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ABSTRACT 
Experimental innovations starting in the 1990’s leading to the advent of high-
throughput experiments in cellular biology have made it possible to measure 
thousands of genes simultaneously at a modest cost. This enables the discovery of 
new unexpected relationships between genes in addition to the possibility of falsify 
existing. To benefit as much as possible from these experiments the new inter 
disciplinary research field of systems biology have materialized. Systems biology 
goes beyond the conventional reductionist approach and aims at learning the whole 
system under the assumption that the system is greater than the sum of its parts. One 
emerging enterprise in systems biology is to use the high-throughput data to reverse 
engineer the web of gene regulatory interactions governing the cellular dynamics. 
This relatively new endeavor goes further than clustering genes with similar 
expression patterns and requires the separation of cause of gene expression from the 
effect. Despite the rapid data increase we then face the problem of having too few 
experiments to determine which regulations are active as the number of putative 
interactions has increased dramatic as the number of units in the system has 
increased. One possibility to overcome this problem is to impose more biologically 
motivated constraints. However, what is a biological fact or not is often not obvious 
and may be condition dependent. Moreover, investigations have suggested several 
statistical facts about gene regulatory networks, which motivate the development of 
new reverse engineering algorithms, relying on different model assumptions. As a 
result numerous new reverse engineering algorithms for gene regulatory networks has 
been proposed. As a consequent, there has grown an interest in the community to 
assess the performance of different attempts in fair trials on “real” biological 
problems. This resulted in the annually held DREAM conference which contains 
computational challenges that can be solved by the prosing researchers directly, and 
are evaluated by the chairs of the conference after the submission deadline. 
 
This thesis contains the evolution of regularization schemes to reverse engineer gene 
networks from high-throughput data within the framework of ordinary differential 
equations. Furthermore, to understand gene networks a substantial part of it also 
concerns statistical analysis of gene networks. First, we reverse engineer a genome-
wide regulatory network based solely on microarray data utilizing an extremely 
simple strategy assuming sparseness (LASSO). To validate and analyze this network 
we also develop some statistical tools. Then we present a refinement of the initial 
strategy which is the algorithm for which we achieved best performer at the 
DREAM2 conference. This strategy is further refined into a reverse engineering 
scheme which also can include external high-throughput data, which we confirm to 
be of relevance as we achieved best performer in the DREAM3 conference as well. 
Finally, the tools we developed to analyze stability and flexibility in linearized 
ordinary differential equations representing gene regulatory networks is further 
discussed. 
  



 

 

 



 

 

POPULÄRVETENSKAPLIG SAMMANFATTNING 
Experimentella innovationer i cellbiologi från 1990-talet har gjort det möjligt att mäta 
aktiviteten hos tusentals gener samtidigt relativt billigt. Detta har möjliggjort 
upptäckten av oväntade förhållanden mellan gener direkt från experiment vilket både 
genererar nya hypoteser och avfärdar befintliga. För att dra största möjliga nytta av de 
nya mätningarna har det nya tvärvetenskapliga forskningsområdet systembiologi växt 
fram.  Systembiologi går bortom den konventionella reduktionistiska ansatsen och 
försöker lära hela systemet under antagandet att systemet är större än summan av dess 
beståndsdelar. Ett stort ämne inom detta område är att använda data från de storskaliga 
mätningarna för att skapa modeller för det regleringsnätverk som ligger till grund för 
dynamiken av geners uttryck och cellens dynamik. Detta försök att skilja orsak och 
verkan åt mellan gener är relativt nytt och går vidare från tidigare ansatser där grupper 
av gener med liknande dynamiska mönster detekteras. Flera svåra problem föreligger 
emellertid, framförallt har vi för få experiment för att säkert bestämma vilka 
interaktioner som används. En möjlighet att lösa detta problem är att införa mer 
biologiskt motiverade villkor. Men vad som är ett biologiskt faktum eller inte är ofta 
inte uppenbart och även tillståndsberoende. Dessutom har undersökningar föreslagit 
flera statistiska fakta om genregleringsnätverk, som kräver utveckling av nya metoder 
att identifiera systemet. Därför har en uppsjö nya metoder för att identifiera 
genregleringsnätverk föreslagits. Följaktligen har också intresset ökat i området för att 
utvärdera resultaten av olika försök i tester på ”verkliga” biologiska problem. Detta 
resulterade i den årligen hållna DREAM konferensen som innehåller flera 
beräkningsproblem som kan lösas direkt av de forskare som förespråkar en viss metod 
och bedöms sedan efter sista dagen för deltagande av konferensens organisatörer.  
 
Denna avhandling innehåller utvecklandet av en strategi för att identifiera nätverk 
innehållande tusentals gener utifrån storskaliga mätningar baserat på regularisering av 
ordinära differentialekvationer. Vidare för att förstå och möjliggöra validering av 
gennätverk handlar en väsentlig del också om statistisk analys av gennätverk. Först 
identifierar vi ett storskaligt regleringsnätverk baserat enbart på tidsutvecklingen för 
olika geners uttryck via en enkel strategi att nyttja att genregleringsnätverk är relativt 
enkla. För att validera och analysera gennätverk utvecklar vi också en del statistiska 
verktyg som fyller detta ändamål. Sedan visar vi en vidareutveckling av den 
ursprungliga strategin med vilken vi vann utmärkelsen best performer vid DREAM2 
konferensen. Denna identifieringsstrategi utvecklar vi sedan vidare till en strategi som 
klarar att ta hänsyn till flera typer av storskaliga datatyper. Som bevis på dess 
applicerbarhet får vi återigen utmärkelsen best performer vid DREAM3 konferensen. 
Slutligen så diskuterar vi de verktyg vi utvecklat för att analysera stabilitet och 
flexibilitet i linjariserade ordinära differentialekvationer i kontexten av vad andra 
forskare funnit. 
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1 INTRODUCTION TO THE WORK 
 
1.1 BACKGROUND 
Experimental innovations in cell biology starting in the 1990’s have made it possible 
to measure thousands of genes simultaneously at a modest cost, using high-
throughput techniques. These techniques have generated lots of genome-wide 
material, which in part is publicly available or could be generated relatively cheap. 
Moreover, this increase in experimental information about genes, proteins and 
metabolites has made it possible to address new types of questions. For example by 
observing the activity of most of the relevant regulators and targets in the cell it is 
possible to detect unexpected relationships from the experiments. Therefore it is 
possible to use the high-throughput data to not only falsify existing hypotheses, but 
also generate new ones. 
 
This kind of new data has opened the innovative research field of systems biology, 
which aims at understanding the whole biological system as an entire unit. One 
emerging enterprise in this field is to use the genome-wide material to reverse 
engineer the dynamic system which governs the dynamics of the cell. This includes 
the gene regulatory network (GRN) that represents which genes regulate each other 
[1,2]. Possibly, the systems biology approach then leads to new understandings of 
diseases and a goal for the community is to produce a detailed mathematical model of 
the cell. Although it is a long way still to have a detailed in silico model of a cell [3] 
new insights about complex diseases as cancers have already been found by utilizing 
systems biology approaches (see [4] and references therein). 
 
In the case of genome-wide gene regulatory network inference we face the problem 
that the number of putative regulations greatly exceeds the number of experiments. 
Therefore, it is problematic to determine which regulations are active using 
conventional tools. One possibility to overcome this problem is to impose more 
biologically motivated constraints. Basically, this means that we bias the inference to 
facts that are known from similar (partly known) systems. However, what is a 
biological fact or not is often not obvious and may depend on the biological context. 
Moreover, investigations have suggested several statistical facts about gene 
regulatory networks, which require the development of new reverse engineering 
algorithms, relying on different model assumptions. For example, from evolutionary 
arguments and from well characterized systems we may assume that gene regulatory 
networks contain relatively few interactions (sparseness), contain some master 
switches (hubs) controlling significant parts of the gene regulatory network and 
contain sub networks which only weakly interacts with its surrounding (communities) 
[5,3,1,6]. Luscombe et. al. [7] showed that also several statistical features are strongly 
condition dependent. For example, different types of motifs (i.e., small recurrent 
graph structures) were significantly enriched for the active part of a network in 
different conditions depending on the response time required by the system. 
 
To integrate as much relevant material as possible and to create models for specific 
purposes several new reverse engineering algorithms for gene regulatory networks 
have been proposed. This includes completely different modeling frameworks 
suitable for different issues and how different types of data are integrated into the 
model. Consequently an increased interest has grown in the community to assess the 
performance of different attempts in fair trials on real biological problems. Therefore, 
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some comparative studies to elucidate the merits of different algorithms have been 
made [8,9]. However, as algorithms are implemented differently by different people it 
is still hard to judge which algorithm is most suitable to a particular problem. 
 
This has resulted in the annually held DREAM conference which contains 
computational challenges that can be solved by any research group, and are evaluated 
by the chairs of the conference after the submission deadline. Indisputably it is hard 
to produce challenges that are of biological importance and have a true fair answer. 
Therefore the challenges and assessment metrics from the DREAM conference is 
continuously refined by the research community. Moreover, to motivate researchers 
to participate their identity is only revealed with their permission. 
 
1.2 MOTIVATION OF THE PAPERS 
This thesis contains among other things refinements of regularization schemes to 
reverse engineer gene networks from high-throughput data within an ordinary 
differential equations (ODE) framework. As the subject is in a rapid evolution this is 
manifested in the evolution of the papers. The main objective of the thesis has been to 
elucidate the possibilities of linear models for genome-wide reconstruction of gene 
regulatory networks. Generally, linear models are the first order approximation of the 
system around its working point and are therefore good to start with when the 
functional form of the regulatory functions are unknown. Moreover, they have 
relatively few free parameters (degrees of freedom), and several fast computational 
implementations exist. Thus, they seem good starting points to infer genome-wide 
gene regulatory networks. Furthermore, to understand gene networks a substantial 
other part of it deals with statistical analysis of gene networks. 
 
In Paper I we explored some possibilities of the recently proposed least absolute 
shrinkage and selection operator (LASSO) for inference of gene regulatory networks.  
We also explored (Paper I, IV) what kind of large-scale statistical characteristics that 
are consistent with other networks than the ones from the LASSO. We utilized a 
publicly available microarray data set of Yeast (Saccharomyces cerevisiae) containing 
measurements of 6178 transcripts (genes) in 73 time instances of the cell cycle. Our 
working hypothesis was that by utilizing only microarray data the inferred system 
contains lots of errors, but on a statistical level the network is “more right than 
wrong”. As it turned out this modest assumption was not so easy to validate, since 
there are no known “golden truth” to use for benchmarking even for Yeast which is 
the most well studied eukaryote. Therefore, we justified the proposed network by 
calculating topological quantities and related these to biological properties using 
annotation databases (mostly gene ontology (GO) [10]). Indeed, this led us to delve 
into the general field of complex networks, and Paper II was the result. Moreover, we 
analyzed the topology of the network in Paper I in more detail in Paper IV. Paper IV 
took long time to publish partly since we proposed some new concepts in it, which 
not all reviewers took the time to try to understand. 
 
As we finished the first study several new possibilities to extend the inference scheme 
had been proposed. This included more efficient algorithms for implementation of the 
LASSO and several extensions to it. In Paper III we developed a successful strategy 
to reverse engineer gene regulatory networks from time-series and steady state 
expression data. This strategy achieved best performer in the DREAM2 in silico 
network challenge (explained in details in Paper III). 
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However, this challenge of the DREAM was quite far from the inference problem we 
aim at understanding.  The data were computationally generated to mimic noise-free 
microarrays, and the problem was also greatly over-determined for our model (i.e., 
the number of data instances exceeded the number of units). 
 
Subsequently, we explored possible benefits of incorporating other types of large-
scale data sets into the inference that impose constraints on which of the network 
edges are more likely. These ideas are discussed in a general sense and some of the 
possibilities are also implemented in Paper V. Moreover, the DREAM3 conference 
included a challenge were it was possible to explore the basic ideas outlined in Paper 
V, with some modifications. Here, we have the possibility to incorporate all kinds of 
public data to predict the behavior of a real biological system in a situation where the 
number of units vastly exceeds the number of measurements. Hence, that challenge 
matches the goal of the overall strategy well. Indeed, the extra data helped us to 
achieve best performer in this DREAM3 challenge, which we describe in Paper VI. 
Finally, Paper VII was invited for a special issue of Open Bioinformatics by 
Professor Alberto de La Fuente to describe the newly proposed measures in Paper IV 
to a wider audience. 
 
The introductory part of this dissertation is divided into the chapters Reverse 
engineering of gene networks and Network analysis. Indeed, several of the included 
papers in the thesis contain both parts, but hopefully this division of the material is 
more pedagogical. 
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2 REVERSE ENGINEERING OF GENE NETWORKS 
 
This chapter is intended to introduce the biological system (§2.1) as we look upon it 
and discuss the in silico abstraction of the system (§2.2). In §2.3  we discuss how we 
can assess the relevance of the proposed mathematical models. Some text in this 
chapter is taken from Paper V and Paper VII with only minor modifications. 
 
2.1 THE BIOLOGICAL SYSTEM 

Cellular systems are intrinsically complex, still robust and at the same time able to 
quickly adapt to new situations. To understand, describe and model a wide range of 
cellular systems −involving genes, mRNA molecules, proteins and metabolites − 
networks have served as the unifying language [11]. Among the intra cellular networks 
there are several different types of networks, ranging from descriptions of physical 
interactions of proteins, to detailed metabolic networks describing biochemical 
reactions. Here we also have the gene regulatory networks (commonly abbreviated as 
GRNs), describing indirect regulatory relationships between genes[1,2]. Gene 
regulatory networks, defined from the interaction maps of proteins, RNA molecules 
and metabolites, describe in combination with the kinetics the cellular responses to 
input signals and its regular dynamics [1,2]. Some parts of these huge regulatory 
systems are well explored, e.g., the yeast cell cycle, the lambda switch, and the SOS 
pathway, but still many of the parts are unknown. However, reverse engineering 
genome-wide gene regulatory networks has a high potential for drug discovery and is 
essential for both the understanding of how cellular system works and is fundamental to 
make computationally derived predictions of cellular behavior. 
 
2.1.1 Gene regulation 

The full manual of the cell is carried within its DNA, which together with epigenetic 
effects and external stimuli determines its function. The DNA is like any other manual, 
passive information that needs to be expressed in order to have a meaning. The 
informative parts that can be activated can be divided into open reading frames, i.e., 
genes, which may contain promoters, a transcription start site (TSS) and an end 
sequence of nucleotides of the gene. A gene becomes activated in the transcription 
process, when a RNA polymerase copies the blueprint DNA into mRNA templates. 
The mRNA is then translated and proteins are synthesized in the ribosome. The 
transcription activity itself is governed by the present proteins in the region around the 
DNA, rather than the actual RNA polymerase concentration. The transcription activity 
is often regulated by the binding of transcription factors (TFs). Often the TFs are 
activators and involved in the recruitment of the RNA polymerase [12,13]. Another 
possibility is that the regulation is carried out from repressors (or inhibtors) by 
blocking the DNA sequence to obstruct the RNA polymerase from transcription. 
Sometimes regulation is carried out by recruiting TF recruiters or inhibitors, and 
sometimes by binding to a TF to inhibit the action of that TF (sees Figure 1 for a 
schematic illustration of the information flow in the eukaryotic cell). The cell can 
therefore be seen as a feedback control system, where gene activity is regulated by 
proteins that are regulated by the expression levels of other genes. The complete picture 
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of the control system will include many intermediate levels which are regulated, e.g., 
certain proteins regulate genes in complexes and transcription factors (TFs) may be 
activated by metabolites. 
 
Moreover, in addition to transcription regulation through the gene expression post-
transcription and translation regulation occur. In eukaryotes the transcribed mRNAs 
(pre-RNA) are processed by RNA binding proteins (RBPs) before translation. The 
RBPs regulates the transcripts through degradation, through the rate of export to the 
ribosome and through splicing. Splicing is the process where non-coding parts are 
removed from the transcripts. For humans this might been done in several ways 
(alternative splicing) depending on which RBPs that govern the splicing, which leads to 
that a transcript give raise to several different proteins. For example, 80% of the human 
genes are affected by alternative splicing [14] and the number of human proteins is 
about twice as many as the number of human genes. 
 

 
Figure 1: Schematic chart of the information flow within an eukaryote cell. The information goes from 
the genes within the DNA molecule inside the nucleus out to the ribosomes-in the cytoplasm-via 
messenger RNA, where it is translated and proteins are built. The proteins-together with external stimuli 
and some RNA molecules-determine the subsequent expression, thus forming feedback control loops. 
The picture is a modification of a picture downloaded from http://www.ornl.gov/hgmis (visited  2003-03). 
 
2.1.2 Available data 

A reconstruction of the complete cellular network that describes gene regulation would 
require measurements of the concentrations of at least RNA molecules, proteins, 
metabolites and the knowledge of the interaction maps of these entities and their DNA-
binding regions. Advancements in microarray technologies make it possible to measure 
the transcriptome (i.e., the set of mRNA molecules) in a cell relatively cheap, and by 
synchronizing cells (such that several cells are in a similar state) it is possible to 
measure the transcriptome in time-series. Importantly, several experimental techniques 
in molecular biology have been developed for automatic measurements of huge amount 
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of units within cells. These high-throughput techniques form the basis in order to 
understand how the emerging omics (e.g., transcriptomics, proteomics, and 
metabolomics) interacts to understand cell regulation. 
 
However, large-scale data sets measuring protein or metabolic levels are only rarely 
present at the moment, but a huge amount of public data sets measuring the 
transcriptome in different conditions are available for many organisms in a unified 
format at the gene expression omnibus (GEO) repository [15,16]. Moreover, different 
types of binding information are also publicly available for some organisms originating 
from large-scale measurements and computational predictions, e.g., protein-protein and 
TF-DNA interactions [17-20]. Particularly informative for understanding genome-wide 
gene regulation is the interaction map between TFs and their DNA binding regions. 
This information may give direct structural properties of the regulatory possibilities, 
e.g., the presence of a binding element upstream of gene A for a TF which gene B 
codes for may induce a regulation of gene A by gene B. 
  
Several other types of data from specialized experimental techniques are also emerging. 
For example, quantitative real-time PCR assays (qRT-PCR) can measure the 
concentrations of thousands different transcripts at a high-resolution which may be 
needed for the TFs which often are abundant in low concentrations. Yet another type of 
experimental technique (and data) is the deep-CAGE which provides the expression of 
individual TSS [21-25] . 
 
Another type of structural information is based on the predictions of the interactions of 
proteins and the DNA sequence, i.e., prediction of putative regulations from the TF 
binding sites (TFBS). Yet another piece of information is the great source of common 
biological knowledge which comes from small-scale studies. When it comes to reverse 
engineering the system it may be incorporated in a variety of ways. The information 
may come from annotation knowledge or more “unclean” information as text-mining. 
Annotation knowledge may be the collection of detailed information from previous 
experiments given in a structural form, while text-mining may be a possibility to 
include the great unstructured data within the plethora of published biological papers in 
databases, e.g., PubGene extracts gene interactions from co-citations in PubMed [26]. 
 
The far most frequent way to measure changes in gene expression is the DNA 
microarray technique [27,28]. Some different platforms utilizing different techniques 
exists, e.g., the leading platforms are the ones obtained by Affymetrix and Illumina (for 
a comparison of the two see [29]). Most often the expression fold changes are the 
natural way to present gene expression for biologists, i.e., logarithmic values of the 
ratios (log ratios) to some control experiment. Reasons for this include that there are 
several orders of magnitude difference in data such that fold changes are the most 
natural way to present the data, but also that multiplicative errors in the concentrations 
are additive with respect to the log ratios. 
 
A problem with the microarray technique is that the data from it is noisy and several 
studies have reported that it to contain lots of outliers [30-33]. Some problems are 
connected to this, especially the lack of replicates in the early studies using the 
microarray technique created problems to estimate the detection limit. The presence of 
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a heavy tailed distribution of errors in the log ratios was shown by Purdom et al. [31]. 
They showed from empirical observations that the associated errors cannot be 
described by the frequently assumed Gaussian distribution1. 
 
 
2.1.3 Gene regulatory networks 

A popular simplifying approach is to project transcripts and proteins on the associated 
coding genes, and disregard the metabolites. The corresponding effective gene 
regulatory network (also known as influence network [1]) describes regulations directly 
between genes, although the full regulatory system contains complex interactions 
between all these entities. This projection leads to loss of details in the model [2], but is 
probably a necessary simplification due to sparseness of data from similar conditions.  
Data sparseness is indeed a major problem for large-scale modelling projects. Despite 
the increasing amount of available high-throughput data sets we still have very few 
experiments from the similar conditions measuring different entities (e.g., mRNA and 
protein concentrations). Integration of data is also impeded by the different standards 
between array platforms. Today analyses are mainly performed on models based on 
projections of the full regulatory system onto subspaces, which contain fewer units 
and/or fewer interactions due to the limited number of included conditions [34,35]. 
Indeed, neither do interactions necessarily correspond to biochemical reactions nor 
physical interactions between proteins and genes; instead they correspond to the 
effective impact of the regulator gene on its downstream target. By modelling in the 
low-resolution space we may both have several pieces of structural information and 
qualitative information available of the same genes, thus we increase the amount of 
information known per unit. On the other hand we cannot obtain high-resolution 
molecular networks from the gene regulatory networks. That is, we cannot draw 
conclusions about the chemical reactions involved without extra information. 
 
Even with detailed knowledge of the kinetic framework in the full system, it would 
generally be hard to deduce the functional form of the kinetics in the gene-to-gene 
space in practise. This due to the fact that the functional form of the “effective” kinetics 
in the projected gene-gene space may largely depend on the exact model parameters of 
the full system. Since inference approaches do not know the model parameters in 
advance they should probably either be based on non-parametric adaptive models or 
simple enough models as we are short of data. 
 
2.2 INFERENCE 

In figure 2 we show a schematic overview of the methodology throughout this thesis. 
First we have the high throughput experimental data (left), which is refined into a 
network model representation (middle). Then it is possible to draw conclusions from 
this (right).  Conclusions may be drawn both about the inferred network, i.e., how it is 
organized, and about what kind of dynamics it can exhibit. Ideally, eventually also such 

                                                 
1 Instead they showed it to closely follow an asymmetric double exponential (i.e. asymmetric Laplace) 
distribution, with a significant portion of outliers. 
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topological and dynamical knowledge should be fed into the inference step as prior 
knowledge to confine the search space. 
 

 
Figure 2: Map of the steps from experiments to knowledge, and a summary of some important 
features in the organization of gene regulatory networks and their impacts (taken from Paper 
VII). 
 
2.2.1 Model exploration 

The models utilized to describe the time-evolution of the gene levels with gene 
regulatory networks may be classified with respect to the number of states per node 
they allow. The Boolean networks and threshold networks are both ideal two state 
modeling formalisms, which are at one side of the extreme. They approximate the 
activity of each gene as being either simply on or off, which is motivated if the upper or 
lower limit of the gene activity often is attained. However, this approximation discards 
all intermediate steps and may therefore be of some importance for modeling multiple 
conditions within the same framework, but is probably worse to model a cell around a 
stable working point (e.g., the cell cycle). 
 
The Bayesian networks constitutes another modeling framework, which is more 
flexible and can also allow for multiple states per node and the framework is also 
extendable to model continuous levels. At the other extreme the number of states of the 
ordinary differential equations (ODE) based models assume a continuum of activity 
levels being possible, thus being particularly suitable for model systems around a 
working point. 
 
For the Bayesian networks continuity is modeled explicitly on the expense of either 
more data for inference or further a priori assumptions (e.g., restricting the degree 
distribution). This is problematic since already the two state Bayesian networks 
demands much data. With proper restrictions (i.e., regularizations) that are biologically 
motivated (e.g., LASSO, ridge, and elastic-net) the ODE based models are both 
computationally tractable and may need fewer experiments for inference than the 
former categories [9]. 
 
To determine causal relationships on a gene level we utilized (in Paper I,III,IV,V,VI) a 
popular model class that is continuous in time and deterministic. Within this class of 
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models, the rate of change of gene expression for gene , at time ,   can quite 
generally be described by 

 
Here  is the gene expression at time t of gene j, N is the number of genes  is 
an external perturbation and  is a stochastic variable.  
 
2.2.2 Linear ODE models 

However, such a model has infinitely many degrees of freedom and the model class 
must be restricted. One common choice is to limit  to time independent affine 
functions, let the perturbation be time independent and assume additive error , i.e., 
 

 . (2)  

 
In the case where the errors  are individually independent Gaussian distributed, the 
minimization of the sum of squares in (3) below, with  2  is a proper choice for 
inference of the interaction matrix  2 (similarly 1 in (3) if   are Laplacian 
distributed). Most of our work has been focussed on least squares methods (Paper 
I,III,IV,VI) but in Paper V (and to some extent also in Paper VI) we explored least 
absolute deviations for inference of gene regulatory networks. 
 
The assumption of an affine (effectively linear) relationship is certainly wrong, but still 
there exist several reasons why it might be of interest. In the case of expression 
measurements from a single condition, we can consider it as the result of a linearization 
of a non-linear function around a working point. This makes the approximation correct 
at least to first order. Moreover, inference of linear functions has great computational 
advantages, which might be of crucial importance given the huge size of the system. 
They may also be extended to cope with some non-linearities by transforming the input 
data, which we utilized in Paper III and V. 
 
Yet another reason for linear modelling is the lack of detailed knowledge of the “true” 
dynamical equations, due to the projection of gene regulation onto the space of genes 
only. The detailed equations governing the biochemical reactions can to some extent be 
described with Michaelis-Menten equations3, but when projecting several such 
processes, the result is unclear. 
 
It should also be noted that this formulation includes degradation into the model 
through negative self-interaction terms ( 0), and therefore all self-interactions are 
the combination of degradation and self-regulation. However, another common 
experimental situation is that the observation may come from perturbations, which have 
the purpose of driving the system far away from its working point. This type of 

                                                 
2In the case of enough data it gives the Maximum likelihood estimate (MLE). 
3 At least if the system is sufficiently mixed.  

 , , , ,  (1)  
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perturbations is one motivation to the investigation of non-linear functions in the 
dynamical equations (Paper V). 
 
Back to the inference problem again, importantly the 1)  parameters in (2) can 
be inferred in  subproblems each of size 1 . In the case where the number of 
measurements 1 , the matrix and  can be obtained from solving N 
ordinary least squares problems ( 2) or least absolute deviations problems ( 1), 
where  is the number of genes to be explained, i.e., 
 
 

 ·  arg min
·

,   (3)  

 
 
Here · , … ,  and   is the time instance where the measurement k has 
been carried out.  However, in the typical microarray scenario, we have , 
therefore we have infinitely many models that perfectly match the experimental data. 
To overcome this problem many different proposals have been suggested. Simulated 
experiments were proposed by D’haessler et al. [36], choosing · with the smallest 
L2-norm4 was exploited by Dewey et al. [37]  and sparseness was in the gene 
regulatory network inference setting incorporated by Yeung et al.  [38] and further 
extended by Wang et al.  [39]. However, more measurements in the same time-series is 
an ineffective way of increasing the information content in the data [40]. The use of a 
sparse solution relies on a biologically motivated assumption [6], i.e., each gene is only 
regulated by a few others while choosing · with the smallest L2-norm corresponds to 
a fully connected network.  However, working with perfect fits is a strong assumption 
when the noise level is high and perfect fits can be obtained from exactly K predictors 
for each gene, and as the number of experiments increases the network will become 
denser. Therefore it is necessary to control the model complexity in a careful way. 
 
 
2.2.3 Regularization 
A more stable version of utilizing sparseness, the LASSO, was proposed by Tibshirani 
[41] which puts a L1 restriction on the predictors ( 2 in (4) below). 
 

 
·  arg min

·
,   

. .  

(4)  

 
Practically the exponent  1,2  is only utilized, mainly due to computational 
reasons. These two corresponds to regularized least absolute deviations (RLAD) (

                                                 
4Lp‐norm · ∑

/
. 
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1) and least absolute shrinkage and selection operator (LASSO) 2). The 
parameter  is the minimum L1-norm of the corresponding non-regularized solution 
of (3), i.e., the sum of absolute values of the least absolute deviations (LAD) 1  
and least squares (LS) 2  solutions respectively. Hence, it serves as a baseline to 
the regularization parameter 0,1 , where 0 corresponds to the · 0 and 

1 corresponds to the non-regularized case (LAD or LS). 
 
The least squares criterion is known to be sensitive for outliers, since the squaring puts 
extra notice to large deviations. However the least absolute deviations criterion is not 
affected at all by outliers, at least in response data . However, the solutions obtained 
from least absolute deviations are unstable, in the sense that small variations in data 
might result in large variations of the inferred parameters. This is not a problem with 
the least squares criterion where small changes in the measurements data always yields 
small changes in the inferred parameters (i.e., stability). The least absolute deviations 
criterion results in a solution which minimizes the median of the residuals, while the 
least squares criterion minimizes the mean of the residuals. Indeed, this reflects our 
assumption on the error distribution, where 1 corresponds to a Laplace and 2 
to a Gaussian error distribution of . Thus the use of  1 in regression of gene 
regulatory networks may be motivated from the significant amount of outliers in high 
throughput data sources, but may be devastating as we also often are short of data [42]. 
 
Furthermore, the L1 constraint induces the solution to be on the border of a hyper 
octahedron, with sharp corners at the coordinate axes, thus the minimum of the 
quadratic objective on the constraint is therefore likely to have some of the coefficients 
exactly zero. Thus, the inequality in (4) sets some of the predictors to exactly zero, 
which in addition regularizes the solution. In a statistical frame the benefit obtained 
from shrinkage and regularization of  ·  comes from a lower variance of the resulting 
fit. The fit itself is indeed a stochastic variable since it is a fit of a single realisation of 
the data. The decreased variance in the fit comes from posing an additional property of 
the model, i.e., assuming the model parameters to be small in a L1 sense, which leads 
to an increased bias of the model (see e.g., [43]). For the LASSO the amount of data 
needed to fit the model is strongly dependent of the number of predictors, of the gene of 
interest in the true model (4) [44]. In [44] they show that an unbiased estimate of the 
degrees of freedom -which is a measure of the model complexity- of the LASSO is the 
number of non-zero elements in the model. Thus, LASSO is particularly good to infer 
simply regulated genes, and is capable of performing simultaneous subset selection and 
parameter estimation without serious over-fitting. 
 
Despite its simplicity we utilized this formulation (4) ( 2) with the global value 

0.1 in Paper I, which we set to have approximately two regulators for each gene 
on average. The network obtained from this study was shown even in the extreme case 
where 6178 and 73 to be biologically relevant (Paper I and IV) 5. 
 

                                                 
5 For computational convenience we actually utilized the L2-norm instead of the L1-norm in Paper I, 
but as the L2-norm always is smaller than the L1-norm this simply shrinks the solution further, which 
equally could have been performed from a smaller . 
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The main reason to avoid scanning over a grid of  values was that the computational 
implementation was based on treating (4) ( 2) as a general quadratic programming 
(QP) problem, which originally was suggested by Tibshirani [41] as a possibility. Some 
years later a specialized computational method for tackling (4) ( 2) much more 
efficiently was proposed by Efron et al. [45], based on the method of least angle 
regression (LARS). This was based on the fact that the coefficients · follow a 
piecewise linear path in  and it is possible to compute the solutions for all 0,1  
at about the same time as solving the problem (4) ( 2) for 1. This made it 
possible to scan the regularization parameter and utilize different model selection 
strategies as discussed in §2.2.4. 
 
The problem (4) ( 1) is called regularized least absolute deviations (RLAD) [46]  
and may for fixed  be treated as an ordinary linear programming (LP) problem for 
which there exists very fast solving methods (e.g., LP simplex) also for very large 
systems, which we made use of in Paper V.  Indeed there are shortcuts for this problem 
type as well, which we utilized in Paper VI with the ideas from Wang et al. [46]. These 
shortcuts also reveals a piecewise linear path of the coefficients.  The solution can be 
computed extremely efficiently by updating two rows in the solutions of an algebraic 
system of linear equations [46] at the separation points where a new linearization is 
valid. In Paper VI we implemented this strategy for the part containing the RLAD. 
 
A more classical approach to shrink ·, thus also lowering the · variance is to 
replace the constraint of (4) by 
 

 w
N

Ω . (5)  

 
The problem is then called ridge regression (or Tikhonov regularization) and has been 
use for several decades in the statistician community (see for example the text-book 
[47]). Ridge regression and the LASSO rely on different prior assumptions about the 
distribution of the parameters. Ridge assumes the coefficients  · to be Gaussian 
distributed and none of the coefficients will therefore almost certainly be exactly zero, 
while LASSO assumes sparse non-zero elements in · (Laplace distribution [43])6. 
However, as a subset selection operator the L1-norm tends to be somewhat greedy and 
picks only one among several highly correlated predictors. Ridge on the other hand 
picks all predictors to the degree of correlation to the target. Sparseness might be a 
purpose of its own for interpretability reasons, but often it does not always lower the 
prediction error significantly [48]. For gene regulatory network inference this obstacle 
might be severe for the prediction error, since many genes are correlated and the 
sparseity of data is tremendous. Nevertheless LASSO works well as a subset selection 
operator and can be combined with other types of data. 
 

                                                 
6Note that the distribution of the model parameters is in a Bayesian notion stochastic, hence the 
regularization corresponds to a particular prior distribution of the parameters. A non-Bayesian notion 
simply indicates that our regularizer is based on the assumption that the model parameters follow a 
particular distribution. 
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Within the LASSO framework Zou et al. [48] proposed another important extension, 
called the elastic net, which modifies the inequality in the LASSO and ridge regression 
to yield a combined L1 and L2 shrink constraint, with the computational benefits of the 
LARS algorithm. 
 

 
·  arg min

·
,

. .      1 2  

(6)  

 
Here  is the parameter determining the mix between ridge  ( 0) and LASSO 

1. The net effect of (6)  is both to shrink the number of non-zero coefficients and 
their magnitude (if  0 1). Furthermore, it makes it possible to have more 
included variables in the model (i.e., non-zero coefficients) than experiments in the 
model. Particularly, (6) has a great impact when the regulatory genes are correlated. As 
mentioned above LASSO selects only the most correlated genes, while the elastic net to 
some extent also includes slightly less correlated variables. In the case of highly 
correlated variables ridge regression and the elastic net have empirically been observed 
to yield lower prediction errors than the LASSO (see [48] and references therein), but 
may then include more indirect regulatory interactions as well. Therefore the choice of 
the mixture parameter  for gene regulatory network inference may depend on 
whether direct interactions or low prediction error is preferred. 
 
For both the LASSO and the elastic net the inequality regularizes the solution, increases 
the numerical stability, and decreases the variance of the ·estimates from an 
increased bias.  However, as previously indicated, the model assumptions of all these 
approaches are very different. The elastic net is an important recent inference procedure 
for gene regulatory networks, especially when prediction of new gene expression 
experiments is desired [48]. Interestingly, our application of the elastic net showed its 
effectiveness on real gene expression (paper VI), since we achieved best performer on 
an application of data integration utilizing the elastic net in the DREAM3 gene 
expression challenge [49]. However, when the main goal for inference is for 
interpretational reasons, we may still explore some other extensions to the LASSO and 
RLAD (4) instead. 
 
 
2.2.4 Model selection 

As mentioned in the previous section the main reason to introduce regularization is to 
bias the models towards our expectations, hence removing some degrees of freedom 
from the inference procedure. More generally, regularization is often used to prevent 
the growth of elements corresponding to highly correlated predictors in the solution of 
(3). This may be needed even if the number of experiments exceeds the number of 
putative predictors, in highly correlated data sets.  Regularization, leads to less 
sensitivity in our estimations (i.e., lower variance of the fit) and if the bias is in a 
correct direction also drives the model towards a better model. Goodness of the model 
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can be defined by various means, and ideally we want a model which is both 
structurally correct and have low prediction error. 
 
In the limits of the number of experiments ∞ the model which is minimal with 
respect to the Akaike information criterion, AIC (or equally Mallows Cp) or the 
Bayesian information criterion, BIC (similar to MDL) is preferred depending whether 
correct structure or low prediction error is the goal [43,50]. These criteria and also the 
generalized cross validation (GCV) criterion [51] are based on different trade-offs 
between model complexity and internal fit of the data. 
 
A fundamental assumption of all these criteria to be valid is lots of data, but instead the 
normal situation for high-throughput inference is insufficiency of data. Therefore, the 
intuitive minimal cross validation (CV) criterion is frequently used (e.g., in Paper 
III,V,VI and  [52,53]) for data driven model selection of gene regulatory networks. The 
basic idea of cross validation is to estimate the prediction error by holding a small 
portion of the data aside for prediction and utilizing the inference procedure on the 
remaining data, by cycling the withheld data. Then the model with lowest estimated 
prediction error is selected. To estimate the expected prediction error as good as 
possible from the limited amount of experimental data we often have, systematic 
recycling of data is of crucial importance. However, having a low prediction error does 
not necessarily mean that the model is structurally correct. This is particularly true in 
the highly correlated data sets as gene expressions sets often are, where several similar 
candidate predictors exists. Moreover, this estimation of the prediction error may be 
unreliable since we have few experiments to make the estimate from [54]. 
Nevertheless, the alternatives might be overly conservative [54] and the performance of 
cross validation seems to work pretty good if used with care (Paper III,VI and  
[52,53,55]). 
 
Practically -fold cross validation is performed by dividing the data into  disjoint sets 
and setting one of the sets aside each time, and utilizing the models inferred by the 
complementary set of experiments to predict the experiment of interest. Thus, 
straightforward implementations increases the computation time by almost a factor . 
However, sometimes careful considerations in the implementation may take advantage 
of computations made in other folds, as we did in Paper V.  In practise a small  leads 
to a bias of the model downwards, i.e. a pessimistic estimate of the prediction error 
since we use a small portion of the data. On the other hand for a large k we instead have 
a large variance in the data since the training samples are too similar, hence the 
trainings are not independent [43]. Nevertheless in practise we utilize as large  as 
possible, again as we normally are short of data and for the typical high-throughput 
scenario we include moderate number of experiments , hence it is possible to 
utilize , which is called leave one out cross validation (LOOCV). 
 
The simplicity of the cross validation principle makes it flexible to new situations and it 
may be combined with any error function (e.g., the objective in (4)) or even using a 
correlation merit function as a measure which we utilized in Paper VI. In some cases 
the experimental setup naturally determines which experiments should be kept together 
(e.g., those within the same time-series in Paper VI) in order to increase the ability for 
the model to generalize. Moreover, as we found out in Paper VI the error according to 
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cross validation is somewhat biased [55], since we pick the regularization parameter 
corresponding to the minimum value of the cross validation error. This may also be a 
problem when comparing minimum cross validation values obtained by tuning extra 
parameters for minimal cross validation. In order to avoid a bias in the model an extra 
cross validation loop should be made. However, the addition of an extra cross 
validation loop both increases the computation time by an extra factor  1 , and 
decreases the number of data points utilized in the solution of the sub problems 
furthermore. These two facts led us to use the biased cross validation to determine 
some extra parameters in Paper V and VI (more about this follows in §2.2.5). 
 
2.2.5 Incorporating prior knowledge 

The preference of parsimonious models discussed in §2.2.2 is based on our prior belief 
that gene regulation of individual genes can be understood from only a few other genes. 
This prior knowledge comes from prior studies in molecular biology (see e.g., [6] and 
references therein). As pointed out in §2.2.3 this decreases the data need tremendously. 
Moreover, the molecular biology community has through the years gathered huge 
amounts of data originating from both small scale studies and high-throughput 
experiments. The different data sources that may be taken into account includes TF-
binding, protein-interactions, sequence information, literature knowledge and 
expression data. Indeed, these are in general crude clues about gene regulations and 
also connected with many false positive and false negative regulations. The 
introduction of several data types in the reverse engineering process request for a 
method to weight the data types appropriately, i.e., to prioritize, filter and in some cases 
discard the data based on how consistent it is with other data. The integration of 
multiple data sources in the inference serves two main purposes. First, it can improve 
the biological relevance of the gene regulatory network, i.e. the structure of the network 
becomes better. Second, it will hopefully also improve the ability of the model to 
predict new experiments with lower error. The biological significance is almost 
certainly increased if the inference algorithm is fed with known facts about the 
biological system. However, to lower the prediction error, careful statistically sound 
model selection must be performed. Generally low prediction error may not be critical 
if the trust of the extra data is great a priori and that the aim of the model is structural 
learning. 
 
One strategy to incorporate structural learning in the inference of ODE networks was 
developed by Wang et al. [39], which inferred a network that is structurally most 
consistent with data. The main problem with such a strategy is that one relies totally on 
the prior knowledge data. This is problematic since the prior knowledge as stated above 
is not perfect and may in some cases even be irrelevant for the problem of interest. 
Therefore a more open-ended incorporation would be to let the data decide the 
relevance from itself. In Paper V we outlined such a principled approach, which we 
successfully applied to increase the prediction performance of new expression data. The 
main idea is to softly integrate the extra data by the extent it decrease the prediction 
error of the model. Therefore we modify (4)  (given ) to yield 
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·  arg min
·

 

. . Π  1 2  . 

 

(7)  

 
The introduction of the weights  makes it possible to include expression profiles of 
different relevance to the problem or lower the impact of noisy experiments. To set the 
weights of profiles of less relevance we need some data driven method, while to 
decrease the impact of noisy experiments inverse variances 1⁄   is typically 
used for 2  and 1⁄  for 1. In the case of including some expression 
profiles of less relevance we should utilize a separate evaluation function. Particularly, 
we utilized the non-weighted error-function disregarding the less relevant experiments 
together with cross validation in Paper V and VI to determine the weights . 
 
In addition Π  in (7) let us penalize known regulatory interactions less than novel 
interactions. This reduces model complexity of a model consistent with our prior belief, 
but still let us discovers novel interactions from expression data. In a Bayesian setting 
we are manipulating the prior probabilities for interactions such that if   Π  is high 
there is a low prior probability for an interaction as the expression data are realized. 
Importantly, it is possible to use modified versions of the existing computationally 
efficient LARS and RLAD algorithms to solve (7). Note also that Π 0 and that we 
must decide a model how the prior knowledge is used to construct Π . In Paper VI we 
utilized 
 

 Π
1

1  (8)  

 
Here   is large if the particular data source suggest an interaction between gene  
and  and low if it suggests that there is no interaction. For example in Paper V we 
utilized the YEASTRACT database [56,57] of TF bindings on the DNA sequence. 
Then 1 if the database contains supportive evidence of an interaction and 

0 if no evidence exists. Moreover, intermediate values may also be used for 
putative bindings, which we also did in Paper VI. Still the free parameter  is to be 
determined from another procedure, and a natural way is to let the cross validation error 
determine this. In Paper V we determined , but also some of the weights   (which 
was the same for all experiments of the same type) from the cross validation error.  As 
previously mentioned (at the end of §2.2.4), when we set an extra parameter as the 
minimizer of the cross validation error it never leads to an increase (if the non-
integrated solution still is possible). Therefore in order to avoid over-fitting we strived 
to use extra parameters related to the prior knowledge extremely carefully in our study 
in Paper VI.  However, to fully employ the prior material it might be too conservative 
to choose the same   for all genes since the knowledge is not homogeneously 
distributed over the genes, thus being of different importance for different genes. 
Therefore it would probably be fruitful to extend , such that , … , . One 
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way to control the bias of the cross validation is to compute the null hypothesis and 
reject the null hypothesis only if the cross validation is lowered enough with respect to 
that (e.g., lower than 95% of the cross validation errors in the null distribution). The 
null hypothesis here corresponds to randomly ordered · . Indeed, this takes long 
computation time since it requires different null hypothesis for different genes, and 
might be combined with early stopping criteria to be more efficient. 
 
2.3 STRATEGY ASSESSMENT DREAM 
2.3.1 Model assessment 

Since the validity of several of the assumptions may be questionable the outcomes 
should be taken with some care, thus the model should be validated a posteriori. 
Ideally, this validation should contain the validation of individual edges and prediction 
of responses of the system in new experiments. The validation could be done 
experimentally or more cost-effective by reusing available experiments (that are not 
used for inference). However, several research groups have reported networks 
depending on different data sources with great variability (see Paper IV). This stresses 
the complexity of the true regulatory system and also opens the question about other 
sources for validation.  The variability among the models may be the result of either 
conceptual differences of the approaches or improper modeling. Moreover, large-scale 
gene regulatory network models are to a large extent incomplete and therefore we have 
adopted alternative strategies to validate the inferred models. In Paper I and IV we 
validated our model by observing that the network topology of the inferred network 
was in agreement with other studies and that the positioning of the genes seemed 
plausible. Still some benchmark studies by others have compared the effectiveness of 
different inference approaches by validating their predictions on the incomplete set of 
known regulatory interactions [8,9]. This may exclude some algorithms, but since the 
exact problem to be solved is somewhat fuzzy some algorithms may show 
advantageous in different situations. Moreover, most algorithms are not standalone 
algorithms and are subject to some arbitrariness. Therefore these approaches must find 
objective ways to set the arbitrariness of these parameters, which may put the study in 
to question. 
 
To establish which algorithms really are best suited for some particular problems 
Stolovitzky, Monroe and Califano initiated the dialogue for reverse engineering 
assessments and methods (DREAM) as a conference in 2006 [58]. From this initiative 
an annual research competition started. The DREAM challenges let research groups 
utilize and adjust their favourite methods on different biologically motivated problems 
(called challenges by DREAM), where objective answers are known by the organisers. 
Since no group know the answers before making the predictions, and that all known 
benefits of each of the algorithms may be utilized by the developing researchers, the 
assessment is fair. The DREAM competitions has been held in three conferences so far, 
called DREAM2 (2007), DREAM 3 (2008), DREAM4 (2009) [49,59].  The DREAM 
challenges are a great resource for the community as it both produces lots of benchmark 
sets and let developing researchers show the effectiveness of their method in a fair 
challenge. For the benchmark data we know the details of the successful approaches 
but unfortunately the identities of the less successful ones remain hidden ([49,59-66] 
and Paper III, VI). It is unfortunate that the less successful strategies remain hidden 
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since in general much also can be learned from unsuccessful attempts, but was 
introduced to ensure that the most prestigious research groups presumably also could 
gain from it. Importantly, in DREAM3 some information about the less successful 
strategies was gathered (survey in [49]). 
 
2.3.2 Assessment of our strategy 

As we showed some effectiveness of the LASSO on a large-scale in Paper I we 
contributed to the network inference challenge of DREAM2 with an extension to our 
earlier work on the LASSO. The challenge was divided into several sub challenges and 
by our LASSO approach (Paper III) we were selected as  best performer in the reverse 
engineering of Barabasi-Albert networks [11] with a skewed distribution of degrees 
(more in §3.1.1). 
 
In the DREAM3 gene expression challenge we found an arena for testing the 
framework outlined in §2.2.5 where the aim was to predict relative RNA expression 
time-responses of a set of target genes on the knock-out of a given TF and drug 
stimulation. The interest in this challenge was that the measurements were carried out 
on a real biological cell, and that the organism was the well studied Saccharomyces 
cerevisiae (budding Yeast). Since the names of the RNA probes where given in this 
challenge it called for an integrative approach. Hence, we tested the different versions 
outlined in §2.2.3 - §2.2.5 and assessed the performance by utilizing cross validation of 
the scoring of the DREAM challenge for model and strategy selection. From this we 
choose a version of the elastic net (7) with lots of public material expression profiles 
and binding material in the prior knowledge matrix (see Paper VI). Indeed, this strategy 
turned out to be successful and we won the title best performer in this challenge. 
However, somewhat puzzling was the fact that the contribution from the prior 
information was low and that another simpler algorithm achieved almost as high score 
as we did (and was also selected as best performer [60]). Still we achieved an increase 
in performance using the extra material, but not that much. This reveals-as previously 
mentioned in §2.2.5-that much can be done in this direction, and particularly we believe 
that a method how to tune the free parameters connected with , ,  in equation (7) 
must be developed. The main problem is that the introduction of these extra parameters 
always leads to a cross validation decrease; therefore this decrease must be controlled. 
In Paper VI we controlled the decrease by choosing the same ,  for all genes but 
different for different data types and utilized different  for different genes. The 
rationales for this strategy are that both  and   are model regularization parameters 
controlling the degree of freedom of the fit, and should therefore have the same 
flexibility. Moreover, we could incorporate prior material in a variety of ways, e.g., 
equation (8) is rather arbitrary and  can have different sources. Therefore, our 
original concern was to be able to reject irrelevant priors in a powerful way. However, 
to speculate further on successful modifications, I believe that although  should be 
different for different genes as it controls the number of predictor genes it would 
probably be better to use a single  for all genes. This mainly since the key reason for 
the introduction of  is to control the strong correlations among gene profiles. Hence, 
as the input data is identical for each of the regression sub problem in (7) and therefore 
the pair wise correlations of the predictors, it would presumably be a reasonably good 
approximation to utilize the same  for all genes. Moreover, the parameters connected 
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to the prior data might require different values for different genes. One remedy then is 
to utilize the strategy outlined at the end of §2.2.5. 
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3 NETWORK ANALYSIS 
Analyzing different inferred gene systems is of importance to learn basic organizational 
principles of gene regulatory networks. These principles could both be used as prior 
knowledge utilized in the inference of the system or as validating new findings as we 
performed in Paper I and IV. The DREAM conference provides great tools to compare 
new inference strategies with old ones, without validation based on network analysis. 
Still, to validate new networks and also to develop better reverse engineering schemes 
network analysis is of great interest. 
 
This chapter is divided into two sections, where §3.1 concerns statistical features of the 
architecture of gene regulatory networks where we mainly discuss the results of Paper 
I, II and IV. In §3.2 we discuss system level characteristics of gene regulatory networks 
which is greatly affected from the features described in §3.1 and is primarily based on 
our findings in Paper IV and much of the text is recycled from Paper VII. 
 
 
3.1 NETWORK ARCHITECTURE 
3.1.1 Hubs 

A quantity that has been under much attention in the research of complex networks 
since the late 1990's is the distribution of node degrees, i.e., the number of interactions 
on a node. From the theory of Erdös-Renyi (ER) networks [67], where all node pairs 
have the same probability to be connected, a very narrow Poisson distribution is 
expected. In contrast many real networks where during the late 1990's shown to be 
scale-free, i.e., exhibit a broad degree distribution following approximately a power 
law for high degrees [68]. These nodes with high degrees have received a great portion 
of attention and are commonly referred to as hubs. Of particular importance in our 
studies are the regulatory hubs, which have lots of out-going edges. However, for a 
global understanding of the system is the presence of a large portion of weakly 
interacting units (having low-degree) also of importance. 
 
A popular model to explain the degree distribution became dynamical growth models, 
such as the Barabasi-Albert (BA) and gene duplication models [58-63]. The former has 
been a popular model to explain the presence of broad degree distributions in various 
kinds of networks, basically from the dynamic network growth where new nodes are 
more likely to interact with already well connected nodes  [69] , which is called rich-
gets-richer or Matthew effect [70] and more frequently preferential attachment [69,71]. 
Gene duplication models are based on growth by the duplication of units (e.g., genes) 
including the interactions  and introduce some kind of random rewiring of interactions 
(diversification) [72]. This model origin in evolutionary principles and reproduce the 
degree distribution (as well as some other properties) for some protein-protein 
interaction networks [73,74] for certain duplication and diversification rates. 
 
Hubs have been reported in various biological networks [11,69,75-77]. Starting with 
the pioneering findings by Jeong et. al.  [76,77] in a protein interaction network and 
metabolic network. The main reasons for its occurrences were suggested by Barabasi 
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et. al. [75] to produce a system stable against random failures, yet fragile towards 
targeted attacks [62,63]. In a gene regulatory network a significant portion of the 
transcription factors (TFs) has been shown to act as regulatory hubs [78,79] which then 
may act as master switches between different states of the cell. In Paper I and IV we 
also observed TFs and essential7 cell cycle associated genes as regulatory hubs, which 
we use as part of the validation. Moreover, Maslov and Sneppen [75] demonstrated that 
regulatory hubs in the yeast transcriptional network (derived from literature mining in 
[81]) tend to regulate genes with low in-degree (peripheral genes) on average 
(assortative mixing [74]). This suggests that many regulatory hubs are not master 
switches, but instead their main goal is to mediate a signal in a cost efficient manner. 
Furthermore, in Paper IV we reported these hubs to be kept quiet by a negative in-
regulation, which is consistent with the findings in [82]. 
 
Indeed, all these aspects associated to hubs may be used as either validation of the 
results or should be incorporated as facts built into the reverse engineering process. In 
Paper I and IV we found that the degree distribution of the inferred network to exhibit a 
broad distribution of out-degrees, where some hubs directly controlled significant 
portions of the networks. Interestingly, the LASSO performed much better on the BA 
network than the ER network in the DREAM2 challenges (Paper III). This is not trivial 
from the explicit L1 constrains of the in-regulations in the LASSO. Moreover, the 
above mentioned aspects associated to hubs do contribute to the overall system 
characteristics (see §3.2.5). 
 
3.1.2 Higher organization 
Evidently, the degree distribution is an important design principle, which is simple, 
frequent and can explain several topological features of networks [11,68,69,75]. 
However, to describe and gain understanding of the system it is necessary to study 
features which involve the interaction of several entities. Several authors have found 
recurrent graph structures called motifs to be significant for gene regulatory networks 
[5,81]. They are also frequently associated with specific structures of the dynamical 
parameters [5,83] (and Paper IV), e.g., the signs in the feed forward loop (FFL) are 
often organized to yield coherent signals to the downstream target. Interestingly, in 
Paper IV the enrichment of several different motifs in our network was in good 
agreement with what others have reported [7,81]. Moreover, as we also consider the 
signs within the motifs we could effectively separate several of the motifs into one of 
the categories coherent/incoherent (see Figure 3 for examples). For example, we 
found that the FFL motif containing four nodes (4-FFL) often was utilized in its 
incoherent version, thus working as a short impulse generator. The dynamical effect 
of some motifs in isolation has been studied in experimental detail [83] and their 
numbers have been shown to change considerably between exogenous and 
endogenous processes [7]. In Paper IV we also observed that the genes involved in 
the incoherent FFLs are annotated as associated to the cell cycle. 

                                                 
7 A gene is essential (sometimes also called lethal) if gene deletion of the gene of interest kills the cell. 
As gene function is condition specific it is necessary to delete a gene in various conditions and 
measure the growth of the cells. Another less stringent use of the concept by applying only to growth 
rich media has been adopted by several researchers ([76,80] and by us in Paper IV).  
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Figure 3: Sign distribution in network motifs and the observed density from the network in 
Paper IV (this is from Paper IV). Negative signs (repression) are coded by a perpendicular line 
to the line connecting the regulator with its target, and positive signs (activation) by two tilted 
lines. The classification of a motif being coherent (incoherent) refers to whether the input 
signals to the target(s) receives from its ancestors are consistent (or not). 
 
 
Another popular concept which is frequently reported in the context of gene networks 
is the concept of modules. The core idea is that a module is a functional evolutionary 
tested unit which works relatively isolated to perform some specific tasks [84]. 
Hence, it consists of genes with high degree of process similarity (Paper II) , i.e., a 
group of genes where several of the genes share GO process annotation [10]. In 
engineered systems, modules may be robust subunits performing different tasks [84]. 
In biological systems, modularity brings an evolutionary flexibility to the system, and 
recent studies suggest it to originate from time-varying evolutionary goals [46, 47], 
and that several of the modules serves their own specific goals. Moreover, some 
studies have revealed that modules can be organized into meta-modules [85] in a 
hierarchical structure [11]. Modules have been frequently employed from different 
angles within the systems biology community (Paper II, IV and e.g., [86,87]), but 
recovering gene groups with high process similarity in common. The first attempts 
used time-series clustering to detect gene clusters with high degree of process 
similarity [86]. More recently, network approaches originally based on the graph 
theoretic concept of tightly connected sub graph, called communities [88] have been 
adopted to the same problem. Furthermore, integrated approaches [87,85,89] which 
take into account both structural and expression data have also been adopted for this 
problem [89]. Since genes within the same module often share some processes 
annotation it is likely that their expression profiles show high correlation (or anti-
correlation). Therefore some approaches of first clustering the data and then forming 
a network between the clusters have been utilized [90,52]. This seems crucial to the 
LASSO and RLAD (4) as we otherwise only find the gene with the highest 
correlation in the module to the target derivative as regulator, which could be 
somewhat accidental for the noisy high-throughput data [52]. However, in Paper IV 
we refrained from such an approach, since it is then hard to interpret the meaning of 
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the edges. Interestingly, we still inferred a modular network with high degree of 
similarity in processes. However, by utilizing time-series co-expression clustering 
only on the same data, we also detect groups of genes with high shared degree of 
similarity in processes. But, as we compute the similarity between these clusters we 
see that the partitions are not more similar than expected by chance (see Paper IV and 
[91]). Evidently, co-expression based clustering as well as network clustering, detects 
gene sets with high process similarity, but otherwise the two approaches has little in 
common. Another remedy to avoid the two stage pre-clustering and inference 
procedure is to utilize the elastic net (6). The elastic net trades some strength from the 
most correlated putative predictor to others inter-correlated predictors. In a statistical 
setting it is motivated from a decrease in the variance of the fit, but from a network 
perspective it favors that several genes from a module are seen as regulators. 
 
 

 
 
Figure 4: Example of a small network with community structure (this is from Paper II). 
Communities are marked using dashed circles. 
 

 
3.2 STABILITY AND FLEXIBILITY 
3.2.1 Background 

The stability of the cell is crucial for its survival, i.e., it needs both being robust against 
random failures (e.g., unexpected gene disruption) and robust against small 
environmental changes, e.g., temperature fluctuations. The great challenge to 
understand system characteristics of gene regulatory networks has motivated several 
researchers to address the issue of system stability (and concepts connected with it) 
from different perspectives with different limitations. Therefore there is a need to 
clarify the usage of the concepts dynamics, stability, and flexibility since they are 
frequently employed within the systems biology community with multiple meanings. 
 
Dynamics is widely used for cellular networks for both the topological evolution as 
well as to describe the expression dynamics. The former represents the long term 
evolution of system characteristics over several generations, while the latter describes 
relatively short term fluctuations of the usage of the system over parts of the life time of 
an individual. We will here use the term to refer to the internal dynamics of a network 
model, i.e., the short-term fluctuations. Our definitions are based on Paper IV were we 
also addressed these popular issues, but with modifications of old concepts to fit in our 
framework.  That study served both the  purpose of further validating the network, but 
also led to new understandings on how individual architectural design principles on a 
global level impacts the stability and flexibility of the system. 
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3.2.2 Traditional definitions of stability 

Traditionally, stability has been divided into structural and dynamical stability. There 
are several reviews in the field discussing these concepts (e.g., [92,93]). 
 

• Structural stability refers to the effect on the solution paths from a 
perturbation of the system parameters, i.e., a system is said to be structurally 
stable if small alterations of the model parameters lead to modest changes in the 
expression trajectories. 
• Dynamical stability refers to the stability of the expression trajectories upon 
the addition of noise. 

 
To this Albert and Barabasi added a crude version of structural stability, which we call 
topological stability [75]. They assessed the stability (they called it robustness, a 
terminology followed by others) of the system from changes (deletion of nodes or 
edges) of topological quantities, such as average path length and diameter. Not 
surprisingly, they concluded that networks with only a few well connected hubs were 
robust (or stable) against most random removals, but extra sensitive towards removal of 
some specific nodes or edges (fragile). 
 
Indeed, the structural stability analysis is probably of great importance for some 
networks, where the main source of errors is edge/node failures (e.g., power grids). 
However, on the scale of intracellular processes the major source of perturbations for 
gene regulatory networks comes from changes in the gene expression pattern, based on 
noise as well as external stimuli.  Therefore, the dynamical stability is to be of most 
importance to understand the mechanisms of the topological features in gene regulatory 
networks. However, from an evolutionary perspective it might still be of importance to 
analyze the topological stability, e.g., the impact of gene duplication and the effect of 
mutations in promoter regions. Nevertheless, in this thesis our main interest is on 
dynamical stability. 
 
3.2.3 Motivation of new concepts, stability and flexibility 

Dynamical stability in ODE models is often determined by analyzing the linearized 
system around a working point. It is then easy to compute the trajectory of any 
expression state from the eigensolutions to the Jacobian matrix, given that it stay close 
enough to the working point were the linearization still is valid. For a linear system the 
Jacobian matrix is identical to the interaction matrix  in (2) and generally it 
corresponds to the first order approximation (linearization) in its present state. 
Furthermore, the eigensolutions to the Jacobian describes either exponentially growing, 
decaying or oscillatory states. The time-evolution explicitly takes the form 

  (9)  

 
Here,  corresponds to the th component of the th eigenvector to the Jacobian,  is 
the corresponding (complex) eigenvalue, and coefficients  are to be determined from 
some known condition (e.g., the initial conditions 0 ). Conventional analysis 
adopted from linear systems then concludes that the presence of any exponentially 
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growing state (i.e., if the real part of any  is greater than zero 0) eventually 
will lead to system instabilities, due to noise. This may be problematic in a large 
complex system (with sufficiently number of edges) if it is not properly tuned, since 
increased complexity leads to an increased probability for instabilities in random 
systems [94]. However, it may be compensated from strong self-degradation in the 
system. In a series of work Sinha et al. [95-97] studied the impact of some topological 
features on stability. In particular, they concluded that the presence of hubs (with 
random sign distribution) increases the probability of some growing modes, which may 
be compensated for by a modular organization. Notably, their studies reveal that 
dynamical stability in the classic strict sense is less probable with the heavy tailed out-
degree distribution found in gene networks by other groups [76-79,98]. These studies 
reveal interesting couplings between topology and dynamical stability, but completely 
lack the influence of the model parameters on the dynamical stability. This influence is 
probably crucial for gene regulatory networks, since some studies have confirmed an 
intricate balance between activation and repression (Paper IV and [82]). 
 
The flip-side of dynamical stability is the responsiveness of the system to stimuli to 
switch into new working states. Evidently this flexibility comes on the expense of 
stability in the system. In a Boolean setting a system with a compromise between these 
two is called critical and a recent study by Balleza et al. [99] revealed several different 
organisms to have topologies and model parameters to facilitate a near critical system. 
Even though our primary interest is networks with an ODE dynamics, the studies of 
Boolean networks are of importance for the discussion of system stability in gene 
regulatory networks since not much have been studied for ODEs. However, as Boolean 
networks cannot admit intermediate activity levels they may not capture dynamic 
instabilities around some working point. 
 
When the stability analysis is performed on a linear system, a single growing mode will 
induce instability of the whole system. On the other hand a growing mode in the 
linearization of a non-linear model may also reflect a dynamic state switch to a new 
working point. For example, linear instabilities are deliberately used in some air-
fighters control system to increase its maneuverability [100]. 
 
Hence, in a gene regulatory network, a growing eigenmode may reflect a fast switch 
from the current working state to some other which beneficially should be rapid, e.g., a 
switch from the cell cycle to stress conditions.  However, as the presence of growing 
modes leads to a drift from the current working point, which must be compensated by 
non-linear effects, growing modes must be utilized only cautiously to be advantageous 
for the regulation of the cell. Therefore, but also because of errors when inferring a 
large complex network on noisy  incomplete data, a linear model of a gene regulatory 
network will most probably contain some (but not too many) fast growing modes. The 
definition of stability based on its eigensolutions needs as a consequence to be adapted. 
 
3.2.4 Mathematical definitions 

From the above discussion it is clear that we need some stability measure that is softer 
than the standard definition that states that a system is linearly stable if and only if all 



 

  27 

eigenvalues to the interaction matrix  (equation (2) have negative real parts. This 
means that all the possible trajectories in (9) are linear combinations of exponentially 
decaying and oscillatory eigenmodes.  We therefore define the instability, , as the sum 
of all positive real parts to the eigenvalues to . We interpret the instability as the 
responsiveness to random signals (noise).  

 . (10)  

 
Here  is the jth eigenvalue to w, which we from now assume to be ordered such that 

  for all j and that  is the number of eigenvalues with positive real 
parts. High responiveness to specific signals, i.e., some eigenvalues with large real parts 
may generally also include responsiveness to noise (i.e., many eigenvalues with large 
real parts). To circumvent most of the dependency problem of flexibility and stability, 
we define flexibility as the effective number of eigenmodes, where real parts are 
significantly larger than the real parts of the other, via the participation ratio [101]: 

 
∑

∑
. (11)  

PR is then the same as inverse of the 4th moment of the (L2) normalized vector 
, … ,  . PR quantifies how many eigenvalues are significantly larger than 

the rest (among the ones with positive real parts). Thus,  refer to a situation of 
non-specific drift where all unstable modes are as significant. Contrary 1 has 
only one component non-zero, and for  equally large eigenvalues (and the rest is zero) 
we have . Therefore we define the flexibility index as 

 1  (12)  

 
Then  becomes an index between zero and unity, where values close to zero and unity 
refers to networks with non-specific and specific drift respectively. Similarly we 
transform   to a stability index 

 1 , (13)  

 
where  is the maximum value of the instability  and serves the purpose to make  
dimensionfree between zero and unity. In our studies we have approximated it from the 
sum of absolute values to all matrix elements of . This corresponds to the sum of the 
largest real parts contained in each of the rightmost circles given by the Gershgorin 
circles and in the special case of non-intersecting circles serves as a theoretical upper 
bound to . Thus   is a soft measure of the degree of stability which can be used on 
linearizations of non-linear systems, and  measures how responsive the system is to 
some particular stimuli. 
 
3.2.5 Findings 

The findings obtained by the concepts defined in §3.2.4  can be summarized in the 
system analysis carried out in Figure 5. This was also a main conclusion of Paper IV 
which we further explained in Paper VII. 
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Figure 5: Stability and flexibility for the inferred network (Yeast) and several randomized 
versions thereof (this is from Paper IV). The error bars cover two standard deviations of the 
ensemble networks and are obtained from repeating the design of each network. 
 
 
By comparing flexibility and stability of the random ensembles of Figure 5 several 
conclusions may be drawn. If we follow the arrows backwards, starting from Yeast 
(network inferred in Paper I) and stepping back to Yeast Topology (same topology as 
Yeast but randomized signs) via Repressed Hubs (same as Yeast but randomization of 
the signs going to non-regulatory hubs) we can draw the conclusion that the 
organization of the signs (i.e. repression) on regulatory hubs increased the stability of 
the network. Moreover, stepping to the ensemble REWIRED (same degree distribution 
as Yeast obtained by the procedure in [102]) we can see that the topological features 
beyond the degree distribution incraseses both stability and flexibility. Furthermore, 
stepping to the ER-network (Erdös Renyi non-structured ensemble with narrow degree 
distribution) it is evident that the presence of hubs increased both stability and 
flexibility of the system. In Paper VII we discuss the possible reasons for these 
findings, which we proposed in Paper IV to partly validate the inferred Yeast network 
and partly to delve into the large-scale impacts of network design principles of gene 
regulatory networks. Last, the RAND network ensemble provides the result from the 
inference approach on randomizations of the expression data. Thus RAND provides a 
kind of sanity check that our conclusions are not completely dependent of the choice of 
inference scheme. Therefore it is satisfying that the Yeast network has higher stability 
than RAND. This put some strength into our findings and the large standard deviations 
reveal that the LASSO (4) is capable of infer networks with varying stability. 
Moreover, the flexibility of RAND is similar to Yeast which possibly reveals some of 
the limitations with the proposed measure of flexibility. A limitation of both measures 
is to compare models with different magnitudes and statistics of the model parameters. 
Although we have made an attempt to make it independent of the size of the input data, 
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the safest way to use them is to compare network with identical but swapped matrix 
elements, i.e. with its randomized counterparts. 
 
The proposed quantities stability and flexibility may be used to understand the meaning 
of different network phenomena. But, to fully exploit the concepts it could be used 
directly in the inference setting. Somewhat problematic to this is that it depends on the 
eigenvalues which only can be computed after a full network inference has been carried 
out. Therefore, the main objective of these quantities will probably be to select between 
inferred competing networks. 
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