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Abstract

In this contribution we demonstrate that estimating a low order model

(leaving some dynamics unmodeled) by L2 model reduction of a higher

order estimated model may give smaller variance and mean square error

than directly estimating it from the same data that produced the high

order model. It will also be shown in a quite general case that the reduced

model will reach the Cramér-Rao bound if no undermodeling is present.

From the derivations of this result it follows that L2 model reduction is

optimal, meaning that the reduced model possesses the lowest possible

variance.
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Abstract: In this contribution we demonstrate that estimating a low order model
(leaving some dynamics unmodeled) by L2 model reduction of a higher order
estimated model may give smaller variance and mean square error than directly
estimating it from the same data that produced the high order model. It will also
be shown in a quite general case that the reduced model will reach the Cram�er-Rao
bound if no undermodeling is present. From the derivations of this result it follows
that L2 model reduction is optimal, meaning that the reduced model possesses the
lowest possible variance.
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1. INTRODUCTION

Model reduction is all about compressing a given
representation of a system. The most extreme
example of this is the actual identi�cation phase,
where the \model" consisting of N measurements
of input-output data is mapped into a nth order
parameterized one. In the standard setting this
corresponds to �nding the best L2 approximation
of data (given a model class). Irrespectively how
the reduction phase is performed, it makes it pos-
sible to keep track of the bias errors the reduction
step gives rise to. This will of course help us in
the control design phase, so that stability and
performance measures can be calculated. There
has, however, been little discussion on how the
variance of the high order estimated model maps
over to the low order one. Since the variance errors
strongly a�ect the use and interpretation of the
reduced model they are in many cases at least as
important as the bias errors.

We will in this paper discuss exactly this problem,
i.e., how to compute the variance of the reduced
model. This will be illustrated with a simple ex-
ample in the next section. General formulas de-
scribing the covariance of the low order model will
presented in Section 3. When the reduced models
are of FIR and of OE structures we explicitly
compute the covariance matrix of the reduced
model. These results are presented in Sections 4
and 5, respectively.

2. MODEL REDUCTION

To estimate a low order model of a system, several
possibilities exist. The most obvious one is to
directly estimate a lower order model from data:

�̂N = argmin
�

1

N

NX
t=1

jy(t)�G(q; �)u(t)j2: (1)

As known from, e.g., (Ljung 1999), the predic-
tion/output error estimate automatically gives
models that are L2-approximations of the true
system in a frequency-weighted norm, determined
by the input spectrum and noise model. This

means that �̂N ! ��, where

�
� = argmin

�

Z �

��

jG0(e
i!)�G(ei!; �)j2�u(!)d!;

�u is the input spectrum and G0 is the true
system. A second possibility is to estimate a
higher order model, which is then subjected to
model reduction to the desired order. See, e.g.,
(Wahlberg 1989), (Wahlberg 1987), (S�oderstr�om
et al. 1991), and (Zhou and Backx 1993). For the
model reduction step, a variety of methods could
be applied, like truncating balanced state-space
realizations, or applying L2-norm reduction. The
latter method means that the low order model,
parameterized by � is determined as

�̂ = argmin
�

Z �

��

jĜh(e
i!)�G(ei! ; �)j2W (!)d!:

(2)



Here, Ĝh(q) is the high order (estimated) model,
and W is a weighting function.

An important question is whether this reduction
step also will imply a reduction of variance, i.e.,
if the variance of G(ei! ; �̂) (viewed as random
variable through its dependence of the estimate
Ĝh(e

i!)) is lower than that of Ĝh(e
i!). A second

question is how this variance compares with the
one obtained by the direct identi�cation method
(1).

The somewhat surprising answer is that (2) may
in some cases give a lower variance than (1).
Before treating general cases, let us �rst consider
a simple, but still illustrating example.

Example: Consider the true system

y(t) = u(t� 1) + 0:5u(t� 2) + e(t);

where the input u is white noise with variance �,
and e is white noise with variance �. We compare
two ways of �nding a �rst order model of this
system. First, estimate b in the FIR model

ŷ(tjb) = bu(t� 1):

This gives the estimate (using least squares) b̂N ,
with

b̂N ! 1; as N !1:

Note here that the expectation is taken over both
u and e. This will be used throughout this chapter.

The variance of b̂N is computed by

E(b̂N � 1)2

= E

 PN
t=1 u(t� 1)(0:5u(t� 2) + e(t))PN

t=1 u
2(t� 1)

!2

�
�+ 0:25�

N � �
:

The second method is to estimate a higher order
model (in this case second order)

ŷ(tjb1; b2) = b1u(t� 1) + b2u(t� 1):

This gives the estimated transfer function

Ĝh(q) = b̂1q
�1 + b̂2q

�2
;

with b̂i tending to their true values, and each
having a variance of �=(N�). Now, subjecting Ĝh

to the L2 model reduction (2) with W (!) � 1
gives the reduced model

Ĝ`(q) = b̂1q
�1
:

The variance of the directly estimated �rst order
model is

Var b̂1 =
�+ 0:25�

N � �
;

while the L2-reduced model has

Var b̂1 =
�

N � �
;

i.e., it is strictly smaller.

In this example it was strictly better to estimate
the low order model, both in terms of variance
and mean square error, by reducing a higher order
model than to estimate it directly from data. This
somewhat unexpected result can clearly only hap-
pen if the low order model structure does not con-
tain the true system. The prediction error meth-
ods are in these cases (assume that e is normal)
eÆcient, i.e., their variances meet the Cram�er-Rao
bound if the model structure contains the true
system. In those cases no other estimation method
can beat the direct estimation method.

3. THE BASIC TOOLS

To translate the variance of one estimate �̂ to
another �̂ = f(�̂) we use Gauss' approximation
formula:

Cov �̂ � [f 0(�0)][Cov �̂][f
0(�0)]

T (3)

where �0 is the expected value of �̂ and the

approximation is asymptotic as the variance Cov �̂
decreases to zero.

To use this result to compute the variance of
an L2-reduced model, we need an (asymptotic)
expression for how it depends on the higher order
model. For this we return to (2) with more speci�c
notation. Let the high order model be

G(q; �̂); with Cov �̂ = P�:

Let � parameterize a lower order model G(q; �)
and de�ne

�̂(�̂) = argmin
�

V (�; �̂) (4)

for some function V , that depends on the lower
order model � and the high order, estimated,

model �̂. For L2-reduction we use

V (�; �̂) =

Z �

��

jG(ei!; �)�G(ei! ; �̂)j2W (!)d!;

(5)

but the form of V is immaterial for the moment.
We will assume it to be di�erentiable, though.

Now, since �̂ minimizes V (�; �̂), we have

V
0

�(�̂(�̂); �̂) = 0; (6)

where V 0� denotes the partial derivative of V

with respect to its �rst argument. Now, (6) by

de�nition holds for all �̂, so taking the total

derivative with respect to �̂ gives

0 =
d

d�
V
0

�(�̂(�̂); �̂) = V
00

��

d

d�̂
�̂(�̂) + V

00

��

or

d

d�̂
�̂(�̂) = �[V 00�� ]

�1
V
00

��̂
; (7)

provided that the indicated inverse exists. This
expression for the derivative, and Gauss' approx-



imation formula (3), now give the translation of

the variance of �̂ to that of �̂:

Cov �̂ =
�
[V 00��(�

�
; �
�)]�1V 00��(�

�
; �
�)
�
�

P�
�
[V 00��(�

�
; �
�)]�1V 00��(�

�
; �
�)
�T

; (8)

where

�
� = lim

N!1
�̂N (9)

�
� = �(��): (10)

This gives us a general expression for investigating
variance reduction for any reduction technique
that can be written as (4). Especially it holds for
L2-reduced estimates (5).

4. THE FIR CASE

In this section we will look at systems of FIR
structure. We show the perhaps surprising result
that estimating a high order model followed by
L2 model reduction never gives higher variance
than directly estimating the low order model if
the weighting is chosen as W (!) = �u(!).

Suppose that our data is generated by a FIR
system with d = d1 + d2 parameters, i.e.,

y(t) =

d1X
k=1

bku(t� k) +

dX
k=d1+1

bku(t� k) + e(t)

=�T0 '1(t) + �
T
0 '2(t) + e(t) = �

T
0 '(t) + e(t);

(11)

where e is white noise with variance �, and u is
a stationary stochastic process, independent of e,
with spectrum �u(!). The de�nitions of �; �; �;
and '(t) should be immediate from (11):

�0 =

0
B@
b1
...
bd1

1
CA ; '1(t) =

0
B@
u(t� 1)

...
u(t� d1)

1
CA ;

etc. The true frequency function can thus be
written

G0(e
i!) = �

T
0

0
B@
e
�i!

...

e
�di!

1
CA :

Let us also introduce the notation

R11 = E'1(t)'
T
1 (t); R22 = E'2(t)'

T
2 (t);

R12 = E'1(t)'
T
2 (t) = R

T
21 (12)

We now seek the best L2 approximation (in the
frequency weighting norm �u) of this system of
order d1:

�
� = argmin

�

Z �

��

jG0(e
i!)�G(ei! ; �)j2�u(!)d!

= argmin
�

E j�T0 '(t) � �
T
'1(t)j

2
;

where the second step is Parseval's identity. Sim-
ple calculations show that the solution is

�
� = �0 +R

�1

11
R12�0:

Now, the least squares estimate �̂N of order d1 is

�̂N =
hX

'1(t)'
T
1 (t)

i
�1X

'1(t)y(t)

=�0 +
hX

'1(t)'
T
1 (t)

i
�1X

'1(t)'
T
2 (t)�0

+
hX

'1(t)'
T
1 (t)

i
�1X

'1(t)e(t);

where the second step follows from (11). This gives
that

E �̂N � �
�
:

The approximation involved concerns the indi-
cated inverse. When N is large the law of large
numbers can be applied to give the result. (A tech-
nical comment: In the de�nition of the estimate,
one may have to truncate for close-to-singular
matrices. See Appendix 9.B in (Ljung 1999) for
such technicalities.) Moreover

Cov �̂N =E(�̂N � �
�)(�̂N � �

�)T

�
�

N
R
�1

11
+EHN�0�

T
0 H

T
N (13)

where

HN =
hX

'1(t)'
T
1 (t)

i
�1 hX

'1(t)'
T
2 (t)

i
� [R11]

�1
R12:

Let us now turn to the model reduction case. We
�rst estimate the full system of order d. That gives

the estimate �̂N with

E �̂N = �0

and

Var �̂N =P
�̂
�

�

N

�
E'(t)'T (t)

��1
=
�

N

�
R11 R12

R21 R22

�
�1

; (14)

with obvious partitioning according to (12). We
insert this high order estimate into (5) with
W (!) = �u(!) and perform the model reduction
(4).

Note that, by Parseval's relation (5) can also be
written

V (�; �̂) = E(�T'1(t)� �̂
T
'(t))2; (15)

with '(t) constructed from u as in (11), where u
has the spectrum W (!) = �u(!). In the notation
of (6) we have

V
00

�� =E'1(t)'
T
1 (t) = R11

V
00

��̂
=E'1(t)'

T (t) = E'1(t)
�
'
T
1 (t) '

T
2 (t)

�
=
�
R11 R12

�
From (8) and (14) we now �nd that

Cov �̂ =R�1
11

�
R11 R12

�
�
�

N

�
R11 R12

R21 R22

�
�1

�

�

�
R11

R21

�
R
�1

11
=

�

N
R
�1

11
; (16)

where the last step simply follows from the de�-
nition of an inverse matrix.



Comparing with (13) we see that this variance

is strictly smaller than that obtained by direct

identi�cation, provided �0 6= 0, that is, the true
system is of higher order than d1. However, if the
true system is of order d1 we also �nd that the
reduced model reaches the Cram�er-Rao bound,
i.e.,

Cov �̂ =
�

N
R
�1

11
:

The conclusion from this is that the variance of

the reduced FIR model is never higher than the

variance obtained by direct estimation.

Comments: We could here remark that the vari-
ance reduction is related to performing the re-
duction step \correctly". If (15) is approximated
by the sample sum over the same input data as

used to estimate �̂ it follows that the reduced
estimate will always be equal to the direct one.
This is equivalent to replacing the true input
spectrum by the periodogram of u. Moreover, the
variance reduction can be traced to the fact that
the approximation aspect of the direct estimation
method depends on the �nite sample properties of
u over t = 1; : : : ; N . If expectation is carried out
only with respect to e we have

Ee �̂N = �
� +HN�0

and this is the root of the increased variance in
the direct method.

5. THE GENERAL CASE

The result that it may be advantageous to use L2
model reduction of a high order estimated model,
rather than to directly estimate a low order one
is intriguing. Using the basic tools, more general
situations can be investigated. Here we focus on
OE model structures. We assume that the low
order model structure contains the true system,
i.e., we look at the no undermodeling case.

Let the underlying system be given by

y(t) = G0(q)u(t) + e(t);

with the same assumptions on e and u as in (11).
Parameterize two OE model structures G(q; �)
and G(q; �) where dim � � dim �, i.e.,

� =
�
b1 : : : bnb f1 : : : fnf

�T
� =

�
b1 : : : bnb0 f1 : : : fnf0

�T
;

where nb � nb0 and nf � nf0 . Furthermore, we
assume the existence of some �� and a unique ��

such that

G(ei! ; ��) = G(ei! ; ��) = G0(e
i!)

for almost all !. Note here that the parameters �
form a subset of �. This can be written as

S
T
0 � = �; (17)

where

S0 =
�
e1 : : : enb0 enb+1 : : : enb+nf0

�
(18)

and ej is the jth column of the (nb+nf )�(nb+nf )
identity matrix.

The gradients of ŷ(t; �) and ŷ(t; �) equal

	(t; �) =
d

d�
G(q; �)u(t) =

d

d�

B(q; �)

F (q; �)
u(t)

=

0
BBBBBBBB@

q
�nk0

...

q
�nk0�nb+1

�q�1G(q; �)
...

�q�nfG(q; �)

1
CCCCCCCCA

1

F (q; �)
u(t) (19)

and similarly for 	(t; �). By observing that

B(q; ��)

F (q; ��)
= G0(q) (20)

we �nd that

B(q; ��) = B0(q)L(q); F (q; ��) = F0(q)L(q):
(21)

Here L(q) is a monic FIR �lter of length r+1 and

r = min(nb � nb0 ; nf � nf0);

i.e.,

L(q) = 1 + l1q
�1 + : : :+ lrq

�r =

rX
k=0

lkq
�k
;

where we use the convention that l0 = 1. We also
obviously have that

B(q; ��)

F (q; ��)
= G0(q) (22)

Putting (19),(20), and (21) together gives

	(t; ��) =

0
BBBBBBBB@

q
�nk0

...

q
�nk0�nb+1

�q�1G0(q)
...

�q�nfG0(q)

1
CCCCCCCCA

1

L(q)F0(q)
u(t):

In the same way we get from (22)

	(t; ��) =

0
BBBBBBBB@

q
�nk0

...

q
�nk0�nb0+1

�q�1G0(q)
...

�q�nf0G0(q)

1
CCCCCCCCA

1

F0(q)
u(t):

Looking at these two expressions and utilizing
(17) we get the important relation

	(t; ��) = S
T
0 L(q)	(t; �

�): (23)



Let us now consider (5) with W (!) = �u(!):

V (�; �̂) =

Z �

��

jG(ei! ; �)�G(ei! ; �̂)j2�u(!)d!

= E
h
(G(q; �) �G(q; �̂ ))u(t)

i2
(24)

= E "
2(t; �; �̂);

with obvious de�nition of "2(t; �; �̂). Note that �̂
should be regarded as �xed (independent of u) in
this expression. De�ne as before

�̂N = arg min
�

V (�; �̂N )

From the discussion in (Ljung 1999, Appendix B)
it follows that di�erence between the expected
value of �̂N and �� (de�ned by (10)) is small for
large N . So the limiting estimate of the two step
method (estimation and reduction) gives approx-
imately the same limiting estimate as the direct
estimation method.

In order to calculate the variance of the reduced
order model we need to derive the expressions for
V 00�� and V 00

��̂
from (24):

V
0

�(�; �̂) =E	(t; �)"(t; �; �̂) (25)

V
00

��(�; �̂) =E "(t; �; �̂)
d

d�
	(t; �)

+ E	(t; �)	T (t; �) (26)

V
00

��(�; �̂) =� E	(t; �)	T (t; �̂) (27)

Since both parameterizations (in � and �) are rich
enough to describe the underlying true system,

we know that the residuals are "(t; �; �̂) are white
and independent of past inputs and past outputs.
This implies that the �rst term in (26) vanishes.
Evaluating the last two expressions at (��; ��)
gives

V
00

��(�
�
; �
�) = E	(t; ��)	T (t; ��) (28)

V
00

��(�
�
; �
�) = �E	(t; ��)	T (t; ��) (29)

Estimation of the high order system G(q; �) gives

�̂ with covariance

Cov �̂N = P� =
�

N

�
E	(t; ��)	T (t; ��)

��1
(30)

Putting (8), (28), (29), and (30) together we �nd
that

Cov �̂ =

=
�
E	(t; ��)	T (t; ��)

��1 �
E	(t; ��)	T (t; ��)

�
�
�

N

�
E	(t; ��)	T (t; ��)

��1
�
�
E	(t; ��)	T (t; ��)

� �
E	(t; ��)	T (t; ��)

��1
:

We will later show that this expression can sim-
pli�ed to

�

N

�
E	(t; ��)	T (t; ��)

��1
;

which is the Cram�er-Rao bound for the estimation
of �. This can equivalently be stated as�

E	(t; ��)	T (t; ��)
�
=
�
E	(t; ��)	T (t; ��)

�
�
E	(t; ��)	T (t; ��)

��1 �
E	(t; ��)	T (t; ��)

�
;

(31)

which will be used later on. In order to prove this
we need some more results.

We start by giving a lemma regarding rank
de�cient matrices. The proof can be found in
(Tj�arnstr�om 2000).

Lemma 1. Let A be a n� n-dimensional positive
semide�nite symmetric matrix of rank m. De�ne
~A = A+ ÆI with Æ > 0. Then the following holds:

i) ~A�1A = A ~A�1 = I � Æ ~A�1.

ii) limÆ!0 Æ
2 ~A�1 = 0.

Before presenting the next lemma, we extend the
de�nition of S0 in (18) to

Sk =
�
ek+1 : : : ek+nb0 ek+nb+1 : : : ek+nb+nf0

�
:

The covariance function of the gradient 	(t; ��) is
de�ned as

R�(k) = E	(t+ k; �
�)	T (t; ��) (32)

We are now ready to state a lemma connecting
R�(k) to R�(0). See (Tj�arnstr�om 2000) for a proof.

Lemma 2. Let R�(k) be given by (32). Then it
holds that:

i) R�(k)S0 = R�(0)Sk; 0 � k � r.
ii) ST0 R�(�k) = STk R�(0); 0 � k � r.
iii) ST0 R�(k �m)S0 = STmR�(0)Sk; 0 � k � r.

Before proving that the reduced model meets the
Cram�er-Rao bound, we must point out that the

covariance of �̂ given by (30) is not well de�ned
in most cases. This due to fact that r � 1
implies that �� is actually an r-dimensional set
of limiting estimates. Therefore will P� be rank
de�cient. In order to take care of this we make
a regularization. This means that we replace the
original minimization problem

�̂N = arg min
�

VN (�); (33)

with

�̂N = arg min
�

VN (�) +
Æ

2
k� � ��k22;

for some �� minimizing (33). This also implies
that (30) will be replaced by

�

N

�
E	(t; ��)	T (t; ��) + ÆI

��1
= (R�(0) + ÆI)�1 = ~R�1� (0): (34)

Here Æ > 0 and the last equality is the de�nition
of ~R�1� (0). In the proof we will then let Æ tend



to zero, and hence take away the e�ect of the
regularization.

Theorem 1. Assume that the true system is given
by

y(t) = G0(q)u(t) + e(t);

where e is white noise with variance � and u

is a stationary stochastic process independent of
e, with known spectrum �u(!). Furthermore, we
assume that G(q; �) and G(q; �) are two model
structures of OE type that both contain the

true system G0(q). Let �̂ minimize VN (�) and �̂

minimize

V (�; �̂) =

Z �

��

jG(ei! ; �)�G(ei!; �̂)j2�u(!)d!:

Then the asymptotic variance of �̂ equals the
Cram�er-Rao bound, or equivalently (31) holds.

Proof: Using (23) we get that

E	(t; ��)	T (t; ��) = ES
T
0 L(q)	(t; �

�)	T (t; ��)

= S
T
0

rX
k=1

lm E	(t�m; �
�)	T (t; ��)

= S
T
0

rX
k=1

lmR�(�m) =

rX
k=1

lmS
T
mR�(0):

Plugging this into the right hand side of (31) and
regularize according to (34) gives�
E	(t; ��)	T (t; ��)

�
~R�1� (0)

�
E	(t; ��)	T (t; ��)

�
=

 
rX

m=0

lmS
T
mR�(0)

! 
rX

k=0

lk(I � Æ ~R�1� (0))Sk

!

=

rX
m=0

rX
k=0

lmlkS
T
mR�(0)Sk � Æ

rX
m=0

rX
k=0

lmlkS
T
mSk

+Æ2
rX

m=0

rX
k=0

lmlkS
T
m
~R�1� (0)Sk:

Here we have used Lemma 1 i) several times.
Letting Æ ! 0 the last two sums vanish according
to Lemma 1 ii). Moreover we get (using Lemma 2)

lim
Æ!0

�
E	(t; ��)	T (t; ��)

�
~R�1� (0)

�
E	(t; ��)	T (t; ��)

�
=

rX
m=0

rX
k=0

lmlkS
T
mR�(0)Sk

= S
T
0

rX
m=0

rX
k=0

lmlkR�(k �m)S0

= EST0 L(q)	(t; �
�)L(q)	T (t; ��)S0

= E	(t; ��)	T (t; ��):

Or equivalently, the reduced order estimate meets
the Cram�er-Rao bound.

From this we can draw the following conclusions:

� The reduced model has an asymptotic covari-
ance matrix equal to the Cram�er-Rao bound.

� L2 model reduction is optimal in view of
achieving the lowest possible covariance of
the estimates.

� Most other model reduction techniques do
not reach the Cram�er-Rao bound, e.g., bal-
anced truncation. The reason is that in or-
der to reach the bound, the model reduction
� = f(�) needs to have a structure of the
derivative (7) equal to the one that L2 re-
duction has.

� The tools presented in Section 3 can imme-
diately be applied to other model reduction
methods. The only problem lies in de�ning
proper loss functions for the other reduction
techniques. This need not to be obvious for
methods such as balanced truncation.

6. CONCLUSIONS

We have discussed the variance properties of L2
model reduction. We have shown the it could be
strictly better to estimate a high order FIR model
and reduce it using L2 model reduction compared
to estimating the low order model directly. In
the general FIR case we will at least reach the
Cram�er-Rao bound if the low order model con-
tains the true system.

In the last section we showed the maybe more
useful result that the reduced low order models
are eÆcient even in more general situations like
OE structures. It is also interesting to note that
the calculations show that L2 model reduction is
optimal in reducing the variance of the high order
estimate.
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