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Abstract� Recently a new model class has emerged in the �eld of nonlinear black�
box modeling� the hinging hyperplane �HH� models� The HH model is closely related
to the well known neural net model� In this contribution the parametrization and
conditioning of HH models is addressed� It is shown that the original setting is over�
parametrized and a new parametrization involving fewer parameters is suggested�
Moreover� it is shown that there is nothing to loose in terms of negative e	ects in the
numerical search when fewer parameters are used�
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� INTRODUCTION

Recently a new approach to nonlinear function approx�
imation named hinging hyperplanes �HH�� was reported
�Breiman� 
����� In that article a number of advantages
of HH were pointed out� For example� they have the
same nice feature as� e�g�� neural nets �NN� avoiding
the curse of dimensionality� In �Breiman� 
���� there is
also an estimation algorithm suggested which is inspired
by linear regression trees and projection pursuit� How�
ever� �Pucar and Sjoberg� 
���b� � shows that this is a
Newton�type algorithm� Here the parametrization of the
HH model is considered� It will be shown that the num�
ber of parameters can be reducedwithout restricting the
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model�s capability of approximating unknown functions�

The objective is to explain� or predict� a variable y using
some other known variables placed in a regressor vector
� � IRd� A model structure is proposed to approximate
the relation between y and � and in this paper the HH
model� which is a nonlinear black�box model structure�
is investigated�

Most nonlinear black�box models can be expressed as a
basis function expansions as

f��� �� �

KX
i��

hi��� ��� �
�

where � is a parameter vector� The basis function h
in the expansion above is crucial and is the detail by
which a number of approaches di	er� e�g�� NN� projec�
tion pursuit� etc� The idea is that although using rel�
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atively simple building blocks� the basis functions hi�
a broad class of nonlinear functions can be well ap�
proximated� In �Sjoberg et al�� 
���� and �Juditsky et

al�� 
���� a general framework for nonlinear black�box
models is further developed�

When the speci�c form of the basic expansion �
� has
been decided upon� it remains to estimate the parame�
ters by using collected data from the unknown system�
This is typically performed by computing the parameter
value that minimizes a criterion of �t� i�e��

��N � argmin
�

VN ����

where N is the number of data available� In the origi�
nal algorithm for HH the criterion VN ��� is the sum of
squared errors� see �Pucar and Sjoberg� 
���b��

VN ��� �



N

NX
t��

�y�t�� f���t�� ����� ���

where fy�t�� ��t�gNt�� is the available data� Since the
approximating function is nonlinear� the minimization
problem �ts into the nonlinear least squares setting and
the minimization is typically performed with a numeri�
cal search routine� see Section ��
�

The HH approach uses hinge functions as basis func�
tions� see Figure 
� As can be seen in Figure 
 the hinge
function consists of two joined hyperplanes� Assume the
two hyperplanes are given by y� � �T �� and y� �
�T ��� where � � �
� ��� ��� � � � � �d���

T � is the regres�
sor vector and y is the output� These two hyperplanes
are joined at f� � �T ��� � ��� � �g which is de�ned as
the hinge of the two hyperplanes� The solid�shaded part
of the two hyperplanes in Figure 
� is explicitly given by

y � max��T ��� �T ��� or

y � min��T ��� �T ���
���

and is de�ned as the hinge function� A HH model con�
sists of a sum of hinge functions of the sort ����

The above presentation of the HH model follows the
original way the model was introduced in �Breiman�


����� In the next section the parametrization of the
HH model is discussed� and it is shown that the original
presentation is overparametrized� A new parametriza�
tion where the similarity between feed�forward NN and
HH becomes striking� is suggested� Further� in Section �
the conditioning of HH models is investigated�

�� PARAMETRIZATION

When discussing overparametrization there are two cases
that can occur which are fundamentally di	erent� The
�rst case� which is called truly overparametrized� means
that the model structure can be described by fewer pa�
rameters� Then there exists a mapping from the orig�
inal parameter space to a parameter space with lower
dimension� The other case of overparametrization ac�
tually concerns the balancing of the bias� and variance
contribution of the total error� see� e�g�� �Ljung� 
���� or
�Sjoberg et al�� 
���� for a general discussion on this� If
a model is truly overparametrized or not� is only a mat�
ter of how the model structure is parametrized and it
does not in�uence the �exibility of the model structure�
However� for the second type of overparametrization the
problem is that the model structure is unnecessary �ex�
ible� the model contains too many parameters with re�
spect to the the unknown relationship to be identi�ed
and the number of available data for the identi�cation�

There are indications that truly overparametrized mod�
els� in some cases� perform better than not overparametrized
models when a numerical search routine is used for min�
imization of the loss function �McKelvey� 
���� McK�
elvey� 
����� This will be investigated for the HH model
and it will be shown that there are no such advantages
with an overparametrized HH model� This means that
the HH model becomes identical for a manifold of pa�
rameters� i�e�� the parameter vector can be parametrized
itself as � � ���� k� where dim��� � dim��� and where
only the parameters in � in�uence the model�

Let us describe the HH model ��� in a slightly di	erent
manner� Assume that two parameter vectors �� and ��

are estimated� The parameter vectors de�ne a division
of the input space into two half�spaces S� and S�� The
hinge function ��� can be rewritten as

h��� �� � �T ��IfS�g��� � �T ���
� IfS�g��������

where the indicator function IS is de�ned as

IS��� �

�

 if � � S
� if � �� S�

An HH model with M hinge functions is a sum of func�
tions like ���



f��� �� �

MX
i��

�T ��i IfS�
i
g � �T ��i �
� IfS�

i
g�� ���

where the dependence on � of the indicator function is
suppressed� The model above can be rewritten in the
following equivalent way

f��� �� �

MX
i��

�T �iIfSig � �T ��� ���

where �i � ��i � ��i and �� �
PM

i�� �
�
i � The rewriting

results in using d�M �
� parameters� For M � 
 this is
less than the �dM parameters of the original description�
The border between the two half�spaces across which the
indicator function switches from zero to one is �T ����
��� � �� or equivalently �T �i � ��

The similarity with NN is striking� Both the HH model
and the NN model can be described by

f��� �� �

MX
i��

	��T
i� � �T �

where

	�x� �

�
� for x � �
�x for x � �

for the HH model and 	�x� � ��x� for the NN model
with a direct term from input to output� The activation
function ��� is usually chosen to �x� � 
��
 � e�x��
The parameters ��� 
i and � are stored in �� The HH
model is built up by a basis which is zero on one half�
space and linear on the other half�plane� The basis func�
tion for the NN model also divides the input space into
two half�spaces� but it takes a constant value on the half�
plane where the model is non�zero� and makes a smooth
transition between these values�

The HH model does not have a smooth derivative� It is�
however� possible to replace the indicator function in ���
with a sigmoid function� which is a �smooth indicator��
to obtain smooth HH� see �Pucar and Millnert� 
�����

The resulting HH model ��� is no longer a sum of hinge
functions as the one depicted in Figure 
� but rather a
sum of one hyperplane and a number of basis functions
which are zero for f� � � �� IfSgg and a hyperplane
otherwise� See Figure � where such functions with � �
IR and � � IR�� are depicted�

��
 Equivalence of Parametrizations

The relation between the two parameter vectors in the
two parametrizations ��� and ���� turns out to be a pro�
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Fig� �� Form of hyperplanes when reparametrized hing�
ing hyperplane models are used�

jection of the original parameter space onto a reduced
one� Consider the case of M hinges� The relation be�
tween the original parameter vector and the reduced one
is then given by

�
BBB�

��
���
�M
��

�
CCCA �

�
BBB�
I �I � � � � � � �
���

���
���
���

���
���

���
� � � � � � � I �I
� I � I � � � � I

�
CCCA

�
BBBBB�

���
���
���
��M
��M

�
CCCCCA
� ���

where I � in this case� is a d � d identity matrix� The
relation between the two parameter vectors can� thus� be
written as �R � A�� where the superscript R indicates
that the vector lies in the reduced parameter space� The
following questions arise�

�
� Are the outputs of the original model and the re�
duced model� using the parameter vector �R ac�
cording to ���� equivalent for every value of the pa�
rameter vector � in the original parametrization 

��� Are the properties of the numerical search routine
used for minimizing the loss function and �nding
the optimal parameter values� a	ected 

Question �
� is readily answered using ��� and ���� Since
the reparametrization in fact is reordering and lump�
ing some parameters in the original parametrization� the
output space is not changed�

Question ��� is somewhat more complicated than ques�
tion �
�� It originates in the experience that in some
model structures the risk of getting stuck at local min�
ima decreases if truly overparametrized models are used�
We will here show that in the case discussed here� no
such advantages are present�

The routine that we use in the search of the optimal
parameter estimate� is the well known damped Newton
method for minimization of the criterion ���� see �Dennis
and Schnabel� 
����� and �Pucar and Sjoberg� 
���b�
for connections with HH models� Newton�s scheme for
�nding the minimum of the criterion ��� is

�k�� � �k � ��r�
�V �yr�V� ���
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Fig� �� Idea of proof of �numerical equivalence� of the
two parameter spaces� The question is if the right�
most projection arrow will point at �R� �

where Ay denotes the pseudo�inverse of a matrix A�r�V
is the gradient of V with respect to �� and r�

�V is the
Hessian of V � Question ��� can now be restated as fol�
lows� Assume that �� is chosen as the initial value for the
search algorithm used in the original parameter space�
and the projection of ��� i�e�� �

R
� � A��� is used as the

initial value of the algorithm for the reduced parameter
space� Will the two algorithms executed in parallel give
the same path in the reduced parameter set if the pro�
jection of � onto the �R�space is compared to the path
of �R at every step of the algorithm Straightforward
calculations lead to the following relations between the
gradients and the Hessians in the two parameter spaces

rV � ATrVR and r�V � ATr�VRA� ���

Given an arbitrary �� the next step is

�� � �� � ��r�V �yrV� �
��

If the above equation is multiplied by the projection
matrix A we obtain

�R� � �R� � �A�ATr�VRA�yATrVR�

where the gradient and Hessian are expressed in the �R�
space� The strategy is to show that the parameter up�
date term on the right hand side of �
�� is equivalent
to the parameter update term of the algorithm using
the reparametrized parameter vector� The parameter
update term in the algorithm executed in the reduced
parameter space is �r�VR�

yrVR� If the equivalence of
the parameter update terms can be shown� then using
the assumption that �� is arbitrary� it follows that the
result does not depend on which parametrization is cho�
sen� The idea of the proof is illustrated in Figure ��

If the expressions in ��� are substituted in the parameter
update term� straightforward calculations� see �Pucar
and Sjoberg� 
���a�� give the equivalence of the two
spaces with respect to the behavior of the numerical

algorithm� There is� thus� nothing to gain by using the
truly overparametrized model� There is an obvious dis�
advantage though� namely the computational complex�
ity� In the numerical algorithms that are used� one of
the most time consuming steps is taking the pseudo�
inverse�inverse of the Hessian in the parameter update
equation� For large M the complexity of the numeri�
cal algorithm when using the reparametrized model is
about �� ! of the complexity using the original model�

�� ILL�CONDITIONING OF THE ESTIMATION
ALGORITHM

The second kind of overparametrization which was dis�
cussed in the introduction is addressed in this section�
It might imply numerical problems in the minimization
and it typically also indicates that the model structure
is too �exible� NN models are often ill�conditioned� see
�Sjoberg and Ljung� 
���� Moody� 
���� Saarinen et

al�� 
����� which means that some of the directions in
the parameter space have little in�uence on the model�
These parameters decrease the bias part of the error lit�
tle but their contribution to the variance part of the
error is as large as the important parameter�s�

In this section it is shown that HH model also can be
expected to be ill�conditioned� Before going into a dis�
cussion on the reasons for ill�conditioning of the HH
models� necessary de�nitions are given�

De	nition �� The rank of A � IRm�n �m � n� is de�
�ned by the number of non�zero singular values in the
singular value decomposition A � P"QT � where " �
IRm�n is a diagonal matrix with singular values� � �
� � � � � � n� A is rank de�cient� i�e�� has rank r � n�
if some of the singular values are equal to zero� r�� �
� � � � n � ��

De	nition 
� The condition number of A is de�ned
as 	�A� � ��n� A is said to be ill�conditioned if 	�A�
is large�

An estimation procedure for a parameterized model is a
numerical minimization algorithm applied to minimize
a speci�ed loss function� An often occuring case is that
the loss function is quadratic and the minimization algo�
rithm is then a nonlinear least squares algorithm where
the estimate is given by

�� � argmin
�




�
�T ��

where � � �y� � f���� �� � � � yN � f��N � ���
T and f is

the sum of basis functions used for approximation�



To minimize the criterion function by means of a numer�
ical search algorithm the gradient and the Hessian are
needed� The gradient of the loss function is rV � JT ��
where J is the Jacobian matrix of the criterion func�
tion J � r�� The Hessian of the loss function is H �
JTJ � S� where S��� �

PN
i�� �ir

��i�

De	nition �� A minimization problem is ill�conditioned
if the Hessian of the criterion function is ill�conditioned
near a local �or global� minimum of the criterion func�
tion�

There are a number of algorithms for �nding the esti�
mate that minimizes the quadratic loss function� Here
��� is used as algorithm for minimization� The Jacobian
plays an important role in the minimization algorithm
�for HH models the Hessian of V is JT J�� The conse�
quence of having an ill�conditioned Jacobian in the min�
imization routine is bad convergence properties� i�e�� the
time for �nding the estimate �� dramatically increases�
see �Dennis and Schnabel� 
�����

A closer look at how the Jacobian is constructed in
the HH case will be taken� and expressions that relates
the directions of the Jacobian�s columns to the how ill�
conditioned the Jacobian is� are derived� Firstly� the con�
nection between the condition number of a matrix and
the angle between two columns in the same matrix� is
stated�

Theorem �� �Golub and van Loan� 
���� Let B be a sub�
matrix of A consisting of columns of A� Then 	�B� �
	�A�� where 	 denotes the condition number of a matrix�

Theorem �� �Saarinen et al�� 
���� Let A � �x y� �
Rn�� and suppose that the angle � between x and y
satis�es cos��� � 
� � for some � � ��� 
�� Then

	��A� �



����� ��
�

�
jjyjj�

jjxjj�
�
jjxjj�

jjyjj�
� �

�
�

It is� thus� su#cient to investigate angles between columns
in the Jacobian of a HH model� to get an insight when
the Jacobian will be ill�conditioned�

The HH model f���i�� �� is de�ned in ��� and the ele�
ments of Jacobian �Jij � are de�ned as �����i�� �����j �
��f���i�� �����j � The �rst index in �Jij � denotes the
time instant or sample number� Hence� J has the di�
mensions N � �d � 
��M � 
�� where N is the number
of available data and �d � 
��M � 
� is the number of
parameters� The following expression for the Jacobian
is obtained when taking the derivative of �

r�f�i� �

�
�f�i�

���
�
� � �

�f�i�

���M�

�f�i�

�����

	

��


�T IfS�g��� � � � �

T IfSMg��� �
T
�T

�

Assume that the dimension of the input space is one�
i�e�� d � 
� The following four columns of a matrix is
an example of a part of the Jacobian for the above HH
model� The columns correspond to two of the M hinge
functions�

J � �

�
�

� � � �
���

���
���

���
� � 
 ���i�
���

���
���

���

 ���j � 
� 
 ���j � 
�
���

���
���

���

 ���N� 
 ���N�

�
������������

�

�

The subscript of the � denotes the number of the input�
In the example above when d � 
 there is only one input�
The number in the parenthesis is the sample number�

The cosine of the angle between two vectors a and b is
given by cos��� � aT b�

p
�aTa��bT b�� and three cases

that can occur in the Jacobian of the HH model will
now be discussed� The �rst case is the one correspond�
ing to checking the angle between for example column
two and four in the example above� Note that the two
columns originate from the same input ��� which is the
only one in this example� If d � 
 it would be possible
to check angles between columns originating form di	er�
ent inputs� but nothing consistent can be said regarding
the angle between such columns� The cosine of the angle
between column two and four is

cos��� �

r


 � j�i
N�j

��
j�i

���
j�i

��
N�j

���
N�j

� �
��

The notation above needs further explanation� Except
for the subscripts on �� the subscripts denote the in�
terval over which a quantity is calculated� For exam�
ple� �N�j denotes the mean of f���k�g

N
k�j � Similarly

N�j denotes the standard deviation of f���k�g
N
k�j in

the same interval�

Similar calculations� see �Pucar and Sjoberg� 
���a��
give the result for the other two combinations of columns�
namely column number one and number three

cos��� �

q


 � j�i
N�j

� �
��

and column number one and four



cos��� �




 � j�i
N�j

�N�j
��N�j � ��N�j�

���
� �
��

Expression �
�� and �
�� will be close to one if j � i is
small� or in other words if two hinges are located very
close to each other� In expression �
�� it is not su#�
cient to have small j� i to have an ill�conditioned Jaco�
bian� but also the variance of the input has to be small
compared with its mean� This is intuitively clear� If we
assume that j � i � �� then a column in �

� that is
almost constant will be parallel with the column in �

�
containing ones only�

A second phenomenon that can occur and result in ill�
conditioning is if� e�g�� two consecutive �in time� inputs�
say u�t�
� and u�t���� are used in the regressor� and the
input contains little information so u�t� 
� 	 u�t� ���
This phenomenon is not unique for HH models� It has
to do with the excitation capabilities of the input� which
is a well�known issue in system identi�cation�

�� CONCLUSIONS

This paper has considered a number of topics relating to
the parametrization of HH models� We have seen that�


� HH models are truly overparametrized in the origi�
nal form used in �Breiman� 
����� The number of pa�
rameters can be reduced to d�M � 
�� where d is the
dimension of the input space and M is the number of
hinge functions used� without restricting the �exibility
of the model class compared to �dM in the original
parametrization�

�� The properties of the parameter estimation algorithm
�Newton�s algorithm� are not negatively a	ected by the
parametrization� The bene�t of using fewer parameters
is a decrease in computational load�

�� From the new parametrization it is evident that HH
models are very similar to NN models� Both models di�
vide the input space into half�spaces and the di	erence
can be described in their way model the behavior in the
directions perpendicular to the hyperplanes dividing the
space�

�� Similar to NN models HH models can be overparamet�
rized� The model structure is then too �exible and can
be expected to be ill�conditioned which means that some
directions on the parameter space are much more impor�
tant than others�
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