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Abstract

In this paper the application of so called subspace methods for the speci�cation and

estimation of cointegrated systems is examined. This method, which is based on the state

space representation, is suited for the analysis of general cointegrated systems of order one,

i.e. is not limited to autoregressive models, as is e.g. Johansen's method. To assess the

empirical usefulness of the method we apply it to perform a cointegration analysis of the US

term structure of interest rates.
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1 Introduction

Over the past 15 years cointegration analysis has become one of the most popular �elds in modern
econometrics. By now a variety of methods is available, but the majority of analyses is carried
out using the methods developed by Johansen and his co-authors. This method however has one
limitation: It is restricted to the analysis of VAR models. Although this assumption may be a good
approximation in many cases, the possibility of a more general data generating process deserves
some attention. This can e.g. be done using subspace methods, in particular the method presented
in Larimore (1983), which is dealt with here, combined with a cointegration analysis as has been
examined in Bauer and Wagner (1999a). This method is suited for estimation of cointegrated
ARMA models. There are already a couple of related results available in the literature. E.g. Yap
and Reinsel (1995) derive the ML estimate for cointegrated Gaussian ARMA systems integrated of
order one and give the distribution of the estimates, which allows to test hypothesis. The method
presented in this paper is based on the state space representation and derives consistent estimates
of the cointegrating space as well as the transfer function. From the latter one can easily derive
e.g. an ARMA representation if this is the preferred system representation. Also test procedures
for the number of common trends are derived. We apply the method to test the expectations
hypothesis of the term structure on US data, which states that the yield to maturity at time t of
a k period pure discount bond rt;t+k is related to the yield on a bond with one period to maturity
rt;t+1 via equation (1):

rt;t+k =
1

k

k�1X

j=0

Et(rt+j;t+j+1) + L(t; k) (1)

with L(t; k) being the risk premium and Et denoting the conditional expectation given the infor-
mation available at time t. Given that interest rates are often found to be integrated of order 1
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without drift, equation (1) implies that rt;t+k and rt;t+1 are cointegrated if the risk premia are
stationary. As equation (1) holds for all k, in a system with n interest rates n � 1 cointegrating
relations occur, thus only one common factor rt;t+1 is driving the system.1 In applications often
less than n�1 cointegrating vectors are found. The possible reasons for this include size distortions
due to multiple tests, problems with high dimensional systems with many cointegrating relations,
or simply an undermodeling due to the use of a too simple model like e.g. a low order VAR model.
The method presented here does not su�er from the two above mentioned possible problems, thus
it may constitute a valuable additional or complementary tool.

The structure of the paper is as follows: Section 2 starts with a very brief description of the
method, Section 3 then applies the method to the US interest rate data and Section 4 concludes.

2 Description of the method

In this section we briey describe the subspace algorithm cointegration analysis presented in Bauer
and Wagner (1999a). The starting point of our method is the state space representation of �nite-
dimensional, time invariant, discrete time systems

xt+1 = Axt +K"t; yt = Cxt +E"t (2)

where yt; t = 0; 1; : : : ; T denotes the s-dimensional observed series. "t denotes an ergodic, strictly
stationary white noise sequence with zero mean, nonsingular innovation variance and �nite fourth
moments. For detailed assumptions in a martingale di�erence framework see Bauer and Wagner
(1999a). Furthermore we restrict ourselves to systems that are strictly minimum-phase, i.e. the
eigenvalues of (A � KE�1C) have an absolute value smaller than one. The system poles, i.e.
the eigenvalues of A, are restricted to be inside the open unit disc or at z = 1.2 The geometric
multiplicities of the eigenvalues at z = 1 are restricted to be equal to one, this assumption cor-
responds to an order of integration of one. The results of Bauer and Wagner (1999b) imply that

yt = C1K1

P
t�1

j=1
"t + kst(L)"t, where kst(L) = E + LCst(I � LAst)

�1Kst is a stable and strictly
minimum-phase transfer function, L denoting the backward shift operator. In order to achieve
identi�ability (for details see Bauer and Wagner, 1999b) C1 is chosen to be part of an orthonormal
matrix, i.e. C1 2 Rs�r; C 0

1C1 = Ir. Therefore there exists a matrix C2 with C 0

2C2 = Is�r and
C 0

2C1 = 0, i.e. C2 is in the orthogonal complement of C1. This representation coincides with
Granger's. The �rst component corresponds to the common trends and the columns of C2 span
the cointegrating space. Therefore the cointegrating rank is equal to s � r and the number of
common trends equals the number of eigenvalues of A at one.3

The basis of the algorithm is found in the interpretation of the state vector: For given pos-
itive integers f and p de�ne Y +

t;f
= [y0

t
; y0

t+1; : : : ; y
0

t+f�1
]0 and Y �

t;p
= [y0

t�1; y
0

t�2; : : : ; y
0

t�p
]0. Fur-

ther let E+

t;f
= ["0

t
; "0

t+1; : : : ; "
0

t+f�1
]0. Let Of = [C 0; A0C 0; : : : ; (Af�1)0C 0]0 and Kp = [K; (A �

KE�1C)K; : : : ; (A � KE�1C)p�1K]. Finally de�ne Ef as the matrix, whose i-th block row is
equal to the matrix [CAi�1K; � � � ; CK;E; 0]. Then it follows from the system equations (2), that

Y +

t;f
= OfKpY

�

t;p
+Of (A�KE�1C)pxt�p + EfE

+

t;f

Here for notational simplicity yt = 0; t < 0; xt = 0; t � 0. Now the subspace algorithm can be
described as follows:

1) In a �rst step regress Y +

t;f
on Y �

t;p
to obtain an estimate �̂f;p of OfKp.

2) Typically �̂f;p has full rank, whereas OfKp is of rank n for f; p � n. Thus approximate �̂f;p
by a rank n matrix with decomposition Ôf K̂p.

1It can furthermore be shown that any set of linearly independent spreads is forming a basis for the cointegrating

space.
2This assumption excludes unit roots at other points than z = 1.
3Also in case of higher orders of integration, the structure of the eigenvalues at 1 (i.e. their algebraic and

geometric multiplicities) determine the orders of integration and cointegration.
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Figure 1: Left part of this �gure: interest rates for the di�erent maturities, from one to �ve years.
Right part: the four spreads rt;t+i � rt;t+1.

3) Use the estimate K̂p to estimate the state as x̂t = K̂pY
�

t;p
. Given the estimate of the state,

the system matrices (A;K;C;E) can be estimated by OLS using the system equations.4

In Bauer and Wagner (1999a) consistency for the estimates of the cointegrating space, the system
order and the transfer function estimates is derived. Also a method for the estimation of the
dimension of the cointegrating space is developed, which is based on estimated singular values:
The approximation in step 2 of the procedure outlined above is performed using the singular value
decomposition of (�̂+

f
)�1=2�̂f;p(�̂

�

p
)1=2 = Ûn�̂nV̂

0

n
+ R̂, where �̂+

f
denotes the sample covariance of

Y +

t;f
and �̂�p the sample covariance of Y �

t;p. Here Ûn is the matrix, which contains the �rst n right

singular vectors as columns and �̂n is a diagonal matrix, whose diagonal entries are the estimated
singular values in decreasing order. R̂ accounts for the neglected singular values. In the case,
where there are r common trends, the �rst r singular values of the limit of (�̂+

f
)�1=2�̂f;p(�̂

�

p
)1=2

are equal to one. In Bauer and Wagner (1999a) the asymptotic distribution of the singular values
is derived and a test procedure based on the asymptotic distribution is suggested.

3 An application to interest rate data

The interest rate data we use are the yields on 1 to 5 year US government bonds, they are
displayed in the left part of Figure 1. The returns are computed from the bond prices underlying
the analysis of Fama and Bliss (1987). The data range from June 1952 to December 1994 with
monthly frequency.

Unit root tests performed for all the series lead to the conclusion that all of them are integrated
of order one. Furthermore univariate unit root testing also leads to the conclusion that all the
spreads rt;t+i�rt;t+1 for i = 2; : : : ; 5 are stationary. These spreads are displayed in the right picture
in Figure 1 and are seen to quite resemble stationary time series. Hence univariate investigations
lend strong support to the expectations hypothesis of the term structure. Clear results like those
just mentioned are only obtained for the US market, e.g. for German data the evidence is not
that supportive for the expectations hypothesis. The results obtained by applying the subspace
procedures con�rm the theory and preliminary investigations. The order estimate according to AIC
is equal to 5, therefore f = p = 10 are chosen. In Table 1 we present the �rst 3 estimated singular

4First regress yt on x̂t to obtain an estimate ĈT and residuals ~"t. Then 
̂ = 1

T

P
T

t=1
~"t~"0t is an estimate for

the innovation variance. Thus ÊT can be calculated as the lower triangular Cholesky factor of 
̂ and "̂t = Ê
�1

T
~"t.

Finally regress x̂t+1 on x̂t and "̂t to obtain estimates ÂT and K̂T respectively.
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i �̂i T (1�
Pr

j=1
�̂2
j
=r) c.v.(true) c.v.(N) c.v. (asymp.)

1 0.999 0.741 10.713 11.326 59.509
2 0.954 23.385 20.263 20.189 36.727
3 0.766 85.999 { { {

Table 1: The �rst 3 estimated singular values and the statistic described in Bauer and Wagner
(1999a). Third column: value of the statistic. Fourth column: bootstrapped critical value, using
the distribution of the residuals. Fifth column: uses normal innovations having the same covariance
matrix. Last column: asymptotic values. The underlying test is one-sided.

Component number 2 3 4 5 Hausdor�

lower bound (true) 0.908 0.731 0.624 0.450 0
upper bound (true) 1.170 1.692 1.786 2.274 0.147

lower bound (normal) 0.971 0.953 0.940 0.929 0
upper bound(normal) 1.130 1.319 1.331 1.370 0.082

estimated values 1.0375 1.0648 1.0857 1.0974 0.0332

Table 2: Bootstrapped con�dence regions for the entries of the column of C corresponding to
the common trend. Here true stands for the procedure, which re-samples the estimated residuals,
whereas normal uses normal innovations with the same covariance matrix.

values �̂i, the test statistic T (1�
P

r

j=1
�2
j
=r), critical values obtained by 2 di�erent bootstrapping

procedures and the asymptotic critical values, which are generated using the estimated parameters.
The critical values for the bootstraps have been generated by 1000 replications of the estimated
model under the null hypothesis, where the �rst procedure re-samples the estimated residuals and
the second uses Gaussian residuals with the same covariance matrix.

The results are as expected: One common trend is found. The gap between the second and third
estimated singular value leads to the order estimate n = 2. Note that the critical values obtained
from the asymptotic theory, are di�ering substantially from the bootstrapped critical values. This
is evidence in favor of using the latter. Also note that the tests for the number of common trends
are only computed up to order 2, since the state dimension is an upper bound for the number of
common trends. Also the estimated eigenvalues, which are z = 0:9121 and z = 0:9992, con�rm
the hypothesis of only one common trend.

Finally also the hypothesis that the spreads are forming a basis for the cointegrating space
can be tested. This hypothesis is equivalent to the hypothesis that the common trend is C1 =
[1; 1; 1; 1; 1]0. Again bootstrapping methods can be used to generate con�dence intervals, see
Table 2. We test this hypothesis using the Hausdor� distance. The test is therefore one-sided and
the hypothesis is rejected if the Hausdor� distance between the estimated and the hypothetical
space is larger than the critical value. Also for the individual components of the vector, after
normalizing the �rst component to 1, con�dence intervals around 1 can be generated. None of
the null hypotheses can be rejected, and again the di�erent distributions for the bootstrapping
procedure lead to very similar results.

For comparison we have also applied the Johansen procedure to this data set. For all speci�-
cations the conclusion is always a 4-dimensional cointegrating space. However the hypothesis that
the spreads span that space is rejected throughout, although tests for the individual spreads to be
contained in the cointegrating space lead to an acceptance of these hypotheses.

Finally note that the state space system is preferred to the autoregressive system using the
AIC criterion. The best autoregressive model leads to a value of �64:3731, whereas the state space
model with two states results in �64:5548, which is an upper bound of the AIC value, since the
subspace estimate is not guaranteed to equal the ML estimate in �nite samples.
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4 Conclusions

In this paper we dealt with the application of so called subspace methods to the estimation of
cointegrated systems. The methods have been applied to the Fama-Bliss data set. The results
of the analysis are a con�rmation of the expectations hypothesis of the term structure. Also the
structure of the cointegrating space has been investigated, showing that the spreads between the
interest rates seem to be stationary, in accordance with the univariate statistics. Note, however
that the assumptions in the multivariate setting of course are di�erent, as we also model the
interdependencies between the various interest rates. The application demonstrates, that the state
space model leads to good models as measured by the AIC. Furthermore the testing of hypotheses
on the common trends is also easily incorporated in this framework. It has to be noted however,
that similar results have not been achieved for other data sets and that the procedures seem up to
now lack a profound theoretical justi�cation when exogenous inputs and nonzero means and time
trends are present. Also the accuracy for small data sets seems to be poor in some cases, as has
been noted when analyzing German interest rate data.

Acknowledgments

The �rst author would like to acknowledge the �nancial aid of the EU TMR project 'SI' in form
of a post-doc position at the University of Link�oping, Sweden.

References

Bauer, D. and Wagner, M. (1999a). Estimating cointegrated systems using subspace algo-
rithms. Submitted to Journal of Econometrics.

Bauer, D. and Wagner, M. (1999b). Unit root analysis in a state space framework: Canonical
form and maximum likelihood analysis. Mimeo.

Fama, E.F. and Bliss, R.R. (1987). The information in long-maturity forward rates. Ameri-

can Economic Review, 77, 680-692.

Johansen, S. (1995). Likelihood-Based Inference on Cointegration in the Vector Autoregressive

Model. Oxford: Oxford University Press.

Larimore, W.E. (1983). System identi�cation, reduced order �lters and modelling via canon-
ical variate analysis. In Rao, H.S. and Dorato, P. (Eds.) Proc. 1983 American Control

Conference 2. Piscataway, NJ: IEEE Service Center, 445-451.

Yap, S.F. and Reinsel, G.C. (1995). Estimating and Testing for Unit Roots in a Partially
Nonstationary Vector Autoregressive Moving Average Model. Journal of the American Sta-

tistical Association, 90, 253-267.

5


