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Abstract

An overview of central model quality results is given. The focus is
on the variance of transfer functions. We look in particular into two
questions: (1) Can the variance be smaller than that obtained by direct
prediction error/output error? and (2) Can closed loop experiments give
estimates with lower variance than open loop ones? The answer to both
questions is yes.

Keywords: System Identification, Transfer Functions, Variance,
Model reduction, Closed loop experiments
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1 Transfer Function Estimation

We consider in this contribution the problem to estimate
a general linear model

y(t) = G(q; �)u(t) +H(q; �)e(t) (1)

where q is the shift operator, and e(t) is the innovations
sequence. In notation we will stick to the single-input-
single-output case, but the results are quite general.
The parameter vector � is a �nite-dimensional param-

eterization of the transfer functions, and we shall denote
the estimate, based on N data by �̂N . Often we assume
that this estimate is obtained by minimization of criteria
of the kind

�̂N = argmin
�

NX
t=1

jH(q; �)�1(y(t)�G(q; �)u(t))j2 (2)

Our interest will be in the the variance of the estimated
transfer (frequency) function

ĜN (e
i!) = G(ei!; �̂N ) (3)

We shall deal with the following items:

� Give a general frequency domain expression for the
variance of ĜN

� Consider the limit of this expression as the exibility
of the parameterization increases.

� Investigate of lower variances can be achieved if an
explicit model reduction process is applied to a high
order model, rather than obtaining the estimate by
(2).

� Investigate if closed loop experiments may give lower
variance of Ĝ than open loop ones.

The two �rst points is a tutorial overview of results also
presented in [3]. The third one appears to be new.
The topic of transfer function estimation is of course

widely studied. See, e.g., [6], [2], [1], [5].

2 Some Basic Variance Results

The covariance matrix of �̂

It is well known that the covariance matrix of �̂N (asymp-
totically as N !1) is subject to

P� = N � Cov �̂N � �
�
E (t) T (t)

��1
(4)

 (t) =
d

d�
[H(q; �)(y(t)�G(q; �)u(t))] (5)

assuming that the estimate is close to a value �0 that gives
white prediction errors, with variance �.
Using Parseval's relationship, and the de�nition

T(q; �) =
�
G(q; �) H(q; �)

�
we can rewrite (4) as

P� �
�
1

2�

Z
1

�v(!)
T0(ei!; �0) �

��(!)
�
T0(e�i! ; �0)

�T
d!
i
�1

(6)

where 0 denotes di�erentiation wrt �, �v is the spectrum of
the noise v(t) = H(q; �0)e(t), and ��(!) is the spectrum
of

�(t) =

�
u(t)
e(t)

�
(7)
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Variance of the transfer function

To translate the variance of one estimate �̂ to another
�̂ = f(�̂) we use Gauss' approximation formula:

Cov �̂ � [f 0(�0)][Cov �̂][f
0(�0)]

T (8)

where �0 is the expected value of �̂ and the approximation
is asymptotic as the covariance Cov �̂ decreases to zero.

Let us now focus on the frequency functions:

ĜN (e
i!) = G(ei! ; �̂N ); ĤN (e

i!) = H(ei!; �̂N )

Gauss' approximation formula directly gives

Cov

�
ĜN (e

i!)

ĤN (e
i!)

�
� 1

N

�
T0(ei!; �0)

�T
P�T

0(e�i! ; �0) (9)

where T0 is de�ned above. By plugging in the expression
for P� from (6), a nicely symmetric expression for the
variance of the frequency functions is obtained.

We can be more speci�c for certain common choice of
model structures. Consider an ARX-model

G(q; �) =
B(q)

A(q)
; H(q; �) =

1

A(q)

with the same order of the A- and B-polynomials; A(q) =
1 + a1q

�1 + : : : + anq
�n; B(q) = b1q

�1 + : : : + bnq
�n.

Let �k =
�
ak bk

�
. Then the derivative with respect to

�k, i.e. the rows 2(k � 1) and 2k � 1 of T0(q; �), will be

h
d
d�k

B(q)
A(q)

d
d�k

1
A(q)

i
=

=

"
� B(q)

A2(q)q
�k � 1

A2(q)q
�k

1
A(q)q

�k 0

#
= q�kM(q; �)

where the last step is a de�nition of M(q; �). This means
that

T0(ei!; �) =Wn(e
�i!)M(ei! ; �) (10a)

M(ei!; �) =

"
� B(ei!)

A2(ei!) � 1
A2(ei!)

1
A(ei!) 0

#
(10b)

Wn(e
�i!) =

�
e�i!I e�i2!I � � � e�in!I

�T
(10c)

Here I is the 2�2 identity matrix. This shows how we can
easily construct T0 for arbitrary orders n. Similar calcu-
lations apply to a variety of black-box model structures.

Asymptotic Black-Box Theory

The expressions (10), (9), and (6) together constitute an
explicit way of computing the frequency function covari-
ances. It is not easy, though, to get an intuitive feeling
for the result. It turns out, however, that as the model
order increases, n ! 1, the expressions simplify drasti-
cally. The simpli�cation is based on the following result:
Let Wn be de�ned by (10c) with the identity matrix of
size s, and let L(!) be a s� s invertible matrix function,
with a well de�ned inverse Fourier transform. Then

lim
n!1

1

n
W T

n (e
�i!)S1

nWn(e
i!1) = [L(!)]�1Æ!;!1 ;

where

Sn =
1

2�

Z �

��

Wn(e
i�)L(�)W T

n (e
�i�)d�

(11)

where Æs;t is 1 if the subscripts coincide and 0 otherwise.
This result is proved as Lemma 4.3 in [8]. See also Lemma
4.2 in [4].
Inserting this into the expressions above gives

N � Cov
�
ĜN (e

i!)

ĤN (e
i!)

�
� n�v(!)�

�1
�0
(�!)

where the approximate equality follows from (11). In sum-
mary we have

Cov

�
ĜN (e

i!)

ĤN (e
i!)

�
� n

N
�v(!)

�
�u(!) �ue(�!)
�ue(!) �0

�
�1

(12)

where n is the model order and N is the number of data,
and where the approximation improves as the model or-
der increases. In open loop operation, where �ue � 0, the
estimates ĜN and ĤN are asymptotically uncorrelated,
even when they are parameterized with common parame-
ters. Then

CovĜN (e
i!) � n

N

�v(!)

�u(!)
(13a)

CovĤN (e
i!) � n

N
jH0(e

i!)j2 (13b)

3 L2 Model Reduction

3.1 The Set-up

To estimate a low order model of a system, several possi-
bilities exist. The most obvious one is to directly estimate
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a lower order model from data:

�̂N = argmin
�

1

N

NX
t=1

jy(t)�G(q; �)u(t)j2 (14)

As known from, e.g, [3], the prediction/output er-
ror estimate automatically gives models that are L2-
approximations of the true system in a frequency-weighted
norm, determined by the input spectrum and noise model:

�̂N ! �� = argmin
�

Z �

��

jG0(e
i!)�G(ei! ; �)j2�u(!)d!

(15)

where �u is the input spectrum and G0 is the true system.
A second possibility is to estimate a higher order model,
which is then subjected to model reduction to the desired
order. See, e.g, [7]. For the model reduction step, a vari-
ety of methods could be applied, like truncating balanced
state-space realizations, or applying L2-norm reduction.
The latter method means that the low order model, pa-
rameterized by � is determined as

�̂�h = argmin
�

Z �

��

jGh(e
i!)�G(ei! ; �)j2W (!)d! (16)

Here, Gh(q) is the high order (estimated) model, and W
is a weighting function.
An important question is whether this reduction step

also will imply a reduction of variance, i.e., if the vari-
ance of G(ei! ; �̂�h) (viewed as random variable through
its dependence of the estimate Gh) is lower than that of
Gh(e

i!). A second question is how this variance compares
with the one obtained by the direct identi�cation method
(14).
The somewhat surprising answer is that (16) may in

some cases give a lower variance than (14). Before treating
general cases, let us �rst consider a simple example.

3.2 An Example

Consider the true system

y(t) = u(t� 1) + 0:5u(t� 2) + e(t) (17)

where the input u is white noise with variance �, and e
is white noise with variance �. We compare two ways of
�nding a �rst order model of this system. First, estimate
b in the FIR model

ŷ(tjb) = bu(t� 1)

This gives the estimate (using least squares) b̂N , with

b̂N ! Eb̂N = 1; as N !1

The variance of b̂N is computed by

E(b̂N � 1)2 = E

 PN
t=1 u(t� 1)(0:5u(t� 2) + e(t))PN

t=1 u
2(t� 1)

!2

� �+ 0:25�

N � �
The second method is to estimate a higher order model

(in this case second order)

ŷ(tjb1; b2) = b1u(t� 1) + b2u(t� 1)

This gives the estimated transfer function

Ĝh(q) = b̂1q
�1 + b̂2q

�2

with b̂i tending to their true values, and each having a
variance of �=(N�). Now, subjecting Ĝh to the L2 model
reduction (16) with W � 1 gives the reduced model

Ĝ`(q) = b̂1q
�1 (18)

The variance of the directly estimated �rst order model is

EjG(ei!)j2 = Ejb̂e�i!j2 = �+ 0:25�

N � �
while the L2-reduced model has

EjG(ei!)j2 = Ejb̂1e�i!j2 = �

N � �
i.e., it is strictly smaller.
In this example it was strictly better to estimate the low

order model, both in terms of variance and mean square
error, by reducing a higher order model than to estimate
it directly from data. This somewhat unexpected result
can clearly only happen if the low order model structure
does not contain the true system. The prediction error
methods are in these cases (assume that e is normal) ef-
�cient, i.e., their variances meet the Cram�er-Rao bound
if the model structure contains the true system. In those
cases no other estimation method can beat the direct es-
timation method.

3.3 The Basic Tools

To use Gauss' approximation formula (8) to compute the
variance of an L2-reduced model, we need an (asymp-
totic) expression for how this depends on the higher order
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model. For this we return to (16) with more speci�c no-
tation. Let the higher order model be

G(q; �̂); with Cov �̂ = P� (19)

Let � parameterize a lower order model G(q; �) and de�ne

�̂(�̂) = argmin
�
V (�; �̂) (20)

for some function V , that depends on the lower order
model � and the high order, estimated, model �̂. For L2-
reduction we use

V (�; �̂) =

Z �

��

jG(ei!; �)�G(ei! ; �̂)j2W (!)d! (21)

but the form of V is immaterial for the moment. We will
assume it to be di�erentiable, though.
Now, since �̂ minimizes V (�; �̂), we have

V 0�(�̂(�̂); �̂) = 0 (22)

where V 0� denotes the partial derivative of V with respect
to its �rst argument. Now, (22) by de�nition holds for all

�̂, so taking the total derivative with respect to �̂ gives

0 =
d

d�̂
V 0�(�̂(�̂); �̂) = V 00��

d

d�̂
�̂(�̂) + V 00

��̂

or

d

d�̂
�̂(�̂) = �[V 00�� ]�1V 00��̂

This expression for the derivative, and Gauss' approxima-
tion formula, now give the translation of the variance of
�̂ to that of �̂:

Cov �̂ = P�̂ =
h
[V 00�� ]

�1V 00
��̂

i
P
�̂

h
[V 00�� ]

�1V 00
��̂

iT
(23)

This gives us a general expression for investigating vari-
ance reduction for L2-reduced estimates, (20), (21). In
this contribution we shall only consider general Finite im-
pulse response (FIR) models.

3.4 The General FIR case

Suppose that our data is generated by FIR system with
d = d1 + d2 parameters, i.e.,

y(t) =

d1X
k=1

bku(t� k) +

dX
k=d1+1

bku(t� k) + e(t)

=�T0 '1(t) + �T0 '2(t) + e(t) = �T0 '(t) + e(t)

(24)

where e is white noise with variance �, and u is a station-
ary stochastic process, independent of e, with spectrum

�u(!) (25)

The de�nitions of �0; �0;
varphi1; '2 and '(t) should be immediate from (24):

�0 =

0
B@
b1
...
bd1

1
CA ; '1(t) =

0
B@
u(t� 1)

...
u(t� d1)

1
CA

etc. Let us also introduce the notation

R11 = E'1(t)'
T
1 (t); R12 = E'1(t)'

T
2 (t) = RT

21

R22 = E'2(t)'
T
2 (t)

(26)

The true frequency function can thus be written

G0(e
i!) = �T0W (!) (27)

W (!) =

0
B@
e�i!

...
e�di!

1
CA (28)

We now seek the best L2 approximation (in the frequency
weighting norm �u) of this system of order d1:

�� = argmin
�

Z �

��

jG0(e
i!)�Gd1(e

i!; �)j2�u(!)d!

= argmin
�
Ej�0'(t)� �T'1(t)j2

(29)

where the second step is Parseval's identity. Simple cal-
culations show that the solution is

�� = �0 +R�111 R12�0 (30)

Now, the least squares estimate �̂N of order d1 is

�̂N =
hX

'1(t)'
T
1 (t)

i
�1X

'1(t)y(t)

=�0 +
hX

'1(t)'
T
1 (t)

i
�1X

'1(t)'
T
2 (t)�0

+
hX

'1(t)'
T
1 (t)

i
�1X

'1(t)e(t)

(31)

This gives that

E�̂N � �� (32)

The approximation involved concerns the indicated in-
verse. When N is large the law of large numbers can
be applied to give the result. (A technical comment: In
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the de�nition of the estimate, one may have to truncate
for close-to-singular matrices. See Appendix 9.B in [3] for
such technicalities.) Moreover

Cov �̂N =E(�̂N � ��)(�̂N � ��)T

� �

N
R�111 +EHN�0�

T
0 H

T
N

where

HN =
hX

'1(t)'
T
1 (t)

i
�1 hX

'1(t)'
T
2 (t)

i
= [R11]

�1
R12

(33)

Let us now turn to the model reduction case. We �rst
estimate the full system of order d. That gives the esti-
mate �̂N with

E�̂N = �0

and

Var �̂N = P�̂ =
�

N

�
E'(t)'T (t)

��1
=

�

N

�
R11 R12

R21 R22

�
�1

(34)

with obvious partitioning according to (26). We insert
this higher order estimate into (21) with W (!) = �u(!)
and perform the model reduction (20).
Note that, by Parseval's relation (21) can also be writ-

ten

V (�; �̂) = E(�T'1(t)� �̂T'(t))2 (35)

with '(t) constructed from u as in (24), where u has the
spectrum W (!) = �u(!). In the notation of (22) we have

V 00�� =E'1(t)'
T
1 (t) = R11

V 00
��̂

=E'1(t)'
T (t) = E'1(t)

�
'T1 (t) 'T2 (t)

�
=
�
R11 R12

� (36)

From (23) and (34) we now �nd that

Cov �̂ =R�111
�
R11 R12

� � �
N

�
R11 R12

R21 R22

�
�1

��
R11

R21

�
R�111 =

�

N
R�111

(37)

where the last step simply follows from the de�nition of
an inverse matrix.
Comparing with (33) we see that this variance is strictly

smaller than that obtained by direct identi�cation, pro-
vided �0 6= 0, that is, the true system is of higher order
than d1.

3.5 Comments

The result that it may be advantageous to use L2 model
reduction of a higher order estimated model, rather than
to directly estimate a lower order one is intriguing. Using
the basic tools, more general situations can be investi-
gated.
We could here remark that the variance reduction is re-

lated to performing the reduction step \correctly". If (35)
is approximated by the sample sum over the same input
data as used to estimate �̂ it follows that the reduced es-
timate will be equal to the direct one. Moreover, the vari-
ance reduction can be traced to the fact that the approx-
imation aspect of the direct estimation method depends
on the �nite sample properties of u over t = 1; : : : ; N . If
expectation is carried out only with respect to e we have

Ee�̂N = �� +HN�0

and this is the root of the increased variance in the direct
method.

4 Optimal Input Design for Vari-

ance Minimization

In this section we shall use the asymptotic variance ex-
pression (12) to design optimal experiments. If we are

just interested in the accuracy of Ĝ we can use the crite-
rion:

Jp(X ) =
Z �

��

Cov ĜN (e
i!)C11(!)d! (38)

where the weighting function C11 reects the relative im-
portnace of havong good models in di�erent frequency
ranges. To design an experiment that minimizes this
scalar measure, we shall work with possible closed loop
experiments, using the regulator

u(t) = �Fy(q)y(t) + r(t)

and the reference signal spectrum �r.
We denote

�0�u(!)� j�ue(!)j2 = �0�
r
u(!)

where �r
u is that part of the input spectrum that origi-

nates from the reference signal, which from (12) gives

Cov ĜN � �v(!)

�r
u(!)
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and the criterion (38) becomes

Jp(X ) �
Z �

��

�v(!)

�r
u(!)

C11(!)d! (39)

We shall minimize this design criterion, subject to con-
strained variance of the input and the output in the gen-
eral form

�Eu2 + �Ey2 � 1 (40)

Here, we assume that � and � are chosen so that it is
possible to achieve this constraint with the given distur-
bances. The solution is given by the following theorem.

Theorem 1 Consider the problem to minimize Jp in (38)
with respect to the design variables X = fFy; �rg under
the constraint (40). This is achieved by selecting the reg-
ulator u(t) = �Fy(q)y(t) that solves the standard LQG
problem

F opt
y = argmin

Fy
[�Eu2 + �Ey2]; y = G0u+H0e (41)

The reference signal spectrum shall be chosen as

�opt
r (!) = �

p
�v(!)C11(!)

j1 +G0(e
i!)F opt

y (ei!)j2p
�+ �jG0(ei!)j2

(42)

where � is a constant, adjusted so that equality is met in
(40).

The proof is given in [3].
The theorem tells us a number of useful things:

� The optimal experiment design depends on the (un-
known) true system and noise characteristics. This
is the normal situation for optimality results, and i
practice it has to be handled by using the best prior
information available about the system.

� If we have a pure input power constraint, Eu2 � K
and the system is stable, then it is always optimal to
use open loop operation, Fy = 0. The input spectrum
is then proportional to

p
�vC11, which shows that

the input power should be spent in frequency bands
where there is substantial noise (�v large) and/or
where a good model is particularly important (C11

large).

� If the constraint involves any limitation on the output
variance (� > 0), then it is always optimal to use
closed loop experiments. In these cases the regulator
does not depend on the weighting function C11, but
only the constraint and the system.

5 Conclusions

We have studied a few aspects of how to minimize the
variance of an estimated transfer function. A somewhat
unexpected result is that it may be better to �rst estimate
a high order model, and then reduce that by L2 approxi-
mation, than to directly estimate the lower order model.
This may of course only happen if the lower order model
is not a true description of the system.
We have also pointed to an explicit result for what ex-

perimental conditions minimize the variance. We have
noticed that it is always optimal to use closed loop exper-
iments, if there is some constraint on the output power.
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