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Abstract
Model predictive control, MPC, form a class of model-based
controllers that select control actions by on-line optimization
of objective functions. Design methods based on MPC have
found wide acceptance in industrial process control applica-
tions, and have been thoroughly studied by the academia.
Most of the work so far have relied on linear models of dif-
ferent sophistication because of their advantage of provid-
ing simple and straightforward implementations. However,
when turning to the nonlinear domain, problems often arise
as a consequence of the difficulties in obtaining good nonlin-
ear models, and the computational burden associated with
the control optimization. In this paper we present a new
approach to the nonlinear MPC problem using the recently
proposed concept of model-on-demand. The idea is to esti-
mate the process dynamics locally and on-line using process
data stored in a database. By treating the local model ob-
tained at each sample time as a local linearization, it is thus
possible to reuse tools and concepts from the linear MPC
framework. Three different variants of the idea, based on
local linearization, linearization along a trajectory and non-
linear optimization respectively, are studied. They are all
illustrated in numerical simulations.

Keywords: predictive control, local polynomial models

1 Introduction

Model predictive control, MPC, is a family of
optimal-control related methods that selects con-
trol actions by on-line minimization of objective
functions. The methods assume a model of the
controlled process and utilize its predictive power
to optimize the control.
There are many variants of model predictive con-
trol, for instance, dynamic matrix control and ex-
tended horizon control. See Garćıa et al. (1989) for
a survey. If the model is estimated on-line in an
adaptive control manner, one usually talks about
generalized predictive control, GPC, (Clarke et al.,
1987a,b).
Early formulations of MPC used linear models
of various sophistication such as step response, im-

pulse response or state-space models, and turned
out to be successful in controlling linear and mildly
nonlinear processes. The performance degradation
and instability noticed in the presence of strong
nonlinearities, though, soon motivated the exten-
sion to nonlinear models. However, both the dif-
ficulties in obtaining a good model of the nonlin-
ear process and the excessive computational bur-
den associated with the control optimization have
been serious obstacles to widespread industrial im-
plementations. Various simplifications and approx-
imations based on linearization of the nonlinear
process have therefore been proposed, see, for in-
stance, Gattu and Zafiriou (1992). In this paper
we instead present the concept of model-free pre-
dictive control, which extends the MPC ideas to
the model-on-demand framework.
The model-on-demand philosophy has its origins
in local polynomial modeling and has been brought
up as an alternative to more traditional model-
ing methods like neural nets, radial basis networks
and wavelets, and has for functional approxima-
tions been extensively studied within the statistical
literature (see, for instance, Cleveland and Devlin
(1988), Wand and Jones (1995), or Fan and Gij-
bels (1996)). Rather than estimating a large global
model covering the entire regressor space, the idea
is instead to model the input-output data belonging
to a small neighborhood around the current oper-
ating point (Stenman et al., 1996; Stenman, 1997).
This gives the advantage of providing a good fit
using a significantly simpler model than the one
needed for a good global approximation.
For simplicity and ease of notation we will in this
paper restrict ourselves to SISO processes of NARX
type, That is, systems of the form

y(t) = m(ϕ(t)) + e(t), t = 1, . . . ,M, (1)

where ϕ(t) denotes a regression vector which con-
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sist of lagged input-output data, m(·) is an un-
known nonlinear mapping and e(t) is a noise term
modeled as i.i.d. random variables with zero means
and variances σ2t .
The organization of the paper is as follows: Sec-
tion 2 describes the basics behind modeling-on-
demand, Section 3 describes the MPC setup and
discusses how local modeling can be incorporated in
this framework. Section 4 illustrates the proposed
methods in numerical simulations, and Section 5,
finally, provides some concluding remarks.

2 Model-on-Demand

The basic idea behind the model-on-demand philos-
ophy is to store all observations {(y(k), ϕ(k)} from
the process in a database, and estimate the system
dynamics locally and “on demand” when the need
for a model arises. That is, for each operating point
ϕ(t), a local model is obtained via the weighted re-
gression problem;

β̂ = arg min
β

M∑
k=1

�(y(k)−m(ϕ(k), β))

×W
(
‖ϕ(k)− ϕ(t)‖M

h

)
, (2)

where �(·) is a scalar-valued and positive norm func-
tion, ‖u‖M Δ

=
√
uTMu is a scaled distance function

(vector norm) on the regressor space, h is a band-
width parameter controlling the size of the neigh-
borhood around ϕ(t), and W (·) is a window func-
tion (usually referred to as the kernel) assigning
weights to each remote data point according to its
distance from ϕ(t). The window is typically a bell-
shaped function with bounded support. See Fig-
ure 1, where some commonly used windows are de-
picted.
In principle, it is possible to use any nonlinear
model structure as local model in (2). However,
if the quadratic L2 norm, �(ε) = ε

2, is used and
the model is linear in the unknown parameters, the
estimate can be easily computed using simple and
powerful weighted least squares. We thus assume a
local linear model structure,

m(ϕ(k), β) = β0 + β
T
1 (ϕ(k)− ϕ(t)) (3)

as the the default choice in the sequel of the paper.
If β̂0 and β̂1 denote the minimizers of (2) using the
model (3), it is easy to see that an estimate of y(t)
(i.e., a one-step-ahead prediction), is given by

ŷ(t) = m(ϕ(t), β̂) = β̂0. (4)
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Figure 1: Some commonly used window functions:
Uniform (solid), Epanechnikov, W (u) = (1− u2)+
(dashed), and tricube, W (u) = (1 − u3)3+ (dash-
dotted).

However, it has been shown that it also is possible
to enhance the estimate by first estimating higher
order derivatives of m(·) from data, and plugging
them into an additional optimization step. See
Stenman (1997) and Stenman et al. (1997) for more
details around this.
Note that the formulation (2) produces a single
local estimate ŷ(t) associated with the current re-
gression vector ϕ(t). To obtain predictions at other
locations in the regressor space, the weights change
and new optimization problems have to be solved.
This is in contrast to the global modeling approach
where the model is fitted to data only once. How-
ever, in a neighborhood around ϕ(t), the local lin-
ear model (3) provides an input-output lineariza-
tion of the form

A(q−1)y(t) = B(q−1)u(t− nk) + α, (5)

where A(q−1) and B(q−1) are polynomials in the
backward time-shift operator q−1 obtained from
the components of β̂1, and

α = β̂0 − β̂T1 ϕ(t). (6)

is an offset term.
It is well known that the bandwidth h has a crit-
ical impact on the quality of the estimate (4), since
it governs a trade-off between the bias and vari-
ance errors. Methods that use the available data
to produce good bandwidths are usually referred
to as (data-driven) bandwidth selectors, and have
been thoroughly studied within the statistical lit-
erature, see, for instance, Wand and Jones (1995)
or Fan and Gijbels (1996). They can roughly be
divided into “classical” methods which are based

2



on cross-validation ideas, and “plug-in” methods
which rely on minimizing asymptotic MSE expres-
sions (Loader, 1995). The majority of the band-
width selectors proposed so far, have been of global
type, i.e., they produce a single global value. How-
ever, adaptive (i.e., local) methods, that select
bandwidths on-line for each estimation point, have
gained a significant interest in recent years, al-
though the development of them still seems to be
an open and active research area. The bandwidth
selection problem is outside the scope of this paper,
though, and in the applications that follow we will
not pay it any deeper attention.
The scaling matrixM that controls the distance
function (and hence the shape of the neighborhood)
can be optimized in a similar way, although we here
only have considered fixed choices. Selecting the
scaling matrix is very important, though, especially
when the regressor components have very different
magnitudes. An obvious default choice, which has
been adopted here, is to make it proportional to
the inverse covariance of the regressors.

3 Model Predictive Control

The model predictive control problem can be for-
mulated as follows (Meadows and Rawlings, 1997):
Given a model description of the form (1) and
knowledge of the current system state, seek a con-
trol that minimizes the objective function

J =
N−1∑
k=0

Qe(k) (r(t + k + 1)− ŷ(t+ k + 1))2

+Qu(k)u
2(t+ k) +QΔu(k)Δu

2(t+ k) (7)

where Qe(k), Qu(k) and QΔu(k) represent penal-
ties on the control error, control signal and control
increment magnitudes respectively. Of the N fu-
ture control actions that minimize J , only the first
one is applied to the controlled process. When new
measurements become available, a new optimiza-
tion problem is formulated whose solution provides
the next control action. This is usually referred to
as the receding horizon principle. Another special
feature of the formulation (7) is the presence of the
control increment,

Δu(t+ k) = u(t+ k)− u(t+ k − 1), (8)

in the objective. In some examples, for instance
in process control applications, the change rate of
the control action may be restricted. Rather than
including the actuator dynamics in the model, it
is instead a common practice to include penalties

on the control increment. An additional advantage
with MPC is that it is straightforward to include
hard bounds on the control signal magnitude and
the control increment, i.e.,

umin ≤ u(t+ k) ≤ umax, (9a)

Δumin ≤ Δu(t+ k) ≤ Δumax. (9b)

Optimization of (7) can be quite demanding for
large prediction horizons. To decrease the compu-
tational complexity it is thus very common to intro-
duce constraints on the future control signals. An
often used approach is to assume that the control
increments are zero after Nu ≤ N steps;

Δu(t+ k − 1) = 0, k > Nu. (10)

It is well known that this also has the effect of
producing less aggressive controllers (Meadows and
Rawlings, 1997). The quantity Nu is usually re-
ferred to as the control horizon.

3.1 Optimization Based on Local
Linearizations

The most obvious way of incorporating the model-
on-demand approach into the MPC formulation is
to optimize the objective (7) based on the local
model obtained at time t. A quite similar idea was
explored by Gattu and Zafiriou (1992) using state-
space models, but here we choose to remain in the
input-output domain.
From the model (3) we obtain an input-output
linearization of the form (5). The basic problem is
now to express the output prediction at time t+ k
as a function of future controls. The standard trick
(Åström andWittenmark, 1995) is to introduce the
identity

1 = A(q−1)Fk(q
−1) + q−kGk(q

−1) (11)

where Fk(q
−1) and Gk(q−1) are polynomials of de-

grees k − 1 and na − 1 respectively. Substituting
(11) into (5) yields

y(t) = B(q−1)Fk(q
−1)u(t− 1)

+ q−kGk(q
−1)y(t) + Fk(1)α, (12)

i.e.,

ŷ(t+ k) = B(q−1)Fk(q
−1)u(t+ k − 1)

+Gk(q
−1)y(t) + Fk(1)α. (13)

By partitioning B(q−1)Fk(q−1) as

B(q−1)Fk(q
−1) = Sk(q

−1) + q−kS̃k(q
−1), (14)
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where degSk(q
−1) = k− 1 and deg S̃k(q−1) = nb−

2, the output prediction (13) can be rewritten as

ŷ(t+ k) = Sk(q
−1)u(t+ k − 1) + ȳ(t+ k). (15)

Here the first term depends on future control ac-
tions u(t), . . . , u(t+ k − 1) whereas the remaining
terms (collected into ȳ(t+ k)) depend on measured
quantities only. By introducing the notations

ŷ
Δ
=
(
ŷ(t+ 1) . . . ŷ(t+N)

)T
,

ũ
Δ
=
(
u(t) . . . u(t+N − 1)

)T
,

ȳ
Δ
=
(
ȳ(t+ 1) . . . ȳ(t+ k)

)T
,

S̃
Δ
=

⎛
⎜⎜⎜⎝
s0 0 . . . 0
s1 s0 . . . 0
...

. . .
...

sN−1 sN−2 . . . s0

⎞
⎟⎟⎟⎠ ,

where si are the coefficients of Sk(q
−1) we have that

ŷ = ȳ + S̃ũ. (16)

However, taking into account that the control hori-
zonNu typically is shorter than the prediction hori-
zon N and that (10) holds, this can be rewritten
as

ŷ = ȳ+ Su, (17)

where

u
Δ
=
(
u(t) . . . u(t+Nu − 1)

)T
, (18)

and

S
Δ
= S̃Λ with Λ

Δ
=

⎛
⎜⎜⎜⎝
1 0 . . . 0 . . . 0
0 1 . . . 0 . . . 0
...
...
. . .

...
...

0 0 . . . 1 . . . 1

⎞
⎟⎟⎟⎠

T

.

The control increments (8) can also be expressed in
vector form

Δu = Du− ū (19)

by introducing the auxiliary quantities

D
Δ
=

⎛
⎜⎜⎝
1 0 . . . 0

−1 1
...

0
. . .

. . . 0
0 . . . −1 1

⎞
⎟⎟⎠ and ū Δ=

⎛
⎜⎜⎝
u(t− 1)
0
...
0

⎞
⎟⎟⎠ .

The objective (7) can thus be simplified as

J(u) = ‖r− ŷ‖2Qe + ‖u‖
2
Qu + ‖Δu‖

2
QΔu

= ‖r− ȳ− Su‖2Qe + ‖u‖
2
Qu + ‖Du− ū‖

2
QΔu ,

(20)

where

r
Δ
=
(
r(t+ 1) . . . r(t+N)

)
(21)

denotes the desired (and possibly smoothed) refer-
ence trajectory, and Qe, Qu and QΔu are diago-
nal matrices with entries Qe(k), Qu(k) and QΔu(k)
respectively. For the unconstrained case, the mini-
mizing control sequence is thus obtained explicitly
by means of ordinary least squares theory.
For the constrained case, the constraints (9) can
be re-formulated as

Cu ≤ c (22)

where

C
Δ
=

⎛
⎜⎜⎝
I
−I
D
−D

⎞
⎟⎟⎠ and c Δ=

⎛
⎜⎜⎝

umax · 1
−umin · 1

Δumax · 1+ ū
−Δumin · 1− ū

⎞
⎟⎟⎠ .

We thus obtain a quadratic programming (QP)
problem which can be efficiently solved using stan-
dard numerical optimization software.

3.2 Optimization Based on Lin-
earization along a Trajectory

A drawback with the previously described approach
is that the predicted output behavior of the process
is based on the input-output linearization obtained
at time t. This assumption will not hold in general,
since when the currently computed control is ap-
plied to the process, the operating point will most
likely change. A natural solution to this problem
is to provide the optimized control sequence u ob-
tained from the previous optimization to the local
estimator, in order to obtain an approximate time-
varying local linear model over the future N sam-
ples. A similar approach was formulated by Löfberg
(1998) using state-space models.
The local estimator will at each time instant τ =
t+1, . . . , t+N return a input-output linearization
of the form

Aτ (q
−1)y(τ) = Bτ (q

−1)u(τ) + ατ

The output predictor associated with this time-
varying model can be derived similar to the time-
invariant case in Section 3.1. Introduce the identity

1 = At+k(q
−1) + f1q

−1At+k−1(q
−1) + . . .

+ fk−1q
−k+1At+1(q

−1) + q−kGt,k(q
−1) (23)

which can be interpreted as the time-variant coun-
terpart of (11). The coefficients of Ft,k andGt,k can
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be determined using repeated polynomial division.
For instance, for f1 we have

q
(
1−At+k(q−1)

)
At+k−1(q−1)

= f1 +
R1(q

−1)

At+k−1(q−1)
. (24)

By applying the same procedure on the remain-
der terms Ri(q

−1), the rest of the coefficients of
Ft,k(q

−1) and Gt,k(q−1) can be determined. The
corresponding output predictor is given by

ŷ(t+ k) =
(
Bt+k(q

−1)+ f1q
−1Bt+k−1(q

−1)+ . . .

+ fk−1q
−k+1Bt+1(q

−1)
)
u(t+ k − 1)

+Gt,k(q
−1)y(t) + Ft,k(q

−1)αt+k. (25)

As in (15) this expression can be partitioned in one
part that depends on future control moves and one
part that depends on past measured data only;

ŷ(t+ k) = St,k(q
−1)u(t+ k− 1)+ ȳ(t+ k). (26)

Hence the output predictions can be expressed sim-
ilar to (17), and the control sequence can be opti-
mized analogously to the derivation in Section 3.1.

3.3 General Numerical Optimiza-
tion

The most general solution to the nonlinear MPC
problem is perhaps brute force optimization of the
criterion (7) using nonlinear programming meth-
ods. That is, the optimal control sequence u is de-
termined using a numerical optimization routine,
that in each iteration simulates the system given
the current value of the control sequence (that is,
computes the N -step-ahead prediction), and then
updates it in a direction such that the value of the
objective function J decreases.

It is known that more accurate results could be
obtained if the optimization routine is provided
with gradient information. From (20) we have that

∇J = 2STQe(ŷ − r) + 2Quu+ 2DTQΔuΔu.
(27)

The gradient can thus be estimated from the local
models obtained along the simulated trajectory.

A severe problem with the general optimization
formulation, though, is that the optimization typi-
cally will be very complex and time-consuming for
large control horizons Nu. We will most likely also
get the problem with local minima.
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Figure 2: Step response experiment using the pre-
dictive controller of Section 3.1. (a) Reference sig-
nal (dashed) and system output (solid). (b) Control
signal.

4 A Simple Example

To illustrate the proposed methods in simulations
we will consider the nonlinear system

ÿ(t) (1 + |y(t)|) = u(t). (28)

It has the property that the gain of system de-
creases as the magnitude of the output signal in-
creases.
The open-loop system is unstable, so a database
consisting of 2000 output and regressor pairs
(y(k), ϕ(k)) was built-up during a closed-loop ex-
periment using a proportional controller, u(t) =
K(y(t)−r(t)), and a Gaussian reference signal r(t).
The sampling interval was selected as Ts = 0.1 sec-
onds. A simulation using this database and the
predictive controller of Section 3.1 with parameter
values N = 10, Nu = 7, Qe = 1, Qu = 0 and
QΔu = 0.001, and assuming that the control mag-
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nitude is limited according to

|u(t+ k)| ≤ 15, k = 0, . . . , Nu − 1

is shown in Figure 2.
A simulation using the same parameter values
but the controller of Section 3.2 is shown in Fig-
ure 3. We see that the second controller gives a
much better result. Since this controller uses linear
models of the plant along the predicted future tra-
jectory, it is aware of that the gain of the system
will decrease as the output magnitude increases.
Therefore it is more restrictive in its use of control
energy as the output approaches the setpoint.

5 Conclusions

We have here presented the method of model-
free predictive control, which combines the idea of
model-on-demand with established and well-known
MPC techniques. The method is model-free in the
sense that no global model of the process dynam-
ics is required. Instead it relies upon an on-line
estimation scheme that uses process data stored in
a database. The only global model consideration
is the configuration of the regression vector. Since
the controller part of the algorithm is based on well-
known techniques, standardMPC tuning guidelines
apply.
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