in density-functional theory

Many interesting properties in materials depend on the calculation of the forces
between atoms in a system. Allowing the atoms to move to the positions corre-
sponding to the equilibrium structure (and volume) for a specific system, is called
relaxing the atomic positions. In order to relax the atomic positions in a crystal
that contains some type of disorder, the forces are needed. When relaxing the
atomic positions, the electronic structure problem is first solved. Then forces are
calculated and the atoms are moved a small step in the direction of the corre-
sponding force. After this step the electronic structure problem is solved again,
and the forces and so on, until the forces are below some selected threshold. For
molecular dynamics simulations, described in chapter 10, accurate evaluation of
forces is also essential.

There are several methods to calculate the forces, and the applicability and
usefulness depends on the choice of potentials and basis sets used. In general, the
force on the I:th ion is

FI = − ∂E

∂RI
, (9.1)

where E is the total energy and RI is the position of atom I. Now, since E =
〈Ψ|Ĥ|Ψ〉 (assuming normalized Ψ), it is possible to derive the so-called Hellman-
Feynman theorem:

FI = −
〈
Ψ
∣∣∣ ∂Ĥ
∂RI

∣∣∣Ψ〉 (9.2)

This is valid for not just variation of the position (RI) but for other variational
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parameters as well. [3] Further, one can show that

FI = −
∫

drn(r)
∂Vext(r)

∂RI
− ∂Eion

∂RI
, (9.3)

where Eion is the energy for the ion cores.

9.2 Lattice vibrations and phonons

Modeling of lattice vibrations (phonons) are of great importance in materials sci-
ence. For instance, the phonon spectra provides information about dynamical
stability chapter of a system, discussed in chapter 13. Also, for accurate calcu-
lation of lattice stabilities, the contribution from phonons to the free energy is
important, as well as for investigations of superconducting materials. In this sec-
tion some aspects of theoretical calculations of phonons are presented. For more
detailed treatment see for instance references [3, 12, 61] and references therein.

9.2.1 Harmonic approximation

In a rigid lattice, the atoms occupy positions {R}. In a vibrating lattice the atoms
only occupy these positions on the average, and at a given instant they may be
found a slightly different positions, {r(R)}. The distance from the average position
for an atom may be defined as:

u(R) = r(R) − R (9.4)

Using this definition, the potential energy may be Taylor-expanded around the
equilibrium positions for the atoms. The harmonic approximation corresponds to
Taylor-expanding up to the second order (quadratic terms), while the inclusion
of higher-order terms means taking anharmonic effects into account. The zeroth-
order term is just the potential of the rigid lattice, while the first-order corresponds
to the force and should vanish since the derivative is evaluated at the ideal posi-
tions. [12]

In the harmonic approximation, the energy of a system can be written as [61]:

E =
1

2

∑
R

MR (u̇(R))2 +
1

2

∑
R,R′

u(R) Φ(R,R′)u(R′) (9.5)

where the Φ(R,R′) are known as the force constants, and are defined as

Φα,β(R,R′) =
∂2E

∂uα(R) ∂uβ(R′)

∣∣∣∣∣
u=0

(9.6)

where α, β = (x, y, z) and the derivative are evaluated for u = 0, that is, at the
average lattice positions. The force constants together with the atomic masses
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make up the components of the dynamical matrix. The physical meaning of the
force constants is that they relate the displacement of an atom (R′) with the force
on another atom (R):

F(R) = Φ(R,R′)u(R) (9.7)

The eigenvalues of the force constant matrix gives the phonon dispersion relations,
as well as the phonon density of states. [61] So, in order to find the lattice vibra-
tions, the force constants need to be evaluated. In the following section some of
the methods used to do this will be outlined.

9.2.2 Theoretical phonon calculations

Except for analytical calculations, which are only possible for a small selection of
systems, there are two types of methods used for theoretical determination of the
force constants, namely the supercell method1 and linear response calculations.
Phonons obtained from the supercell method are called frozen phonons.

In this thesis, the method with supercells has been used. The main idea is to
make small shifts in the atomic positions in a crystal, and then calculate the force
induced by the shifts. [62] One problem is that the range of the force constants can
be greater than the primitive cell, but this can be solved by constructing super-
cells. It is desirable to keep the number of atomic displacements to a minimum,
especially when supercells are used. The number of displacements needed to accu-
rately model the harmonic phonons depends mainly on the crystal structure and
atomic basis, but can also depend on the amount of anharmonicity in the system
being investigated. Problems with numerical noise can also increase the number
of displacements needed. For accurate calculation of the forces and the phonon
spectrum, it is also important to use suitable magnitudes of the displacements.
From a physical point of view, one should make the displacements as small as
possible, but they should still be large enough so that numerical noise is not an
issue. However, very large displacements are also undesirable, since then the sys-
tem would be outside of the harmonic regime.

The main drawback of this method is obviously the need to use supercells since
the electronic structure calculations become time-consuming for large systems. A
limit to the accuracy is that the range of the force constants is truncated, even
though supercells are used. This can to some extent be alleviated by converging
the phonon spectrum (or some related property) with respect to supercell size.
The method of linear response do not have this drawback, but is more computer
intensive. [61] One practical advantage of the supercell method is that the phonon
calculations can be performed outside of the electronic structure program used.
The supercells are created, then the forces are obtained from the electronic struc-
ture program and finally the phonon spectrum can be constructed. The imple-
mentation of the supercell method used in this thesis is called the Phon code [63]
and have been created by D. Alfé.

1This is also called The small displacement method or the Direct method.
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9.2.3 Anharmonic effects

While the harmonic approximation works quite well for many systems, there are
some limitations. First, the harmonic approximation is valid for small vibrations
around the equilibrium positions of the atoms. For high temperatures the magni-
tude of the lattice vibrations may be too large to be well described by the harmonic
approximation. Further, and perhaps the most important failure of the harmonic
approximation, is that the harmonic approximation predicts the equilibrium lat-
tice parameter to be temperature independent, which is not true for many systems.
Also, the temperature dependence of the elastic properties indicates anharmonic
effects to be important. Accurate description of transport properties of crystals
also needs anharmonic effects to be taken into account. [12]

There are several ways to include anharmonic effects from a theoretical per-
spective. The simplest model is the so-called quasi-harmonic model. This model is
the same as the harmonic approximation, except that the phonon frequencies are
allowed to be volume-dependent. [61] This model can be used to calculate thermal
expansion, which is an important property, while remaining relatively simple.

Using ab-initio molecular dynamics simulations2 will accurately include an-
harmonic effects, and is therefore an alternative. Though accurate, it is very
time-consuming however, and will not provide the phonon dispersion relations. A
model recently proposed by Souvatzis et al. [64] describes a framework for cal-
culating anharmonic phonons self-consistently. This seems promising, but so far
have not been extensively verified.

2See chapter 10.



CHAPTER 10

Molecular dynamics

Molecular dynamics (MD) is the simulation of atomic and molecular systems where
the particles are allowed to move within the simulation box, constrained to physical
laws (to some extent at least) and the methods used for the simulation. Previously
in physics everything that was not experiment was considered as theory. MD can
be thought of as a computer experiment, where theory states the laws governing
the motion of the particles. MD is used to determine phase equilibria, melting
temperatures, reaction rates, dynamic properties of materials and many other
things. Systems that are investigated with MD ranges from molecules, crystals to
macromolecules and DNA. The main drawbacks of ab-initio molecular dynamics
simulations are the computational costs and that the analysis of results may need
more treatment than static calculations.

10.1 Born-Oppenheimer molecular dynamics

In Born-Oppenheimer molecular dynamics, the ions are treated as classical parti-
cles, and the motion of the ions and that of the electrons is treated on different
levels. This is of course since the ions are much heavier than the electrons and
hence have much slower motion. If ab-initio molecular dynamics (AIMD) is used,
the ions are still treated as classical particles, but the electronic structure is solved
using ab-initio methods. Since the ions are treated as classical particles, they obey
Newtons equations of motion:

MIR̈I = − ∂E

∂RI
= FI [{RJ}] (10.1)

where the right-hand side indicates that the force on ion I depends on the positions
of all the other atoms {J}. Analytical solutions to this equation only exist for a
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few idealized cases, and therefore other methods needs to be used. The method
used in MD is to discretize the time variable and use an integrator method (such
as Verlet [65]) to integrate the equations of motion. Using the Born-Oppenheimer
approximation means that when moving the ions, the electrons stay in their in-
stantaneous ground-state. This means for some value of positions and velocities
of the ions, the ions remain fixed while the electronic structure problem is solved.
In this thesis the electronic structure problem in AIMD is solved by using DFT
calculations using the Vasp code. Once the electronic structure problem has been
solved, the forces can be calculated using the Hellman-Feynman theorem1 and then
the positions and velocities of the ions can be updated (propagated) to the next
timestep. This scheme is illustrated in Fig. 10.1. During the beginning of a sim-
ulation, the movement of the atoms is dependent on the initial velocity/position
configuration, but the time averages of properties should be independent on the
initial conditions. Therefore the simulation must run for a while before the sys-
tem has forgotten its initial conditions. This period is called equilibration and
it’s length depends on system, temperature and in practice what properties one
wishes to calculate.
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Figure 10.1. The ab-initio Born-Oppenheimer molecular dynamics loop.

Another common scheme for AIMD simulations is Car-Parinello Molecular
dynamics (CPMD) [66], named after its developers. In this scheme the electronic
and ionic degrees of freedom of the system are treated on the same level. This

1See chapter 9.
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is achieved by coupling the two parts through a modified Lagrangian including
a fictitious kinetic energy for the electronic states. The CPMD scheme requires
fewer SCF (or DFT) steps than the Born-Oppenheimer MD, but the timestep
needs to be shorter. Simulations of metals are also more difficult in the CPMD
scheme since there may be problems with energy leaking into the fictitious degrees
of freedom, but this can be avoided by using thermostats. For a more detailed
treatment of CPMD, see for instance Refs. [3, 66, 67, 68]

10.2 Thermodynamic ensembles and thermostats

A molecular dynamics simulation is essentially a computer experiment in statistical
physics. The temperature at some time t is related to the average of the kinetic
energy of the ions:

T (t) =
1

kB

N∑
i=1

Mi · vi(t)
2

(3N − 3)
, (10.2)

where kB is Boltzmann’s constant and 3N − 3 are the degrees of freedom in a N -
particle system with the constraint that the total momentum is zero. Depending
on the initial conditions and the constraints we set on the system under inves-
tigation, different thermodynamic ensembles can be realized. The perhaps most
simple case is the NVE ensemble, where the number of atoms (N), volume (V)
and total energy (E) is constant during the simulation. This is the microcanonical
ensemble. The NVE ensemble is of great use in itself and allows for straightfor-
ward calculation of average quantities, such as temperature and energy, etc. The
temperature will fluctuate, even after equilibration. During equilibration the tem-
perature will often change considerably, but depending on the initial conditions.
For instance, if the initial positions correspond to a potential minima and the
initial velocities are fairly high, then the temperature will decrease considerably
during the equilibration period.

While an NVE ensemble is very useful, there are cases when other ensembles are
needed. For instance, one may be interested in the lattice stability at some specific
temperature, then it is desirable to perform MD at a constant temperature. In
this work the NVT (or canonical) ensemble has been used. The perhaps simplest
way of achieving constant temperature is just to rescale the velocities according
to Eq. (10.2). However, in a real NVT ensemble the instantaneous temperature
fluctuates, so if the velocities are simply rescaled, a true NVT ensemble is not
achieved [69]. A commonly used method, and one that is used in this work, is
the Nosé thermostat. This scales the velocities as well, as is needed to control the
temperature, but in a more elaborate way than a simple rescale. The Lagrangian
is extended through the introduction of an additional coordinate with an effective
mass. The additional coordinate will scale the momenta and the timestep in the
simulation. This essentially means coupling the MD system to a heat bath. The
extended system is microcanonical and will produce canonical averages, provided
a suitable choice of the parameters. [69]
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10.3 Performance

Obviously ab-initio molecular dynamics is extremely heavy computationally, and
many ideas to improve its performance has been suggested. The main problem
with AIMD simulations is of course that in each timestep the electronic structure
problem is solved and this take a considerable amount of time. Also, for some
SCF methods the electronic structure part scales badly with system size (N2 up
to N3). However, there are many areas where performance can be and is being
improved and also each new generation of computers allow for larger and longer
simulations. For instance, the solution to the electronic structure problem can be
propagated to the next timestep which, if done well, will make the initial guess for
the electronic density better and hence decrease the number of SCF steps needed.
An example of this for the case of FCC Mo is shown in Fig. 10.2.
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Figure 10.2. An example of how many self-consistent cycles (DFT) are needed in an
AIMD simulation as function of the timestep when propagation of the electronic degrees
of freedom is employed.

How the equations of motion are integrated is of large importance to the accu-
racy and reliability of a molecular dynamics simulation, though it is perhaps most
important for classical MD since one deals with much longer simulation times and
hence accumulation of errors can become a greater problem. In the AIMD simu-
lations in this work (using the Vasp code), the so-called Velocity Verlet [65] has
been used. In this scheme the error in positions and velocities scales as (Δt)4 [69].
There are more advanced methods that has even better scaling, but they require
larger effort and may not always improve performance [70].

Another area of possible improvement is the time-reversibility of the equations
of motion. Newtons equations of motion are time-reversible, and so should the
AIMD system be. Since the SCF part in each timestep is never exactly com-
plete, time-reversibility is lost in the propagation of the electronic degrees of
freedom. However, Niklasson et al. recently suggested a scheme called Time-
Reversible Born-Oppenheimer Molecular Dynamics (TBOMD) [71, 72] where the
time-reversibility is kept in the propagation of the electronic degrees of freedom.
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The advantages of this scheme is that it reduces the demand for convergence in
the electronic structure part, which in turn means that fewer number of SCF steps
are needed in each timestep. It may also allow for longer timesteps with the same
degree of energy conservation. While this scheme is under development and has
not yet been tested extensively, it is a very promising development.
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CHAPTER 11

Core-Level Shifts for binary alloys of transition metals

11.1 Details of the calculations

The calculations presented in this section have been performed with the Bulk
Green’s Function Method (BGFM) code [16, 17], which is shortly described in
chapter 3.3. This code is based on the KKR-ASA(+M) Greens function method [16,
73], with the CPA effective medium including the Screened Impurity Model (SIM)
[35] treatment of the Madelung term. The screening parameters (SIM) were ob-
tained using the LSGF code [18], described in chapter 5.2.3. The GGA of Perdew
et al. [74] was used for the exchange-correlation functional. Theoretical lattice pa-
rameters were used, and no lattice relaxation effects were included. More details
on the calculations, and results for more systems, can be found in Paper II.

Evaluation of the transition state CLS

As discussed in chapter 7, we relate the one-electron eigenenergies to the Fermi-
level. This means that in order to calculate the CLS for the i:th electron state in
an A-atom in an AB-alloy calculated by using Eq. (7.13), the following equation
should be evaluated:

E
TS(1,1/2)
CLS (Ai) =

{
Ealloy

F (1/2) − εoe,alloy
i (1/2)

}

−
{
Epure

F (1/2) − εoe,pure
i (1/2)

}
. (11.1)

65



66 Core-Level Shifts for binary alloys of transition metals

Or, using Eq. (7.14):

E
TS(1,0)
CLS (Ai) =

1

2

{[
Ealloy

F (1) − εoe,alloy
i (1)

]
+

[
Ealloy

F (0) − εoe,alloy
i (0)

]}

− 1

2

{[
Epure

F (1) − εoe,pure
i (1)

]
+

[
Epure

F (0) − εoe,pure
i (0)

]}
. (11.2)

We will denote these two methods to calculate the CLS by ”TS(1, 1/2)“ and
”TS(1, 0)“ [Eq. (11.1) and Eq. (11.2), respectively].

A more exact way of evaluating the binding-energy integral [Eq. (7.11)] is to
perform numerical integration over a set of points of the occupation numbers. Since
we are calculating the one-electron eigenvalues for η = (0.0, 0.1, · · · , 0.9, 1.0), we
also used these results to evaluate the CLS using the trapezoid rule [75]:

b∫
a

dx f(x) ≈ b− a

2n

{
f(x0) + 2f(x1) + . . .+ 2f(xn−1) + f(xn)

}

where xk = a+ k · b− a

n
, (11.3)

which here means that n = 10, a = 0, b = 1, f(x) = εi(ηi). For comparison, the
Simpson’s rule [75] over the three points η = (0.0, 0.5, 1.0) has also been used:

b∫
a

dx f(x) ≈ b− a

6

{
f(a) + 4f(

a+ b

2
) + f(b)

}
. (11.4)

11.2 Comparing the different models

Although one should aim to include the final state contribution when calculating
the Core-Level shifts (CLS), it is illustrative to compare the Initial State model (IS)
with the Complete Screening picture. This is shown in Fig. 11.1, where the CLS
for eight binary alloys are shown. Note that these are non-magnetic calculations.
This figure shows that in general the IS CLS is a reasonable approximation in some
cases, such as Cu and Ni, while there are considerable final state contributions for
other species, such as Pt and Au. Regarding the (3d5/2) Pd shift, for NiPd the
final state contribution is small, while in AgPd, CuPd and PdAu this effect has a
big impact on the total CLS. This means that the final state contribution to the
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Figure 11.1. Complete Screening CLS compared to Initial State results. The figure is
taken from Paper I. From top to bottom we have on the left side: AgPd, NiPd, CuPd
and CuPt, and on the right side: CuNi, CuAu, PdAu and NiPt. The open symbols
denote the Initial State and filled symbols denote Complete Screening results.

Pd atom is different in different alloys, which means that the electronic structure
is, as expected, important for the CLS. The cause of this can be explained through
analysis of the local valence density of states (DOS). This, and a more detailed
analysis can be found in Paper I. The conclusion made there is that whenever the
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orbital character of the unoccupied part of the valence DOS changes when going
from the alloy to the pure metal, final-state contributions should be included.

In Fig. 11.2, the complete screening (CS) and transition state (TS) methods
are compared. The overall agreement between the two methods is very good,
especially when taking into account that the two methods have very different
theoretical foundations. Generally, both the absolute values and the slopes agree
nicely. The only exception is in CuAu and CuPt, where the TS CLS give almost
no final state contribution at all. A study of the CuAu DOS may suggest that
final state effects should be small for this system, but further investigation needs
to be done before any conclusions can be drawn.

11.3 Linearity of the eigenvalues

In Fig. 11.3 the one-electron eigenvalues are shown as function of their correspond-
ing occupation number. Simple eye-inspection indicates that the eigenvalues are
quite linear, but a more detailed analysis than this is needed.

In Table 11.1 the slope α, calculated through the different methods in Sec. 7.4,
is shown together with the deviation from linearity, D. Tables containing more
systems can be found in Paper II. This table shows that if the occupation numbers
η = 1.0 and η = 0.5 are used, the slope α will be less steep than if η = 1.0 and
η = 0.0 are used. The slope obtained with η = (1.0, 0.0) agrees very well with
the linear interpolation. This indicates that the one-electron eigenvalues are not
perfectly linear functions of the occupation numbers. But whether the degree of
non-linearity is important for any observable is hard to tell from these numbers
alone.

Table 11.1 shows that for electron states deeper in the core, the slope becomes
steeper. This means that the final state contribution to the binding energy is higher
for the electron states closer to the core. This is to be expected since an electron
deep in the core that is ejected will have more electrons ”above“ it that can screen
the created core-hole compared to an electron closer to the valence, provided there
is a difference between the alloy and pure element. It is also interesting to note
that the deviation D is smaller for states deeper down in the core, than for those
closer to the valence states.

In Fig. 11.4 the CLS in CuPt is shown. In the graphs to the left, the CLS
calculated using different versions of the transition state method are shown.
Starting with the Cu shift, there is a noticeable difference between the TS(1, 1/2)
and TS(1, 0) results. This difference increases with the Pt concentration and in the
high Pt concentration limit the difference reaches around 0.18eV , which is quite
large. Table 11.1 supports this finding; the deviation from linearity in Cu increases
with the Pt concentration. This graph also shows that the shifts obtained through
numerical integration are in between the TS(1, 1/2) and TS(1, 0) shifts, and that
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Figure 11.2. Complete screening CLS compared to the Transition State model. Layout
of the graph is the same as in Fig. 11.1. The figure is taken from Paper I. Open symbols
denote the Transition State and filled symbols denote Complete Screening results.

it doesn’t matter much if one use 11 or 3 points in the integration. Turning to
the Pt shift, the results from numerical integrations are close to each other, and
in between the other two shifts. The difference between TS(1, 1/2) and TS(1, 0)
shifts are much smaller here, compared to the Cu shift. This may be explained by
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Figure 11.3. One-electron eigenvalues as function of occupation number for different
systems. The lines shows linear fits of the one-electron eigenvalues, which in turn are
shown by pluses.

the fact that the Pt shift is much smaller.

On the right in Fig. 11.4 is a comparison between experimental results and
the different theoretical models, where the transition state CLS is that from the
Simpson’s rule using three points. For the Cu case, there is a very good agreement
between the theoretical modes. The CS and IS shifts are very close to each other,
but the TS shift is not very far away. For the Pt shift, the CS and TS shifts agree
to a reasonable degree, although the difference increases in the low Pt concentra-
tion limit. The IS shift is quite far away from the other two theoretical shifts,
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Electron- Slope (α) [Ry] Deviation
System state η = (1, 1/2) η = (1, 0) Interpolated D

Cu Cu2p1/2
-3.49 -3.59 -3.59 0.016

Cu Cu2p3/2
-3.39 -3.49 -3.48 0.016

Cu Cu3p3/2
-0.31 -0.37 -0.37 0.105

Ag Ag3d5/2
-1.93 -1.99 -1.99 0.016

Pd Pd3d5/2
-1.61 -1.67 -1.66 0.023

Au Au4f7/2
-1.00 -1.05 -1.05 0.026

Pt P t4f7/2
-0.78 -0.82 -0.82 0.027

Au Au3d3/2
-4.69 -4.75 -4.75 0.007

Au Au3d5/2
-4.49 -4.55 -4.55 0.007

Au Au4s1/2
-1.29 -1.33 -1.33 0.018

Au Au4p1/2
-1.28 -1.32 -1.32 0.019

Au Au4d3/2
-1.13 -1.17 -1.17 0.021

Au Au4d5/2
-1.10 -1.14 -1.14 0.021

Au Au4f5/2
-1.02 -1.06 -1.06 0.026

Cu70Pt30 Cu2p3/2
-3.38 -3.48 -3.48 0.018

Cu50Pt50 Cu2p3/2
-3.37 -3.48 -3.48 0.019

Cu30Pt70 Cu2p3/2
-3.37 -3.48 -3.48 0.020

Cu10Pt90 Cu2p3/2
-3.36 -3.49 -3.49 0.021

Table 11.1. Slopes of the function ε(η) = α ·η +β for different electron-states in several
systems, using different calculational methods. The Deviation (D) have been calculated
through Eq. (7.17).

which indicates a considerable final-state contribution to the shift. The difference
between the experiments is for some concentrations around 0.2 eV , which is quite
large. This makes it difficult to tell which shift is the most accurate, but generally
the CS and TS shifts agree better with experiments than the IS shifts.

Conclusions that may be drawn from these investigations are that the one-
electron eigenvalues are quite close to being linear functions of their occupation
numbers. However the deviations from linearity do have noticeable effects on
the calculation of the CLS. The simplest way to account for the nonlinearities is
to do numerical integration over three points [Eq. (11.4)]. It is hard to decide
which model is the most accurate since the experiments do not agree well enough.
However the transition state model calculations, using the three point Simpson
method, and the complete screening agree very well with each other for most of
the systems that have been investigated in this work. Recent work by Vydrov et
al. [78] and Sanna et al. [79] show that the deviations from linearity are due to the
self-interaction error in semilocal exchange-correlation functionals (LDA or GGA).
Also, the problem is related to the use of fractional occupation numbers, a fact
which can be seen from Table 11.1. Vydrov et al. investigate this issue for a series
of different functionals, including hybrid functionals, while Sanna et al. deal with
strongly correlated systems. Though this indicates where the problem lies, the
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Figure 11.4. CLS in CuPt, Left: Calculations using different Transition state models.
Right: Comparison of methods and experimental results. The upper parts show the Cu
shift, while the lower parts show the Pt shift. The filled right- and leftward triangles
denote experimental results from Refs [76] and [77], respectively. See the text for more
details. The figure is taken from Paper II.

question is still how much it influences the TS CLS, since the CLS upon alloying
is found by calculating the difference between two systems, which may lead to
cancellation of errors. However, if it is the fractional occupation numbers that
are problematic, the perhaps easiest solution is to calculate the TS CLS using Eq.
(11.2) which do not employ fractional occupations. Or, without too much increase
in computational demand, it is possible to investigate the linearity by calculating
the one-electron eigenvalues for η = 0, 1/2 and 1. Still, more detailed analysis of
these matters is warranted, but may need access to more experimental data.



CHAPTER 12

Elastic properties in Fe based alloys at ultrahigh pressures

12.1 Results for FeNi alloys

High pressure calculations of the elastic constants and the elastic anisotropy are
of importance for finding the composition and structure of the Earth’s core. One
of the properties that can be measured in the Earth’s core are sound-velocities in
different directions, which are closely related to the elastic constants. In Ref [80] it
was shown that both FCC and HCP structures of Fe could be stable at conditions
of the Earth’s core, while other publications indicate that BCC Fe is also stable at
these conditions [81]. Several investigations indicate that an alloy based on FeNi
together with smaller amounts of other, lighter elements are the constituents of
the Earth’s core [80, 82, 83]. Therefore, calculation of elastic constants in FeNi at
high pressures are of importance for the determination of the Earth core structure.
Finding the composition and structure of the Earth’s core, while interesting in it’s
own right, is of importance for accurate modeling of the Earth’s interior. This is
of use for understanding of seismic events and the Earth’s magnetic field.

12.1.1 Details of the calculations

The elastic constants have been calculated for FeNi with these concentrations: Fe,
Fe95Ni05, Fe90Ni10, Fe85Ni15, Fe80Ni20, Fe78Ni22 and Fe75Ni25. For each concen-
tration, we have investigated the FCC and HCP crystal structures. The method
used is the Exact Muffin-Tin Orbital method, described briefly in Sec. 3.2, using
16 complex energy points for the Green’s function integration and the basis set
contained s,p,d and f orbitals. The disordered alloys were modeled using the CPA
[32, 33] with the SIM [35] treatment of the charge transfer. The solution of the
KS equations used the LDA exchange-correlation functional, while the calculation
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of total energies used the GGA functional. For the interpolation of the EOS, the
Birch-Murnaghan interpolation method [38] was used, and verified against inter-
polations with the Modified Morse [84] method. Since the interest was the elastic
constants at high pressures, the calculations have been non-magnetic. Earlier
studies of magnetism in Fe and FeNi suggests that FCC becomes non-magnetic
above about 50 GPa [85] and HCP is non-magnetic above 75-80 GPa [86]. For
each system and structure, we used Wigner-Seitz radii (2.10, 2.15, . . . , 2.55, 2.60)
au, and for each radius the following 6 different degrees of distortion were used:
δ = {0.00, 0.01, . . . , 0.05}, as described in section 8.2. Then the elastic constants
where found by linear fitting of the total energy as function of δ2.

The sampling of k-space was converged with respect to the elastic constants, as
they are more sensitive than, for instance, the equation of state or the total energy.
For the FCC structure this meant 25× 25× 25 points while for HCP 17× 17× 13
(EOS and c66) and 16 × 16 × 10 (c44). These figures roughly correspond to the
same density of sampling points.

12.1.2 Equation of state
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Figure 12.1. EOS in FCC Fe and Fe75Ni25. Left: Volume as function of pressure.
Right: Density as function of pressure in FCC Fe and Fe75Ni25. The inset shows the
density for P = 350 GPa as function of Ni content.

Fig. 12.1 shows the volume and density as function of pressure in FCC Fe and
Fe75Ni25. The bulk modulus for FCC is shown in Fig. 12.2. It is clear from these
graphs that the equation of state do not change much at all with the alloy com-
positions, at least not in the composition interval that we have used. This is also
the reason why only two concentrations are shown; the graphs would become very
cluttered with all 7 compositions shown on top of each other. Unfortunately there
is a lack of experimental data for FCC at high pressures, which makes comparison
difficult.
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Figure 12.2. Bulk modulus as function of pressure in FCC Fe and Fe75Ni25. The inset
shows the bulk modulus for P = 350 GPa as function of Ni content.

For HCP the calculation of the EOS (or the calculation of elastic constants)
starts with determining the equilibrium c/a for each Wigner-Seitz radius. This
is shown in Fig. 12.3. Here the results for all concentrations are shown, as well
as experimental results by Ma et al. [87] and Dewaele et al. [88]. Experimental
data by Mao et al. [89] is not shown, since the spread in c/a ratio is very large
(for pure Fe between 1.620 and 1.575) compared to the calculated variation with
pressure. Some of the calculated curves are not very smooth; this can be slightly
improved by using more k-points, but the absolute values won’t change much. The
c/a ratio increases slightly with pressure and with increasing Ni content and tends
to become closer to the ideal value. However, all changes are small.

After the c/a ratios have been found, the equation of state can be calculated.
The results from these calculations are shown in Fig. 12.4, which shows the volume
and density as functions of pressure. Fig. 12.5 shows the bulk modulus as function
of pressure for HCP Fe and Fe75Ni25. The volume and bulk modulus are very
close to those for FCC, which is often to be expected since both FCC and HCP
have quite similar degrees of packing. Also, the change with alloy composition is
very small. For the volume as function of pressure, there is excellent agreement
with experiments (see Fig. 3 in Paper VI.), at least over about 80 GPa which is
the estimated limit for magnetism. Also, the bulk modulus is in good agreement
with experimental results by Dubrovinsky et al. [90].
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Figure 12.3. Equilibrium c/a ratio in HCP FeNi. Experimental results by Dewaele et

al [88] and by Ma et al [87] are shown for reference. See legend and text for more details.
The figure is taken from Paper VI.
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Figure 12.4. EOS in HCP Fe and Fe75Ni25. Left: Volume as function of pressure.
Right: Density as function of pressure in HCP Fe and Fe75Ni25. The inset shows the
density for P = 350 GPa as function of Ni content.
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Figure 12.5. Bulk modulus as function of pressure in HCP Fe and Fe75Ni25. The inset
shows the density for P = 350 GPa as function of Ni content.
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12.1.3 Single crystal elastic constants
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Figure 12.6. Elastic constants as functions of pressure in FCC Fe and Fe75Ni25. The
insets shows each elastic constant for P = 350 GPa as functions of Ni content. All the
insets have the same scale to facilitate comparison.

The FCC elastic constants are plotted as functions of pressure in Fig. 12.6.
For the same reason as for the EOS, we only show pure Fe and Fe75Ni25 There
have not been many calculations of FCC Fe for elastic constants at high pressures
reported, but the agreement with the calculations in Ref [91] is very good, although
the difference increases slightly with increasing pressure. The stability criteria for
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FCC are [59]:

c11 > |c12|
c12 + 2c12 > 0 ⇐⇒ B > 0

c44 > 0 . (12.1)

So, from Eq. (12.1) and Fig. 12.6 we can see that the FCC phase is mechanically
stable. The difference between the elastic constants for the different alloy compo-
sition is quite small, which indicates that in the concentration region investigated
[Fe → Fe75Ni25], Ni has no influence on the mechanical stability of the structure,
at least for the compositions considered here. The insets in Fig. 12.6 show the
elastic constants for P ≈ 350 GPa as functions of Ni concentration. It should be
noted though that the dependence of the elastic constants on the Ni concentra-
tion is slightly pressure dependent, but the area around 350 GPa is and area of
interest for Earth core investigations. For further details about the concentration
dependence, see Fig. 7 in Paper V.

The single crystal elastic constants for HCP Fe and Fe75Ni25 are shown in
Fig. 12.7, where T = 0 K calculations on pure Fe by Steinle-Neumann et al. [92]
are shown together with experiments by Mao et al. [94], Antonangeli et al. [93]
and Merkel et al. [95]. The agreement with the calculations in Ref [92] is very
good, which verifies the methods employed. The overall agreement with experi-
ment is quite good, though better for some of the elastic constants. It should be
emphasized that our ab-initio calculations are for T = 0 K, while the experiments
are done at finite temperatures (ambient). Below about 75 GPa there is some
difference between our calculations and the experimental results by Antonangeli
et al. [93]. Whether this is due to onset of magnetism or something else is not yet
understood.

It is interesting to note that while the elastic constants do not change much
with the Ni concentration, they still change more than in the FCC case. Also,
the c44 elastic constant show a much larger change with composition than the
others do, so that the addition of Ni decreases c44. This could be an effect of the
increased equilibrium c/a ratio with increased Ni concentration, which produces
a more open structure. The c44 elastic constant is the only in HCP that is calcu-
lated directly, that is, we have evaluated it without the use of the auxiliary elastic
constants cs and R.

The stability criteria for the HCP structure are the following [59]:

c11 > |c12|
c33(c11 + c12) > 2c213 =⇒ BR > 0

c11c33 > c213

c44 > 0 . (12.2)

All except the third requirement in Eq. (12.2) are straightforward to verify by eye-
inspection from Fig. 12.7. A simple calculation verifies this remaining requirement
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Figure 12.7. Elastic constants as functions of pressure in HCP Fe and Fe75Ni25. For
comparison, experimental and theoretical data by Steinle-Neumann et al. [92], Antonan-
geli et al. [93], Mao et al. [94] and Merkel et al. [95] are shown. The insets show the
elastic constants for P = 350 GPa as function of Ni content.

of stability. So we may conclude that also HCP is mechanically stable for all
pressures and alloy compositions considered in this work.
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12.1.4 Polycrystalline elastic constants and anisotropy

In Fig. 12.8, the Voigt and Reuss shear moduli are shown as function of pressure.
FCC is shown on the left and HCP on the right. In the FCC case, the difference
between the Voigt and Reuss moduli is relatively large. In contrast, the dependence
upon the alloy composition is very weak. In HCP the situation is quite different.
First, the shear moduli changes more with composition. Second, and perhaps most
interesting, is that the difference between the Voigt and Reuss shear moduli is much
smaller than for FCC. Although the dependence on composition is noticeable, the
difference between the two different moduli is relatively constant. These findings
supports the results for the anisotropy in the next section.

� �� ��� ��� ��� ��� ��� ���
��%

��%������

�

���

���

���

��
��
���

�	

��
�
�

�

����� �
����� �
������ ����� �
������ ����� �

� � �� �� �� ��
�����������
���

���
���
���
���

 !�����

��

��

� �� ��� ��� ��� ��� !�� !��
��""#�������

�

���

���

���
$�

��
���

�	

��
�
�

�

� � �� �� �� ��
���������	
���

���
���
���

��������	

��

��

����� �
����� �
������ ����� �
������ ����� �

Figure 12.8. Shear moduli as function of pressure in Fe and Fe75Ni25. FCC is shown
to the left and HCP to the right. The inset shows the shear moduli for P = 350 GPa as
functions of Ni content

Fig. 12.9 shows the Voigt-Reuss-Hill (VRH) anisotropy, defined in Eq. (8.26),
for FCC and HCP as function of pressure. For reference this figure also shows
the anisotropy extracted from calculations by Steinle-Neumann et al. [92] and
experimental data by Mao et al. [94]. The agreement with the experimental point
is excellent, and the agreement with the calculations in Ref. [92] is good. The figure
shows several interesting things. First, the VRH anisotropy is consequently lower
for HCP than for FCC over the whole pressure interval, while FCC is expected to
be less anisotropic than HCP for symmetry reasons. Second, the HCP anisotropy
changes very little with pressure, while the FCC curves show a stronger pressure-
dependence. The inset, which shows the anisotropy for P ≈ 350 GPa as functions
of composition, also shows that FCC has higher anisotropy than HCP in the entire
interval considered here. It is also interesting to note that for FCC, the anisotropy
decreases with the Ni concentration, while for the HCP the opposite is true. The
VRH anisotropy is quite sensitive to changes in the elastic constants. While it is
straightforward to analyze the shear moduli and differences thereof, it is hard to
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see which of the contributions to the shear moduli that causes this effect, especially
for the HCP structure.
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Figure 12.9. Voigt-Reuss-Hill anisotropy for FCC and HCP Fe and Fe75Ni25. For
reference, calculations by Steinle-Neumann et al. [92] as well as experimental results by
Mao et al. [94] are shown. The inset shows the anisotropy for P = 350 GPa as function
of Ni content.

Concluding the calculations on FeNi, it has been found that alloying Fe with
Ni has a small increase on the density. The effect on the bulk modulus is small
for both crystal structures investigated. Adding Ni has larger effect on the elastic
constants in HCP than FCC Fe. In particular, the c44 elastic constant in HCP
change considerably with increasing Ni content. The elastic anisotropy, calculated
using the Voigt-Reuss-Hill formula, reports higher anisotropy for the FCC phase of
FeNi than for HCP. For FCC the anisotropy has a clear pressure dependence, while
for HCP it is very small. When adding Ni to Fe, the FCC anisotropy decrease,
opposite to the trend found for HCP.
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12.2 Results for FeMg alloys

The possibility of having small amounts of Mg present in the Earth’s core is a
controversial question, but Mg is expected to have large effects on the equation of
state as well as the elastic properties of Fe. This is discussed in Paper VII, where
we also report the results discussed in this section.

12.2.1 Details of the calculations

The calculations have been performed for FCC Fe, Fe98Mg02, Fe95Mg05 and Fe90Mg10.
The settings for the EMTO calculations was the same as for the FeNi calculations
in chapter 12.1, except for the sampling of reciprocal space which was done using
29 × 29 × 29 points. The reason for this increase was simply the availability of
more powerful computational resources.

12.2.2 Equation of state
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Figure 12.10. Equation of state in FCC FeMg. Left: Volume as function of pressure,
Right: Density as function of pressure. The inset shows the density as function of Mg
concentration for P = 350 GPa.

The volume and density as functions of pressure in FCC Fe and Fe90Mg10 is
shown in Fig. 12.10. The graphs show that adding Mg into Fe decreases the den-
sity. Naturally, this result is expected. Still the shape of the curves are fairly
similar, except for lower pressures where the volume difference has larger effect.

Fig. 12.11 shows the bulk modulus as function of pressure in Fe and Fe90Mg10.
The bulk modulus for Fe90Mg10 lies about 55 GPa lower than the results for pure
Fe in the whole pressure interval considered here. As in Paper VII, it should be
noted that both the bulk modulus and density for Fe90Mg10 at P ≈ 350 GPa
are close the the values of the Preliminary Reference Earth Model (PREM) [96].
However, the calculations have been performed for T = 0 K and the inclusion of
temperature is expected to have a large impact.



84 Elastic properties in Fe based alloys at ultrahigh pressures

� �� ��� ��� 
�� 
�� ��� ���
�������� �����

�


��

���

���

����

�
��

����

��
	


�
�
�	
��

�
��
��

 �
 �������

� � � � 	 ��
��
���
����
��

����

����

����

����

����

��
��

�
��
��
��

�
��
��

�� ��
���

Figure 12.11. Bulk modulus as function of pressure in FCC FeMg. The inset shows
the bulk modulus as function of Mg content at P = 350 GPa.

12.2.3 Monocrystalline elastic constants

The single-crystal elastic constants as functions of pressure in FCC Fe and Fe90Mg10

are shown in Fig. 12.12. When adding Mg to Fe, c11, c44 and c′ show a large degree
of softening while for c12 the effect is much lower.

12.2.4 Polycrystalline elastic constants and anisotropy

The shear moduli calculated using the formulas of Voigt and Reuss are shown as
functions of pressure in Fig. 12.13. This figure, as well as the inset, shows that
also the polycrystalline elastic constants show a large degree of softening when
adding Mg into Fe. This indicates that the anisotropy may well be strongly de-
pendent on Mg content as well. Next, figure 12.14 shows the Voigt-Reuss-Hill
(VRH) anisotropy in Fe and Fe90Mg10 as function of pressure. A remarkably large
increase of the anisotropy is found when adding Mg to Fe, and the effect is larger
for large pressures.

In conclusion, though it is unlikely that Mg is the main light element in the
Earth’s core, even small amounts like 1-2 at.% will have a large impact on the
equation of state as well as the elastic properties in the core. The elastic anisotropy
is considerable larger for Fe90Mg10 than for pure Fe, also suggesting the possibility
of large effects on the elastic properties in the core.
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Figure 12.12. Elastic constants as functions of pressure in FCC FeMg. The inset shows
the elastic constants as functions of Mg content at P = 350 GPa.
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Figure 12.13. Shear moduli as functions of pressure in FCC FeMg. The inset shows
the shear moduli as functions of Mg content at P = 350 GPa.
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Figure 12.14. Voigt-Reuss-Hill anisotropy as function of pressure in FCC FeMg. The
inset shows the anisotropy as function of Mg content at P = 350 GPa.
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12.3 Results for FeMn alloys

While the investigation of the Earth’s core is an interesting one, there are of course
many other interesting investigations related to the elastic properties of materials.
One such example is FeMn, which is particularly interesting in the area of Mn-
rich steels since these have good strength and plasticity, making this investigation
more directly related to actual applications. The FeMn alloy is a random alloy in
the FCC structure. This system has rather complex magnetic structure, including
Invar-type behavior.

12.3.1 Details of the calculations

Also here, the method used is the Exact Muffin-Tin Orbital method. Integration
in the Brillouin zone in reciprocal space was done using a 13× 13× 13 mesh. The
following 6 different degrees of distortion were used: δ = {0.00, 0.01, . . . , 0.05}.
Then the elastic constants where found by linear fitting of the total energy as
function of δ2. Modeling of the paramagnetic state was done using the Disordered
Local Moment (DLM) model [97] which is known to work well for metallic alloys
above the magnetic transition temperature. The systems investigated was FCC
Fe95Mn05, Fe90Mn10, . . . , Fe60Mn40, all treated as random alloys using the CPA
model.

12.3.2 Results for FCC FeMn

Figure 12.15. Total energy as function of lattice parameter in Fe60Mn40 using non-
magnetic (NM) and disordered-local-moment (DLM) calculations. The figure is taken
from Paper IV.
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Fig. 12.15 shows the binding energy curves for non-magnetic (NM) and DLM
calculations for Fe60Mn40. Since the DLM calculations yield a binding energy
curve with a two-branch behavior, a cubic spline fit was used to obtain the bulk
modulus and equilibrium lattice parameter. For the Fe60Mn40 composition, the
bulk modulus from the DLM calculations agreed well with experimental values
(114 and 123 GPa, respectively) while the NM calculations was about a factor 2
too large (266 GPa).

Figure 12.16. Local magnetic moments and elastic constants as functions of the Mn
concentration. The figure is taken from Paper IV.

Fig. 12.16 shows the elastic constants and magnetic moments as functions of
Mn content. It is interesting to note that the c44 elastic constant is almost constant
in the concentration range considered here, while c11 and c12 show much stronger
dependence on the Mn concentration and follow to some extend the trends of the
magnetic moments. However, the c′ elastic constant, which is related to c11 and
c12 from Eq. (8.10), is also almost constant. The c′ and c44 are shear constants, i.e.
they are volume-conserving, which explains why they are fairly constant. However,
the c11 and c12 are related to the bulk modulus through Eq. (8.13) and as such show
similar behavior as the latter. This effect is called the magnetovolume effect. The
above results show the effect of magnetism on the elastic constants, indicating also
the importance of including magnetism in the calculations on magnetic systems.



CHAPTER 13

Dynamical stability: the case of molybdenum

13.1 Background

Phase stability and phase transitions are central concepts in material science.
They are also important for applications. Therefore accurate theoretical models
for phase stability simulations are needed. The difference in Gibbs energies be-
tween two different crystal structures is known as the lattice stability. For the
theoretical determination of lattice stability there are two main types of meth-
ods; the thermochemical1 (TC) and the first-principles (FP). The thermochemical
methods are based on assessment of experimental data2. This may include extrap-
olations from the liquidus of alloy systems that are in some phase of interest to
the pure element. Further, the method may include extrapolations of enthalpies of
mixing as function of composition, as well as extrapolations for high-temperature
data to zero temperature [98]. In the first-principles method, in turn, the lattice
stability is defined as the difference in total energies of different crystal structures,
where the total energies are usually obtained from DFT calculations.

For many elements, the agreement between the TC and FP methods is very
good. However, there are systems, such as Mo and Ru, where the DFT calcula-
tions show large discrepancies with the TC results. Further, some elements can be
dynamically unstable in some crystal phases. This means that some vibrational
modes for some wave vectors have imaginary frequencies. Motion in the direction
corresponding to this vibrational mode will change the crystal structure. For a
dynamical unstable system, entropy is not defined, which makes the calculation of
lattice stabilities impossible.

1Or CALPHAD method.
2Though sometimes they are combined with first-principles or ab-initio calculations.

89
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In this chapter I present calculations and simulations on face-centered cubic
(FCC) molybdenum, which is dynamically unstable, at least at low temperatures.
For comparison, simulations of body-centered cubic (BCC) Mo, which is thermody-
namically stable, have also been performed. I have investigated whether inclusion
of temperature effects in FP calculations will have any effect on the dynamical
stability of FCC Mo, and if so, what lattice stability would be obtained. This is
essentially the results presented in Paper V. In addition, effects of temperature on
the atomic and electronic structure has been investigated in some detail. While
the latter investigations have mainly been done for FCC Mo, simulations of BCC
Mo as well as BCC zirconium have also been performed for comparison purposes.

13.1.1 Details of the calculations

All calculations have been done using the PAW method, as implemented in the
Vasp [28, 30] code. The exchange-correlation functional used was the GGA
parametrized by Perdew et al. [99], and the potential for Mo included 4p semicore
states.

The calculations of phonons within the harmonic approximation was done us-
ing the small displacement method [62] as implemented in the Phon [63] program,
used together with Vasp. Note that the use of electronic temperature makes this
in fact the quasi-harmonic approximation, but here it will be referred to as the
harmonic approximation for simplicity. This method is briefly outlined in chapter
9. These properties were obtained using a 27-atom supercell and the k-point mesh
was 8× 8× 8. Selection of settings for the phonon calculations were converged for
the free energy of BCC Mo (which is dynamically stable).

The AIMD simulations were done for supercells of 108 (FCC) and 128 (BCC)
atoms. The sampling of k-space was done on a 2 × 2 × 2 mesh (including the Γ
point), except for the T = 300 K FCC simulation with scaled velocities in Paper
V, which used the Γ point only. The reason for this was the lack of computational
resources at the time, and that the low temperature simulation was merely of in-
terest for the dynamical stability investigation, not the question of lattice stability.
However, later I also performed Nosé simulations for 300 K using a 2×2×2 mesh,
which warranted further tests on the k-space sampling, which are described in
section 13.3.4.

AIMD simulations in Vasp are done using the Born-Oppenheimer method,
and the integration of the equations of motion was done using the Verlet scheme
[65]. For more information about AIMD simulations, see chapter 10 and refer-
ences therein. The timestep was 2 fs (= 2 × 10−15 s ). The first 500 steps were
used for equilibration and these steps were therefore discarded. However, for the
additional, recent simulations, tests were done on both 500 and 1000 equilibrium
steps, where the difference in averaged properties were found to be very small
for the properties investigated in this work. The simulation lengths were 2000
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timesteps for the initial simulations, all presented in Paper V. However, for the
further investigations the simulations were kept running to 4000 steps for all FCC
simulations. The idea was to more clearly see the effects of dynamical instability.
For the BCC simulations, the length varies between 2000 and 4000 due to limited
computational resources. It should be noted however, that due to the stability of
the BCC phase the differences in average properties using 2000 or 4000 steps is
negligible for the investigations done in this work.

For the first high temperature FCC simulations, the NVE ensemble was used,
while the high temperature (3200 K) BCC simulations used the NVT ensemble
through the Nosé thermostat [100]. The T = 300 K simulation for FCC used
velocity scaling every 5th timestep to achieve constant temperature AIMD. The
additional FCC and BCC simulations, carried out recently, also used the Nosé ther-
mostat. However, for the high temperature FCC simulation that used the NVE
ensemble it was difficult to control the average temperature due to dynamical
instability and also the limited computational resources. The starting tempera-
ture was set to T = 6000 K, which decreased to 3360 K (on the average after
equilibration) due to equipartitioning. Note that this difference in temperature
was not present for the electronic part, but only for the ions. While the melting
point of Mo is about 2896 K, we overheat some of the systems a bit hoping to
achieve dynamical stability. The limited simulation box (supercell) size allows for
overheating without melting. For the further, more systematic investigations, the
Nosé thermostat was used for FCC calculations for temperatures 300 K, 500 K,
1000 K, 1500 K, 2000 K, 2500 K and 3000 K. Some of these temperatures were
also used for BCC simulations, for comparison.

13.2 Dynamical (in)stability in the harmonic ap-
proximation

Fig. 13.1 shows the phonon spectrum for FCC Mo, obtained using the harmonic
approximation as described above. These calculations used electronic tempera-
tures T = 0, 5000 and 10 000 K. This figure shows that the dynamical instability
in FCC Mo can indeed be removed by increasing the temperature. However, as
Fig. 13.1 shows, the stabilization occurs somewhere between 5000 and 10 000 K,
which is well above the melting point for Mo. Hence, the stabilizing effect in the
harmonic approximation is too small to yield a dynamically stable system around
the melting temperature. The next step is therefore to include anharmonic effects
and more realistic temperature by the use of AIMD simulations to investigate
temperature effects on the dynamical instability.
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Figure 13.1. Phonon spectrum in the harmonic approximation for FCC Mo, using
different electronic temperatures. Imaginary frequencies are shown by dashed red lines.
The figure is taken from Paper V.

13.3 Atomic positions and dynamical stability

Before proceeding further, it is useful to emphasize two distinct concepts. First,
the local positions are the positions for the atoms in a particular timestep. Second,
the average positions are the positions that the atoms occupy on the average. For
each atom, the average position is obtained by averaging the local positions over
the simulation, excluding equilibration. Examples of the local positions are shown
in Fig. 13.2, while examples of the average positions can be seen in Fig 13.3, which
shows the XY-projection of the average positions for some of the temperatures in-
vestigated. In Fig. 13.3, only 3 different temperatures are shown for the sake of
clarity.

The difference between low and high temperature simulations can be seen in
Fig. 13.4, which shows the XY-projection of the average distances from ideal FCC
positions for different temperatures. From this figure two things may be noted.
First, when increasing the temperature, the average distance from ideal positions
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Figure 13.2. Example of local positions in FCC Mo. Left: atomic positions for one
timestep. Right: atomic positions for several (superimposed) steps, displaying the move-
ment of the atoms.
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Figure 13.3. XY-projection of the average atomic positions in FCC Mo at different
temperatures. The dashed lines show the ideal lattice positions. All simulations used
2 × 2 × 2 k-points.

decreases, which means that the atoms occupy more and more ideal FCC posi-
tions as the temperature increases. This feature can also be seen in Fig. 13.3.
At low temperature, it is likely that the atoms should move towards the BCC
positions, though the complete transition is prohibited by the shape constraints of
the simulation box, which is incompatible with the BCC symmetry. Second, for
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2000 K and above, the distance from ideal positions is pretty constant, compared
to the lower temperatures. This could indicate the temperature where the system
becomes dynamically stable, though we still have not calculated long-wavelength
phonons, as discussed below.
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Figure 13.4. XY-projection of the average distances from ideal lattice positions in FCC
Mo at different temperatures. All simulations used 2 × 2 × 2 k-points.

For comparison, the average distances from ideal positions have also been cal-
culated for BCC Mo, for a few temperatures and the XY-projection is shown in
Fig. 13.5. Note that the scales are different in Figs. 13.4 and 13.5. Comparing
with Fig. 13.4 there are several interesting things to notice. First, in BCC Mo the
atoms are much closer to the ideal lattice positions, indicating that even for high
temperatures the system is much more stable than for FCC. For BCC the average
distances from ideal positions increase with temperature, while for FCC the oppo-
site trend can be seen. In BCC the atoms vibrate around the ideal positions, but
when increasing the temperature, the amplitude of the vibrations becomes larger,
provided the system is outside the harmonic regime. Larger amplitudes of vibra-
tion, in turn, lead to an increase in the distances from ideal positions. In FCC the
amplitude of vibrations should also become larger with increasing temperature,
but this effect is likely hidden by the fact that with increasing temperature the
FCC system becomes more stable dynamically, decreasing the distances from ideal
positions.
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Figure 13.5. XY-projection of the average distances from ideal lattice positions in BCC
Mo at different temperatures. Note that the scale is not the same as in Fig. 13.4. All
simulations used 2 × 2 × 2 k-points.
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Figure 13.6. Standard deviation for the atomic positions in FCC and BCC Mo, as
function of temperature. All data come from AIMD simulations using NVT (Nosé)
ensemble and 2 × 2 × 2 k-points.

Figure 13.6 shows the standard deviation of the atomic positions in FCC and
BCC Mo. The standard deviation can be calculated as:

S =

√∑Natoms

i=1 (Ravg
i −Rideal

i )2

Natoms
, (13.1)

where Rideal
i is the ideal lattice position of atom i and Ravg

i is the average posi-
tion which is found by averaging the position over the whole simulation, excluding
equilibration. Up to around T = 2000 K the standard deviation decreases with
temperature. Above 2000 K, the standard deviation starts to increase with tem-
perature, though the slope is very small compare to lower temperatures. This
feature can also be seen in Fig. 13.4, as mentioned earlier. By comparison, the
BCC curve lies well below the FCC one, but shows monotonic increase with tem-
perature, indicating the dynamical stability of the BCC phase. The point around
which the monotonous decrease with temperature ceases indicates the onset of
dynamical stability. In our case this happens around 2000-2500 K, depending on
the amount of equilibration used. A finer grid of temperature points may also
slightly change this result. Since the simulation box (supercell) for the simula-
tions is rather small (108 or 128 atoms), there could be long-wavelength phonons
that are unstable and that are not captured in our simulations, as was correctly
pointed out in Ref.[101]. In order to investigate the long-wavelength phonons, the
elastic constants need to be calculated through the AIMD simulations, which is
rather time-consuming.
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13.3.2 Mass effects
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Figure 13.7. XY-projection of the average distances from ideal lattice positions in FCC
Mo for 2000 K with normal atomic mass and twice the atomic mass. For reference the
results for 1000 K (and normal atomic mass) are also shown. All simulations used 2×2×2
k-points.

From Paper V and section 13.2 it is known that the electronic temperature (or
Fermi smearing) has a stabilizing effect on the harmonic phonons in FCC Mo, but
that the effect is quite small. Therefore, since within the limits or our simulation
setup, the temperature of stabilization lies around 2000 K, this temperature was
chosen for the tests of the dependence of the atomic mass. One NVT (Nosé) sim-
ulation was performed where the mass of the Mo nuclei was doubled, while the
temperature (both kinetic and electronic) was still 2000 K. The average distance
from ideal positions from this simulation is shown in Fig. 13.7, together with
simulations with standard atomic mass. The results show that when increasing
the mass the system becomes more unstable. While this is obviously linked to the
atomic mass, it is not clear how. Consider one particular atom ”feeling“ the mass
of its neighbors. When the mass is doubled (keeping T constant), the neighbors
will move more slowly, suggesting that the arrangement of the atoms will last a
bit longer thus allowing the particular atom more time to move towards energet-
ically more favourable positions. This should make the system more dynamically
unstable . However, when doubling the mass of all the atoms, the particular atom
will have larger inertia which effectively would cancel this effect. Thus, at present
the cause of the mass effect is not fully understood.

From Eq. (10.2) it can be seen that when doubling the atomic mass while keep-
ing T constant, the velocities correspond to those in a simulation with constant
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mass at ( 1
2T ). Therefore the simulation with double atomic mass at 2000 K should

have similar atomic velocities as the simulation with normal atomic mass at 1000
K, apart from the effects from the electronic temperatures being different. In Fig.
13.7 the distances from ideal FCC positions is quite close between the simulation
with double atomic mass at 2000 K and that with normal atomic mass at 1000
K. However, the simulation with double atomic mass at 2000 K is slightly more
stable, which it may be attributed to the effect of higher electronic temperature.

13.3.3 Pressure components
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Figure 13.8. Pressure components (in kBar) in FCC Mo for different temperatures.
Each panel has the same scale. All simulations used 2 × 2 × 2 k-points.
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The pressure components for FCC Mo for several temperatures are shown in
Fig. 13.8. The increasing pressure with temperature is clearly seen, as well as
the increasing magnitude of the time variations of the pressure components. For
a dynamically stable system, the pressure components are expected to be fairly
equal in the XX, YY and ZZ directions, while for an unstable system they are
expected to diverge as the simulation progresses. However, Fig. 13.8 shows no
divergence of the pressure components, not even in the low temperature simula-
tions. This could happen if the simulations are not long enough. Still, Figs. 13.4
and 13.8 clearly show that the low temperature FCC Mo is dynamically unstable
and that increasing the temperature makes it dynamically stable, apart from the
possible long-wavelength phonons as discussed above. This raises the question
of the validity of looking at the pressure components alone for determining dy-
namical stability in the case of shorter simulations such as ours. Even for longer
simulations were the pressure components show dynamical stability one should
complement the analysis of pressure components with other verifications such as
the radial distribution function (section 13.4) or the distance from average posi-
tions, as mentioned earlier. Fig. 13.8 is similar to Fig. 1 in Paper V, though the
discussion about k-space sampling (below) should be taken into consideration.

13.3.4 K-point sampling and instability
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Figure 13.9. Pressure components (in kBar) in FCC Mo at T = 300 K using different
k-space sampling. Upper: Γ point only, lower: 2 × 2 × 2.

Figure 13.9 shows the pressure components for 300 K simulations using differ-
ent methods to control temperature and different k-point sampling. The reason
for these tests is that during our 300 K simulation using 2 × 2 × 2 k-points, no
clear divergence of the pressure components could be seen. To investigate whether
the difference was due to the different temperature control methods, or k-space
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sampling, a simulation using Nosé thermostat and Γ point only was performed.
The results are very interesting and show that using Γ point only, the system be-
comes more unstable and quite fast. Note also that the Nos’e thermostat destroys
the FCC structure faster than velocity scaling. When the atoms move away from
their ideal positions due to the instability, they will go towards more preferable
positions, most likely BCC, but the simulation box (and simulation length) will
prevent the crystal to completely change structure. However, when the atoms
move away from the unstable positions they will be pseudo-stabilized, meaning
that within the restrictions of the simulation, they are more stable. When the
forces are accurately calculated the atoms do not have to move very long before
they are pseudo-stabilized. But when using Γ point only the forces are not cor-
rectly evaluated, causing the atoms to move further away from the ideal FCC
positions. Still, it is likely that also for the 2 × 2 × 2 simulation the pressure
components will diverge if the simulation is long enough.
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Figure 13.10. Pressure components (in kBar) in FCC Mo at T = 3000 K using different
k-space sampling. Upper: Γ point only, lower: 2 × 2 × 2.

Figure 13.10 shows the pressure components for FCC Mo at 3000 K, using Γ
point only, or 2 × 2 × 2 k-points. For 3000 K the pressure components indicate a
dynamically stable system, regardless of the k-points used.

These findings suggest several things. First, it is important to calculate the
forces accurately and hence to use sufficient k-space sampling. Second, the above
test and Fig. 13.9 show that looking at the pressure components alone may not be
sufficient to determine the dynamic stability. It would be interesting to compare
the AIMD simulations with calculations of phonons including anharmonic effects.
The deviations from ideal lattice positions, Figs. 13.4 and 13.6, show that for low
temperature FCC Mo is dynamically unstable, while it is stable at high tempera-
ture. Still, as mentioned above, there could be long-wavelength phonons that are
unstable and that are not captured in our supercells [101].
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13.4 Radial distribution function

So far it has been established that the low temperature simulations of FCC Mo
show a dynamically unstable phase. It is likely that the atoms will move towards
BCC positions, though it is in reality very unlikely that the atoms will go all the
way to these positions due to the simulation box being incompatible with the BCC
structure and the simulation length being too short. On the other hand, should
there be some other intermediate structure that is less unstable than FCC, the
atoms could occupy this structure. Therefore it is useful to investigate the struc-
ture of the atoms from the simulations.

The radial distribution function3 (RDF) is a measure of how the density
changes with the distance from some atom of choice. It also indicates the relative
positions of the atoms. For crystalline materials, the RDF therefore indicates the
crystal structure a sample has. In an ideal crystal, the first peak in the RDF
curve as function of distance is the nearest neighbor distance and the area under
the peak corresponds to the number of nearest neighbors, and so on for the other
peaks. Unfortunately, it is hard to calculate the RDF for distances larger than
half the size of the supercell. For a single atom i, the RDF at radial distance r
can be calculated approximately as

gi(r) =
ni(r)

ρn
· 1

4πr2(Δr)
, (13.2)

where ρn is the particle number density and ni(r) is the number of particles in a
spherical shell with radius r and thickness Δr, centered on the atom i. Then, for
a monatomic system, averaging over all the atoms in the supercell gives

g(r) =
1

N

N∑
i

gi(r) . (13.3)

Fig. 13.11 shows the average RDF in FCC (upper panels) and BCC (lower
panels) Mo from the AIMD simulations. The average RDF was obtained by cal-
culating the RDF for each of the last 1000 timesteps in each simulation, and then
taking averages. For reference, the vertical lines indicate the peaks corresponding
the ideal FCC and BCC structures. From this figure it is clear that the RDF
becomes smeared with high temperature, due to the atomic movement smearing
out the structure at each instant in time. Further, for T = 3000 K, the FCC and
BCC simulations have roughly similarly ideal structures, indicating the dynamical
stability of FCC at high temperature. At low temperatures the RDF for BCC
shows clear, distinct peaks and is less smeared since the thermal vibrations have
smaller magnitudes. On the contrary, for FCC the RDF is rather smeared even for
low temperatures, indicating as before that the atoms do not move around ideal
positions. Also, the first peak is shifted a bit towards the first BCC peak and

3Also called pair correlation function.
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Figure 13.11. Radial distribution function in FCC (upper panel) and BCC (lower
panel) Mo for different temperatures. The data come from AIMD simulations, using
the last 1000 (out of 4000) timesteps to calculate the RDF. Δr was 0.01 Å. The dotted
vertical lines indicate ideal BCC positions, while the dashed vertical lines indicate ideal
FCC positions. The thickness of these lines indicate the height of the corresponding peak
for the ideal structure. All FCC panels have the same scale, and the BCC panels have
the same scale. The green curve for T = 300 K used Γ point only, while the other curves
correspond to simulations with 2 × 2 × 2 k-points.

for 500 and 300 K, a new peak belonging to the BCC structure appears. In the
discussion about k-space sampling above it was shown that using only the Γ-point
for T = 300 K leads to destruction of the FCC structure quite fast. This fact
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makes it interesting to look at the RDF from that simulation, which is shown with
a green line in Fig. 13.11. For the green line the second peak belonging to BCC
can be clearly seen, though it still has the FCC peak around r = 3.92 Å. Our
discussion shows that in the low temperature FCC simulations, the atoms move
towards BCC positions. Comparing the BCC and FCC curves for T = 3000 K,
they have very similar features. The height of the first peak is almost the same
for both systems, though the center is slightly different, as it should be. They
other peaks are also different for BCC and FCC and together with Fig. 13.12 this
shows the stability of FCC at high temperature. Further, since both BCC and
FCC curves are similarly smeared, we conclude that a large degree of smearing do
not contradict dynamical stability.

Turning to Fig. 13.12, the RDF for the average positions is shown for FCC
(upper panels) and BCC (lower panels). This figure supports the findings in Fig.
13.11, though some of the features are ”averaged out“ since the averaged posi-
tions are used instead of the averaged RDF. It is also clear from this figure that
the FCC phase becomes increasingly stable with increasing temperature. Around
2000 K the FCC phase becomes much more stable than for lower temperatures.
In particular, for 2000 K the FCC peak at 3.92 Å can be clearly seen, while below
2000 K this peak is absent. For BCC, the phase is stable for both high and low
temperatures. At low temperature, the peaks are sharper and higher than at high
temperature, though the positions of the peaks remain the same. The height of
the first peak for FCC is around 12.6 at 1500 K and increases to 29.4 at 2000
K. Above 2000 K, however, the height of the first peak decreases to 26.5 at 2500
K and finally to 24.2 at 3000 K. Note also that Figs. 13.11 and 13.12 show the
difference between local positions and average positions. In the following section
the implications of this on the electronic structure will be discussed.
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Figure 13.12. Radial distribution function in FCC and BCC Mo using the averaged
positions from AIMD simulations. Δr was 0.01 Å. The dotted vertical lines indicate ideal
BCC positions, while the dashed vertical lines indicate ideal FCC positions. The thickness
of these lines indicate the height of the corresponding peak for the ideal structure. All
FCC panels have the same scale, and the BCC panels have the same scale. The green
curve for T = 300 K used Γ point only, while the other curves correspond to simulations
with 2 × 2 × 2 k-points.
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13.5 Electronic structure and atomic positions
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Figure 13.13. Averaged electronic DOS in FCC Mo at different temperatures. All
AIMD data come from simulations using NVT (Nosé) ensemble and 2 × 2 × 2 k-points.
The average DOS for each temperature was obtained from the DOS from 10 % of the
configurations from the AIMD simulation (after equilibration) and then averaged. For
reference the DOS from the static, ideal FCC structure with electronic temperature is
shown with a dashed green line.

Figure 13.13 shows the average electronic DOS in FCC Mo from the AIMD
simulations. The average DOS for each temperature was obtained by randomly
selecting 10 % of the local positions (timesteps), excluding equilibration, calcu-
lating the DOS for each and then taking the average. For reference, the figure
also shows the DOS for the ideal, static FCC phase. It is clear that the average
DOS from the local positions is very different from the ideal FCC DOS, even at
high temperature. Indeed, the peaks are heavily shifted, and for high tempera-
tures the DOS is smeared out, due to the thermal motion of the atoms. The high
temperature DOS is even fairly close to the DOS for the BCC phase, shown in
Fig. 13.14, suggesting that the energy differences between BCC and FCC should
be smaller at high temperature. Even though the atoms on the average occupy
the ideal FCC positions (see Figs. 13.3, 13.4, 13.11 and 13.12) the DOS is not
FCC-like. This suggests that not only the crystal structure and the constituent
elements, but also that the atomic motion determines the electronic structure and
hence the materials properties. The differences in DOS that do exists, however,
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are compatible with the fact the the RDF at high temperature is still different for
BCC and FCC. For BCC the DOS is also heavily smeared, but the peaks do not
shift much.
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Figure 13.14. Averaged electronic DOS in BCC Mo for 500K and 3200K. All AIMD
data come from simulations using NVT (Nosé) ensemble and 2 × 2 × 2 k-points. The
average DOS for each temperature is obtained from the DOS from 10 % of the configu-
rations from the AIMD simulation (after equilibration) and then averaged. For reference
the DOS from the static, ideal BCC structure with electronic temperature is shown by a
dashed green line.

Next, Fig. 13.15 shows the DOS for FCC Mo calculated from the average
positions. For reference the average DOS for 300 and 3000 K is shown, as well
as the DOS for the ideal, static FCC lattice. At low temperatures, such as 300
and 500 K, the DOS from the average positions is fairly close to the true DOS
(the DOS from the local positions). This is because the atoms do not occupy
ideal FCC positions, and therefore the average positions do not either. Also, at
low temperatures the magnitude of the atomic vibrations is small so the DOS
from the average positions will be closer to the true DOS. When the temperature
increases, the system becomes more stable and hence the average positions are
closer to the ideal FCC positions. Therefore, at higher temperatures, the DOS
from the average positions becomes closer to the DOS for the ideal, static FCC
lattice. For 2000 K and above, they practically coincide, once again indicating the
approximate temperature of dynamical stabilization.
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Figure 13.15. Electronic DOS for the average positions in FCC Mo at different tem-
peratures. The DOS for the average positions is calculated from the structures corre-
sponding to the average positions of the atoms in the corresponding AIMD simulations
(after equilibration). For reference the DOS from the static, ideal FCC structure with
electronic temperature is shown (dashed green line), as well as the average DOS from
AIMD simulations for 300K and 3000K (full black and green lines).

Figure 13.16 shows the DOS for FCC Mo, but only for 500 K. Here the DOS
from local positions is shown, as well as the DOS from the average positions
together with the DOS for the ideal, static lattice. Also, the DOS for the relaxed
structure is shown, where the relaxed structure is found by relaxing the average
positions from the AIMD simulation. It is interesting to note that the average
DOS from the local positions and the DOS for the relaxed structure practically
coincide, while they are a bit away from the DOS for the average positions. This
suggests that in FCC Mo the average positions, around which atoms vibrate, do
not correspond to local minima on the energy surface. Static relaxations move
the atoms from the average positions towards the (local) energy minima, which
apparently correspond to the trajectory of the local positions in the simulations.
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Figure 13.16. Electronic DOS for 500K FCC Mo. The thick black line shows the
average DOS from AIMD simulations (see caption in Fig. 13.13 for description), while
the black dotted line shows the DOS for the average structure from AIMD (see caption in
Fig. 13.15). The thin black line shows the DOS obtained from a configuration obtained
by relaxing the average atomic positions from the AIMD simulation. For reference, the
DOS for the ideal, static FCC crystal is shown by a orange dashed line.
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13.6 Comparison with zirconium

In order to verify the findings in molybdenum, some simulations of BCC zirconium
have also been performed. At ambient pressures, zirconium is hexagonal-close
packed (HCP) at low temperature, but around 1100 K the BCC phase stabilizes
[102]. Also, BCC Zr is dynamically unstable at low temperatures and, obviously,
dynamically stable at high temperature. The thermodynamic stability of BCC Zr,
in contrast to FCC Mo, make a comparison between these two systems particularly
interesting. Therefore, AIMD simulations with NVT ensemble (Nosé) have been
performed for T = 500 K and T = 1500 K. The simulations had the same settings
as those for molybdenum (2×2×2 k-points, 2 fs timestep, etc.) but were ended at
2600 timesteps due to constraints on computational resources. For the calculation
of the average electronic DOS, 50 configurations were randomly extracted for each
temperature.
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Figure 13.17. XY-projection of the average distances from ideal lattice positions in
BCC Zr for different temperatures.

Figure 13.17 shows the average distances from ideal lattice positions for 500 K
and 1500 K. It is clear that in the 500 K simulation the atoms occupy less ideal
positions than at 1500 K. Still, the difference is probably too small to conclude
with certainty that the BCC Zr is dynamically unstable at 500 K. It would be
interesting to perform longer simulations to see if the spread of the atoms at 500
K would increase or not. For BCC Mo the distances from ideal lattice positions
increase with temperature, in contrast to BCC Zr and FCC Mo.
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Figure 13.18. Radial distribution function in BCC Zr using both the last 1000 steps
in the simulations (black lines) and the averaged positions from the simulations (black
lines filled with orange). The step in radius was Δr = 0.01 Å The dotted vertical lines
indicate ideal BCC positions. The thickness of these lines indicates the height of the
corresponding peak for the ideal structure.

The radial distribution function, calculated using Eqs. 13.2 and 13.3, is shown
in Fig. 13.18. As for molybdenum, smearing of the peaks increases with tem-
perature, as is expected. Looking at the temperature evolution of the RDF for
average positions at distances corresponding to second neighbors or larger, once
again the similarities with unstable FCC Mo phase can be clearly seen. Indeed,
the smearing of the peaks decreases with temperature, indicating the increasing
stability of BCC Zr with increasing temperature, which is opposite to the trends
observed in dynamically stable BCC Mo. However, the nearest neighbor peak for
BCC Zr shows the opposite behavior: it is sharper at low temperature. Also,
looking at the average RDF one can conclude that all the peaks are centered at
the ideal BCC positions. Thus, the higher stabilization trends are clearly seen in
BCC Zr as compared to FCC Mo. Looking at the RDF at 500 K alone, BCC Zr
appears to by dynamically stable, at least in our finite size simulations. It should
be noted that the average distances from ideal positions do not support such con-
clusions. A possible explanation could be that while FCC Mo transforms to the
BCC phase, BCC Zr should transform to the HCP phase at low temperature. The
former transformation, which only involves tetragonal distortions of a cubic cell,
may be more compatible with the symmetry of our supercell than the latter and
therefore the supercell geometry may have stronger stabilizing effect on BCC Zr.
Another possibility is that the structural energy difference is larger for FCC-BCC
Mo than for BCC-HCP Zr [103], so that in Zr temperature has lower stabilizing
effect than in Mo.

Next, the electronic DOS for BCC Zr is shown in Fig. 13.19. Though not as
profound as in Mo, the evolution of the BCC structure in Zr with temperature,
has large effects on the electronic DOS. The DOS from the AIMD simulations
exhibits peaks at the same positions as the DOS for the ideal structure, but the
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Figure 13.19. Electronic DOS in BCC Zr at different temperatures from AIMD simu-
lations. For comparison the DOS for ideal, static BCC Zr is also shown.

thermal vibrations smears out the detailed features and peaks. This suggests that
BCC Zr from AIMD simulations is dynamically stable for T = 500 K. Moreover, it
indicates that for BCC Zr, the atoms vibrate around the ideal BCC positions, at
least for the temperature considered here. Still, as pointed out above, the average
distances from ideal positions do not support this conclusion. This could mean
that around 500 K, BCC Zr is quite, but not completely, dynamically stable. If
so, more and longer simulations with temperatures above and below 500 K could
hopefully give a more definite answer to this question. At high temperature, the
ideal BCC positions correspond to minima of the energy landscape, corresponding
to a thermodynamically stable phase.

13.7 Lattice stability in molybdenum

As discussed earlier in the section about calculational details, the calculations in
Paper V used ionic temperatures T = 3360 K for FCC and T = 3200 K for BCC.
These differences in temperature should be accounted for when calculating the
lattice stabilities. Since the simulations were performed at high temperatures, the
Dulong-Petit model should work, at least for the BCC structure. The temperature
difference is about 160 K and for this the Dulong-Petit model yields ΔE ≈ 0.04
eV/atom, which should be added to the energy of the BCC simulation.

The energies for Mo from AIMD simulations are shown in Fig. 13.20. For ideal,
static structures at T = 0 K, shown for reference, 0.4 eV/atom is obtained, which is
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Figure 13.20. Configuration energies in Mo, obtained from AIMD simulations. The
grey area denote equilibration. The FCC AIMD result is shown by a full green line, and
the corresponding average by a dashed green line. The lines are drawn relative to the
averaged BCC energy, shown by a dashed black line, while the instantaneous energy for
BCC is shown by a full black line. For comparison, the energy for the static, T = 0 K
FCC crystal is shown (relative to the corresponding calculation for BCC) by a dashed
red line.

in agreement with earlier calculations [103, 104]. From the AIMD simulations, on
the other hand, the configurational energy difference between FCC and BCC Mo is
0.19 eV/atom. Including corrections due to temperature and pressure differences
should contribute to a small decrease, as discussed above. The thermochemical
(CALPHAD) value for 3000 K is estimated to be 0.176 eV/atom. We therefore
conclude that inclusion of temperature effects through AIMD simulations for the
FCC phase of Mo brings agreement between thermochemical (CALPHAD) and
first-principles methods, at least in the case of Mo. Here it should also be pointed
out that while the lattice stability is well-defined at high temperature, extrapolat-
ing these results to T = 0 K is in principle not possible, since the entropy is not
defined for dynamically unstable structures [105, 106, 107]. Assuming dynamical
stability for FCC Mo at 2000 K, which is not certain, one can calculate the lattice
stabilities for the new simulations. In that case, the lattice stability goes from
about 0.24 eV/atom at 2000 K to about 0.19 eV/atom at 3000 K.

13.8 Conclusions

To wrap up this chapter, the main conclusions are reiterated. First, anharmonic
effects substantially contribute to the stabilization of dynamically unstable sys-
tems compared to the harmonic phonons. The lattice stability depends strongly
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on the inclusion of temperature effects in the calculations. The main contribution
to the stabilization comes from the modification of the band structure due to the
anharmonic thermal motion of the atoms at high temperature. Around 3000 K,
where FCC Mo is dynamically stable (at least within the model used) and the lat-
tice stability can be obtained, there is agreement between our ab-initio results and
CALPHAD extrapolations. There are qualitative differences in the temperature
evolution of the atomic structure between the dynamically stable and dynamically
unstable systems. In particular, average displacements from ideal lattice positions
increase with temperature for the former, while they decrease for the latter. Also,
peaks of radial distribution functions, calculated for average positions, become
sharper with increasing temperature in systems that are dynamically unstable at
low temperature, while they tend to broaden in dynamically stable systems.

Further, there is a clear distinction between the average positions around which
the atoms vibrate and the local positions in each AIMD timestep. While the
average positions may correspond to some crystal structure, the local positions
may yield a different electronic structure. The use of pressure components as a
single tool to determine dynamical instability is questioned for short simulations.
Instead, a combination of investigations such as standard deviation of the atomic
positions, pressure components, radial distribution functions and electronic density
of states is suggested as a more sensitive probe for investigations of dynamical
instability. Preferably, long simulations should be performed. Finally, convergence
of parameters, especially k-points, is emphasized. Badly converged k-points yields
unreliable forces which in turn yields unreliable AIMD simulations.
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CHAPTER 14

Conclusions

14.1 Conclusions

As mentioned in the introductory chapter of this thesis, the overarching aim has
been to investigate selected properties that are related to disorder. Core-level
shifts and elastic properties for disordered (random) alloys have been calculated
and the effects of atomic disorder due to thermal motion at elevated temperatures
have been studied.

For ab-initio calculations of core-level shifts, it has been found that the Com-
plete Screening and the Transition State models agree to a large extent, at least
for the transition metal alloys investigated. Also, the assumption of the one-
electron eigenvalues being linear functions of their respective occupation numbers
has been investigated. For the systems analyzed in this work, the assumption of
linearity is correct as a first approximation. However, deviations from linearity,
associated with the self-interaction of the exchange-correlation functionals used,
do have noticeable effects for the core-level shifts. Without too large increase in
computational effort, these effects can be verified numerically for systems under
consideration.

The elastic properties have been calculated for iron-based random alloys at
very high pressures, by using distortions of the crystal structure and calculating
the changes in total energy within ab-initio methods. In particular, adding nickel
to iron has larger effect on the elastic properties in hexagonal close packed than
face-centered cubic alloys. The Voigt-Reuss-Hill elastic anisotropy is found to be
higher for hexagonal close packed than for face-centered cubic FeNi, and the pres-
sure dependence of the anisotropy is also higher for the face-centered cubic phase.
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Further, adding magnesium to face-centered cubic iron has a large impact on the
equation of state and the elastic properties, even at low concentrations. The elastic
anisotropy is also found to change considerably with small amounts of magnesium.

Finally the case of dynamical instability in molybdenum and zirconium has
been considered. This project shows that dynamically unstable systems may be
stabilized at high temperature, the stabilization being mainly due to anharmonic
effects. The dynamical stability at high temperature of face-centered cubic Mo
made it possible to calculate the lattice stability (with respect to BCC) from
ab-initio molecular dynamics simulations. This resolved the long-standing dis-
agreement for the lattice stability of Mo between ab-initio calculations and ther-
mochemical modeling. In the molecular dynamics simulations, it is found that
there is a difference between average and local (instantaneous) atomic positions.
The average positions may correspond to some well-defined crystal structure, while
the local positions exhibit an electronic structure not corresponding to this crystal
structure.

For shorter simulations using the pressure components to determine dynamical
stability may not always indicate dynamical instability even though this is indeed
the case. Therefore it is suggested in this work to calculate the radial-distribution
function and the electronic DOS from the ab-initio molecular dynamics simula-
tions together with the standard deviation from ideal lattice positions as means
of determining dynamical instability from first-principles. Tests of the k-space
sampling in molecular dynamics simulations also reveal the importance of well
converged parameter settings for the investigations of dynamical instability.

14.2 Outlook

Ultimately, doing science should not only answer questions, but raise new ones
as well. Within the scope of this thesis, there are many interesting questions re-
maining to be answered. For the core-level shifts, it would be very interesting to
apply all three methods (initial-state, complete screening and transition state) to
more systems together with experimental work. It would also be interesting to
test the assumption of linearity in the transition state model in a more systematic
way, though there is already ongoing work in this field, as mentioned in chapter 11.

For the elastic properties of iron-based systems at Earth core pressures, there
are also many things to do. In particular, more elaborate suggestions on the com-
position than what I have tested exist, and could be used to calculate the elastic
properties. Still, within the methods used in this work, the effects of elevated tem-
peratures on the equation of state as well as the elastic properties is not included.
In order to calculate elastic properties at high temperature (and high pressure)
ab-initio, the method of choice is ab-initio molecular dynamics simulations for
alloys. Ab-initio molecular dynamics for pure elements is very heavy computa-
tionally and even more so to calculate elastic properties. To include disorder in
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the form of random alloys would make the simulations even more time-consuming,
but in the next few years this will should be be feasible to do. At this stage I point
out that the first molecular dynamics simulations I did, I could probably not have
done during my first year as a graduate student, because of the lack of computa-
tional resources. My first molecular dynamics simulations needed 140 hours for
200 timesteps using 48 CPUs, while two years later the same amount of timesteps
took about 36 hours on 64 CPUs. Add to this the possible improvements in the
methodology, such as the Time-Reversible Born-Oppenheimer Molecular Dynam-
ics mentioned in chapter 10, and the future will bring many interesting discoveries
from ab-initio molecular dynamics simulations.

The increase in computational resources will also come to great use for the
investigations of systems with dynamical instabilities. Taking into account the
long-wavelength phonons and making longer simulations would be useful. A more
systematic study than what I have provided is also warranted, especially for sys-
tems where there is experimental data available. Considering that in the case
of BCC Zr at 500 K no definite conclusion about dynamical stability could be
drawn, it would be interesting to perform longer AIMD simulations of this sys-
tem for temperatures around 500 K. Another logical next would be to perform
the same simulations for the hexagonal close packed phase of this metal and then
calculate the lattice stability. For the lattice stabilities and the agreement between
ab-initio calculations and thermochemical modeling, it would also be interesting
to calculate more systems, especially (but not exclusively) those where there is
large disagreement between the two types of methods.



118 Conclusions



Bibliography

[1] R.O. Jones and O. Gunnarsson. The density functional formalism, its appli-
cations and prospects. Rev. Mod. Phys., 61:689–746, July 1989.

[2] P. Hohenberg and W. Kohn. Inhomogeneous Electron Gas. Phys. Rev.,
136:B864–B871, November 1964.

[3] Richard M. Martin. Electronic Structure, Basic theory and Practical Meth-
ods. Cambridge University Press, 1st edition, 2004.

[4] Kieron Burke. The ABC of DFT.
http://chem.ps.uci.edu/∼kieron/dft/book/gamma/g1.pdf.

[5] W. Kohn and L. J. Sham. Self-Consistent Equations Including Exchange
and Correlation Effects. Phys. Rev., 140:A1133–A1138, November 1965.

[6] L. Vitos. Computational Quantum Mechanics for Materials Science
The EMTO Method and Applications. Springer Verlag, 1st edition, 2007.

[7] N. David Mermin. Thermal properties of the inhomogeneous electron gas.
Phys. Rev., 137:A1441–A1443, Mar 1965.

[8] C. S. Wang, B. M. Klein, and H. Krakauer. Theory of magnetic and struc-
tural ordering in iron. Phys. Rev. Lett., 54:1852–1855, Apr 1985.

[9] J. S. Faulkner. The Modern Theory of Alloys. Prog. Mater. Sci., 27:1–187,
1982.

[10] Andreas Kissavos. Development and Application of Muffin-Tin Based
Green’s Function Techniques to Systems with Magnetic and Chemical Dis-
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CHAPTER 15

Comment on Papers

Here I’ll give a brief introduction to the articles included in the thesis. I will also
comment on my contribution to the articles. I’d also like to repeat that I have
changed my name, from Christian Göransson to Christian Asker. The articles
before 2007 carry my old name.

Paper I

Overview

This article is about first-principles calculations of core-level shifts in alloys. It
compares different theoretical methods of calculating these shifts, the sensitivity of
the shifts to the local chemical environment and the influence of magnetic as well as
relativistic effects. The strengths and weaknesses of the models are investigated by
analysis of the electronic structure. Also, the shifts are compared to experimental
results.

Author’s contribution

I did all the transition state calculations, the calculations of density of states and
a few complete screening calculations. The theoretical section on the transition
state method was written by me, and some parts in the results. Also, proofreading
and discussing results in general.
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Paper II

Overview

In this article, the validity of the Slater-Janak transition state model is investigated
by calculations on metallic systems. This model assumes a linear dependence of
the one-electron eigenvalues as functions of their respective occupation numbers,
an assumption that had not been verified systematically for many systems. The
linearity is investigated on its own, and through the application of the model for
the calculation of core-level shifts. It is found that while the eigenvalues to a first
approximation show linear behavior, deviations from linearity has effects on the
core-level shifts. Also, a simple way of improving the shifts is suggested.

Author’s contribution

I wrote everything except some parts on the calculations. I did all calculations of
the linearity and the transition state shifts, initial state shifts, while the complete
screening shifts were done by others. Some of the tests of linearity were invented
by me. Some of the parameters, such as the screening parameters on some of the
systems and equilibrium volumes, were obtained by others.

Paper III

Overview

This article was a invited review article for the ESF network Psi-K Newsletter,
reprinted by Phys. Stat. Sol. It is a review on the calculation of core-level shifts
in metallic systems, and as such elaborates further on the results from Paper I
and II (and other articles of the other authors) and puts the results in a broader
context. It also gives more background on the core-level shifts.

Author’s contribution

My contribution in his publication are the sections related to the transition state
model and therefore similar to my contributions in Papers I and II.

Paper IV

Overview

This article studies the elastic properties in FeMn alloys using the EMTO method
and compares them with data obtained for thin films. The influence of magnetic
effects on the equation of state and the elastic properties is found to be of great
importance, in particular for non-isochoric lattice distortions.
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Author’s contribution

My contribution was to help with the EMTO calculations and with the calculations
of elastic constants.

Paper V

Overview

In this article we investigate the dynamical stability of face-centered molybdenum
using harmonic phonon calculations, as well as full-blown ab-initio molecular dy-
namics simulations. The molecular dynamics simulations allow for the inclusion
of temperature effects. Also, the lattice stability of face-centered cubic relative to
body-centered cubic Mo is investigated through molecular dynamics. It was found
that the face-centered Mo can become at least metastable at high temperature.
Further, the lattice stability is found to be in agreement with thermochemical re-
sults, improving on the lattice stabilities from ab-initio calculations performed at
T = 0 K.

Author’s contribution

I did all the tests, calculations and simulations. I also planned many of the inves-
tigations and wrote a large part of the manuscript.

Paper VI

Overview

The single-crystal and polycrystalline elastic constants and the elastic anisotropy
for face-centered-cubic and hexagonal close packed iron and iron-nickel alloys have
been calculated for very high pressures. The method was the EMTO and the CPA.
It is found that adding Ni has small effect on the equation of state, though it is
important for some of the elastic constants. The elastic anisotropy is found to be
higher for the face-centered-cubic phase than for the hexagonal phase. Further,
the anisotropy in face-centered cubic phase decreases with Ni concentration, which
is opposite to the results for the hexagonal phase

Author’s contribution

I did all the tests and calculations and wrote a large part of the paper.
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Paper VII

Overview

We have investigated the effect of magnesium on the equation of state and elas-
tic properties in face-centered cubic iron at ultrahigh pressures. The methods
employed were the EMTO together with the CPA. It is found that a small con-
centration of Mg in Fe has a large impact on the equation of state, as well as
on the elastic constants. These effects also influence the elastic anisotropy, which
increases when adding Mg, an effect which is increasing with pressure.

Author’s contribution

I had the role of supervisor for Ulf Kargén, who did the original calculations for
his diploma project. Later, I redid all calculation with slightly higher accuracy
and for more compositions. Finally, I wrote most of the paper.

Paper VIII

Overview

The electronic and atomic structure of FCC molybdenum have been studied using
ab-initio molecular dynamics simulations. Through a series of simulations at dif-
ferent temperatures, we investigate how the atomic positions, radial distribution
function and the electronic DOS change. It is found that the local positions (the
positions at each timestep) determine the electronic structure, while the average
positions (around which the atoms vibrate) do not. Even though at high tem-
peratures the average positions correspond to ideal FCC positions, the electronic
DOS is not the same as that obtained for an ideal FCC structure of molybde-
num. Also, for comparison the BCC phase of zirconium is studied using the same
methodology.

Author’s contribution

I did all the calculations, the visualizations and wrote large parts of the text.
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