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A Projection Method for Closed�loop Identi�cation

Urban Forssell and Lennart Ljung�

December �� �		�

Abstract

A new method for closed�loop identi�cation that allows �tting the model to the data with

arbitrary frequency weighting is described and analyzed� Just as the direct method this new

method is applicable to systems with arbitrary feedback mechanisms� This is in contrast to

other methods� such as the indirect method and the two�stage method� that assume linear

feedback� The �nite sample behavior of the proposed method is illustrated in a simulation

study�

Keywords� Closed�loop identi�cation	 Prediction error methods�

� Introduction

In 
Identi�cation for Control� the goal is to construct models that are suitable for control design�

It is widely appreciated that small model uncertainty around the cross�over frequency is essential

for successful control design� Consequently there has been a substantial interest in identi�cation

methods that provide a tunable optimality criterion so that the model can be �t to the data

with a suitable frequency weighting� With open�loop experiments this is no problem� It is well

known that arbitrary frequency weighting can be obtained by applying a prediction error method

to an output error model structure with a suitable �xed noise modelpre�lter �recall �cf� ���� that

the e�ect of any pre�lter may be included in the noise model�� However	 open�loop experiments

are not always possible since the system might be unstable or has to be controlled for safety or

production reasons� In such cases closed�loop experiments have to be used� The problem is now

that the simple approach of using an output error model with a �xed noise modelpre�lter will

give biased results when applied directly to closed�loop data	 unless the �xed noise model correctly

models the true noise color �see	 e�g�	 Theorem ��� in ����� A way around this would be to use a
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�exible	 parameterized noise model� This would eliminate the bias but the frequency weighting

would then not be �xed�

In this contribution we describe and analyze a closed�loop identi�cation method that is con�

sistent and	 in the case of under�modeling	 allows �tting the model to the data with arbitrary

frequency weighting� This method will be referred to as the projection method� The projection

method is in form similar to the two�stage method ��� but the ideas underlying the projection

method are also related to the cross�spectral method described in ��� and to Wiener �ltering	

e�g�	 ����

� Preliminaries

In this section we will specify the assumptions we make on the system and the feedback and

present the identi�cation method considered� Some notation will also be introduced�

Assumption � The true system is scalar� linear� time�invariant� and causal and given by

y�t� � G��q�u�t� � v�t�� v�t� � H��q�e�t� ���

where fe�t�g is a zero�mean white noise process with variance ��� and bounded moments of order

� � �� some � � �� and H��q� is an inversely stable� monic �lter� �The symbol q denotes the shift

operator� i�e�� q��u�t� � u�t� ����

Assumption � The input is generated as

u�t� � k�t� yt� ut��� r�t�� ���

where yt � �y���� � � � � y�t��� etc�� and where the reference signal fr�t�g is a given quasi�stationary

signal� independent of fv�t�g and k is a given deterministic function such that the closed�loop

system ��� and ��� is exponentially stable� which we de�ne as follows� For each t� s� t � s there

exist random variables �ys�t�� �us�t�� independent of rs and vs but not independent of rt and vt�

such that

�Ejy�t�� �ys�t�j� � C�t�s ���

�Eju�t�� �us�t�j� � C�t�s ���

for some C ��� � � ��

Here we have used the notation

�Ef�t� � lim
N��

�

N

NX
t��

Ef�t� ���

�



The concept of quasi�stationarity is de�ned in	 e�g�	 ���� For a quasi�stationary signal fs�t�g we

de�ne the covariance function and the spectrum as

Rs��� � �Es�t�s�t � �� and �s�	� �

�X
����

Rs���e
�i�� ���

respectively� Similarly	 for two jointly quasi�stationary signals fs�t�g and fw�t�g we de�ne the

cross�covariance function and cross�spectrum as

Rsw��� � �Es�t�w�t � �� and �sw�	� �

�X
����

Rsw���e
�i�� ���

respectively� We will assume that we can factorize the spectrum �s�	� as �s�	� �

Ms�e
i��Ms�e

�i�� where Ms�e
i�� is causal	 stable	 and inversely stable� �To reduce the nota�

tional burden we will in the sequel suppress the arguments t	 q	 		 and ei� whenever there is no

risk of confusion��

In this paper we will consider the standard prediction error method� This can be understood

as follows� Given measured data ZN � fy���� u���� � � � � y�N�� u�N�g and a parameterized predic�

tor model �y�tj
�	 where the parameters 
 range over a set DM which is assumed compact and

connected	 the prediction error estimate is found as ����

�
N � arg min
��DM

VN �
�� VN �
� �
�

N

NX
t��

���t� 
�� ��t� 
� � y�t�� �y�tj
� ���

Here ��t� 
� is called the prediction error� De�ne the average criterion �V �
� � �E���t� 
�� We then

have the following convergence result ����

Theorem � Let �
N be de�ned as in ���� where ��t� 
� is determined from a uniformly stable linear

model structure� and suppose that Assumptions 	 and 
 hold� Then

�
N � 
opt � arg min
��DM

�V �
� w�p� � as N �� � �

Remark� Using Parseval!s relationship we may rewrite �V �
� as

�V �
� �
�

��

Z �

��

��d	 ����

where �� denotes the spectrum of the prediction error� It can thus be seen that �V �
� �and

consequently 
opt� depends only on the second order properties �the spectrum� of the prediction

error� �

� The Projection Method

The projection method consists of the following two steps�

�



�� Estimate the parameters sk in the noncausal FIR model

u�t� � S�q�r�t� � e�t� �

M�X
k��M�

skr�t� k� � e�t� ����

where M� and M� are chosen so large that any correlation between u�t� and r�s� for t� s ��
��M�� � � � �M�� can be ignored	 and simulate the signal �u�t� � �S�q�r�t��

�� Identify the open�loop system using a model of the kind

y�t� � G�q� 
��u�t� �H��q�e�t� ����

The two�stage method ��� can be explained using essentially the same steps� What distinguishes

the projection method from the two�stage method is that a noncausal model is used in the �rst

step instead of a causal one� �In the two�stage method it is common to use �causal� high�order

FIR or ARX models in the �rst step�� This di�erence might seem subtle	 but as we shall see this

has important consequences for the applicability of the method and the quality of the estimates�

The �rst step in the projection method can be viewed as a least squares projection of u onto

r " hence the name projection method " and this method �asymptotically� achieves that the least

squares estimate �u and the residual #u � u � �u are orthogonal	 or uncorrelated ���u�u � ��� This

will be further discussed in the next section�

� Convergence Analysis

In this section we will characterize the limit models as N tends to in�nity using the result in

Theorem �� The analysis will apply to both the two�stage method and the projection method�

The main result is

Corollary � Consider the situation in Theorem 	 and assume that the prediction error is obtained

from the model ���� where �u � �Sr� Suppose that the model ���� is uniformly stable and that r is

persistently exciting� Then

�
N � 
opt � arg min
��DM

Z �

��

���G� � �B �G�

���� ��u

jH�j� d	 w�p� � as N ��� �B �
G���u�u

��u
����

If G�q� 
� and H��q� in ���� are causal the term �B in ���� can be replaced by

�B� �

�
G���u�u

H�M�
�u

�
�

H�
M�u

����

where superscript � denotes complex conjugate and �	�� denotes the causal part�

Proof� The main convergence result

�
N � 
opt � arg min
��DM

�V �
� w� p� � as N �� ����
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follows from Theorem �� To derive the expression ���� we need to compute ��� The model is

given by ����� The prediction error can thus be written

��t� 
� � H��
� �q��y�t��G�q� 
��u�t�� � H��

� �q���G��q��G�q� 
���u�t� � w�t�� ����

where

w�t� � G��q��u�t� � �u�t�� � v�t� ����

We have

�� �
�

jH�j� �jG� �G�j���u � �
f�G� �G����uwg��w� ����

Since ��u � � �this follows since r is persistently exciting ���� this can also be written

�� �
�

jH�j�
h���G� �G� �

�w�u

��u

������u � j�w�uj�
��u

��w

i
�� �

The result ���� now follows from Theorem � after noting that �w�u � G���u�u� If G�q� 
� and H��q�

are causal we have thatZ �

��

���G� � �B �G�

���� ��u

jH�j� d	 �

Z �

��

���G� � �B� �G�

���� ��u

jH�j� d	 � C ����

where C is a constant� This ends the proof� �

The expression ���� shows that ��u�u � � �i�e�	 that �u and #u are uncorrelated� is a necessary

condition for consistency� This applies both to the projection method and to the two�stage method�

By construction the projection method �asymptotically� achieves this regardless of the nature of

the feedback� If u is generated as

u�t� � r�t� �K�q�y�t� ����

where K is a linear regulator we have that

u�t� � S��q�r�t� �K�q�S��q�v�t� ����

where S� is the sensitivity function S� � �� � G�K���� In this case the condition ��u�u � � is

equivalent to �S � S�� This can be achieved �asymptotically� also with the two�stage method and

hence this method can give consistent estimates of G� if the feedback is linear� The more general

applicability of the projection method is due to the noncausal model used in the �rst step of the

algorithm� This will be further discussed below�

From ���� it is also clear that	 in case of undermodeling	 the model can be �t to the data with

arbitrary frequency weighting " if we have succeeded in achieving ��u�u � ��

Let us return to the question of how to obtain an estimate �u � �Sr of u such that ��u�u � �

or	 equivalently	 such that �r�u � �� Consider the linear least mean squares �l�l�m�s�� estimation

�



problem �cf� �����

min
sk

�E�u�t��
M�X

k��M�

skr�t � k��� ����

The optimal solution can be found by solving the normal equations

Rur��� �

M�X
k��M�

skRr�k � ��� � � �M�� � � � �M� ����

Note that this implies that	 for the optimal solution	 #u�t� will be uncorrelated with r�t � �� for

� � �M�� � � � �M�� To achieve that #u�t� is uncorrelated with r�t� �� for all � ���ur � �� we should

let both M� andM� tend to in�nity in ����	 which then becomes an in�nite set of linear equations�

However	 the optimal solution can still readily be found using Fourier techniques and it is given

by

Sopt�e
i�� �

�ur�	�

�r�	�
����

This l�l�m�s� estimator is often called the Wiener smoother ���� In the linear feedback case the

optimal solution is Sopt�e
i�� � S��e

i�� which of course is a causal operator� With linear feedback

it is therefore no restriction to consider only causal models as in the two�stage method� However	

in the nonlinear case the Wiener smoother can be noncausal even though the mapping from r to

u is causal� In such cases it would thus be suboptimal to restrict to causal models�

Example � One might be tempted to think that the Wiener smoother cannot be noncausal if the

mapping from r to u is causal �be it linear or nonlinear�� However� in general no such guarantees

can be given� A simple counterexample can be constructed as follows� Let r�t� � �t����t������
where �t� is a sequence of independent Gaussian random variables with zero mean and variance ��

and let u�t� � r��t��Er��t�� Then Er�t�r�t��� � ��������� and Eu�t�r�t��� � ��	����������

��
�� denotes the Kronecker delta operator�� It follows that the Wiener smoother is Sopt�q� �

��
����q �

���

���� which is noncausal although the mapping from r to u is causal� �

To �nd the optimal solution when �ur and �r are unknown we can	 for instance	 use spectral

analysis as in ���� In the projection method a parametric approach is used and the optimal	 doubly

in�nite �M� � �	 M� � �� FIR �lter is replaced by a �nite approximation� If M� and M� are

chosen large enough we will achieve �r�u � �	 which implies that the resulting model will be

essentially bias free	 regardless of the nature of the feedback�

So far we have mainly discussed the asymptotic properties of the projection method� In the

simulation study below we will illustrate the �nite sample behavior of this method and it will

then be clear that the noncausal FIR model used in the �rst step of the projection method can be

used to decrease the de facto correlation between r and u and which will lead to improved results	

compared to the two�stage method	 even though the asymptotically optimal Wiener smoother is

causal�

�



� Asymptotic Variance Properties

This section will contain a brief discussion on the asymptotic variance properties of the projection

�two�stage� method� Exact analysis of the asymptotic variance of the parameter estimates is not

easy in the general case and we will not go into any further details on this here� However	 to get

some insight into the variance properties we rewrite the true system ��� as

y�t� � G��q��u�t� � w�t�� w�t� � G��q��u�t�� �u�t�� � v�t� ����

As can be seen	 the di�erence compared to ��� is that we have replaced u by �u and v by w� It

follows that we may regard the second step of the projection method as a direct identi�cation of

the open�loop system using measurements of y and �u� Typically we will have

��u � �u and �w � �v ����

implying that

��u

�w

�
�u

�v

����

This shows that the signal to noise ratio will be worse than for direct identi�cation using y and

u	 and we can thus expect that the accuracy of the projection method will be suboptimal� The

Monte Carlo simulation presented in the next section illustrates this quite clearly�

If u is generated as in ���� and �u � S�r we have that w � S�v and we are back in an open�loop

situation �since r and v are independent� and all standard open�loop results hold� As an example

we have ��� �G�� is short for d�d
G�ei� � 
�j������

Theorem � Consider the estimate �
N de�ned by ��� where �y�tj
� is determined from the model

structure ���� which we assume is uniformly stable� Suppose that Assumptions 	 and 
 hold and

that the input is generated as in ���� and that �u � S�r� Suppose also that for a unique value 
�

interior to DM such that G�q� 
�� � G��q� we have

�
N � 
�� w�p� � as N �� �� �

R �
�

��

Z �

��

��u

jH�j�G
�
�G

��
� d	 � � ����

p
NE

�
�

N

NX
t��

���t� 
����t� 
��� �E��t� 
����t� 
���

�
� �� as N �� ����

where � denotes the negative gradient of �� Then

p
N��
N � 
�� � AsN��� P�� ���a�

P� � R��QR�� ���b�

Q �
�

��

Z �

��

�w��u

jH�j� G
�
�G

��
� d	 ���c�

�



Remark� In the situation considered in Theorem � we can also write the matrices R and Q as

R �
�

��

Z �

��

jS�j��r

jH�j� G��G
��
� d	 ����

Q �
�

��

Z �

��

jS�j��v�r

jH�j� G��G
��
� d	 ����

�

	 Simulation Study

In this section we illustrate the performance of the closed�loop methods presented earlier when

applied to a system with a nonlinearity in the loop� The set�up is illustrated in Figure �� The

�r
�
�

e �u G��q� � e�
��

v

�y

�K�q����	�

�

Figure �� Closed�loop system with nonlinear feedback�

system G� and the noise model H� �cf� ���� are given by

G��q� �
b��q

��

� � a��q
�� � a��q

��
� H��q� � � ����

where b�� � �	 a�� � ����	 and a�� � ����� The feedback controller is a proportional controller

K�q� � ���� and at the output of the controller there is a static nonlinear element � given by

��x� �

��	
�

x� ���� if x � �

x� ���� if x � �

����

The goal is to identify the open�loop systemG� using the simulated closed�loop data� Four di�erent

methods will be considered� The direct	 the indirect	 the two�stage	 and the projection methods�

In the direct method the model was

y�t� � G�q� 
�u�t� � e�t� �
b�q

��

� � a�q�� � a�q��
u�t� � e�t� ����

In the indirect method we used

y�t� �
G�q� 
�

� �G�q� 
�K�q�
r�t� � e�t� ����

where G�q� 
� as in ����� �This model would give a consistent estimate of G� if the nonlinearity

was not present�� In the �rst step of the two�stage method we used a ��th order ARX model and

 



for the projection method the noncausal FIR �lter had �� taps �M� � M� � �� in Eq� ������ In

the second step of these method we used a model of the form ���� except that u was replaced by

�u�

In order to high�light the bias errors in the resulting estimates we �rst performed a noise�

free simulation of the system� The data was generated using a unit variance	 Gaussian	 white

noise reference signal� N � ��� data points were collected� The results of the identi�cation are

illustrated in Figure �� With the direct method the true system is retrieved exactly	 hence this

estimate is not plotted separately� The indirect method performs very badly	 which could be

expected since there is a considerable error in the assumed feedback law� It is also clear that the

projection method is able to model the true system quite accurately while the two�stage method

performs less well� The identi�cation results are summarized in Table ��

0 0.5 1 1.5 2 2.5 3
−10

−5

0

5

10

15

20

dB

True system
Indirect
Two−stage
Projection

Figure �� Bode plot of true and estimated transfer functions�

Note that in this example r is a white noise signal and asymptotically there is no noncausal

correlation between r and u so the Wiener smoother is causal� The reason why the projection

method outperforms the two�stage method in this situation is that for a �nite data set	 like this

one	 the noncausal model used in the projection method reduces the actual correlation between �u

and #u and	 consequently	 improves the quality of the resulting G�estimate� To further illustrate

this we studied the impulse response coe$cients of the �rst�step models in the two methods� The

top plot in Figure � shows the estimated impulse response of the map from the reference r to

��



Table �� True and estimated parameter values� �D � Direct method� I� Indirect method� T �

Two�stage method� P � Projection method�

True D I T P

value

a� ������� ������� ������� ���� �� �������
a� ������ ������ ������ ������ ����  

b� ������ ������ ������ �� ��� �� � �

−30 −20 −10 0 10 20 30
−2

−1

0

1

2
"True" impulse response (CRA)

−30 −20 −10 0 10 20 30
−2

−1

0

1

2
Two−stage

−30 −20 −10 0 10 20 30
−2

−1

0

1

2
Projection

Lags

Figure �� Impulse response estimated using correlation analysis �top� and impulse responses for

the �rst�step models in the two�stage �middle� and the projection �bottom� methods�
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the input u obtained using correlation analysis� This illustrates the actual correlation between

u�t� and r�t � k� for di�erent k� The middle and bottom plots show the impulse responses for

the �rst�step models in the two�stage and projection methods	 respectively� It is clear that the

causal part of the impulse response is quite accurately modeled in the two�stage method while the

noncausal part is zero� However	 the noncausal FIR �lter used in the projection method	 which

approximates the impulse response well for lags between the chosen limits ��� and ��	 apparently

picks up more of the signi�cant correlation between r and u and hence gives better results�

To illustrate the suboptimal accuracy of the projection method we performed a simulation

study consisting of ��� Monte Carlo simulations� In each run we collected �� � samples� The

noise e was chosen as a unit variance	 Gaussian	 white noise sequence	 independent of the reference

signal r� The reference signal was also chosen as a unit variance	 Gaussian	 white noise sequence	

just as before� In this simulation only the optimal direct method and the projection method were

compared� In the projection method we used a noncausal FIR �lter with �� taps	 also as before�

The results of the Monte Carlo simulation are presented in Table �� The values shown are the mean

values of the parameter estimates together with their estimated standard deviations� Clearly the

Table �� Summary of results of Monte Carlo simulation�

True D P

value

a� ������� ������� ������ 
������� ����� �

a� ������ ������ ���� �

������� �������
b� ������ ����� ��  � 

������� �������

accuracy of the projection method is worse than that of the direct method	 as expected� There is

also a slight bias in the parameter estimates obtained with the projection method which is due to

a nonvanishing correlation between �u and #u� One reason for this is that we used rather small M�

and M�	 another is that the estimated coe$cients in the noncausal FIR �lter are not perfect due

to the noise in u� The latter e�ect tends to be worse as model order increases	 while the former

decreases with increasing model order� In a practical situation it is therefore recommended to try

di�erent values of M� and M� to optimize the results�

��




 Conclusions

The projection method consists of two steps� First the mapping from the reference signal r to the

input u is modeled using a noncausal FIR �lter� This gives an estimate �u of u that is asymptotically

uncorrelated with u� �u� In the second step the open�loop system is identi�ed using measurements

of y and �u� The method gives consistent estimates regardless of the nature of the feedback but the

accuracy is suboptimal� In case of undermodeling	 the model can be �t to the data with arbitrary

frequency weighting which is a clear advantage compared to the direct method�
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