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Abstract

In this report we consider identi�cation of linear time�invariant ��

nite dimensional systems using state�space models� We introduce a

new model structure which is fully parametrized� i�e� all matrices are

�lled with parameters� All multivariable systems of a given order can

be described within this model structure and thus relieve us from all

the internal structural issues otherwise inherent in the multivariable

state space identi�cation problem� The models are obtained with an

identi�cation algorithm by minimizing a regularized prediction error
criterion� Some analysis is pursued which shows that the proposed

model structure retains the statistical properties of the standard iden�

ti�able model structures� We prove� under some mild assumptions�

that the proposed identi�cation algorithm locally converges to the set

of true systems� Inclusion of an additional step in the algorithm gives

convergence to a balanced realization of the true system� Some re�

sults on the analysis of the sensitivity of the transfer function with

respect to the parameters for a given realization are reviewed� which

show that balanced realizations have low sensitivity� We show that

for one particular choice of regularization the obtained model is in a

norm minimal realization� Examples are given showing the properties
of the proposed model structure using both real and simulated data�

�



� Introduction

In this report we consider identi�cation of multivariable linear time invariant
systems� We also assume that we have no structural information and thus
have to resort to so called black�box models� These can be either of input�
output type or of state�space type� There are several reasons that favor the
state�space form�

� They are their own economic implementation algorithm�

� They have simple relationships between simulation and prediction ap�
plications�

� Many control design methods and algorithms� including the recent
Doyle�Glover algorithm solving the H� optimal control problem ��	�
use state�space descriptions of the plants to be controlled�

� From a computer implementation point of view it is important to use
models which have low sensitivity with respect to round�o
 errors and
�nite word length e
ects� Input�output descriptions of some systems
are known to be very sensitive to these e
ects ���	�

We will mainly concentrate on the parametrization problem of multivari�
able state�space systems� We propose a fully parametrized state�space model
structure which immediately solves the di�cult parametrization problem and
also opens possibilities to obtain models with good numerical properties� The
only drawback is a higher computational burden since more parameters are
estimated compared to standard techniques using identi�able model struc�
tures�

The report is outlined as follows� In Section � we give a brief review
of state�space models and their associated predictors� The parametrization
of state�space model structures is then discussed and the fully parametrized
model structure is introduced in Section � Section � is devoted to the predic�
tion error minimization problem and a regularized prediction error criterion
is introduced� In section � a statistical analysis is performed showing that
the quality of the prediction for the fully parametrized model is the same
as for a standard identi�able model� A convergence analysis show that the
identi�cation algorithm is locally convergent� In section � some results on
the sensitivity of a transfer function are reviewed which show that a balanced
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realization has low sensitivity� The main identi�cation algorithm is presented
in Section � which yield a balanced realization of the true system� In Section
� we discuss a particular form of regularization and show that the estimated
system will be a norm minimal realization� Some identi�cation examples
using both real and simulated data are given in Section �� In Section �� the
report is summed up�

� State�Space Models of Linear Systems

A general time�invariant linear system S can be described as

S � y�t� � G��q�u�t� �H��q�e��t� ���

where y�t� is an output vector of dimension p� u�t� is an input vector of
dimension m and is assumed to be known� The unknown disturbances acting
on the output are assumed to be generated by the second term where e��t� is
a noise vector of dimension p and is assumed to be a sequence of independent
stochastic variables with E e��t� � � and E e��t�e��t�

T � ��� The transfer
functions can be characterized with their impulse responses as

G��q� �
�X
k��

g�k�q�k� H��q� � I �
�X
k��

h�k�q�k ���

where H��q�
�� is assumed to be stable� We will also assume that g��� � �

i�e� the direct term from u�t� to y�t� is missing� Inclusion of the direct term
is straightforward and does not change any of the results to be presented�
Furthermore we also will assume that the system is �nite�dimensional� i�e�
the transfer function can be written as a matrix where each entry is a rational
function�

A natural predictor �y�t� for the output y�t� given inputs u and outputs
y up to time t� � is

�y�t� � H��q�
��G��q�u�t� � �I �H��q�

��	y�t�� ��

Since the system ��� is of �nite order it can also be described in a state�
space model formulation introducing an auxiliary state vector with dimension
n� the order of the system� In order to estimate the dynamics of the system





we introduce a model structure M� parametrized by some parameters �� In
this report we will focus on state�space model structures in innovations form

M � �x�t � �� � A����x�t� �B���u�t� �K���e�t�

y�t� � C����x�t� � e�t� ���

where the matrices A�B�C�K are constructed from the parameter vector
� according to the model structure M� The model structure M is thus a
mapping from the parameter space to the model ���� Let

dM � dim � ���

be the dimension of the parameter vector � and let M��� denote the model
���� The model will thus have the transfer functions

G�q� �� � C����qI � A���	��B��� ���

and
H�q� �� � I � C����qI � A���	��K���� ���

Using ��� the predictor is given by

�x�t� �� � �A����K���C���	�x�t� �B���u�t� �K���y�t�

�y�tj�� � C����x�t� ���

which also can be written as

�y�tj�� � Wu�q� ��u�t� �Wy�q� ��y�t� ���

where
Wu�q� �� � C����qI � A��� �K���C���	��B��� ����

Wy�q� �� � C����qI � A��� �K���C���	��K���� ����

In order to use the predictor ��� we have to ensure stability of the two transfer
functions Wu and Wy and make the following de�nition

De�nition ��� Let the set of parameters DM � R
dM be

DM � f� � RdM jWu�q� �� and Wy�q� �� are stableg
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From the structure of the state�space predictor ��� it follows trivially that
we here have

DM � f� � RdM j the matrix A����K���C��� has all eigenvalues
inside the open unit discg

for the general state�space model structure ����

De�nition ��� Two models� M����� and M����� are equal if and only if

G��e
i�� ��� � G��e

i�� ��� and H��e
i�� ��� � H��e

i�� ���
for almost all �

����

�

To simplify the reasoning about di
erent models we will use the term
model set denoted by M�� see ��	� A model structure M together with a
parameter space will give us a model set�

M� � fM��� j � � DMg ���

� Parametrization of State�Space Models

The parametrization of models to be used in system identi�cation is often
closely tied to the concept of identi�ability�

De�nition ��� ��	 A model structure M is globally identi�able at �� if

M��� �M���� � � � �� ����

�

An identi�able model structure thus has a one to one correspondence be�
tween the models� i�e� the transfer functions� and the value of the parameter
vector ��
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Traditionally� see ��� ��	� model structures which are identi�able have
been favored for the purpose of system identi�cation� The use of an iden�
ti�able model structure has some clear advantages� the criterion VN��� has
a unique minimum if the data is informative� numerical algorithms perform
well etc� However the parametrization of multivariable state�space mod�
els is a well�known and notoriously di�cult problem in system identi�ca�
tion� see e�g� ��	� ���	 or ��	� The root of the problem is that there is not
one single� smooth identi�able parametrization of all multi�output systems
���� Typically one has to work with a large number of di
erent possible
parametrizations depending on the internal structure of the system� Also for
some systems it is di�cult to �nd an identi�able parametrization which is
well conditioned ���	� As an example of an identi�able model structure we
have the following model structure�

Let A��� initially be a matrix �lled with zeros and with ones along the

super diagonal� Let then the row numbers r�� r�� � � � � rp� where rp � n�

be �lled with parameters� Take r� � 	 and let C��� be �lled with zeros�

and then let row i have a one in column ri�� 
 �� Let B��� and K���

be �lled with parameters�

����

Denote this model structure MI � This parametrization is uniquely char�
acterized by the p numbers ri which are to be chosen by the user� Instead of
ri we will use the numbers

�i � r� � ri��

and call
��n � f��� � � � � �pg ����

the multi�index associated with the model structure ����

Theorem ��� The state�space model structure MI de�ned by ���� is glob�
ally identi�able at �� if and only if fA����� �B����K����	g is controllable�

Proof� See ��	 Theorem �A��� �

From the de�nition of the identi�able model structure ���� it follows that
the dimension of the parameter vector is

dMI
� nm � �np� ����
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For a given system order n and number of outputs p there exists �n��p���
di
erent multi�indices� We also have from ��	�

Theorem ��� Any linear system that can be represented in state�space
form of order n can also be represented in the particular form ���� for some
multi�index ��n� �

Thus if we consider the union of all model sets M�
��n generated by the model

structures given by all di
erent multi�indices we have

S � �
��n

M�
��n

for all possible linear systems S of order n� When identifying a multivariable
system of a given order n using an identi�able parametrization we can� in
principle� not use one single parametrization and thus have to search for the
best model among all model structures de�ned by the multi�indices� However�
as pointed out in ��	� the di
erent model structures overlap considerable and
one particular multi�index is capable of describing almost all n�dimensional
linear systems� The price paid is that the identi�cation might result in a
numerically ill�conditioned model�

The concept of identi�able model structures is important if we are in�
terested in the values of the parameters themselves� e�g� change detection
techniques where a change in the parameters indicates a change in the under�
lying system� If we are only interested in the input�output relation G�q� ��
the value of each parameter is then of no interest to us� The parameters can
then be seen as vehicles to describe the interesting characteristics of the sys�
tem� It is also known that some systems described in their canonical forms
have transfer functions with a very high sensitivity with respect to the pa�
rameters � and are thus sensitive to �nite word length e
ects occurring in
a computer ���	� Based on these arguments we will introduce a new model
structure which will circumvent these problems�

��� The Fully Parametrized State Space Model

If we consider the state space model ��� and choose to �ll all the matrices
A�B�C�K with parameters we will clearly over�parametrize the model and
thus loose identi�ability ����� To formalize we have�
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Let all the matrices A���� B���� C��� and K��� in the model ��� be �lled
with parameters from the parameter vector � � DM and let the corre�

sponding model structure be called fully parametrized�

����

Denote this model structure MF � The number of parameters needed for
this model structure ���� is

dMF
� n� � �np� nm� ����

The fully parametrized model structure thus has an additional n� number of
parameters compared to an identi�able model structure ��������

For completeness we have�

Property ��� Any linear system S that can be represented in state�space
form of order n can also be represented by a model from the fully parametrized
model structure ��	�� �

Using this model structure for the purpose of identi�cation will give two
interesting implications� First� this state�space model structure would relieve
us from the search through the many di
erent forms de�ned by the multi�
indices when dealing with multivariable systems since the proposed model
structure trivially includes all possible systems of a given order n� Secondly�
the quality of the estimated model might increase if we use a �exible model
structure which not only can describe the underlying system but also allows
a numerically well�conditioned description� This is a major di
erence com�
pared with the identi�able model structures ����� which by de�nition only
have one realization for each system S� Since we are con�ned to computers
with limited accuracy for all calculations it is important to be able to use
models which are numerically well conditioned�

It might be important to point out that even if the proposed model has
more parameters than the corresponding identi�able model� the two models
will have exactly the same �exibility with respect to the transfer functions
which we formally can state as

M�
F �

�
��n

M�
��n

whereM�
F denotes the model set generated by the fully parametrized model

structure �����
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� Prediction Error Minimization

In order to investigate the properties of the proposed model structure we
will focus on system identi�cation techniques based on the minimization of
the prediction errors �PEM�� The standard setting can thus be described
as� Given an input sequence fu�t�g and an output sequence fy�t�g with
t � �� � � � � N � denoted by ZN � and a model structure M which de�nes a
mapping between the parameter space DM and a predictor �y�tj��� �nd the
value �� which minimizes a criterion VN����

Let us de�ne the criterion to be

VN��� �
�

N

NX
t��

j��t� ��j� ����

where j � j is the Euclidean l� norm� The prediction error is the vector

��t� �� � y�t�� �y�tj�� ����

with the predictor �y�tj�� given by ���� This problem formulation is well
known and there exists a vast literature on how to minimize ���� and the
properties of the estimate

��N � arg min
��DM

VN��� ����

under varying assumptions about the model structure M and the data ZN �
See ��	 or ���	 for a general discussion on the topic�

��� PEM for the overparametrized model

If we use ���� together with the proposed model structureMF the minimum
of VN��� will be a hyperplane in the parameter space and thus not unique�
This follows from the fact that there exist in�nitely many parameter values �
such that S �M���� In Section � we will further discuss this property� This
non�uniqueness usually leads to convergence problems if standard optimiza�
tion algorithms are used in the minimization of ���� since most algorithms
use the inverse of the Hessian

d�

d��
VN���
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and in this case the Hessian will be singular and non�invertible� One possi�
bility to overcome this property is to further constrain the solution� We will
here focus on regularization which is a standard technique for ill�conditioned
estimation problems� see �	�

Regularization means that the criterion ���� is augmented with a term�

W �
N��� � VN��� �

�

�
j� � ��j�� � 	 � ���

where j�j denotes the Euclidean norm or more general with a function r��� ���
with a positive de�nite Hessian� The regularization term �
�j� � ��j� will
have the e
ect that the resulting estimate

���N � arg min
��DM

W �
N��� ����

will be a compromise between minimizing VN��� and being close to the value
��� Since our objective is to �nd the � which minimizes VN��� it is clear that
the choice of �� will in�uence the result� In the next section we will address
this question together with the presentation of the identi�cation algorithm�

� Analysis

��� Statistical analysis of the prediction quality

In system identi�cation literature the concept of parsimony ���	 is consid�
ered to be very important� Use the simplest model with as few parameters
as possible� This concept can easily be justi�ed by analyzing the statistical
properties of the prediction error� The key result is that the variance of
each estimated parameter in most cases increases if we estimate more pa�
rameters with a �xed amount of data and thus degrade the quality of the
estimated model� i�e� the variance of the prediction error increases� An
identi�able state�space model of a given order has� by de�nition� a minimal
number of parameters and thus satis�es this concept� Even though the fully
parametrized model has more parameters than the corresponding identi��
able model we will in this section show that regularization will restore the
statistical properties of an identi�able model� In ���	 some statistical proper�
ties are developed considering neural networks as nonlinear predictor models�
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These results also apply to the fully parametrized model structure which is
pointed out in ���	� In the sequel we will perform the analysis focusing on
fully parametrized state�space models�

De�nition ��� Let the true system S be described by ��� and consider a
model structure M of minimal order n such that S � M�� Then let the set
of the true parameters be de�ned as

DT � f� � DM jG��z� � G�z� ��� H��z� � H�z� ��� �zg ����

�

For an identi�able model structure ���� the set DT contains only one
point which directly follows from ���� and Theorem ���

If the model structure is a fully parametrized state space model structure
����� the elements in DT will be related as follows�

Lemma ��� Consider the fully parametrized model structure ��	� with n
states�

Then

��i � DT � i � �� �� � a uniqe T � Rn�n� T invertible � ����

A���� � T��A����T� B���� � T��B����
C���� � C����T� K���� � T��K����

����

Proof See ��	 Theorem ����� �

If we now let the parameter vector � be composed as

� � � vec�A�T vec�B�T vec�K�T vec�C�T 	T ����

where vec��� is the operator which forms a vector from a matrix by stacking
it�s columns� The following relation for compatible matrices A�B�C

vec�ABC� � CT 	 A vec�B� ����

holds� where 	 denotes the Kronecker product ��	� de�ned as�

A	B �

�
�����
a��B a��B � � � a�nB
a��B a��B � � � a�nB
���

���
���

am�B am�B � � � amnB

�
�����

��



where A is of dimension m
 n� �� and �� in Lemma ��� will then be related
as

�� � �T �T ��� ���

where

�T �T � �

�
����
T T 	 T�� � � �

� Im 	 T�� � �
� � Im 	 T�� �
� � � T T 	 Ip

�
���� ���

which proves the following lemma�

Lemma ��� Consider the fully parametrized model structure MF in ��	�
with n states
 m inputs and p outputs�

Then

��i � DT � i � �� �� � a unique T � Rn�n� T invertible �

�� � �T �T ���

where �T �T � is given by ����� �

If we now consider two models of the same order n� one from the fully
parametrized model structure �����MF ��F �� and one from the family of iden�
ti�able model structures ����� MI��I�� with a multi�index ��n� Now assume
that the two models are equal

MI��I� �MF ��F ��

Let
��I � � vecA��I�

T vecB��I�
T vecK��I�

T vecC��I�
T 	T �

This vector consists of the �xed ones and zeros as given by the model struc�
ture de�nition ���� and the parameters from the vector �I � Since the two
models are equal we have from Lemma ���

� a uniqe T � ��I � �T �T ��F

Thus for all �F such that MF ��F � � M�
I� we can uniquely �nd a T since

the model structure MI is identi�able� T is easily constructed from the
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observability matrix given by the matrices in MF ��F � together with the
multi�index ��n� see ��	� Hence there exists a di
erentiable function

g��� � �DMF
� DMI

such that
MF ��F � �MI�g��I��� ��F � �DMF

���

where �DMF
� DMF

is the set of parameters which yield all models in the
model set M�

I �
The gradient of the predictor �y�tj�� is de�ned as

��t� �� �
d

d�
�y�tj�� �

�
���

d
d��

�y��tj�� � � � d
d��

�yp�tj��
���

���
d

d�dM
�y��tj�� � � � d

d�dM
�yp�tj��

�
��� ��

a matrix of dimension dM 
 p where the subscript k in yk�tj�� denotes the
position in the vector�

Lemma ��� Let the predictor �yF �tj�F � be given by a fully parametrized
model structure MF ��	��

Then

rank
�

N

NX
t��

�F �t� �F ��
F �t� �F �

T � dMI

where � is given by ���� and dMI
by �����

Proof� Pick an identi�able model structure ���� and a �I such that

MI��I� �MF ��F ��

Then using ��� we have

�F �t� �F � �
d

d�F
�yF �tj�F � � d

d�F
�yI�tjg��F �� � �

��F
g��F � � �I�t� �I�

which gives us
�

N

NX
t��

�F �t� �F ��
F �t� �F �

T

�



�
�

��F
g��F � �

	
�

N

NX
t��

�I�t� �I��
I�t� �I�

T



� � �

��F
g��F ��

T �

The proof is concluded by observing that �I�t� �I��
I�t� �I�

T has dimension
dMI


 dMI
and applying Sylvester�s inequality� �

We will continue by introducing some assumptions which we need in order
to perform the convergence analysis�

The set ZN � i�e� our measured input and output data� is our source of
information about the true system� A model structure M together with the
parameter space DM gives us the model setM�� A natural question to pose
is if the data set contain enough information to distinguish between di
erent
models in the model set�

De�nition ��� ��	 A data set Z� is informative with respect to a model
structure M if

E lim
N��

�

N

NX
t��

j�y�tj���� �y�tj���j� � �

�M���� �M���� ���

�

Assumption A� Consider a data set Z� which has been generated by the
system ��� where the input u�t� is chosen so the data set is informative and
that the data set satis�es the technical condition D� in ��� p� ���	� �

We then have the following convergence result from ��	�

Theorem ��� Let ��N be de�ned by �� and let the data Z� satisfy A��
Then

inf
���DT

j��N � ��j � �� w�p� � as N �� ���

�

If we now consider the regularized version of the criterion ��� and let
�� � �� � DT we will have ���N � �� as N �  since both terms in the
criterion will simultaneously obtain their minimum at � � �� which proves
the following theorem�

��



Theorem ��� Let ���N be de�ned by ��� and ��� with �� � �� � DT and
let the data Z� satisfy A��

Then
���N � ��� w�p� � as N � ���

�

This choice is however arti�cial since we in reality do not know �� a pri�
ori� However the theoretical implications in the analysis to follow are still
interesting since we will let �� approach a �� � DT in the algorithm�

In the analysis we will also need the following result�

Lemma ��� Let the predictor be de�ned by �	�
the gradient by ���� and let
the data set Z� satisfy A��

Then �� � DM

lim
N��

E
�

N

NX
k��

��t� ����t� ��T � R������� 

Proof� Follows from Lemma ��� and Theorem �� both in ��	� �

We will now derive a statistical model quality measure for the fully
parametrized models obtained via minimization of the regularized predic�
tion error criterion ��� and ���� with �� � �� � DT � For a �nite data set
ZN the obtained estimate ���N will deviate a little from ��� As a measure
of the quality of the estimated model using �nite data we can consider the
scalar

�V ����N � � lim
N��

E VN���
�
N �� ���

For all estimates we have �V ����N � � �V ���� � tr����� �� � DT and the increase
of �V ����N � due to the parameter deviation should be as low as possible� This
assessment criterion thus considers the variance of the one�step prediction
errors� when the estimated model is applied to future data� Finally we have

�V �
N � E �V ����N� ���

with the expectation taken over the estimated parameters� as a performance
measure  on the average! for the estimated model�

��



At the minimum of the criterion ��� we have

W �
N

�
����N�

�
�

d

d�
W �

N���

�����
��	��

N

� �� ���

A Taylor expansion around the limiting estimate �� will then give�

� � W �
N

�
���� �W �

N

��
��N����

�
N � ��� ����

with �N between ���N and �� and

W �
N

��
��N�

�
�

d�

d��
W �

N���

�����
���N

�

From ��� p� ���	 we have

W �
N

��
��N�� �W � ������ w�p� � as N � ����

where

�W � ������ � lim
N��

E
�

N

NX
i��

W �
N

��
����� ����

Thus� for su�ciently large N we can write

���N � �� � �� �W � ������	
��W �

N

�
���� w�p� � ���

We also have
W �

N

�
��� � V �N��� � ��� � ��� ����

with

V �N��� � � �

N

NX
t��

��t� ����t� �� ����

and�

V ��N ��� �
�

N

NX
t��

���t� ����t� ��T � ���t� ����t� ��� ����

�The application of the Taylor expansion ���� may give di�erent �N in di�erent rows
of this vector expression�

�Note that the equation is written in an informal way since ���t� �� is a tensor�

��



which gives us
�W � ������ � �V ������ � �I � Q� �I ����

where

Q � �V ������ � lim
N��

E
�

N

NX
t��

��t� �����t� ���
T ����

since ��t� ��� � e��t� and ���t� ��� are independent�
Now by Taylor expansion of �V �

N ��� around �� we have

�V �
N � E f �V ���� � ����N � ���

T �V ����� �
�

�
����N � ���

T �V ���������
�
N � ���g ����

neglecting higher order terms� The second term in ���� is zero since �V ����� �
�� If we now insert equation ��� and use the properties of the trace operator
we obtain

�V �
N � tr���� �

�

�
trfEW �

N

�
�����W

�
N

�
�����

T �Q � �I	��Q�Q � �I	��g ����

If we assume that �� � ��I we have

lim
N��

N EW �
N

�
�����W

�
N

�
�����

T � ���Q� ����

Equation ���� will then be

�V �
N � ��

�
p�

�

N
trfQ�Q � �I	��Q�Q � �I	��g


����

Since Q is a symmetric positive semide�nite matrix we can simultaneously
make Q and Q � �I diagonal which gives us

�V �
N � ��

�
�p � �

N

dMFX
i��

��i
��i � ���

�
A ���

where �i are the eigenvalues of the matrix Q and dMF
is given by �����

From Lemma �� we know that the matrix Q will at most have dMI
nonzero

eigenvalues� If we now choose � to satisfy

�  � � �i� ��i �� � ����

we arrive at

�V �
N � ��

�
p�

rank Q

N

�
� ����

Thus we have proved the following theorem�

��



Theorem ��� Consider an overparametrized model structure ��	� which
de�nes a predictor �	� and let the data set Z� satisfy A� and be generated
by a true system with �� � ��I� Furthermore let ���N be given by �����
where �� � �� � DT �

Then

lim
���

�V �
N � ��

�
p�

rank Q

N

�
� ����

where �V �
N is given by ���� and ��	�� �

The expression ���� is similar to the known expression

�V �
N � ��

�
p�

dM
N

�

��� ��	 for identi�able model structures� where the latter clearly shows the
relation to model accuracy versus number of estimated parameters� However
Theorem �� shows us that the fully parametrized model retains the same
properties since the rank of Q� by Lemma ��� can at most be dMI

which
is the number of parameters in a corresponding identi�able model� Hence
the fully parametrized predictor model in fact obtains the same statistical
properties� i�e� the same prediction error variance� as an identi�able model�

��� Convergence analysis

In reality we cannot choose �� � �� since it is unknown to us so we have
to use some a priori good guess� One possibility is to perform a sequence of
minimizations of ��� and use the obtained parameter estimate ���N as �� in
the next minimization� This scheme is in fact locally convergent which we
now will prove�

Since we have to perform the analysis locally we can simplify the calcula�
tions by considering a linear regression set up� Let the data Z� be generated
by the system

S � y�t� � ��t�T �� � e�t� ����

where the regressors ��t� are made up from data and the noise terms e�t� are
assumed to be a sequence of independent stochastic variables with zero mean

��



E e�t� � �� covariance E e�t�T e�t� � � and independent of the regressors� Let
the prediction model be

M � �y�tj�� � ��t�T �� ����

Consider the criterion

�V ��� � lim
N��

E VN���� ����

This gives us
�V ��� � tr��� � ��� � ��TQ��� � ��

with

Q � lim
N��

E
�

N

NX
k��

��t���t�T �

Now assume that the matrix Q is only positive semide�nite which implies
that �V ��� obtains its minimum value tr��� for all � � �� � z� z � N �Q� the
null space of the matrix Q�

If we let the data set Z� be informative� the set DT for this system is
then given by

DT � f�j� � �� � z� z � N �Q�g� ����

To �nd the minimum of ���� consider the iterative scheme

��k � arg min
��DM

h
�V ��� � �j� � ��k��j�

i
� ����

Without loss of generality we can assume that �� � �� The right hand
side of ���� will then be

tr��� � �TQ� � ��� � ��k���T �� � ��k���

which is a quadratic expression in �� Completing the squares gives us

�� � ��Q� �I�����k���T �Q � �I��� � ��Q � �I�����k��� � C

where C is all the terms independent of � lumped together� The minimum
is thus given by

��k � ��Q� �I�����k���

��



Let T be a square nonsingular matrix such that TQT�� � " is diagonal and
let ��k � T ��k� Furthermore let the diagonal elements of " be given in an
descending order� This gives us

��k � ��" � �I�����k���

Using the diagonal form of " gives us

��k �

�
�����������

�
�
��

�
� � �

�
�
�r

�
� � �

� �

�
�����������
��k�� � R��k��

where �i� i � � � � � r are the nonzero eigenvalues of Q� If we now study the
limiting estimate as k tends to in�nity we have

" lim
k��

��k � " lim
k��

Rk��� � ��

The limiting estimate limk��
��k thus belongs to the null space of " which

shows us that
lim
k��

��k � N �Q��

This proves the following theorem�

Theorem ��� Let the data set Z� be generated by the system ���� and be
informative� Let the predictor be given by ��	�� Let the sequence of estimates
be given by ���� with � 	 �
 and let DT be given by �����

Then
lim
k��

inf
���DT

j��k � ��j � ��

�

If we now return to the state�space model structures and consider a Taylor
expansion of �V ��� around a �� � DT we get

�V ��� � �V ���� � �� � ���
T �V ����� �

�

�
�� � ���

TQ�� � ���

��



Q � �V ������

for � in the neighborhood of ��� The second term is zero since �� � DT is
a minimum� If all higher order terms are small the approximation is valid
locally and we have the same problem as for the linear case given in Theorem
���� This implies that the iterative minimization scheme ���� will also be
locally convergent for the fully parametrized state�space model structures
which exhibit the same non�uniqueness properties as the linear regression
setup in the theorem�

From a regularization point of view the iterative scheme ���� will decrease
the actual regularization e
ect compared to minimization of ��� where ��

is a �xed value� But in the light of Theorem �� this is �ne since � can
become arbitrarily small and in the case ��� � is a measure of the degree of
regularization�

Theorem ��� proves that the iterative scheme ���� restores the conver�
gence properties of the standard prediction error techniques� i�e� the limiting
estimate belongs to the set DT � the true parameters� Our main goal is thus
achieved� we have one model structure which include all possible multivari�
able systems� the introduced regularization gives the estimated predictors
the same statistical quality as identi�able models as stated by Theorem ���
However we can not directly apply Theorem �� on the iterative scheme ����
since �� � �k is a stochastic variable�

Our model structure still give us more freedom� The set DT is a hyper
plane in the parameter space and all the results in this section applies to all
points �� � DT � However it is known in the literature that some realizations
i�e points in DT are much more favorable to use on a computer from a
numerical point of view� This important practical question will be addressed
in the next section�

� Numerical Sensitivity

In the area of digital �lter synthesis� numerical sensitivity of di
erent �lter
structures have been addressed by several authors� among others the work
by Mullis and Roberts ���� �	� They modeled the �xed point calculations
roundo
 error as noise and gave conditions which minimized the output noise�
From our system identi�cation point of view it is interesting to mention that
their resulting �lter structures are far from the standard canonical forms�

��



Other more recent results have focused on the sensitivity of the transfer
function with respect to the parameters ���� �� ��	� The results indicate that
balanced realizations have low sensitivity and will thus yield numerically well
conditioned models�

The question of sensitivity combined with system identi�cation is however
not at all as developed in the literature� Some of the work has been focused on
changing the delay operator q to some others in the ARX models ��� ��	 which
in some cases yield well conditioned parameter estimates� In ���	 a balanced
realization with some restrictions to make it canonical is proposed� This
model would thus be well conditioned� The identi�cation method however
includes a di�cult constrained optimization problem and no convergence
analysis is given�

��� A review of some results

In this section we will consider state�space systems of the form ��� without
noise �� i�e� H�q� � �� The matrix

Wo �
�X
k��

�AT �kCTCAk ����

is known as the observability Gramian for the state space system ���� The
eigenvalues of this matrix describe how the state variables in�uence the out�
put signal y� This matrix also satis�es the following Lyapunov equation

Wo � ATWoA� CTC�

The dual matrix

Wc �
�X
k��

AkBBT �AT �k ���

is called the controllability Gramian� This matrix describes how the inputs
u in�uence on the state vector x� Wc also satis�es

Wc � AWcA
T �BBT �

The Gramian matrices are symmetric by construction and if the state space
realization is minimal the matrices are also positive de�nite� These Gramian

�We could also consider the noise e�t� as an input and let �B 	 
B K�

��



matrices are the discrete time counterpart to the continuous time Gramians
described in ��	�

In ���	 Moore showed that for every transfer function G�q� there exists a
state space realization where Wc � Wo � " and " diagonal� This realization
is called the balanced realization� Moore used this realization to perform
model reduction�

A change of basis of the state vector �x � T��x gives new Gramian ma�
trices

�Wc � T��WcT
�T

and
�Wo � T TWoT

The eigenvalues of the matrix WcWo are thus invariant under similarity
transformations T � The Hankel singular values ��	 of G�q� are de�ned as

�i
�
� ��i�WcWo�	

�	�� i � � � � � n

where �i�WcWo� denotes the i�th eigenvalues of WcWo�

��� The sensitivity problem

In computer implementations it is important to consider so called �nite word
length e
ects� i�e� what e
ect the use of �nite representation of real numbers
have for an algorithm� In our case we are interested in which state�space
realization are least sensitive to these e
ects and thus minimize the degra�
dation of the system performance� As a measure of sensitivity of a transfer
function with respect to the parameters we will use the expression in ���	

M �

������G�z�

�A

�����
�

F
L�

�

������G�z�

�B

�����
�

F
L�

�

������G�z�

�C

�����
�

F
L�

����

�

�
�

��

Z �

��

������G�ei��

�A

�����
F

d �

��

�
�

��

Z �

��

������G�ei��

�B

�����
�

F

d �

�
�

��

Z �

��

������G�ei��

�C

�����
�

F

d �

�



where the Frobenius norm is kXk�F � trX�X and X� is the transposed
conjugate of X� This scalar expression gives a measure of the sensitivity
of the transfer function over the whole frequency range ���� �	� The mix
between L� and L� norms is motivated by the analytical properties of the
�rst term in ����� For single input single output systems �m � �� p � �� the
measure M can be shown ��	 to have an upper bound S given by

M � S
�
� tr�Wc� tr�Wo� � tr�Wc� � tr�Wo�� ����

For general multivariable systems the above bound is generalized to ���	

M � S � tr�Wc� tr�Wo� � p tr�Wc� �m tr�Wo� ����

where p and m is the number of system outputs and inputs respectively�

Theorem 	�� Let Wc andWo be the n
n Gramian matrices for a minimal
state space realization of a transfer function G�z��

Then

S � tr�Wc� tr�Wo� � p tr�Wc� �m tr�Wo� �
�

nX
i��

�i

��

� �
nX
i��

�i

where f�ig is the Hankel singular values of G�z�� The equality holds if and
only if

pWc � mWo�

Proof� See ���	 �

In ��	 it is shown that realizations of systems with p � m � � �SISO�
which satis�es Wc � Wo also minimize the true measure M � From the
theorem it immediately follows that balanced realizations of square multi�
variable systems p � m achieves the minimal value of the upper bound S�
If the multivariable system has p �� m a minimum sensitivity realization
is obtained from the balanced realization via a state transformation matrix
T � �p
m��	�I� We also note that if a realization satis�es Wc � Wo an or�
thonormal state transformation T �TT T � I� will also give a new realization
with the Gramian matrices still equal� This shows that there exist in�nitely
many realizations which satisfy Wc � Wo�

��



� The Algorithm

In this section we will present an algorithm for the purpose of identi�cation
using the proposed fully parametrized model structure� The algorithm is
designed with the goal of providing accurate models with low sensitivity
with respect to �nite word length representations�

The results on sensitivity presented in the previous section lead us to �nd
an algorithm which has a balanced realization as the convergence point in
DT � This is easily achieved if we after each step in ���� adjust the vector
��k to be a balanced realization through a change of basis T � This means
that we not only in the limit obtain a balanced realization but we also use
it in each step of the identi�cation� This discussion leads us to the following
algorithm�

Algorithm 
��

�� Obtain an initial estimate by the least square solution of the equations

A�q���y�t� � B�q���u�t�� t � �� � � � � N

where A and B are polynomial matrices� Each entry of the A matrix is
a monic polynomial �� a�q

�� � � � �� anq
�n of degree n and the entries

of the B matrix are polynomials b� � b�q
�� � � � �� bnq

�n also of degree
n�

� Realize the transfer function A�q�����B�q��� in state�space form using
some basis
 e�g� observability canonical form ���� This yields a state�
space system with npm number of states�

�� Convert the system to a balanced realization by state transformation
and reduce the system order to n by only including the n states corre�
sponding to the n largest values of the gramian
 see ���

�� If the model include the matrix K
 let K be the solution to the Kalman
�ltering problem with noise covariance equal to identity matrices� The
resulting model is the initial estimate ���b �

�� Solve the minimization problem

��k � arg min
��DM

	
VN��� �

�

�
j� � ��k��b j�



�

��



�� Convert the obtained estimate to represent a balanced realization�

��kb � b���k�

�� Repeat steps �� � until a minimum of the criterion is reached�

�

Step � ensures that the initial predictor will be stable and hence ���b �
DM� Step � of the algorithm can be easily be solved by a Gauss�Newton
method� see section ���� The balanced realization is obtained via singular
value decompositions� see ���	�

A di
erent version of the algorithm is obtained if only one numerical
iteration is performed in step �� Practical use show that both methods give
compatible convergence properties�

��� Numerical solution by iterative search

Since all state�space model structures give a nonlinear relation between the
parameters � and the predictor �y�tj�� we have to search the parameter space
DM with some iterative method in order to �nd a minimum of the criterion
VN���� A well known method is the Newton method which can be described
as

��i
� � ��i � �V ����i�	��V �N ��
i� ����

where ��i is the estimate at the i�th step in the iterative algorithm and

V �N��� �
d

d�
VN ��� � � �

N

NX
t��

��t� ����t� �� ����

with

��t� �� �
d

d�
�y�tj�� ����

is the gradient of VN��� with respect to the parameters �� And

V ��N��� �
d�

d��
VN��� �

�

N

NX
t��

���t� ����t� ��T � ���t� ����t� ��� ����

��



is the Hessian� In the neighborhood of the minimum � � �� the Hessian
V ��N��� can be approximated by

H��� �
�

N

NX
t��

��t� ����t� ��T ����

since ��t� ��� and ���t� ��� are independent� If we use this approximation
together with an adjustable step length we obtain the damped Gauss�Newton
method�

��i
� � ��i � �i�H���i�	��V �N�
��i� ����

The scalar step length �i is chosen so that the criterion VN��� is decreased in
every iteration� If we instead would chose H � I we would obtain a gradient
method which is fairly ine�cient close to the minimum compared to the
Gauss�Newton method� A thorough treatment of the Newton methods can
be found in ��	�

A condition which has to be met� in order to be able to use a Newton
method� is that the Hessian V ��N��� must be nonsingular to ensure that its
inverse is well de�ned� Using model structures which are identi�able meets
this condition in the neighborhood of the minimum if the input is rich enough
�persistence of excitation� which result in data ZN which are informative ��	�
The proposed overparametrized model structure does however not meet this
condition since VN ��� will in this case not have a unique minimum� The
introduction of regularization and the minimization of ��� instead of ����
solves this problem since the approximate Hessian now is given by

H��� �
�

N

NX
t��

��t� ����t� ��T � �I ���

which is positive de�nite�

	 Norm Minimal Realizations

In this section we will establish a connection between norm minimal realiza�
tions and the fully parametrized model structures together with a particular
regularization� namely the choice �� � � in ���� The key result is that the
obtained realization is norm minimal and if the system is of a particularly

��



simple form this also implies that the realization is a balanced realization
except for an orthonormal state transformation�

A further specialization of the set in De�nition ��� will de�ne norm min�
imal realizations�

De�nition ��� Consider a fully parametrized model structure ���� and let
set of parameters from DT which satis�es

DN � f�j � � arg min
��DT

j�jg ����

be called norm�minimal and let the realization of the model M���� � � DN

be called a norm�minimal realization� �

Lemma ��� Let �T be de�ned by ����� Then

�T T �T � I � T TT � I

Proof� Follows immediately from the fact that

�T T �T �

�
����
TT T 	 �TT T ��� � � �

� Im 	 �TT T ��� � �
� � Im 	 �TT T ��� �
� � � T TT 	 Ip�

�
���� �

�

Lemma ��� Consider the fully parametrized model structure ��	�� Then

��i � DN � i � �� �� � �T �

�� � �T�� and �T T �T � I

Proof� The existence of a �T is proven in Lemma ���� In ��	 it is proven that
the state transformation matrix T satis�es T TT � I� Applying Lemma ���
concludes the proof� �

This lemma shows that the set DN � DT does not contain a singleton�
but is a hyperplane in the parameter space DM�

The following theorem shows that we will obtain a norm minimal real�
ization �in the limit� if we use the regularized prediction error criterion with
the special choice �� � ��

��



Theorem ��� Let the data set Z� satisfy A� and consider a fully para�
metrized model structure ��	� which contain the true system and let ���N be
de�ned by ��� and ��� with �� � ��

Then
lim
���

lim
N��

inf
���DN

j���N � ��j � � w�p �

where DN is de�ned by �����

Proof� We can consider ���� as a penalty method to solve the following
constrained minimization problem�

min j�j� subject to

E lim
N��

VN��� � �V ��� � tr��

since we know from Theorem ��� that �V ��� � tr �� and obtain its minimum
for � � DT �w�p� ��� The theorem in ���� p� ��	 then states that the
sequence of

���� � lim
N��

���N

will converge to DN as � � � which concludes the proof� �

In the next section we will point out that a norm minimal realization is
close to �in some cases identical� to realizations with low sensitivity to �nite
word length e
ects occurring in computer implementations�

The set of models M���� � � DN can also be characterized by a simple
matrix equation with a balancing appearance� The following theorem will
give the details and can also be found in ��	 wherein a complete proof is
given� The theorem is also mentioned in ���	� The partial proof given here
is however di
erent�

Theorem ��� Let the modelM���� from the fully parametrized model struc�
ture ��	� have matrices �A� �B� �C� �K� Then

�A �AT � �B �BT � �K �KT � �AT �A� �CT �C

if and only if
�� � DN

��



Proof� Let a model M���� � � DT be represented by the matrices
A�B�C�K� The set of matrices �A� �B� �C� �K corresponding to a parameter
value in the set DN can be characterized via a nonsingular matrix �T

�A � �T��A �T � �B � �T��B� �C � C �T � �K � �T��K

where �T is given by

J�T � �

����� T
��AT T��B T��K
CT � �

�����
�

F

�T � argmin
T 	��

J�T �

Since k � kF denotes the Frobenius norm we can express J�T � as

J�T � � tr�T��ATT TATT�T � T��BBTT�T �

T��KKTT�T � T TCTCT �

� tr�T�TT��ATT TAT � T�TT��BBT �

T�TT��KKT � TT TCTC�

The function J�T � does not have a unique minimum �T as already stated in
Lemma ���� If we let P � TT T and let

�J�P � � tr�P��APAT � P��BBT � P��KKT � PCTC�

a minimizing matrix �P will then give us the whole set of minimizing matrices
�T � The existence and uniqeness of a minimizing �P is shown in ��	� The
minimizing �P will then satisfy

d

dP
�J� �P � � �

We thus have according to Lemma A���A� in appendix that

� � AT �P��A� �P��A �PAT �P�� � �P��BBT �P��

� �P��KKT �P�� � CTC ����

Take a �T which satis�es �T �T T � �P and insert in ���� and multiply the
equation with �T T from left and �T from right�

� � �T TAT �T�T �T��AT � �T��A �T �T TAT �T�T � �T��BBT �T�T

� �T��KKT �T�T � �T TCTC �T

� �AT �A� �CT �C � �A �AT � �B �BT � �K �KT

which proves the  if! part� For the  only if! part we refer to ��	� �

�



	�� Norm minimal realizations and sensitivity

The norm minimal realizations are partly related to balanced realizations
and thus low sensitivity� We have the following theorem�

Theorem ��� Assume that a single input single output transfer function
G�z� of order n has the following structure

G�z� �
nX
i��

�i
z � �i

� �i � R
 �R
 � ������ �i � R � i � � � � � n

Then all norm minimal state�space realizations M���� � � DN will have the
controllability Gramian Wc and the observability Gramian Wo equal�

Proof� Let a fully parametrized model M��� represent the system and let
the parameter � give the following matrices�

A � diag��i� i � � � � � n

B � �
p
���
p
��� � � � �

p
�n	

T

C � �
p
���

p
��� � � � �

p
�n	

which gives us

G�z� � C�zI � A���B �
nX
i��

�i
z � �i

and thus � � DT � Since A � AT and CT � B this realization trivially satisfy

AAT �BBT � ATA� CTC

which shows that that the realization is norm minimal and � � DN � Further�
more from ������ we automatically have Wc � Wo� From Lemma ��� we
know that all other norm minimal realization can be reached via orthonormal
transformation matrices T � Since the transformation matrices are orthonor�
mal we will have Wc � Wo for all norm minimal realizations� �

The result shows that if we identify systems with the structure in The�
orem �� using a fully parametrized state space model together with the
criterion ��� and �� � � we automatically obtain a minimum sensitivity
realization� Although the class of systems which satisfy the conditions in

�



Theorem �� is very small we believe there is a connection between low sen�
sitivity and norm minimal realizations for the whole class of systems ����

To conclude this section we will give some numerical values on the mea�
sure S for di
erent kinds of state�space realizations of the same system�

Example ��� Consider a discrete time Butterworth low pass �lter of order
n � � with cuto
 frequency �
� rad�s� A state space realization of the �lter
can be obtained in MATLAB ���	 with the following command�

�A� B� C� D	 � butter��� ����� ����

If we evaluate S in ���� for some di
erent realizations previously mentioned
we obtain the following results�

Realization Sensitivity S

Original from ���� ����
Observer canonical form ����
Balanced realization ����
Norm�minimal realization ����

The balanced realization obtains a minimal value which was proven in The�
orem ��� since the balanced realization satis�es Wc � Wo� The near optimal
value obtained for the norm minimal realization shows the previously stated
connection between norm�minimal realizations and low sensitivity� As ex�
pected the observability canonical form has the least favorable sensitivity of
the four di
erent realizations� �


 Examples

In this section we will present three examples illustrating the previously dis�
cussed properties of the proposed identi�cation algorithm and model struc�
ture�

Example ��� In ���	 Appendix A�� a turbo generator model with two
inputs� two outputs and six states is presented� We used the continuous time
model to generate an estimation data set and a validation set using random
binary ������� signals as inputs� The sample time was set to ����� The

�



Model FM IM �� � f�� �g IM �� � f�� �g
�V ������ ������ �����

Model IM �� � f� g IM �� � f�� �g IM �� � f�� �g
�V ������ ������ ������

Table �� �V evaluated for the fully parametrized model �FM� and the � iden�
ti�able models �IM� from Example ����

estimation data set and the validation set was ��� respectively �� samples
long with the output sequences corrupted with zero mean gaussian noise with
variance �� � ������I� to make the system of output�error type�

The estimation was performed on the estimation data according to the
Algorithm ��� using a fully parametrized model with six states�

This gives us a total of �� parameters to estimate which can be com�
pared with the �� parameters for any identi�able model structure ����� The
regularization parameter � was set to ���� which makes the numerics well
conditioned� To assess the quality of the estimated model we evaluate

�V �
�

N

NX
t��

jy�t�� �y�tj��N�j�

using the independent validation set�
To compare the proposed parametrization of the model with the conven�

tional identi�able parametrizations� we identi�ed the �ve di
erent possible
models corresponding to the �ve sets of multi�indices ��� The results are
given in Table � which clearly shows that the fully parametrized model �FM�
is equally good as the best identi�able model �IM�� It is also interesting to
notice that all the other identi�able models perform signi�cantly worse� �

Example ��� Consider a Butterworth �lter of order n � � with a narrow
passband �����������	 rad�s� The corresponding state space realization can
be obtained in MATLAB ���	 with the following command�

�A� B� C� D	 � butter��� ����� ����	�� ����





Model Fit

� ��
 �����

� ���
 ����

Table �� The performance for the two estimated models in Example ����
Model �� Identi�able state�space model� Model �� Fully parametrized state�
space model�

Let fu�t�g be a random binary input signal consisting of ��� samples and let
fy�t�g be the output from the �lter ���� using fu�t�g as the input� Let the
estimation data set Z��� consist of fu�t�g and fy�t�g�

Based on the data set Z��� and two di
erent model structures� two models
were estimated�

�� An identi�able state space model of order four�

�� A fully parametrized state space model of order four�

Model � was estimated by �rst initializing the model with an ARX es�
timate and then numerically minimizing ���� using the standard commands
canstart and pem from ���	� Model � was estimated using Algorithm ����
The minimizations were conducted until the minima were reached for both
models�

Table � shows the performance of the two estimated models simulated
with fu�t�g as the input signal� The value Fit is the RMS value of the
deviations between the true output and the models output� Since the two
models theoretically have the same ability to model the underlying system
the di
erence in performance must be accredited to numerical properties�
The �exibility of the second model not only allows the true system to be cor�
rectly described but also o
er a degree of freedom to obtain better numerical
properties� Another possibility is that Model � reached a local minimum� �

Example ��� In ��	 an identi�cation of a glass oven using real data is given
as an example to illustrate the subspace identi�cation algorithm presented in
the paper� The system consists of  inputs and � outputs and is modeled as a
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Model Simulation � step prediction

Subspace ��	 ���� �����
Full param� with K ����� ����
Full param� K � � ����� �

Table � Performance P of the estimated models in Example ��

system of order n � �� Using the same data and our fully parametrized model
structure we identi�ed two di
erent models� One output error model� i�e�
K � � and one model where K was also estimated� In Table  a prediction
error measure P of the two estimated models are compared with the model
obtained by ��	� where

P �
�

�

X
k��

vuut �

N

NX
t��

�yk�t�� �yk�t���

yk�t��

is evaluated on independent data� The fully parametrized OE�model has the
best performance of the models in simulations� The other fully parametrized
model is a little worse compared to the subspace model� This example shows
that identi�cation using real data works quite well for the proposed model
structure compared with the subspace identi�cation method�

�

�� Conclusions

In this report we have introduced a state space model structure which is
fully parametrized and thus each parameter is not identi�able� The use of
this model structure for identi�cation of multivariable systems will relieve us
from the search through all possible identi�able parametrizations and allow
parametrizations which are well conditioned�

In order to minimize the prediction error for the fully parametrized model
with an e�cient numerical method� regularization is introduced� It is shown
that the use of regularization will automatically give the same statistical
properties as an identi�able model structure even though the fully para�
metrized model structure contains more parameters to estimate�

�



An identi�cation algorithm is presented which yields� in the limit� a bal�
anced realization of the true system� Some material is reviewed which shows
that a balanced realization has low sensitivity with regard to �nite word
length e
ects� The proposed algorithm thus produces a numerically sound
model of the underlying system�

It is also shown that the use of a particular type of regularization will
give a model which� in the limit� is norm minimal� A connection between
low sensitivity and norm minimal realizations was also established�
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A Appendix

Lemma A�� Let A � Rn�n and P � Rn�n and symmetric� Then

d

dP
tr�P��APAT � �

d

dP
tr�PATP��A�

� ATP��A� P��APATP��

Proof� Denote Y � PATP��A and let V � ATP��A which gives Y � PV �
From ��� p� ��	 we have

�yii
�P

�
nX

k��

�pik
�P

vki � pik
nX

k��

�vki
�P

and
�vki
�P

� �P��AEkiA
TP��

together with
�pik
�P

� Eik

where Eik is a matrix with element i� k equal to � and the rest equal to zero�
This gives us

�yii
�P

�
nX

k��

�Eikvki � pik��P��AEkiA
TP����

which �nally gives us

d

dP
tr�Y � �

nX
i��

nX
k��

�Eikvki � pik��P��AEkiA
TP����

� ATP��A� P��APATP��

which concludes the proof� �

Lemma A�� Let B � Rn�m and P � Rn�n and symmetric� Then

d

dP
tr�P��BBT � �

d

dP
tr�BTP��B�

� �P��BBTP��
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Proof� Denote Y � BTP��B� From ��� p� ��	 we have

�yii
�P

� �P��BEiiB
TP��

which directly gives us

d

dP
tr�Y � �

nX
i��

�P��BEiiB
TP��

� �P��BBTP��

�

Lemma A�� Let C � Rp�n and P � Rn�n and symmetric� Then

d

dP
tr�CTCP � �

d

dP
tr�CPCT �

� CTC

Proof� Denote Y � CPCT � From ��� p� ��	 we have

�yii
�P

� CTEiiC

which gives us
d

dP
tr�Y � �

nX
i��

CTEiiC � CTC

�
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