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Abstract

Almost all proposed approaches to nonlinear receding horizon control
with guaranteed stability are based on adding stabilizing constraints, us-
ing linearizations of the system, or knowing an upper bound on the value
function of an infinite horizon optimal control problem. In this contri-
bution, we present a new approach using none of these ingredients. The
idea is to use a dynamic receding horizon controller, where the dynamic
part is introduced to tune emphasis between short-range optimality and
stability. The result is a design procedure applicable to a nontrivial class
of unconstrained nonlinear systems.

Keywords: Predictive Control, Optimal Control, Stabilization of
Non-linear Systems
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Abstract

Almost all proposed approaches to nonlinear receding horizon
control with guaranteed stability are based on adding stabiliz-
ing constraints, using linearizations of the system, or knowing
an upper bound on the value function of an infinite horizon op-
timal control problem. In this contribution, we present a new
approach using none of these ingredients. The idea is to use a
dynamic receding horizon controller, where the dynamic part
is introduced to tune emphasis between short-range optimality
and stability. The result is a design procedure applicable to a
nontrivial class of unconstrained nonlinear systems.

1 Introduction

Receding horizon control (RHC), also known as model predic-
tive control, is a control paradigm based on solving optimal
control problems numerically on-line. Since the derivation of
an optimal feedback law is intractable for most nonlinear sys-
tems, RHC is almost the only constructive method to do opti-
mal control for nonlinear systems.

A fundamental problem with RHC is the lack of guaranteed
closed loop stability. Stability can be lost since the numerical
solution of the optimal control problem has to be solved over
a finite horizon, and this can lead to shortsightedness of the
controller.

In this paper, we address the stability issue in RHC for nonlin-
ear systems and develop a new approach to design globally sta-
bilizing RHC controllers. In contrast to the majority of existing
methods to guarantee stability, we do not resort to arguments
using linearizations or by adding stabilizing constraints to the
underlying optimal control problem.

2 Receding horizon control

Putting technical conditions aside for the moment, assume we
have a nonlinear system

ẋ(t) = f(x(t), u(t)) (1)

and our goal is to find the feedback law that at every time-
instant minimizes the infinite horizon performance measure

J∞(x(t), ut) =
∫ ∞

t

`(xt(τ), ut(τ)) dτ (2)

In the expression above, we introduced the control function
ut(τ), τ ∈ [t,∞) defined at timet. The control function
gives a trajectoryxt(τ) which satisfies the system dynamics
ẋt(τ) = f(xt(τ), ut(τ)) and the initial conditionxt(t) = x(t).

Finding the optimal feedback law is in general an intractable
problem since it requires the solution of a nonlinear partial dif-
ferential equation, the Hamilton-Jacobi equation. It was early
recognized [9] that a natural way to overcome this is to resort
to a numerical solution, i.e. to continuously minimize the inte-
gral on-line. In order to do this, the infinite horizon has to be
truncated. The performance measure used on-line will then be

J(x(t), ut) =
∫ t+T

t

`(xt(τ), ut(τ)) dτ (3)

and give us an optimal control sequence to be used over the
horizon (∗ will be used throughout this paper to denote opti-
mality in an optimal control problem)

u∗
t = arg min

ut

J(x(t), ut) (4)

Receding horizon control means that only the first portion of
the optimal solution is used, and the problem is solved again a
short time-instant later. Implicitly, this will define the feedback
law u(t) = u∗

t (t).

Although this might seem like a simple and sound way to define
a feedback law, it turns out that the control law can destabilize
the system. The reason can intuitively be explained as a conse-
quence of the introduced shortsightedness of the controller.

2.1 Stability of RHC, previous work

The first step towards a stabilizing scheme is to add a terminal
state weight

J(x(t), ut) =
∫ t+T

t

`(xt(τ), ut(τ)) dτ + V (xt(t + T )) (5)



It is fairly easy to derive sufficient conditions on the weight
V (x) to guarantee stability. A typical condition is that there
should exist a stabilizing feedbackk(x) such that

V̇ (x, k(x)) + `(x, k(x)) ≤ 0 (6)

By integrating this expression, we see that it means that
V (x(t)) is an upper bound of the infinite horizon cost when
u(t) = k(x(t)) is used,J∞(x(t), k(x(·))).
The condition might seem simple at a first glance, but deriva-
tion of a terminal state weightV such that (6) holds is actually
a major problem.

A simple and often used approach to guarantee stability is to
add a terminal state constraintx∗

t (t + T ) = 0. This can intu-
itively be interpreted as a terminal state weight which is infinite
everywhere except in the origin. This approach was proposed,
in the context of linear continuous-time systems, in [8] and later
generalized to nonlinear systems and thoroughly analyzed in,
e.g., [10]. In [13], the terminal state constraint was relaxed for
linear systems by having a terminal state constraint on only the
unstable modes. The stable modes were addressed by adding a
terminal state weight on these, satisfying (6) fork(x) = 0.

The idea with a terminal state weight was taken further in [2],
now considering also nonlinear systems. The main idea, gen-
eralizing ideas in [11, 13] was to use a terminal state inequal-
ity x∗

t (t + T ) ∈ Ω. The ellipsoidal setΩ, a linear controller
k(x) and a quadratic terminal state weight satisfying (6) inΩ,
were all designed using arguments involving the linearized sys-
tem. [2] also proposed a more general scheme using a nonlinear
controllerk(x) and a terminal state weight satisfying (6) in a
terminal setΩ. These ideas have recently been generalized and
studied in a control Lyapunov function framework (defined be-
low) [12, 4, 3]. However, in the design procedure one still has
to find a terminal state weight globally satisfying (6), or resort-
ing to arguments based on linearizations and/or various state
constraints.

3 Main result

We see from the quick review above that there are three main
ideas in the available approaches; assuming knowledge of a
terminal state weight globally satisfying (6), using arguments
based on the linearized system and adding stabilizing con-
straints. Our goal in this paper is to develop a method that
use neither of these ingredients.

To begin with, we assume we have a global control Lyapunov
functionV (x) and corresponding controllerk(x)[6]

Definition 1 A smooth positive definite and radially un-
bounded functionV : Rn → R+ is called a control Lyapunov
function (CLF) if there exist a control lawu = k(x) such that

V̇ (x, k(x)) = Vxf(x, k(x)) < 0, ∀x 6= 0

Notice the small but very important difference in the require-
ment on the CLF compared to the condition (6). Of course,

knowledge of a CLF is an essential limitation, but with re-
cent developments in nonlinear control there are many meth-
ods available for designing these, such as backstepping, feed-
forwarding and exact linearization.

The requirement (6) shows up in stability analysis of RHC as a
sufficient condition. To be precise, the condition is

V̇ (x∗
t (t + T ), k(x∗

t (t + T )))
+ `(x∗

t (t + T ), k(x∗
t (t + T ))) ≤ 0 (7)

Our method is based on the idea that the condition above can
be achieved, at-least intuitively, by multiplying̀with some
sufficiently small constantλ, since we know from the design
that V̇ (x, k(x)) < 0 and`(x, k(x)) > 0. When we use this
new weight, we get the constraint

V̇ (x∗
t (t + T ), k(x∗

t (t + T )))
+ λ`(x∗

t (t + T ), k(x∗
t (t + T ))) ≤ 0 (8)

If this still does not hold,λ should be decreased. This motivates
introduction of a new stateλ(t), which can be thought of as a
state in the RHC controller, with dynamics

λ̇(t) ∼ −λ(t)`(x∗
t (t + T ), k(x∗

t (t + T )))

− V̇ (x∗
t (t + T ), k(x∗

t (t + T ))) (9)

After introducing this state, we define a new optimal control
problem to be used in the RHC controller

J(x(t), ut, λ(t)) =

λ(t)
∫ t+T

t

`(xt(τ), ut(τ)) dτ + V (xt(t + T )) (10)

The problem is now to find an update-law forλ(t) such that the
RHC scheme will guarantee stability. To find such an update,
we first have to introduce some assumptions on the system and
design variables

A1. f(0, 0) = 0, f(x, u) continuously differentiable.

A2. `(x, u) > 0 ∀(x, u) 6= 0, `(0, 0) = 0. Furthermore,
`(x, u) is two times continuously differentiable and for
simplicity it is assumed that the mixed derivative`xu = 0.

A3. V (x) is a global CLF with the continuously differentiable
controllerk(x). Furthermore, the linearization of the sys-
temẋ = f(x, k(x)) is asymptotically stable.

A4.
∫ t+T

t
`(xt(τ), ut(τ)) dτ → ∞ when ||x(t)|| → ∞ for

anyut(τ).

A5. There exist a minimizing argumentu∗
t of (10) for allx(t)

andλ(t) > 0.

A6. J(x(t), u∗
t , λ(t)) is continuously differentiable whenu(t)

andλ̇(t) are chosen according to Theorem 1



The assumptions stated are those needed to prove that
J(x(t), u∗

t , λ(t)) can be used as a Lyapunov function. The as-
sumption on existence of a solution A5 implicitly impose addi-
tional constraints onf(x, u), `(x, u) andV (x). Typical results
can be found in, e.g.,Theorem 6.2 in [1]. Admittedly, Assump-
tion 6 is hard to verify. The reason for assuming this is to ob-
tain an intuitive result using standard Lyapunov theory. For
some additional discussion on the assumptions, see the proof
and remarks in the appendix.

With the introduced assumptions, we state our main result.

Theorem 1 (Stabilizing nonlinear RHC) Suppose (A1-A6)
are satisfied andλ(0) > 0. Then the following RHC scheme
is globally asymptotically stabilizing (we use the notation
e∗ = x∗

t (t + T ) to save space)

u∗
t = arg min

ut

J(x(t), ut, λ(t))

u(t) = u∗
t (t)

λ̇(t) =
−λ(t)`(e∗, k(e∗)) − V̇ (e∗, k(e∗))∫ t+T

t
`(x∗

t (τ), u∗
t (τ)) dτ

Proof: See the appendix.

We notice that the complexity of the optimal control problem
is the same as for the original problem, i.e. stability is not
achieved at the expense of a more complicated optimization.
Moreover, the right-hand side of the differential equation that
controlsλ(t) is easily calculated since both the numerator and
denominator can be obtained from the solution of the optimiza-
tion problem.

4 Numerical example

The system we analyze is taken from [7]. The model is in prin-
ciple a simple description of a jet engine compressor (modulo
some transformations), but in this example we disregard any
physical considerations.

ẋ1 = − 3
2
x2

1 −
1
2
x3

1 − x2 (11a)

ẋ2 = u (11b)

In [7], lean backstepping is applied to derive the control law
k(x) = Kx, K = [k1 −k2], k1 = (c1+ 9

8 )k2, k2 = c1+c2+ 9
8 .

The design parameters for the controller arec1 > 0 andc2 >
0. The following CLF is obtained when the feedback law is
developed (c0 = c1 + 9

8 ).

V (x) = c0

(
(
c1

2
+

9
16

)x2
1 +

1
2
x3

1 +
1
8
x4

1

)
+

1
2
(x2 − c0x1)2

This CLF can be shown to fulfill

V̇ (x, Kx) ≤ −xT Wx (12)

where

W =
[
c0c

2
1 + c2c

2
0 −c0c2

−c0c2 c2

]
� 0 (13)

We choose to optimize a standard quadratic performance mea-
sure`(x, u) = xT Qx + uT Ru with Q = I andR = 1. Rather
arbitrarily, we pickc1 = c2 = 1 to createk(x).

The initial state in the simulation was[−2 1]T . The motiva-
tion to study this initial condition is thatx1 = −2 is the po-
sition where the nonlinearity in the systems is most destabiliz-
ing. The prediction horizonT was0.5sec. The proposed RHC
algorithm was applied and Figure 1 shows howλ(t) evolved.
We see thatλ(t) changes rapidly in the beginning. If this is
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Figure 1: Response of the dynamic weightingλ(t).

a problem, this behavior can in some cases be improved upon
by using the extension discussed in Remark 3 in the appendix.
The state and control trajectories are shown in Figure 2.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−8

−7

−6

−5

−4

−3

−2

−1

0

1

2

3
x1(t)
x2(t)
u(t) 

t (sec)

Figure 2: State and control trajectories.

The original infinite horizon costJ∞ for the proposed con-
troller turned out to be46. The fact that we have a linear
controllerk(x), a quadratic performance measure and upper
bound bound oṅV (x, Kx) makes it possible to easily calcu-
late a constantλ(t) so that (8) is globally satisfied. Inserting
the performance measure and the upper bound onV̇ (x, k(x))
in (8) gives us a sufficient constraint for stability

−xT Wx + λ(t)xT (Q + KT RK)x ≤ 0 (14)



This condition holds for allx if λ(t) is chosen as a constant
smaller than the smallest eigenvalue of(Q + KT RK)−1W .
For the parameters used in this example, we find that stability
is guaranteed if we fixλ(t) = 0.09. This choice was used in
a RHC controller and gaveJ∞ = 66. An intuitive explanation
for the detoriated performance is that this tuning puts too much
emphasis on stability, hence our dynamic choice ofλ(t) is in-
deed beneficial. Finally, the cost using the nominal controller
k(x) was also calculated and gaveJ∞ = 77.

5 Conclusion

A new approach to stabilizing receding horizon control has
been introduced. Stability is obtained by using a dynamic con-
troller, where the dynamics is used to tune emphasis between
stability and short-range optimality by adapting the terminal
state weight. We do not claim that the approach is suitable
for arbitrary nonlinear systems, but we hope that the method
can spark interest towards the development of RHC schemes
where stability is taken care of without the use of artificially
introduced stabilizing constraints.

The approach is currently solely aimed at guaranteed stability,
i.e., performance is not addressed. An important extension is
to study how the degree of freedom available in the update-law
of λ(t) can be exploited in order to improve performance.

There is still a lot of work that can be done in order to improve
the presented result. Removing the assumption on differentia-
bility of the optimal cost, and the various assumptions on the
performance measure and the system are topics that deserve a
closer look.
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A Proof of Theorem 1

The idea in the proof is to useJ(x(t), u∗
t , λ(t)), from now on

calledJ∗(t), as a Lyapunov function.

Our first goal is to derive an expression containingJ∗(t + δ),
i.e., the optimal cost at some future time instant. This will used
to find the derivative of our proposed Lyapunov function. We
will then show thatJ∗(t) satisfies conditions necessary to be
used a a Lyapunov function.

To begin with, we add and subtract some terms to the optimal
cost

J∗(t) = λ(t)
∫ t+T

t

`(x∗
t (τ), u∗

t (τ)) dτ + V (x∗
t (t + T ))

+ λ(t + δ)
∫ t+T+δ

t+T

`(x̃t(τ), ũt(τ)) dτ

− λ(t + δ)
∫ t+T+δ

t+T

`(x̃t(τ), ũt(τ)) dτ

+ V (x̃t(t + T + δ)) − V (x̃t(t + T + δ)) (15)

In the expression above, we introduced two new variables,ũt

andx̃t. The first one,̃ut, is an arbitrary choice of control over
the new segment[t + T, t + T + δ]. The state trajectory this
control gives is denoted̃xt

˙̃xt(τ) = f(x̃t(τ), ũt(τ)), x̃t(t + T ) = x∗
t (t + T ) (16)



We split the integral
∫ t+T

t (·) dτ into
∫ t+δ

t (·) dτ +
∫ t+T

t+δ (·) dτ .
Furthermore, we replaceλ(t) with λ(t) + λ(t + δ)− λ(t + δ).
With these manipulations, we write the first term in (15) as

λ(t)
∫ t+T

t

`(x∗
t (τ), u∗

t (τ)) dτ =

λ(t)
∫ t+δ

t

`(x∗
t (τ), u∗

t (τ)) dτ

+ λ(t + δ)
∫ t+T

t+δ

`(x∗
t (τ), u∗

t (τ)) dτ

+ (λ(t) − λ(t + δ))
∫ t+T

t+δ

`(x∗
t (τ), u∗

t (τ)) dτ

We plug this expression into (15) and sort the expression to
have terms involvingt + δ first

J∗(t) = λ(t + δ)
∫ t+T

t+δ

`(x∗
t (τ), u∗

t (τ)) dτ

+ λ(t + δ)
∫ t+T+δ

t+T

`(x̃t(τ), ũt(τ)) dτ + V (x̃t(t + T + δ))

− λ(t + δ)
∫ t+T+δ

t+T

`(x̃t(τ), ũt(τ)) dτ

+ λ(t)
∫ t+δ

t

`(x∗
t (τ), u∗

t (τ)) dτ

+ (λ(t) − λ(t + δ))
∫ t+T

t+δ

`(x∗
t (τ), u∗

t (τ)) dτ

− V (x̃t(t + T + δ)) + V (x∗
t (t + T ))

The first two rows in the expression above is the cost at time
t + δ, using the old optimalu∗

t over the horizon[t + δ, T ] and
ũt over the new horizon[t + T, t + T + δ]. Clearly, this cost
cannot be lower than the optimal cost, hence

J∗(t) ≥ J∗(t + δ)

− λ(t + δ)
∫ t+T+δ

t+T

`(x̃t(τ), ũt(τ)) dτ

+ λ(t)
∫ t+δ

t

`(x∗
t (τ), u∗

t (τ)) dτ

+ (λ(t) − λ(t + δ))
∫ t+T

t+δ

`(x∗
t (τ), u∗

t (τ)) dτ

− V (x̃t(t + T + δ)) + V (x∗
t (t + T ))

Up to now, we have only made some algebraic manipulations,
but at this point, we have to make a crucial decision on how to
proceed. One approach could be to continue without assuming
differentiability of the involved expressions and instead look at
the sequenceJ∗(t) [3]. However, to obtain simple and intuitive
result, we assumeJ∗(t) to be continuously differentiable.

Standard arguments withlimδ→0+ yields

J̇∗(t) ≤ −λ(t)`(x∗
t (t), u∗

t (t))
+ λ(t)`(x∗

t (t + T ), ũt(t + T ))

+ λ̇(t)
∫ t+T

t

`(x∗
t (τ), u∗

t (τ)) dτ

+ V̇ (x∗
t (t + T ), ũt(t + T )) (17)

Since our ultimate goal is to show thatJ∗(t) is a Lyapunov
function, we would like the right hand side of the above ex-
pression to be negative. From the assumption on the cost,
−λ(t)`(x∗

t (t), u∗
t (t) is negative ifλ(t) > 0. For reasons that

will be clear later, we chosẽut(t + T ) = k(x∗
t (t + T )). By

looking at (17), we see that if

λ(t)`(x∗
t (t + T ), k(x∗

t (t + T )))

+ λ̇(t)
∫ t+T

t

`(x∗
t (τ), u∗

t (τ)) dτ

+ V̇ (x∗
t (t + T ), k(x∗

t (t + T ))) ≤ 0 (18)

we would have

J̇∗(t) ≤ −λ(t)`(x∗
t (t), u

∗
t (t)) (19)

Condition (18) thus motives the proposed update-law (withe∗

denotingx∗
t (t + T ) to save space)

λ̇(t) =
−λ(t)`(e∗, k(e∗)) − V̇ (e∗t , k(e∗))∫ t+T

t `(x∗
t (τ), u∗

t (τ)) dτ
(20)

Before we proceed to prove stability, we need some support-
ing results. To begin with, we see from the definition of
λ̇(t) thatλ(t) will remain positive (assumingλ(0) > 0) since
−V̇ (x, k(x)) and the denominator in (20) are both positive def-
inite. To prove stability, it is crucial to show thatλ(t) is not
only positive, but also bounded from below. To do this, we first
need a bound onx∗(t + T ).

We know that there exist a solution to the optimal control
problem, henceJ∗(0) is bounded. This immediately implies
V (x∗(0 + T )) ≤ J∗(0) < ∞. Now, construct a ball||x|| ≤ r1

containing the level-setsV (x) ≤ J∗(0). From (19), we know
thatJ∗(t) is non-increasing sinceλ(t) is positive and̀ is pos-
itive definite. Hence, we know thatJ∗(t) ≤ J∗(0) which im-
plies that||x∗(t + T )|| ≤ r1.

From (20), we see thatλ̇(t) is non-negative when

λ(t) ≤ −V̇ (x∗
t (t + T ), k(x∗

t (t + T )))
`(x∗

t (t + T ), k(x∗
t (t + T )))

(21)

We now select constant0 < r2 < r1, wherer2 will be chosen
later, and look at the minimum of the right-hand side of (21) in
the setr2 ≤ ||x∗(t + T )|| ≤ r1

min
r2≤||x||≤r1

−V̇ (x, k(x))
`(x, k(x))

= γ1 > 0 (22)



This follows from the assumption of continuity and positive
definiteness oǹand−V̇ . From this we find thatλ(t) increases
when it falls belowγ1 andr2 ≤ ||x∗(t + T )|| ≤ r1.

We now employ a somewhat different approach to find

min
||x||≤r2

−V̇ (x, k(x))
`(x, k(x))

(23)

From the assumptions, the following models hold around the
origin

ẋ = (A + BK)x + o(||x||)
V (x) = xT Px + o(||x||2)

`(x, k(x)) = xT Qx + xT KT RKx + o(||x||2)
where

A = fx(0, 0), B = fu(0, 0), K = kx(0)

P =
1
2
Vxx(0, 0), Q =

1
2
`xx(0, 0), R =

1
2
`uu(0, 0)

Inserting these models yields

min
||x||≤r2

−x((A + BK)T P + P (A + BK))x + g1(x)
xT (Q + KT RK)x + g2(x)

(24)

whereg1(x) andg2(x) collect higher order terms

||g1(x)||
||x||2 ≤ ρ1(x), lim

x→0
ρ1(x) = 0 (25a)

||g2(x)||
||x||2 ≤ ρ2(x), lim

x→0
ρ2(x) = 0 (25b)

From Assumption 3 we know that there exist a positive definite
matrixW such that

(A + BK)T P + P (A + BK) = −W (26)

Inserting this and the higher order terms, we obtain a lower
bound by looking at the conservative approximation

min
||x||≤r2

xT (W − ρ1(x)I)x
xT (Q + KT RK + ρ2(x)I)x

(27)

Sinceρ1(x) tends to zero, we can always find anr2 such that
||x|| ≤ r2 guarantees, say,ρ1(x) ≤ 1

2ν whereν denotes the
smallest eigenvalue ofW . For ||x|| ≤ r2 we thus haveW −
ρ(x)I � 1

2W . Furthermore, let

0 ≤ α = max
||x||≤r2

ρ2(x) < ∞ (28)

With these bounds onρ1(x) andρ2(x) we obtain an even more
conservative approximation by solving

min
||x||≤r2

1
2xT Wx

xT (Q + KT RK + αI)x
(29)

SinceQ andR are positive definite, we find that the minimum
of this expression is equal to the smallest eigenvalue of the ma-
trix 1

2 (Q+KT RK+αI)−1W . Letγ2 denote this lower bound.

We can now conclude that for||x∗(t + T )|| ≤ r2, λ(t) has to
start to increase if it is smaller thanγ2.

Combining the two bounds, we find thatλ̇(t) is non-negative
when λ(t) ≤ min(γ1, γ2). This immediately implies that
λ(t) ≥ min(λ(0), γ1, γ2). With this, we are ready to employ
the Barbashin-Krasovskii theorem [5].

Theorem 2 Let x = 0 be an equilibrium point and the con-
tinuously differentiable functionV : Rn → R+ be positive
definite and radially unbounded with

V̇ (x) < 0, ∀x 6= 0

thenx = 0 is globally asymptotically stable

To begin with, we assumedJ∗(t) to be continuously differ-
entiable. It is easy to realize thatJ∗(t) = 0 if x(t) = 0.
Moreover, sinceλ(t) is bounded from below, we know that
J∗(t) > 0 ∀x 6= 0. Assumption 4 ensures, once again rely-
ing onλ(t) being bounded from below, thatJ∗(t) → ∞ when
||x(t)|| → ∞. Finally, J̇∗(t) < 0 ∀x 6= 0 according to (19)
and positivity onλ(t). Hence we are able to conclude thatx(t)
is asymptotically stable.

Remark 1 Notice that the linearized system is not used for the
controller design, it is only used in the stability proof.

Remark 2 A second remark that concerns the assumption on
local behavior off(x, k(x)), V̇ (x, k(x)) and`(x, k(x)). These
assumptions are only used to show that the quotient

−V̇ (x, k(x))
`(x, k(x))

(30)

is bounded from below in the origin. Clearly, the assumed local
properties are not necessary for this to hold.

Remark 3 The update-law forλ(t) is of course not unique.
There are many alternatives that might work just as well, or
even better. One such choice is (0 ≤ ε < 1)

λ̇(t) =
−λ(t)`(e∗, k(e∗)) − V̇ (e∗t , k(e∗)) + ελ(t)`(x(t), u∗

t (t))∫ t+T

t `(x∗
t (τ), u∗

t (τ)) dτ


