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Abstract

A new method for closed�loop identi�cation that al�
lows �tting the model to the data with arbitrary fre�
quency weighting is described and analyzed� Just
as the direct method this new method is applica�
ble to systems with arbitrary feedback mechanisms�
This is in sharp contrast with other methods	 such
as the indirect method and the two�stage method	
which assume linear feedback� To illustrate the e
ect
of nonlinear elements in the feedback loop on these
closed�loop identi�cation methods a simulation study
is presented�

� Introduction

In �Identi�cation for Control� the goal is to con�
struct models that are suitable for control design� It
is widely appreciated that small model uncertainty
around the cross�over frequency is essential for suc�
cessful control design� Consequently there has been
a substantial interest in identi�cation methods that
provide a tunable optimality criterion so that the
model can be �t to the data with a suitable fre�
quency weighting� With open�loop experiments this
is no problem It is well known that arbitrary fre�
quency weighting can be obtained by applying a pre�
diction error method to an output error model struc�
ture with a suitable �xed noise model�pre�lter �recall
that the e
ect of any pre�lter may be included in the
noise model�� However	 open�loop experiments are
not always possible since the system might be unsta�
ble or has to be controlled for safety or production
economic reasons� In such cases closed�loop exper�
iments have to be used� The problem is now that
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the simple approach of using an output error model
with a �xed noise model�pre�lter will give biased re�
sults when applied directly to closed�loop data	 unless
the �xed noise model correctly models the true noise
color �see	 e�g�	 Theorem ��� in ����� A way around
this would be to use a su�ciently �exible parameter�
ized noise model� This would eliminate the bias but
the frequency weighting would then not be �xed�
In this contribution we describe and analyze a new

closed�loop identi�cation method that is consistent
and	 in the case of under�modeling	 allows �tting the
model to the data with arbitrary frequency weighting�
The new method will be referred to as the projection
method� The projection method is in form similar
to the two�stage method ��� although the underlying
ideas are di
erent�

� Methods for Closed�loop

Identi�cation

Depending on what assumptions are made on the
feedback	 one may distinguish between three di
er�
ent classes of closed�loop identi�cation methods Di�
rect� indirect and joint input�output methods ��	 ���
To limit the scope we will exclusively study methods
derived in the prediction error framework�
In the direct method one applies a prediction error

method to input�output data directly	 ignoring pos�
sible feedback� Given that the noise properties are
correctly modeled	 the direct method gives consis�
tent estimates of optimal accuracy� Since only input�
output data is used	 the direct method can be applied
to systems with arbitrary feedback mechanisms� An�
other advantage of this method is that no special soft�
ware is required� A drawback is that for consistency
we need good	 �exible �parameterized� noise models�
Because of this it is not possible to �t the model to
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the data with a �xed	 user�speci�ed frequency do�
main weighting	 as is possible in open loop with an
output error�type model with �xed noise model�
The indirect methods give consistent estimates

even with �xed noise models� The idea is to use the
knowledge of the controller to transform the closed�
loop identi�cation problem into an open�loop one�
Consider the following set�up The true system is

y�t� � G��q�u�t� � v�t�

v�t� � H��q�e�t�
���

Here e is white noise with variance ��� The regulator
is

u�t� � r�t� � Fy�q�y�t� ���

The reference signal r is assumed independent of the
noise e� We also assume that the regulator stabilizes
the system and that either G� or Fy contains a delay
so that the closed�loop system is well de�ned� The
closed�loop system is

Gcl���q� �
G��q�

� �G��q�Fy�q�
� G��q�S��q� ���

where S� is the sensitivity function	

S��q� �
�

� �G��q�Fy�q�
���

The output can be written

y�t� � Gcl���q�r�t� � S��q�v�t� ���

Now	 the principle in all indirect methods is to
identify the closed�loop system using measurements
of y and r �note that this is an open�loop problem
since r and e are uncorrelated� and then to compute
an estimate of the open�loop system using the knowl�
edge of the controller Fy� From ��� we see that the

second step involves solving for �G in

�Gcl�q� �
�G�q�

� � �G�q�Fy�q�
���

Solving this equation will typically	 due to numeri�
cal errors	 lead to high�order estimates �G� However	
help is not far away� Note that	 using prediction er�
ror methods �that allow arbitrary parameterizations�

this second step can be avoided if we parameterize the
closed�loop model in terms of the open�loop model	
that is	 if we use a model of the following kind �see
exercise ��T�� in ����

y�t� �
G�q� ��

� �G�q� ��Fy�q�
r�t� �H��q�e�t� ���

Here H� is a �xed noise model� This special param�
eterization will be assumed in this paper�
The third class is the joint input�output methods�

The basic idea in these methods is to model the input
and output jointly as outputs from a system driven
by the reference signal �and noise�� Note that with
the regulator given by ���	 the input is given by

u�t� � S��q�r�t� � Fy�q�S��q�v�t� ���

so there is a close relationship between the output ���
and the input ��� which one can take advantage of�
In the joint input�output methods no explicit knowl�
edge of the controller is required except that it must
be known to be of a certain �linear� form	 for ex�
ample the one in ���� This is in contrast with the
indirect methods which require perfect knowledge of
the regulator�
Here we will study a particularly interesting and ro�

bust joint input�output method called the two�stage
method ���� The two�stage method is usually pre�
sented using the following steps�

�� Identify the sensitivity function S� using mea�
surements of u and r �cf� Equation �����

�� Construct the signal �u � �Sr and identify the
open�loop system as the mapping from �u to y�

This method deserves a couple of remarks� First	 in
the �rst step a high�order model of S� can be used
since we in the second step can control the open�loop
model order independently� Second	 the simulated
signal �u will be the noise�free part of the input signal
in the feedback system� Thus �u clearly is independent
of the noise e and a �xed noise model�pre�lter can
be used to shape the bias�
The simplicity and robustness of the two�stage

method makes it an attractive alternative for closed�
loop identi�cation� To gain further insight in the
properties of this method we now review some con�
sistency results that was �rst given in ����
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Suppose that we from the �rst step have obtained
an estimate �S of the sensitivity function and we use
a model of the following kind in the second step

y�t� � G�q� �� �S�q�r�t� �H��q�e�t� ���

Here the noise model H� is �xed� From standard pre�
diction error theory we then know that the limiting
G�estimate will be characterized by �neglecting the
arguments � and ei��

Gopt � argmin
G

Z �

��

jG�S� �G �Sj�Wd�� W �
�r

jH�j�

����

Note that

jG�S� �G �Sj� � j�G� �G�S� �G�S� � �S�j� ����

It is clear that for cases where �S �� S� we will have
a bias�pull towards models G that minimize ����  
�G � G� will not be optimal� However	 if we in the
�rst step have obtained a very accurate estimate of
the sensitivity function S� this e
ect is negligible so
that

jG�S� �G �Sj� � jG� �Gj�jS�j
�

In this case the mismatch G� �G will be minimized
with a frequency weighting that is given by

!W �
jS�j

��r

jH�j�
����

� The Projection Method

We will now present the main contribution of this
paper The projection method� In form this method
will be similar to the two�stage method but the mo�
tivation for the methods will be quite di
erent�
The projection method can be understood as fol�

lows� Just as the two�stage method this method con�
sists of two separate steps where in the �rst	 prelimi�
nary	 step we should �project� the input fu�t�g onto
the reference signal fr�t�g using a noncausal	 doubly
in�nite FIR��lter� This will result in a partitioning
of the input signal into two orthogonal �uncorrelated�
parts

u�t� � uk�t� � u��t� ����

where

uk�t� � S�q�r�t� � lim
M��

MX
k��M

skr�t� k� ����

Here it is assumed that M does not grow faster than
N �the number of data�	 that is	

M ��� N ��� and
M

N
� �

The basic relation

y�t� � G��q�u�t� � v�t� ����

can thus be rewritten as

y�t� � G��q�uk�t� � w�t�

w�t� � G��q�u��t� � v�t�
����

The point is now that	 since w is uncorrelated with r
and hence uncorrelated with uk	 any identi�cation
method can be applied to the constructed input�
output pair fuk� yg� We can for instance apply a
prediction error method to the model

y�t� � G�q� ��uk�t� �H��q�e�t� ����

This would give the limiting estimate

Gopt � argmin
G

Z �

��

jG� �Gj�Wd�� W �
�uk

jH�j�

����

Here it is important to realize that the spectrum �uk

is known to the user when applying the second step
of the algorithm� Hence	 by properly choosing the
noise model H�	 an arbitrary frequency weighting W
can be achieved�
From ���� it is also clear that for consistency of the

projection method it is not required that the con�
structed signal uk equals the noise�free part of the

input u	 that is	 �S � S� is not required	 as is the
case for the two�stage method �cf� Eq� ������ A con�
sequence of this is that the projection method can
be applied to systems with arbitrary feedback mech�
anisms and still give consistent estimates	 regardless
of the noise model used� The price we pay is an in�
creased variance error due to the extra noise term
G�u� in �����
Before studying the variance properties of the pro�

jection method we would like to make the following
additional remarks
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� Here we chose to perform the projection using
a noncausal FIR��lter but this step may also
be performed non�parametrically as in Akaike"s
cross�spectral method ����

� It would also be possible to project both the in�
put u and the output y onto r in the �rst step�
This is in fact what Akaike suggested�

� As stated here	 the formulas for the projection
method coincide with those of the two�stage
method except that S should be parameterized
in a di
erent way�

� In practice uk will depend on the noise realiza�
tion	 since u does� However	 as this is a second
order e
ect	 the errors induced by ignoring this
dependence will be neglected� Exact conditions
for when it is safe to do so can be found in ����

� Finally	 in practice M can be chosen rather
small� Good results are often obtained even with
modest values of M 	 see the simulation example
below�

Let us now turn to the accuracy properties of this
method�
Note that when deriving asymptotic variance ex�

pressions for the projection method we may use stan�
dard open�loop results for the asymptotic variance of
the parameter estimates� From expression ������ in
��� we have

Cov �� �
�

N
R��QR��

R �
�

��

Z �

��

�uk

jH�j�
G��G

��
� d�

Q �
�

��

Z �

��

�w�uk

jH�j�
G��G

��
� d�

����

Here G�� denotes the gradient of G taken w�r�t� �� It
follows that the expression for the covariance is equiv�
alent to the open�loop expression	 except that �u is
replaced by �uk and �v by �w� The partitioning ����
implies that

�uk � �u ��u� � �u

�
��

�u�

�u

�
����

Thus	 whenever �u� �� �	

�uk � �u

Furthermore	 in most practical cases we will also have

�w � �v

It is clear that for the projection method the sig�
nal to noise ratio will	 in general	 be worse than for
open�loop identi�cation ��uk	�w � �u	�v�	 hence
the variance will be larger�

� Simulation Example

In this section we illustrate the performance of the
closed�loop methods presented earlier when applied
to a system with a nonlinearity in the loop�
In order to high�light the bias errors in the resulting

estimates we performed a noise free simulation �v �
�� of the system depicted in Figure �� The data was
generated using a unit variance white noise reference
signal r and N � ��� data samples were collected�
The system G� is given by

�r
�
�

e �u G��q� � e�
��

v

�y

�Fy�q��
�	�

�

Figure � Closed�loop system with non�linear feed�
back�

G��q� �
b�q

��

� � f�q�� � f�q��
����

where b� � �	 f� � ����	 and f� � ����� The feed�
back controller is Fy�q� � ���� and at the output of
the controller there is a static nonlinear element 

given by


�x� �

�
x� �� if x � �

x� �� if x � �
����
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The goal is to identify the open�loop system G�

using the simulated closed�loop data� Four di
erent
methods will be considered The direct	 the indirect	
the two�stage	 and the projection method� These
methods will not be further presented in this sec�
tion� For technical details about the implementation
of these methods the reader is referred to the descrip�
tions of the methods given in the preceeding sections�
In the indirect and two�stage methods we will pro�

ceed as if the nonlinearity was not present	 that is	
we will assume that the closed�loop system is given
by

y�t� � G��q�S��q�r�t� � S��q�v�t�

u�t� � S�q�r�t� � Fy�q�S��q�v�t�

Note that the direct and projection methods require
no knowledge�assumptions on the system to be ap�
plicable�
In the �rst step of the two�stage method we used a

��th order output error model and for the projection
method the noncausal FIR �lter had �� taps �i�e�	
M � �� in Eq� ������

10
−2

10
−1

10
0

10
1

10
−1

10
0

10
1

Figure � Bode plot of true and estimated trans�
fer functions� Solid True system# Point Direct
method# Dotted Indirect method# Dashed Two�
stage method# Dash�dotted Projection method�

The result of the identi�cation is shown in Fig�
ure �� As can be seen the direct method gives a per�

fect estimate of the true system� The indirect method
performs very badly	 which could be expected since
there is a considerable error in the assumed feedback
law� It is also clear that the projection method is
able to model the true system quite accurately while
the two�stage method performs less well� The perfor�
mance of the projection method can be improved by
increasing the parameter M in the �rst�step model	
here we quite arbitrarily chose M � ��� For the two�
stage method	 on the other hand	 there is no clear
relationship between the size of the �rst�step model
and the �nal result� The identi�cation results are
summarized in Table ��

Table � Summary of identi�cation results� �D �
Direct method# I� Indirect method# T � Two�stage
method# P � Projection method�

True D I T P
value

b� ������ ������ ���	� ������ �����
f� ������� ������� �����	� ������ �������
f� ������ ������ ����� ����	� ������

To further analyze why the projection method out�
performs the two�stage method	 which in form is
quite similar to the projection method	 we studied the
impulse response coe�cients of the �rst�step models
in the two methods� The top plot in Figure � shows
the estimated impulse response of the map from the
reference r to the input u� This impulse response
was computed using correlation analysis� The mid�
dle and bottom plots show the impulse responses for
the �rst�step models in the two�stage and projection
methods	 respectively� It is clear that the causal part
of the impulse response is quite accurately modeled
in the two�stage method while the noncausal part is
zero� The noncausal FIR �lter used in the projection
method approximates the impulse response well for
lags between the chosen limits ��� and ��� Thus	
as this �gure shows	 the only principal di
erence be�
tween the two�stage and the projection methods is
how the impulse response of the map from r to u is
modeled $ causally or noncausally� From this exam�
ple it is also clear that	 in general	 the noncausal part
of the impulse response can not be neglected without
introducing errors in the resulting open�loop model�
Note that this is true for nonlinear closed�loop sys�
tems� For linear systems the map from the reference

�



−30 −20 −10 0 10 20 30
−2

−1

0

1

2

−30 −20 −10 0 10 20 30
−2

−1

0

1

2

−25 −20 −15 −10 −5 0 5 10 15 20 25
−2

−1

0

1

2

Lags

Figure � Estimated impulse response �top� and im�
pulse responses for the �rst�step models in the two�
stage �middle� and the projection �bottom� methods�

r to the input u is the sensitivity function S� which
is causal� In this case there will be no di
erence
between the two�stage and the projection method	
given	 of course	 that the whole causal impulse re�
sponse is correctly modeled�

� Conclusions

The direct method gives consistency and optimal ac�
curacy even in closed loop	 given that the noise prop�
erties are correctly modeled� It can also be applied
to system with arbitrary feedback mechanisms� The
direct method should therefore be seen as the �rst
choice of methods for closed�loop identi�cation�
The indirect method requires perfect knowledge of

the feedback to give correct results� In case the true
controller deviates from the assumed one the results
can be arbitrarily bad�
The projection method may be applied to arbi�

trary closed�loop systems and gives consistent esti�
mates regardless of the nature of the feedback and
the noise model used� Thus the noise model can
be used as a design variable to tune the frequency
weighting in the identi�cation criterion# the price we

pay is an increased variance error� For linear systems
this method coincides with the two�stage method�
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