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Abstract

Model predictive control (MPC) for systems with bounded distur-
bances is studied. A minimax formulation with optimization of the worst-
case scenario is defined and conservatively approximated using a relax-
ation (the S-procedure), yielding a semidefinite optimization problem.
Possible extensions are discussed and it is argued that the approach con-
stitutes a promising framework for minimax MPC.
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Abstract

Model predictive control (MPC) for systems with
bounded disturbances is studied. A minimax formu-
lation with optimization of the worst-case scenario
is defined and conservatively approximated using a
relaxation (the S-procedure), yielding a semidefinite
optimization problem. Possible extensions are dis-
cussed and it is argued that the approach constitutes
a promising framework for minimax MPC.
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1 Introduction

MPC is a control paradigm that has gained accep-
tance quickly in the industry. The reason for its suc-
cess is the possibility to incorporate constraints, such
as limited amplitude on the control input. Another
reason is that the implementation can be done using
standard optimization routines, most often quadratic
programming.

We will address synthesis of MPC controllers for
systems with disturbances

x(k + 1) = Ax(k) +Bu(k) +Bξξ(k) (1)

The disturbances ξ(k) acting on the dynamics are
unknown but bounded in an ellipsoidal measure

ξ(k) ∈ {ξ : ξTWξξ ≤ 1} (2)

The aim is to develop an MPC controller where
knowledge of possible disturbances are taken explic-
itly into account. The idea is to employ a minimax
approach, i.e., optimize the worst-case scenario. This
is a standard approach to MPC with disturbances,
but the problem is that the resulting optimization
problem in many cases suffers from exponential com-
plexity [4]. Approximations have been proposed in
the literature [1] but one problem with these is their
lack of generality. In this work, we propose a convex
relaxation of the minimax problem, yielding a com-
putationally tractable problem.

2 Preliminaries

The results in this paper are based on linear matrix
inequalities, LMIs.

Definition 1 (LMI) An LMI is an inequality, in
the free scalar variables xi, that for some fixed sym-
metric matrices Fi can be written

F (x) = F0 + x1F1 + x2F2 + . . .+ xnFn � 0 (3)

In the definition above, we introduced the notation
of a positive semidefinite matrix F � 0 which means
zTFz ≥ 0 ∀z. LMIs are used in semidefinite pro-
gramming, SDP. SDP is a generalization of linear and
quadratic programming and is used to solve optimiza-
tion problems involving matrix inequalities.



Definition 2 (SDP) An SDP (semidefinite pro-
gram), is an optimization problem that can be written

min
x

cTx

subj. to F (x) � 0
(4)

The following Lemma will be used in the derivation
of the main result.

Lemma 1 (Schur complement, [2]) Equivalence
holds between the two conditions

W � 0, X − ZW−1ZT � 0⇔
[
X Z
ZT W

]
� 0

The central idea in this work is to perform an approx-
imation, or relaxation, of a constraint in an SDP. To
do this, we need the S-procedure.

Lemma 2 (S-procedure, [2]) Let Ti(x) be
quadratic functions,

Ti(x) = xTPix, Pi = PTi , i = 0, . . . , p (5)

A sufficient condition for

T0(x) ≥ 0 ∀x such that Ti(x) ≥ 0, i = 1, . . . , p (6)

is that there exist scalars τi ≥ 0, i = 1, . . . , p such
that

P0 −
p∑
i=1

τiPi � 0 (7)

Hence, the implication (6) is replaced with an LMI.

3 Main Result

We define the MPC control law as the first element
in a control sequence obtained from a minimax opti-
mization problem

u(k) = u(k|k) (8)
u(·|k) = arg min

u(·|k)
max
ξ

J(k) (9)

with a quadratic performance measure

J(k) =
N−1∑
j=0

||x(k+ j+ 1)||2Q+ ||u(k+ j|k)||2R (10)

In the above expression, we introduced the weighted
Euclidean norm ||x||2Q = xTQx. We introduce three
vectors containing the involved variables

X =


x(k + 1)
x(k + 2)

...
x(k +N)

 , U =


u(k|k)

u(k + 1|k)
...

u(k +N − 1|k)



Ξ =


ξ(k)

ξ(k + 1)
...

ξ(k +N − 1)

 (11)

By using the system model (1) recursively, we obtain
a linear relation between the introduced vectors.

X = Hx(k) + SU +GΞ (12)

With the introduction of Q̄ = diag(Q, . . . , Q) and
R̄ = diag(R, . . . , R), the minimax problem is equiv-
alent to

min
U,t

t

subj. to max
Ξ
||Hx(k) + SU +GΞ||2

Q̄
+ ||U ||2

R̄
≤ t

This is the optimization problem we want to solve in
an efficient way.

We introduce a basis for all variables

z =
(

Ξ
1

)
(13)

and a set of transformation matrices

Tx =
(
G Hx(k) + SU

)
(14a)

Tu =
(
0 U

)
(14b)

T1 =
(
0 1

)
(14c)

It is easy to realize that this allows us to write the
optimization problem as

min
U,t

t

subj. to max
Ξ
||Txz||2Q̄ + ||Tuz||2R̄ ≤ z

TT T1 T1z
(15)

The disturbances can also be expressed in the intro-
duced basis. We define transformation matrices

ξ(k + j) = Tξ(j)z (16)



The disturbance model can be written as

zTT Tξ(j)WξTξ(j) ≤ zTT T1 T1z, j = 0 . . .N − 1 (17)

The maxΞ expression can now be rewritten using this
formulation. Collect the quadratic constraints to the
right-hand side and introduce Λ = T T1 T1. This gives
us the equivalent constraint

zT
(
tΛ− T Tx Q̄Tx − T Tu R̄Tu

)
z ≥ 0 (18)

when
zT
(

Λ− T Tξ(j)WξTξ(j)

)
z ≥ 0 (19)

We now recall the S-procedure introduced in the pre-
liminaries. The expression above is exactly the kind
of constraints which can be approximated, or relaxed,
using the S-procedure.

To save space, we introduce Sj = Λ−T Tξ(j)WξTξ(j).
We also define an additional set of optimization vari-
ables, τj ≥ 0. Straightforward application of the S-
procedure allows us to approximate our original min-
imax problem as

min
U,t,τ

t

subj. to tΛ− T Tx Q̄Tx − T Tu R̄Tu −
∑N−1
j=0 τjSj � 0

This optimization problem does however not appear
to be an SDP at first glance (remember, the unknown
variables are U , τ and τ), but the constraint can be
rewritten into an LMI using a Schur complement

min
U,t,τ

t

subj. to

tΛ−∑N−1
j=0 τjSj T Tx T Tu
Tx Q̄−1 0
Tu 0 R̄−1

 � 0

τj ≥ 0

This is an SDP in U , t and τ , and the value t serves as
an upper bound of the worst-case cost in the original
minimax problem.

The price we have to pay for the relaxation of the
original problem is the introduction of the N addi-
tional optimization variables τj and possible conser-
vativeness. In fact, since the relaxation is sufficient
and not necessary, the relaxed problem might become
infeasible.

4 Extensions

The framework we have developed is rather general
and allows a number of extensions. In principle, any
constraint that can be written as a linear/convex con-
straint on U and X can be added to the optimization.
For example, assume we have an output constraint,
z(k + j) = Mx(k + j) ≤ 1 which we want to be
robustly satisfied, i.e., satisfied for any possible dis-
turbance. By basically multiplying (in a block-wise
fashion) the matrices H , S and G with M , we will
obtain a vector with all outputs over the horizon

Z = Hzx(k) + SzU +GzΞ (20)

and the constraint can be written Z ≤ 1 (element-
wise constraint on vector). Now, if we let zj , hj , sj ,
and gj denote the rows of Z, Hz, Sz and Gz respec-
tively, the jth row of Z will be

zj = hjx(k) + sjU +
N−1∑
i=0

gjiξ(k + i) (21)

The row vector gji denotes a partitioning of the row
gj , compatible with the vectors ξ(k+ i). We now use
the easily shown property

max
xTWx≤1

cTx =
√
cTW−1c (22)

to obtain the robustified constraint

hjx(k) + sjU +
N−1∑
i=0

√
gjiW

−1
ξ gTji ≤ 1 (23)

Clearly, this is a linear inequality in the unknown
variable U .

Other extensions that can be incorporated are
ellipsoidal terminal state constraints (standard ap-
proach in MPC to guarantee stability), feedback pre-
dictions (method to reduce conservativeness), control
constraints, state estimation errors and more general
disturbance models, see [3].



5 Example

This example is adopted from [1]. It is a second order
under-damped, non-minimum phase system

x(k + 1) =
(

1.64 −0.79
1 0

)
x(k)

+
(

1
0

)
u(k) +

(
1 0
0 1

)
ξ(k)

y(k) =
(
0.14 0

)
x(k)

z(k) =
(
−1.93 2.21

)
x(k)

The disturbances are bounded by

Wξ =
(

312 0
0 312

)
There is an output constraint

−1 ≤ z(k) ≤ 3

and there is a control constraint |u(k)| ≤ 2. The goal
is to have the variable y(k) track a constant reference
r(k) = 1 with performance weights Q = CTC and
R = 0.01. This tracking formulation requires slight
modifications of the algorithm, but for brevity, the
details are left out.

The MPC algorithm is applied to the system from
the initial state x(0) = 0 with a prediction horizon
N = 10. Uniformly distributed disturbances were
applied.

Due to the substantial non-minimum phase behav-
ior to the output z(k), the state constraint turns out
to be the limiting factor for performance. Figure 1
reveals that the state constraint is rather conserva-
tively satisfied when we apply the MPC algorithm.

The overall performance seems to be somewhat im-
proved compared to that reported in [1]. Note how-
ever that comparison is hard since the controller in [1]
uses a different optimization criterion.

6 Conclusion

By using a semidefinite relaxation, the S-procedure,
we managed to develop a minimax MPC controller.
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Figure 1: Resulting closed loop. The state constraint
is fulfilled and reasonably good tracking is achieved.

The main contribution of the work is the introduc-
tion of a framework that makes it possible to extend
standard MPC formulations (quadratic performance
measure) to minimax formulations. The framework
easily allows incorporation of additional convex con-
straints on inputs and outputs in the system.
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