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Linköping University
S-58183 Linkp̈ing, Sweden
Email: tomas@isy.liu.se

ABSTRACT

In this paper we discuss how the time domain subspace
based identification algorithms can be modified in order to be
applicable when the primary measurements are given as sam-
ples of the Fourier transform of the input and output signals or
alternatively samples of the transfer function. An instrumental
variable (IV) based subspace algorithm is presented. We show
that this method is consistent if a certain rank constraint is sat-
isfied and the frequency domain noise is zero mean with bounded
covariances. An example is presented which illuminates the the-
oretical discussion.

Keywords: system identification, state-space models, sub-
space methods, numerical methods, stochastic analysis, fre-
quency domain, approximation

INTRODUCTION

Methods which identify state-space models by means
of geometrical properties of the input and output sequences
are commonly known as subspace methods and have re-
ceived much attention in the literature. The early sub-
space identification methods (De Moor and Vandewalle
1987; Moonen, De Moor, Vandenberghe, and Vandewalle
1989; Verhaegen 1991) focused on the deterministic systems
with errors represented at the outputs. By extending these
methods, consistent algorithms have been obtained when
the errors are described by colored noise (Van Overschee
and De Moor 1994; Verhaegen 1993; Verhaegen 1994). One
of the advantages with subspace methods is the absence of
a parametric iterative optimization step. In classical pre-
diction error minimization (Ljung 1987), such a step is nec-

essary for most model structures. A second advantage is
that the identification of multivariable systems is just as
simple as for scalar systems. Particularly one do not have
to deal with the difficult parametrization issue of multivari-
able systems since no explicit parametrization is needed.
An overview of time domain subspace methods is given by
Viberg (1995).

In this paper we consider the case when data is given
in the frequency domain, i.e. when samples of the Fourier
transform of the input and output signals are the primary
measurements. In a number of applications, particularly
when modeling flexible structures, it is common to fit mod-
els in the frequency domain (Schoukens and Pintelon 1991;
Ljung 1993). A few subspace based algorithms formulated
in the frequency domain has appeared recently. A frequency
domain version by Liu and Skelton (1993) has been de-
scribed in (Liu, Jacques, and Miller 1994). Two related
algorithms has been presented in (McKelvey, Akçay, and
Ljung 1996). These algorithms use a discrete time formu-
lation. In (Van Overschee and De Moor 1996) a subspace
based algorithm is presented which is based on a continuous-
time frequency domain formulation. One drawback of all
these methods is that they are only consistent if the second
order noise statistics are known. A method is consistent if
the algorithm converges to the true system as the number of
noisy frequency samples tend to infinity, i.e. the frequency
grid become denser and denser.

A different route is followed in in (McKelvey and Akçay
1994; McKelvey, Akçay, and Ljung 1996) where an algo-
rithm which is based on the inverse discrete Fourier trans-
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form is presented. This algorithm is consistent for a large
class of systems but requires samples of the frequency re-
sponse of the system at equidistant frequencies covering the
whole frequency axis (0 − π).

The topic of this paper is to introduce a subspace based
identification algorithm which is consistent also for the case
of unknown second order noise statistics which is applicable
for frequency data sampled at arbitrary frequencies. We do
this by the technique of instrumental variables (Söderström
and Stoica 1989). A similar technique has previously been
used for a time domain algorithm called PI-MOESP (Ver-
haegen 1993).

In the sequel we will only consider the case of identify-
ing a discrete time system from samples of the discrete time
Fourier transform of the inputs and outputs. The same algo-
rithms can also be used to identify continuous-time systems
from continuous time data by adding a bilinear transforma-
tion step. For more details we refer to (McKelvey, Akçay,
and Ljung 1996).

PRELIMINARIES

Consider a stable time-invariant discrete time linear
system of finite order n in state-space form

x(k + 1) = Ax(k) + Bu(k)
y(k) = Cx(k) + Du(k) + v(k) (1)

where u(k) ∈ R
m is the input vector, y(k) ∈ Rp the out-

put vector and x(k) ∈ Rn is the state vector. The noise
term v(k) ∈ Rp is assumed to be independent of the input
sequence u(t). Here the time index k denotes normalized
time. Hence y(k) denotes the sample of the output signal
y(t) at time instant t = kT where T denotes the sample
time. We also assume that the state-space realization (1)
is minimal which implies both observability and control-
lability (Kailath 1980). A system with this type of noise
model is commonly known as output-error models (Ljung
1987). Note that all such pairs (1) describing the same in-
put/output behavior of the system are equivalent under a
non-singular similarity transformation T ∈ R

n×n (Kailath
1980), i.e the matrices (T−1AT, T−1B, CT, D) will be an
equivalent state-space realization. The discrete time Fourier
transform F of a sequence f(k) is defined as

Ff(k) = F (ω) =
∞∑

k=−∞
f(k)e−jωk (2)

where j =
√−1. Applying the Fourier transform to (1)

gives

ejωX(ω) = AX(ω) + BU(ω)
Y (ω) = CX(ω) + DU(ω) + V (ω) (3)

where Y (ω), U(ω), V (ω) and X(ω) are the transformed out-
put, input, noise and state respectively. By eliminating the
state from (3) we obtain

Y (ω) = G(ejω)U(ω) + V (ω) (4)

where

G(z) = D + C(zI − A)−1B (5)

is known as the transfer function of the linear system.

The Identification Problem

Given samples of the discrete time Fourier transform of
the input signal U(ω) and output signal Y (ω) at N arbitrary
frequency points ωk; find a state-space model of the form
(1) which well approximates the data. Particularly we will
focus on deriving an algorithm which is consistent.

SUBSPACE IDENTIFICATION

In this section we will derive the basic relations which
the subspace based identification algorithm rely upon and
present an consistent identification algorithm.

The Basic Relations

By introducing the vector

W (ω) =
[
1 ejω ej2ω · · · ejω(q−1)

]T
. (6)

the extended observability matrix with q block rows

Oq =




C
CA
...

CAq−1


 (7)

and the lower triangular Toeplitz matrix

Γq =




D 0 . . . 0
CB D . . . 0
...

...
. . .

...
CAq−2B CAq−3B . . . D


 (8)
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we will by recursive use of (3) obtain

W (ω)⊗Y (ω) = OqX(ω)+ΓqW (ω)⊗U(ω)+W (ω)⊗V (ω)
(9)

where ⊗ denote the Kronecker product (Horn and John-
son 1991). The extended observability matrix Oq has a
rank equal to the system order n if q ≥ n since the system
(A, B, C, D) is minimal.

If N samples of the transforms are known we can col-
lect all data into one matrix equation. By introducing the
additional matrices

Wq,N,p =
[
W (ω1) W (ω2) · · · W (ωN )

] ⊗ Ip (10)

Yq,N =
1√
N

Wq,N,pdiag Y (ω1), . . . , Y (ωN ) ∈ C
qp×N ,

(11)

Uq,N =
1√
N

Wq,N,mdiag U(ω1), . . . , U(ωN ) ∈ C
qm×N ,

(12)

Vq,N =
1√
N

Wq,N,pdiag V (ω1), . . . , V (ωN ) ∈ C
qp×N ,

(13)

XN =
1√
N

(
X(ω1), X(ω2), · · · , X(ωN),

) ∈ C
n×N ,

and using (9) we arrive at the matrix equation

Yq,N = OqXN + ΓqUq,N + Vq,N . (14)

As the number of frequency samples grows the number of
(block)-columns in this matrix equation also grows. The
normalization with 1√

N
ensures that the norm of the matrix

stays bounded as the number of frequencies (columns) tends
to infinity. The number of (block)-rows q is up to the user
to choose but must be larger than the upper bound of the
model orders which will be considered.

Remark 1. If instead samples of the transfer function
G(ejωk) are given a similar matrix expression as (14) can be
derived (McKelvey, Akçay, and Ljung 1996). Consequently
the identification algorithm outlined below can also be used
for this problem.

The Main Steps of the Identification

The identification scheme we employ to find an state-
space model (Â, B̂, Ĉ, D̂) is based on a two step procedure.
First the relation (14) is used to consistently determine a
matrix Ôq with a range space equal to the extended observ-
ability matrix Oq. From Ôq it is straight forward to derive
Â and Ĉ as is well known from the time domain subspace
methods (Viberg 1994). In the second step B̂ and D̂ are
determined by minimizing the Frobenius norm of the error

B̂, D̂ = arg min
B,D

VN (B, D) (15)

VN (B, D) =
N∑

k=1

∥∥∥Y (ωk) − Ŷ (ωk, B, D)U(ωk)
∥∥∥2

F
(16)

where

Ŷ (ωk, B, D) =
[
D − Ĉ(ejωk I − Â)−1B

]
U(ωk)

which has an analytical solution since the transfer function
G is a linear function of both B and D assuming Â and Ĉ
are fixed.

The Basic Projection Method

First consider the noise free case Vq,N = 0 and we re-
state the basic projection method (De Moor and Vandewalle
1987; De Moor 1988) in the frequency domain. In (14) the
term ΓqUq,N can be removed by the use of Π⊥

N which is the
orthogonal projection onto the null-space of Uq,N ,

Π⊥
N = I − U∗

q,N (Uq,NU∗
q,N )−1Uq,N (17)

here U∗
q,N denotes the complex conjugate and transpose of

the matrix Uq,N . The inverse in 17 will exist if the system
is sufficiently excited by the input. Particularly we require
that for some positive constants c and N0 that

Uq,NU∗
q,N > cI, ∀N > N0 (18)

Since

Uq,NΠ⊥
N = 0

the effect of the input will be removed and we obtain

Yq,NΠ⊥
N = OqXNΠ⊥

N . (19)
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Provided

rank (XNΠ⊥
N ) = n (20)

Yq,NΠ⊥
N and Oq will span the same column space. The

mild conditions required for (20) to hold can be found in
(McKelvey, Akçay, and Ljung 1996).

The state-space matrices (A, B, C, D) and thus also the
extended observability matrices are usually real matrices
but Yq,NΠ⊥

N is a complex matrix. The real space can be
recovered by using both the real part and the imaginary
part in a singular value decomposition (Horn and Johnson
1985)

[
Re(Yq,NΠ⊥

N) Im(Yq,NΠ⊥
N )

]
=

[
Us Uo

] [
Σs 0
0 Σo

] [
V T

s

V T
o

]

(21)
where Us ∈ Rqp×n contains the n principal singular vectors
and the diagonal matrix Σs the corresponding singular val-
ues. In the noise free case Σo = 0 and there will exist a
nonsingular matrix T ∈ R

n×n such that

Oq = UsT.

This shows that Us is an extended observability matrix Ôq

of the original system in some realization. By the shift
structure of the observability matrix we can proceed to cal-
culate A and C as

Â = (J1Us)†J2Us (22)

Ĉ = J3Us (23)

where Ji are the selection matrices defined by

J1 =
(
I(q−1)p 0(q−1)p×p

)
, J2 =

(
0(q−1)p×p I(q−1)p

)
(24)

J3 =
(
Ip 0p×(q−1)p

)
(25)

and Ii denotes the i × i identity matrix, 0i×j denotes the
i×j zero matrix and X† = (XT X)−1XT denotes the Moore-
Penrose pseudo-inverse of the full rank matrix X . With the
knowledge of Â and Ĉ, B̂ and D̂ are easily determined from
(15).

Effective Implementation A most effective way of form-
ing the matrix Yq,NΠ⊥

N is by use of the QR factorization
of the matrix (Verhaegen 1991)

(
Uq,N

Yq,N

)
=

(
R11 0
R21 R22

) (
Q∗

1

Q∗
2

)
. (26)

Straight forward calculations reveal that

Yq,NΠ⊥
N = R22Q∗

2

and the column space of R22 is equal to the column space
of Yq,NΠ⊥

N and it suffices to use R22 in the SVD (21).

Consistency Issues As we have seen the basic projection
algorithm will estimate a state-space model which is similar
to the original realization in the noise free case. If we now
let the noise term N(ω) be a zero mean complex random
variable the issue of consistency becomes important. Does
the estimate converge to the true system as N , the number
of data, tends to infinity? Consistency of the basic pro-
jection algorithm and the related algorithm (Liu, Jacques,
and Miller 1994) has been investigated in (McKelvey, Akçay,
and Ljung 1996). The basic projection algorithm is consis-
tent if the frequency data is given at equidistant frequencies
covering the entire unit circle and the noise N(ωk) is zero
mean and have equal covariance proportional to the identity
matrix for all frequencies. The uniform covariance require-
ment for all frequencies and the need for an equidistant fre-
quency grid limits the practical use of the basic projection
algorithm. If the covariance of the noise is known the basic
algorithm can be extended with certain weighting matrices
in order to obtain a consistent algorithm. See (McKelvey,
Akçay, and Ljung 1996; Van Overschee and De Moor 1996)
for further details.

Instrumental Variable Techniques

The strict noise properties required in order to guaran-
tee consistency is a severe drawback for the basic projection
method. The origin of the problem stems from the fact that
the noise influence does not disappear from the estimate
but is required to converge to an identity matrix. What we
would like is to find some instruments which are uncorre-
lated with the noise but preserves the rank condition (20).
A similar technique as in the time domain instrumental vari-
able algorithms in (Verhaegen 1993; Verhaegen 1994) will
here be adopted to yield a frequency domain instrumental
variable method.
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Let us assume we can find a matrix UIV,α,N ∈ Cmα×N ,
called the instruments, with the following two properties

rank (XNΠ⊥
NU∗

IV,α,N ) = n, ∀N > N0 (27)

and w.p. 1.

‖Vq,NΠ⊥
NU∗

IV,α,N‖F → 0, as N → ∞ (28)

In other words we want to find a matrix which is correlated
with the output matrix and uncorrelated with the noise
matrix.

One possible choice is to use a “continuation” of the
matrix Uq,N according to

[
Uq,N

UIV,α,N

]
= Uq+α,N (29)

where Uq+α,N is defined according to (12). Such a matrix
is independent of V (ω) since by assumption the noise is
independent of the input. Furthermore, by construction it
is obvious that the row spaces of Uq,N and UIV,α,N do not
intersect for m(q + α) ≤ N . Consequently we have

rank (Π⊥
NU∗

IV,α,N ) = mα

It is still an open question if (27) is satisfied for this partic-
ular choice of UIV,α,N . However, experience indicates that
(27) is the generic case.

Assume V (ωk) to be zero mean independent random
variables with uniformly bounded second moments

E V (ωk)V (ωk)∗ = R(ωk) ≤ R, ∀ωk

where E denote the expectation operator. Then the fol-
lowing relation follows from a standard limit result with
probability one (w.p. 1) (Chung 1974, Theorem 5.1.2)

lim
N→∞

Vq,NΠ⊥
NU∗

IV,α,N = 0

Thus, if the rank condition (27) is fulfilled the n principal
left singular vectors of

Yq,NΠ⊥
NU∗

IV,α,N

will constitute a strongly consistent estimate of the range
space of the extended observability matrix (7).

Implementation Just as for the basic projection algo-
rithm an efficient implementation involves an QR factoriza-
tion of the data matrices. By following (Verhaegen 1993)
we form the QR factorization


 Uq,N

UIV,α,N

Yq,N


 =


R11 0 0

R21 R22 0
R31 R32 R32





Q∗

1

Q∗
2

Q∗
3


 (30)

By using (30) it is straightforward to show that

Yq,NΠ⊥
NU∗

IV,α,N = R32R∗
22

and we will use R32 in a SVD to estimate the range space of
the observability matrix since R22 is of full rank whenever
Uq+α,N has full rank. The observability range space is thus
extracted as Us ∈ Rqp×n from

[
Re(R32) Im(R32)

]
=

[
Us Uo

] [
Σs 0
0 Σo

] [
V ∗

s

V ∗
o

]
(31)

Notice that the orthogonal matrix Q in (30) is not needed
in the estimation and the QR factorization constitutes a
considerable data reduction since the size of R32 ∈ Cqp×αm

is independent of the number of data samples N . As before
we use Us as the estimate of the extended observability
matrix and determine Â and Ĉ according to (22) and (23)
while B̂ and D̂ are determined from (15). By using the
Â and Ĉ from the consistent estimates of the observability
range space the solution of B̂ and D̂ from (15) is a linear
function of the output Fourier transforms Y (ωk) and hence
also in the noise. By similar arguments as before this shows
that B̂ and D̂ will be also will be consistently estimated, se
also (McKelvey, Akçay, and Ljung 1996).

We summarize this discussion in the form of an identi-
fication algorithm.

Algorithm 1.

1. Determine an upper bound n̄ of the model order. Select
the size variables q and α such that q > n̄ and α ≥ n̄.

2. Form the matrices Yq,N (11), Uq+α,N (12) and parti-
tion it as (29)

3. Calculate the QR factorization


 Uq,N

UIV,α,N

Yq,N


 =


R11 0 0

R21 R22 0
R31 R32 R32





Q∗

1

Q∗
2

Q∗
3
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4. Calculate the SVD of R32 and determine the model or-
der n by inspecting the singular values. Partition the
SVD as

[
Re(R32) Im(R32)

]
= UsΣsV

T
s + UoΣoV

T
o

were Us contain the left singular vectors of the n dom-
inating singular values.

5. Determine Â and Ĉ:

Â = (J1Us)†J2Us, Ĉ = J3Us

6. Solve the least-squares problem for B̂ and D̂ according
to (15).

We also summarize the theoretical discussion in the fol-
lowing theorem.

Theorem 1. Assume that the following conditions are satis-
fied:

(i) The frequency data is generated by a stable linear sys-
tem G(z) of order n.

(ii) There exist positive constants c and N0 such that

Uq+α,NU∗
q+α,N > cI, ∀N > N0

(iii) rank (XNΠ⊥
NU∗

IV,α,N ) = n
(iv) V (ωk) are zero mean independent random variables

with bounded covariances

E V (ωk)V (ωk)∗ = Rk ≤ R < ∞, ∀ωk

Let Ĝ(z) be the resulting transfer function when applying
Algorithm 1. Then

lim
N→∞

sup
z=1

‖G(z) − Ĝ(z)‖F = 0, w.p 1

Remark 2. From the construction of Uq,N (12) we notice
that in the single input case m = 1 the rank condition (ii)
is equivalent to require that at least q + α samples of U(ωk)
are non-zero. For the multivariable case the condition is
somewhat more involved.

ILLUSTRATING EXAMPLE

This section describes an identification example based
on simulated data. From the results of the example we will

clearly see the limits of the basic projection algorithm when
faced with data which do not comply with the assumptions
needed for consistence. On the other hand the instrumen-
tal variable algorithm we will experience to perform as pre-
dicted by the consistency result of Theorem 1.

Experimental Setup

Let the true system G(z) be a fourth order system with
an output error noise model H(z). In the frequency domain
we thus assume

Y (ω) = G(ejω)U(ω) + H(ejω)E(ω)

where Y (ω), U(ω) and E(ω) are the Fourier transform of
the time domain quantities; outputs y(t), inputs u(t) and
innovations e(t). The system G(z) is given by

G(z) = C(zI − A)−1B + D

with

A =




0.8876 0.4494 0 0

−0.4494 0.7978 0 0

0 0 −0.6129 0.0645

0 0 −6.4516 −0.7419


 , B =




0.2247

0.8989

0.0323

0.1290




C =
(

0.4719 0.1124 9.6774 1.6129
)
, D =0.9626.

The noise transfer function is of second order and is
given by

H(z) = Cn(zI − An)−1Bn + Dn

with

An =
[

0.6296 0.0741
−7.4074 0.4815

]
, Bn =

[
0.0370
0.7407

]

Cn =
[
1.6300 0.0740

]
, Dn = 0.2000.

The Fourier transform of the noise E(ω) is modeled as a
complex Gaussian distributed random variable with unit
variance and is assumed to be independent over different
frequencies. In the output error formalism we obtain the
output error as

V (ω) = H(ejω)E(ω)

which thus is a complex Gaussian random variable with fre-
quency dependent variance equal to |H(ejω)|2. The Fourier
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Average ‖G − Ĝ‖∞
N Proj. Alg. IV Alg.

30 1.7886 1.0425

50 1.3829 0.7737

100 1.2867 0.5078

200 1.2638 0.3751

400 1.2378 0.2550

Table 1. Monte Carlos simulations comparing the basic projection algorithm

and the IV algorithm. The estimation error decreases for an increasing amount

of identification data which is predicted from Theorem 1. The projection

algorithms fails to capture the true system which show that the assumption of

evenly spaced frequencies and equal covariances are essentially necessary for

the projection algorithm to be consistent.

transform of the input signal is defined to be U(ω) = 1, ∀ω,
i.e. all frequencies are equally excited.

To examine the consistency properties of the basic pro-
jection algorithm and the IV algorithm we perform Monte
Carlo simulations estimating the system given samples of
U(ω) and Y (ω) using different noise realizations of E(ω)
and an increasing number of samples of the transforms.
The frequency grid will be logarithmically spaced between
ω1 = 0.3 and ωN = π. Data lengths of 30, 50, 100, 200 and
400 frequency samples will be used. For each data length
100 different noise realizations are generated and both al-
gorithms estimate 100 models. To assess the quality of the
resulting model the max norm of the estimation error

‖G(z) − Ĝ(z)‖∞ = sup
|z|=1

‖G(z) − Ĝ(z)‖F

is determined for each estimated model and averaged over
the 100 estimated models.

Estimation Results

As expected from the analysis the quality of the esti-
mates from the instrumental variable algorithm (IV) im-
proves as the number of samples of the Fourier transform
increases. In Table 1 the averaged maximum identifica-
tion error is presented. The results clearly indicate that
the basic projection algorithm is not consistent for these
data. We have in this example violated the requirement
of equally spaced frequencies and equal noise covariances
required for consistency of the basic projection algorithm
(McKelvey and Akçay 1994) and by judging from the ex-
ample these requirements seems to be essentially necessary
for consistency.

Error Basic Alg.

Error IV Alg.

G(z)           

H(z)           

0 0.5 1 1.5 2 2.5 3 3.5
10

−4

10
−3

10
−2

10
−1

10
0

10
1

Frequency (rad/s)

M
ag

ni
tu

de

Figure 1. Result from Monte Carlo simulations using data length N = 400.

The true transfer function G(z) is depicted as “+” and the noise transfer

function H(z) is shown as the dotted line. The absolute value of the mean

transfer function errors calculated over 100 estimated models are shown as

a solid line for the IV method and as a dashed line for the basic projection

method.

CONCLUSIONS

In this paper we have derived an instrumental variable
subspace algorithm for the case when the primary measure-
ments are given as samples of the Fourier transform of the
input and output signals. We have shown that the method
is consistent if a certain rank constraint is satisfied and the
frequency domain noise is zero mean and have bounded co-
variance. An example is presented which illuminate the
theoretical discussion.
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