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Abstract

Recently a new model class has emerged in the �eld of non�linear black�box modeling� the hinging

hyperplane models� The hinging hyperplane model is closely related to the well known neural net models�

In this contribution the parameterization of hinging hyperplane models is addressed� It is shown that the

original setting is overparameterized and a new parameterization involving fewer parameters is suggested�

Moreover� it is shown that there is nothing to loose in terms of negative e�ects in the numerical search

when less parameters are used� The positive e�ects of a model class parameterized with less parameters

is a decrease in computational complexity�

In addition to the parameterization issues� another related question is discussed� namely if the esti�

mation problem is ill�conditioned�

Keywords� Non�linear black�box modeling� system identi�cation� function approximation�

� Introduction

Recently a new interesting approach to non�linear function approximation named hinging hyperplanes �HH��
was reported ���	 In that article a number of advantages of HH were pointed out	 For example� they have the
same nice feature as neural nets and projecting pursuit models avoiding the curse of dimensionality� �
�	 In
��� there is also an estimation algorithm suggested which is inspired by linear regression trees and projection
pursuit	 However� �

� shows that this is just a Newton�type algorithm	 In this paper we concern the
parameterization of the HH model	 It will be shown that the number of parameters can be reduced without
restricting the models capability of approximating unknown functions� i�e�� the super�uous parameters do
not in�uence the range of the model structure	
Most non�linear black�box models can be expressed as a basis function expansions as

f��� �� �
KX
i��

hi��� �� �
�

See� e�g�� �
�	 The basis function h in the expansion above is crucial and is the detail by which a number of
approaches di�er� e�g� neural nets� projection pursuit� etc� The idea is that although using relatively simple
building blocks� the basis functions hi� a broad class of non�linear functions can be well approximated	 In �
�
and �� a general framework for non�linear black�box models is further developed	
When a parameterized model structure has been chosen upon� i�e�� when the speci�c form of the basic

expansion �
� has been decided� it remains to estimate the parameters by using collected data from the
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unknown system	 This is typically done by computing the parameter value minimizing a criterion of �t� i�e��

��N � argmin
�

VN ���

whereN indicates the number of data available for the estimation	 In the original algorithm for HH presented
in ��� the criterion VN ��� is the sum of squared errors �this is explained in �

��

VN ��� �



N

NX
n��

�yn � f��n� ���
�� ���

where fyn� �ng
N
n�� is the available data	 Since the approximating function is non�linear� the minimization

problem �ts into the non�linear least squares setting	 The minimization is performed with a numerical search
routine� see Section �	
 for a more detailed treatment of the search algorithm	
The HH approach uses hinge functions as basis functions	 The hinge function is maybe most easily

illustrated by a �gure� see Figure 
	 As can be seen from Figure 
 the hinge function consists of two joined
hyperplanes	 Assume the two hyperplanes are given by

y� � �T �� and y� � �T ��� ���

where � � �
� ��� ��� � � � � �d�
T � is the regressor vector and y is the output variable	 These two hyperplanes

are joined at f� � �T ��� � ��� � �g which is de�ned as the hinge of the two hyperplanes	 The solid�shaded
part of the two hyperplanes in Figure 
� is explicitly given by

y � max��T ��� �T ��� or y � min��T ��� �T ��� ���

and is de�ned as the hinge function	 A HH model then consists of a sum of hinging hyperplanes of the
sort ���	
The above presentation of the hinging hyperplane model follows the original way the model was introduced

in ���	 In the next section we will discuss the parameterization of the hinging hyperplane model and it is
shown that the original presentation is overparameterized	 A new parameterization is suggested with less
parameters than the original one	 In this new parameterization the similarity between feed�forward neural
nets and HH becomes striking and this motivates a comparison between these model structures	 In Section �
the problem when a too �exible model structure is �tted to data is considered	 Such situations usually give
over�tting but it can� e�g�� in neural net applications� be prevented by applying some form of regularization	
The criterion of �t has �at valleys in some directions of the parameter space and these directions correspond to
parameters which can be excluded from the �t by the regularization without increasing the bias contribution
to the error substantially	 However� by excluding these parameters the variance part of the total error
decreases and in all this gives a better model	 In Section � HH models are investigated to see if it can be
expected that they have similar features	
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� Parameterization

When discussing overparameterization there are two cases that can occur which are fundamentally di�erent	
The �rst case� which we will call truly overparameterized� means that the model structure can be described
by less parameters	 Then there exists a mapping from the original parameter space to a parameter space
with lower dimension	 The other case of overparameterization actually concerns the balancing of the bias�
and variance contribution of the total error	 See� e�g�� ��� or �
� for a general discussion on this	 If a model
is truly overparameterized or not� is only a matter of how the model structure is parameterized and it does
not in�uence the �exibility of the model structure	 However� for the second type of overparameterization
the problem is that the model structure is unnecessary �exible� the model contains too many parameters
with respect to the the unknown relationship to be identi�ed and the number of available data for the
identi�cation	
There are indications that truly overparameterized models� in some cases� perform better than not

overparameterized models when a numerical search routine is used for minimization of the loss function
��� ��	 This will be investigated for the HH model and it will be shown that there are no such advantages
with an overparameterized HH model	 This means that the HH model �
� becomes identical for a manifold
of parameters� i�e�� the parameter vector can be parameterized itself as � � ���� k� where dim��� � dim���
and where only the parameters in � in�uence the function	 The consequence is that the function f��� ���� k��
becomes independent of the parameters in k which are the super�uous parameters	
Now� let us describe the HH function ��� in a slightly di�erent way	 Assume the input space is split into

two sets S� and S�� and the two parameter vectors �� and �� are estimated on the two sets respectively	
The hinge function ��� can be rewritten as

f��� �� � �T ��IfS�g��� � �T ���
� IfS�g�����

where the indicator function IS is de�ned as

IS��� �

�

 if � � S
� if � �� S�

The hinging hyperplane model when M hinge functions are used� is given by

f��� �� �

MX
i��

�T ��i IfS�
i
g � �T ��i �
� IfS�

i
g�� ��

where the dependence on � of the indicator function is suppressed	
The model above can be rewritten in the following equivalent way

f��� �� �

MX
i��

�T �iIfSig � �T ��� ���

where �i � ��i � ��i and �� �
PM

i�� �
�
i 	 The rewriting results in using �d � 
��M � 
� parameters	 For

M � 
 this is less than the ��d� 
�M parameters of the original description	 The border between the two
half�spaces across which the indicator function switches from zero to one is �T ������� � �� or equivalently
�T �i � �	
The similarity with neural nets is striking	 Both the HH model and the neural net model can be described

by

f��� �� �

MX
i��

	��T
i� � �T �

�



where

	�x� �

�
� for � � �
�x for x � �

for the HH model and
	�x� � ��x�

for the neural net model with a direct term from input to output	 The activation function ��� is usually
chosen to �x� � 
��
 � e�x�	 The parameters ��� 
i and � are stored in �	 The HH model is built up
by a basis which is constant on one half�plane and linear on the other half�plane	 The basis function for
the neural net model also divides the space into two half�planes but instead of a linear relation it takes a
constant value on each half�plane and makes a smooth transition between these constant values	
The HH model does not have a smooth derivative	 It is� however� possible to replace the indicator function

in ��� with a sigmoid function� which is a �smooth indicator�� to obtain smooth hinging hyperplanes� see �
��	
The resulting HH model ��� is no longer a sum of hinge functions as the one depicted in Figure 
� but

rather a sum of one hyperplane and a number of basis functions which are zero for f� � � �� IfSgg and a
hyperplane otherwise	 See Figure � where such functions with � � R and � � R�� are depicted	
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Figure �� Form of hyperplanes when reparameterized hinging hyperplane models are used	

��� Equivalence of Parameterizations

The relation between the two parameter vectors in the two parameterizations �� and ���� turns out to be
a projection of the original parameter space onto the reduced one	 Consider the case of M hinges	 The
relation between the original parameter vector and the reduced one is then given by

�
BBB�

��
			
�M
��

�
CCCA �

�
BBB�

I �I � � � � � � �
			

			
			
			

			
			

			
� � � � � � � I �I
� I � I � � � � I

�
CCCA

�
BBBBB�

���
���
			
��M
��M

�
CCCCCA � ���

where I � in this case� is a �d�
�� �d�
� identity matrix	 The relation between the two parameter vectors
can� thus� be written as �R � A�� where the superscript R indicates that the vector lies in the reduced
parameter space	 The following questions arise and we will try to provide answers to them in the sequel	


	 Are the two models output equivalent in the sense that for every value of the parameter vector �
in the original parameterization� the outputs of the original model and the reduced model using the
parameter vector �R according to ���� are equivalent�

�



�	 Are the properties of the numerical search routine used for minimizing the loss function and �nding the
optimal parameter values� a�ected� Whatever the answer to the question is� what are the advantages
or drawbacks�

Question 
� is readily answered	 Since the reparameterization in fact is reordering and lumping some
parameters in the original parameterization� the output space is not changed	 This follows from �� and ���	
Question �� is somewhat more complicated than question 
�	 It originates in the experience that in some

model structures� truly overparameterized models tend to perform better when numerical search methods
are applied ��� ��	 The risk of getting stuck at local minima decreases	 The intuitive reason for that are the
additional dimensions in the parameter space which give more alternative paths for the numerical search
algorithm	 We will here show that in the case discussed here� no such advantages are present	
The routine that we use in the search of the optimal parameter estimate� is the well known damped

Newton method for minimization of the criterion ���� see ���� and �

� for connections with HH models	
Newton�s scheme for �nding the minimum of the criterion ��� is

�k�� � �k � ��r�
�V �

yr�V� ���

where Ay denotes the pseudo�inverse of a matrix A� r�V is the gradient of V with respect to �� and
r�
�V is the Hessian of V 	 Question �� can now be restated as follows	 Assume an arbitrary value of the

parameter vector �� is chosen as the initial value for the search algorithm used in the original parameter
space� and the projection of ��� i�e�� �

R
� � A��� is used as the initial value of the algorithm for the reduced

parameter space	 Will the two algorithms executed in parallel give the same path in the reduced parameter
set if the projection of � onto the �R�space is compared to the path of �R at every step of the algorithm�
Straightforward calculations lead to the following relations between the gradients and the Hessians in the
two parameter spaces

rV � ATrVR and r�V � ATr�VRA� ���

Given an arbitrary �� the next step is

�� � �� � ��r�V �yrV� �
��

If the above equation is multiplied by the projection matrix A we obtain

�R� � �R� � �A�ATr�VRA�
yATrVR�

where the gradient and Hessian are expressed in the �R�space	 The strategy is to show that the parameter
update term on the right hand side of �
�� is equivalent to the parameter update term of the algorithm
using the reparameterized parameter vector	 The parameter update term in the algorithm executed in the
reduced parameter space is �r�VR�

yrVR � �r
�VR�

��rVR �since the Hessian has full rank if the reduced
parameter vector is used�	 If the equivalence of the parameter update terms can be shown� the arbitrary
choice of �� ensures that the result does not depend on which parameterization is chosen	 The idea of the
proof is illustrated in Figure �	
If the expressions in ��� are substituted in the parameter update term� straightforward calculations�

see �
��� give the equivalence of the two spaces with respect to the behavior of the numerical algorithm

A�ATr�VRA�
yAT � �r�VR�

���

The conclusion is that the two parameterizations are equivalent also when numerical aspects are taken
into consideration	 There is� thus� nothing to gain by using the truly overparameterized model	 There is
an obvious disadvantage though� namely the computational complexity	 In the numerical algorithms that
are used� one of the most time consuming steps is taking the pseudo�inverse�inverse of the Hessian in the
parameter update equation	 Due to limited space we will not discuss the computational complexity further	





Θ - space

Θ - space
R

θ

θ

θ

θ

A

R

R

0

0

1

1

A

Figure �� Idea of proof of �numerical equivalence� of the two parameter spaces	 The solid arrows are the steps
taken by the numerical algorithm in respective space	 The dashed arrows are the projections of parameter
values in the original set onto the reduced one	 The question is if the rightmost projection arrow will point
at �R� 	

The conclusion is that for largeM the complexity of the numerical algorithm when using the reparameterized
model is about �� � of the complexity using the original model	
Other related algorithms for numerical minimization are often variants on the Newton algorithm	 The

Hessian is altered either to avoid ill�conditioning or to decrease the computational burden	 If such variants
of the algorithm are used� the conclusions of the discussion above will not be changed	 If the algorithm is
in the area of attraction of a minimum� the solution will be equivalent	 The path� however� may not be the
same in all cases	

� Ill�conditioning of the Estimation Algorithm

The second kind of overparametrization which was discussed in the introduction will now be addressed in
this section	 This overparametrization means that the model structure is too �exible and that the number
of parameters are is too large	 For neural net models this is often the case� see �
�� ��	 Neural net estimation
problems are often ill�conditioned� �
��� which means that some of the directions in the parameter space have
little in�uence on the model behaivor	 These parameters decrease the bias part of the error very little but
their contribution to the variance part of the error is equally large as the important parameters	 It is then
often advantagous if these parameters are excluded from the �t by some kind of regularization	
For neural nets it turns out that for most estimation problems only a subset of the parameters are of

substantial importance	 It is� however� often impossible to point out these parameters a priori	 Instead the
e�cient number of parameters can be controlled by applying regularization� see �
�� ��	 This means that an
additional term is added to the criterion ��� which penalizes large parameter values	
We will in this section see that HH model also can be expected to be ill�conditioned and that� hence�

regularization can be expected to be of large importance also for HH models	
An estimation procedure for a parameterized model is a numerical minimization algorithm applied to

minimize a speci�ed loss function	 An often occuring case is that the loss function is quadratic and the
minimization algorithm is then a non�linear least squares algorithm where the estimate is given by

�� � argmin
�




�
�T ��

where � � �y� � f���� �� � � � yN � f��N � ���
T and f is the sum of basis functions used for approximation	

�



There are a number of algorithms for �nding the estimate that minimizes the quadratic loss function	 We
will use a damped Newton algorithm ��� as algorithm for minimization	 The Jacobian� i�e�� the derivative
of the error � with respect to the parameters� plays an important role in the minimization algorithm �in our
case the Hessian of V is JTJ�	 The consequence of having an ill�conditioned Jacobian in the minimization

routine is bad convergence properties� i�e�� the time for �nding the estimate �� dramatically increases� see ���	

De�nition ��� The condition number of A is de�ned as 	�A� � ��d��� where � is the largest singular

value and d�� is the smallest one� and A is said to be ill�conditioned if 	�A� is large�

A closer look at how the Jacobian is constructed will be taken� and expressions that relates the directions
of the Jacobian�s column vectors to the how ill�conditioned the Jacobian is� are derived	 We start with
stating the connection between the condition number of a matrix and the angle between two vectors in the
same matrix	 ����� Let B be a sub�matrix of A consisting of columns of A	 Then 	�B� � 	�A�� where 	
denotes the condition number of a matrix	
��
��� Let A � �x y� � Rn�� and suppose that the angle � between x and y satis�es cos��� � 
 � � for

some � � ��� 
�	 Then

	��A� �



����� ��
�

�
jjyjj�

jjxjj�
�
jjxjj�

jjyjj�
� �

�
�

It is� thus� su cient to investigate angles between vectors in the Jacobian of a HH model� to get an
insight when the Jacobian will be ill�conditioned	 First the Jacobian for HH models has to be derived	 The
Jacobian of the loss function rV is

rV � JT ��

The hinge model f�i� is de�ned in ��� and the elements of Jacobian J is de�ned as �Jij � � ���i�����j� �
��f�i�����j�	 The �rst index in �Jij � denotes the time instant or sample number	 Hence� J has the
dimensions N � �d�
��M �
�� where N is the number of available data and �d�
��M �
� is the number
of parameters	 The following expression for the Jacobian is obtained when taking the derivative of �

r�f�i� �
h

�f�i�
����� � � � �f�i�

���M�
�f�i�
�����

i
� �

�
�T IfS�g��� � � � �T IfSMg��� �T

	T
�

Assume that the dimension of the input space is one� i�e�� dim� � d � 
 and N is the number of samples
of the input signals	 The following four columns of a matrix is an example of a part of the Jacobian for the
above HH model	 The columns correspond to two of the M hinge functions	

J � �



������������

� � � �
			

			
			

			
� � 
 ���i�
			

			
			

			

 ���j � 
� 
 ���j � 
�
			

			
			

			

 ���N� 
 ���N�


������������

The subscript of the � denotes the number of the input	 In the example above when d � 
 there is only one
input	 The number in the parenthesis is the sample number	
The cosine of the angle between two vectors a and b is given by

cos��� �
aT bp

�aT a��bT b�
�

�



and three cases that can occur in the Jacobian of the HH model will now be discussed	 The �rst case is the
one corresponding to checking the angle between for example column two and four in the example above	
Note that the two columns originate from the same input ��� which is the only one in this example	 If
d � 
 it would be possible to check angles between columns originating form di�erent inputs� but nothing
consistent can be said regarding the angle between such columns	 The cosine of the angle between column
two and four is

cos��� �

�
B� 



 � j�i
N�j

��
j�i

���
j�i

��
N�j

���
N�j

�
CA

���

� �

�

The notation above needs further explanation	 Except for the subscripts on �� the subscripts denote the
interval over which a quantity is calculated	 For example� �N�j denotes the mean of f���k�g

N
k�j 	 Similarly

N�j denotes the standard deviation of f���k�g
N
k�j in the same interval	

Similar calculations� see �
��� give the result for the other two combinations of vectors� namely vector
number one and number three

cos��� �

�




 � j�i
N�j

����

� �
��

and vector number one and four

cos��� �




 � j�i
N�j

�N�j
��N�j � ��N�j�

���
� �
��

What do the expressions say about the angle between the columns� Expression �

� and �
�� will be close
to one if j� i is small� or in other words if two hinges are located very close to each other	 In expression �
��
it is not su cient to have small j � i to have an ill�conditioned Jacobian� but also the variance of the input
has to be small compared with its mean	
A second phenomenon that can occur and result in ill�conditioning is if� e�g�� two consecutive �in time�

inputs are used in the regressor� i�e�� if for example u�t� 
� and u�t � �� are used� and the input contains
little information so u�t� 
� 	 u�t� ��	 This phenomenon is not unique for HH models	 It has to do with
the excitation capabilities of the input� which is a well�known issue in system identi�cation	

� Conclusions

This report has considered a number of topics relating to the parameterization of hinging hyperplane model
presented in ���	 We have seen that�

� Hinging hyperplane models are truly overparameterized in the original form used in ���	 The number of
parameters can be reduced to �d�
��M �
� without restricting the �exibility of the model class compared
to ��d� 
�M in the original parameterization	
�� The properties of the parameter estimation algorithm �Newton�s algorithm� are not negatively a�ected by
the parameterization	 The bene�t of using fewer parameters is a computationally less demanding estimation
algorithm	
�� From the new parametrization it is evident that hinging hyperplane models are very similar to neural
net models	 Both models divide the space into half�spaces and the di�erence can be described in their way
model the behavior in the directions perpendicular to the hyper�planes dividing the space	
�� Similar to neural net models hinging hyperplane models are often overparameterized	 The model struc�
ture is too �exible and to avoid over�tting regularization usually has to be applied	 The model structure
can be expected to be ill�conditioned which means that some directions on the parameter space are much
more important than others	 The regularization limits the e cient number of parameters by excluding the
unimportant directions from the �t	
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