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COMPUTING UNCERTAINTY REGIONS WITH

SIMULTANEOUS CONFIDENCE DEGREE USING

BOOTSTRAP

Fredrik Tj�arnstr�om �

�Department of Electrical Engineering, Link�oping University,

SE-581 83 Link�oping, Sweden. Fax: +46 13 28 26 22

Email: fredrikt@isy.liu.se

Abstract: We discuss the importance of constructing con�dence regions of simulta-
neous con�dence degree for certain statistics, e.g., the frequency function. In this
contribution we show how bootstrap can be used to obtain reliable con�dence regions
of simultaneous con�dence degree, independently of how many con�dence regions we
calculate. The procedure is illustrated by comparison with \classical" methods and
Monte Carlo simulations. We will also provide an evaluation of the quality of the
obtained con�dence regions.

Keywords: bootstrap, identi�cation, modelling errors, uncertainty, simultaneous
con�dence degree

1. INTRODUCTION

This paper discusses the problem of constructing
reliable con�dence regions of simultaneous con�-
dence degree for some statistic associated with the
system. (The example and the text will be ori-
ented towards looking at the frequency function,
but the procedure works equally well for other
statistics.) The paper presents a bootstrap pro-
cedure to estimate uncertainty regions of simulta-
neous con�dence degree for any smooth statistic
associated with the system. Since the procedure
is simulation based it will be computer intensive,
but straightforward to implement and calculate.
In the discussion we also try to illustrate the
di�erence between these con�dence regions and
the regions obtained using more classical methods.
The strength and the quality of the method is also
shown by a simulation example.

First we will give a brief introduction to the boot-
strap. Section 3 describes the system identi�ca-
tion setup and gives some classical results that
have been used to construct con�dence regions for
certain statistics. The extension of adopting boot-
strap to identi�cation will be given in Section 4.
In Section 5 we show how to use bootstrap to con-
struct con�dence regions of prede�ned simultane-
ous con�dence degree. In Section 6 an example is
given to show how the regions will change using
the new procedure described in Section 5.2 and to
show how good degree of coverage these regions
have. Finally, Section 7 will give some conclusions.

2. THE BOOTSTRAP IDEA?

Bootstrap was introduced in Efron (1979) as a
method to calculate accuracy measures of a statis-
tic by simulations. The development of bootstrap
has together with computer speed improvements
made it possible to compute uncertainty regions
for a very wide class of problems. Bootstrap is
still in focus for a lot of research in the sta-
tistical community, and much work is spent on
improving the bootstrap method for constructing
accurate con�dence regions. A lot of work has also
been spent on trying to extend the bootstrap to
more complicated problems than it was originally
designed for. Introductions to bootstrap can be
found in Efron and Tibshirani (1993), Davison
and Hinkley (1997), Politis (1998), and a survey
of signal processing applications in Zoubir and
Boashash (1998).

The main idea behind bootstrap is that we would
like to get to a situation where we could per-
form Monte Carlo simulations to judge the un-
certainty in the estimate that we have, instead
of going through tedious or unfeasible calcula-
tions. The setup can be described as follows. Let
x = (x1; : : : ; xN ) be an independent, identically
distributed (i.i.d.) sample from a stochastic vari-
able X with distribution function F . We are in-
terested in estimating some parameter, � = �(F )
associated with F . As an estimator for � we will
use the statistic T , i.e., �̂ = T (x). This estimator
will also be used to �nd the accuracy of �̂ .



It is not hard to realize that this problem would
be easy to solve if F was known. Then B new
\samples" from F , x1; : : : ;xB, could be generated
and we could calculate �̂1; : : : ; �̂B from each one
of them. From this it is not hard to calculate the
empirical probability density function for �̂ .

Since we do not know F , the simple and natural
idea is to estimate F with the empirical distribu-
tion estimate

F̂ (x) =
#fxi � xg

N
; (1)

where #fxi � xg denotes the number of xis
less than or equal to x. From this we generate
(bootstrap) resamples, x�j = (x�1; : : : ; x

�
N
); j =

1; : : : ; B and calculate ��1 ; : : : ; �
�
B
. (Stars indicate

that we are working with bootstrap samples.) The
empirical distribution for � is estimated with

F̂� (t) =
#f��

j
� tg

N
:

From this a level � con�dence interval for �(F )
can easily be calculated. The key is to generate
the bootstrap resamples from an i.i.d. sample.
If we have such a sample and are interested in
some smooth statistic, � = �(F ), bootstrap will
generally work.

Extensions of these methods to dependent data
structures, e.g., time-series, have been proposed
by several authors, e.g., Freedman (1984), Bose
(1988), and Nordgaard (1995). They propose dif-
ferent strategies to construct data sets associ-
ated with the measured data which can be boot-
strapped. We will here illustrate one of the sim-
plest ideas.

Assume that data, y(1); : : : ; y(N), is generated by
an n'th order AR-process

A(q)y(t) = e(t);

A(q) = 1 + a1q
�1 + � � �+ anq

�n;

where q�1 is the time delay operator, q�1y(t) =
y(t� 1) and fe(t)g is white noise with zero mean.
We estimate A(q) by standard least-squares and
compute the residuals

"(t) = Â(q)y(t):

Now f"(t)g is approximately a white noise se-
quence from which we generate our resamples and
then simulate \new" output signals according to

y�
j
(t) =

1

Â(q)
"�
j
(t):

Here f"�
j
(t)g; j = 1; : : : ; B are drawn from the

distribution F̂", constructed as in (1). We sim-
ulate B resampled sequences of fy(t)g. From
the simulated outputs we construct the estimates

Â�1; : : : ; Â
�
B

of Â. We compute our statistic of

interest ��
j
= �(Â�

j
); j = 1; : : : ; B and compute

some kind of uncertainty measure for it.

Proofs of the validity of this method can be found
in Freedman (1984) and Bose (1988). In the article

Freedman (1984) the author also shows that the
same method works in case of auto-regressionwith
exogenous input (so called ARX-models). Here
the data is assumed to be collected in open-loop
and the control signal is assumed to white noise.

3. IDENTIFICATION SETUP

Let the data be generated from a linear time-
invariant system represented as

y(t) = G0(q)u(t) +H0(q)e(t):

Here fy(t)g is the output, fu(t)g is the input and
fe(t)g is zero mean, white noise with variance
�0. Furthermore, H0(q) is an inversely stable
monic �lter. This system will be modeled in a
parameterized way by

y(t) = G(q; �)u(t) +H(q; �)e(t):

The aim is to estimate � in such a way that

G(ei! ; �̂) � G0(e
i!) and H(ei!; �̂) � H0(e

i!) for
all frequencies. This will be done using measure-
ments ZN = fy(1); u(1); : : : ; y(N); u(N)g of the
input-output data.

In obtaining this estimate, we will minimize sum
of the squared prediction errors, "(t; �), as follows

�̂N = argmin
�

1

N

NX
t=1

"2(t; �)

"(t; �) = H�1(q; �) (y(t)�G(q; �)u(t)) :

The estimated transfer functions will be denoted
by ĜN (q), ĤN (q); ĜN (q) = G(q; �̂N ), ĤN (q) =

H(q; �̂N ). We assume the existence of some pa-
rameter �0 such that G(q; �0) = G0(q). This
in order to get an asymptotically unbiased esti-
mate, i.e., E ĜN (q) = G0(q). In this case one can
show the following asymptotic characterization

of the distribution of �̂N under weak conditions
(Ljung 1999)

p
N
�
�̂N � �0

�
2 AsN(0; P�)

P� = �0

"
lim

N!1

1

N

NX
t=1

E (t; �0) 
T (t; �0)

#�1

(2)

 (t; �0) = � d

d�
"(t; �)

����
�=�0

:

In many cases it is important to construct con-
�dence regions for other statistics than the pa-
rameter vector �. These regions can be approxi-
mated using Gauss' approximation formula. This
formula is obtained using Taylor series expansion

to �rst order around the �0 = E �̂N . The results
is that if �̂N is suÆciently close to �0, we can
approximate

Cov f(�̂) � f 0(�0)P�
�
f 0(�0)

�T
; (3)

where f 0(��) is a 1�d dimensional matrix being the
derivative of f(�) evaluated at � = ��. If the higher



order derivatives are small, this approximation
will be good. An extension to this is that if the
higher order derivatives are suÆciently smooth

and if �̂N is asymptotically Gaussian, then f(�̂N )
will also be asymptotically Gaussian. If we for
instance are interested in uncertainty bounds for
the frequency function, we get from (3)

Cov

�
Re ĜN (e

i!)

Im ĜN (e
i!)

�
�
�
Re Ĝ0

�
(ei!; �̂N )

Im Ĝ0
�
(ei!; �̂N )

�
�

�P�
�
Re Ĝ0

�
(ei!; �̂N )

Im Ĝ0
�
(ei! ; �̂N)

�T
: (4)

This could be used to construct con�dence regions
for the frequency function in the Nyquist diagram.

4. BOOTSTRAP AND SYSTEM
IDENTIFICATION

The idea on how use bootstrap in system iden-
ti�cation is clearly inspired by the one described
for autoregressive models for time-series data in
Section 2.

We know that as N ! 1 we will have that the
estimates ĜN ! G0 and ĤN ! H0. This also
means that the residuals we compute

"(t; �̂N ) = Ĥ�1
N

(q)
�
y(t)� ĜN (q)u(t)

�
will tend to the \true" noise sequence fe(t)gN

t=1.
These are by assumption i.i.d. and could therfore
be used as the basis for our resampling procedure.
In practice one should always perform some kind
of whiteness test on the residuals to ensure that
the residuals actually are not non-white.

Given the residuals, the empirical distribution
function can easily be calculated

F̂"(x) =
#f" � xg

N
: (5)

There are other and more sophisticated meth-
ods to estimate the distribution, see e.g., cite-
WandJ:1995. These methods are however some
what more involved to compute and we will not
look into that here. Now the approximate distri-
bution function (5) could be used to draw resam-
pled residuals "�

j
(t), j = 1; : : : ; B from. These

bootstrapped residuals will thereafter act as the
driving noise for the estimated system. This will
generate B pseudo-output signals with statistical
properties similar to those of the original output
y(t);

y�
j
(t) = ĜN (q)u(t) + ĤN (q)"

�
j
(t); j = 1; : : : ; B

From each of the B generated output sequences,
reestimates of the system and noise models, ĜN

and ĤN , can be obtained. The B reestimated
parameter vectors can now be used to approxi-
mate the distribution function for any statistic of
interest.

The whole procedure above can be summarized in
the following steps:

(1) Estimate G(q) and H(q) and compute the
residuals:
"(t; �̂N ) = Ĥ�1

N
(q)(y(t) � ĜN (q)u(t))

(2) Compute the empirical distribution of the
residuals:

F̂"(x) =
#f" � xg

N
(3) Generate B resampled noise sequences from

F̂"(x):n
"�
j
(t; �̂N )

oN
t=1

; j = 1; : : : ; B

(4) Simulate the new outputs:

y�
j
(t) = ĜN (q)u(t) + ĤN (q)"

�
j
(t; �̂N ),

j = 1; : : : ; B

(5) Estimate �̂N;j from our resampled data:
Z�
N;j

= fy�
j
(1); u(1); : : : ; y�

j
(N); u(N)g,

j = 1; : : : ; B.

5. CONSTRUCTING UNCERTAINTY
REGIONS FOR FREQUENCY RESPONSE

In estimating a system from input-output data it
is of great importance to come up with a tight and
reliable uncertainty description. This uncertainty
is preferably displayed in the frequency domain
since it provides useful information to, e.g., a
control designer. The simplest (and probably most
used) way to create such description is to con-
struct con�dence regions with a certain con�dence
degree at a speci�c frequency for the frequency
function. In order to make a con�dence band out
of this, the procedure is repeated at several fre-
quencies and the regions are connected to produce
a band for the entire frequency function. It should
be noted that the di�erent regions are dependent
through the estimate of a parametric model and
it is thus not possible to say much about the
simultaneous con�dence degree. This follows from
the Bonferroni inequality (Manoukian 1986). This
inequality gives a lower bound on the simultane-
ous con�dence degree. The bound is 1�d �(1��),
where d is the number of con�dence regions and
� is the con�dence degree for one single region.
In situations where a guaranteed simultaneous
con�dence degree is wanted, the parameters � and
d should be chosen according to this. However,
constructing too many intervals will force the de-
signer to choose � very small and hence also make
the bands (possibly) more conservative.

One exception to this basic procedure is given in
Vuerinckx et al. (1998). Here the authors look at
uncertainty descriptions for the poles and zeros
of the system in a simultaneous manner. In the
article there is no simulation study to evaluate
the actual coverage probability of the intervals,
but the approach looks interesting. In Politis et

al. (1992) a method to construct simultaneous
con�dence bands for the spectra and cross-spectra
of stationary weakly dependent time series is
presented.



5.1 Using estimated covariance matrices

With estimated covariance matrices for the fre-
quency response, approximate con�dence regions
in the Nyquist plot at frequency !k can be con-
structed. The regions will be in form of ellipsoids
centered around the nominal estimate ĜN (e

i!k):�
Re[G(ei!k )� ĜN (e

i!k )]

Im[G(ei!k )� ĜN (e
i!k )]

��
1

N
� P (ei!k )

��1

�
�
Re[G(ei!k )� ĜN (e

i!k )]

Im[G(ei!k )� ĜN (e
i!k)]

�T
� C�; (6)

where P (ei!k ) is covariance matrix for Ĝ(ei!k )
and C� is de�ned through Prob(X � C�) = �,
X 2 �2(2). P (ei!k) could be estimated using (2)
and (4) or by using bootstrap methods. The re-
sults obtained using this method very closely re-
sembles with the ones obtained using a bootstrap
procedure described in Tj�arnstr�om and Forssell
(1999), where also a comparison to Monte Carlo
simulations is made, with excellent agreement. See
also Tj�arnstr�om (2000).

5.2 Obtaining con�dence degree using bootstrap

The discussion in the beginning of Section 5 points
out the problem with the method described above.
This method simply do not take the dependence
between di�erent frequency regions into account.
Fortunately, this can be taken care of quite easily
using bootstrap.

It is rather easily seen that the con�dence region
in a high dimensional space should be rectangu-
larly shaped if we want to project the region to low
dimensional spaces without using any approxima-
tions. This type of region can however be quite
diÆcult in a parametric setting, but is actually a
relatively easy task in a bootstrap situation. Since
we aim at constructing a rectangular box in a d-
dimensional space, we must choose a norm mea-
suring the distance between points in a suitable
way. After appropriate scaling and translation of
the estimates the l1-norm is the natural choice
since it measures the longest orthogonal distance
to the sides of the rectangle. In this way we do not
take any cross-correlation between estimates into
account (just as we want to).

We will now formalize this idea. Assume that
we estimate some d-dimensional parameter vector
� and aim at constructing d single con�dence
intervals with a simultaneous con�dence degree �.
B bootstrap estimates of � are calculated and will
be used to construct the intervals. Denote these
estimates with

�̂�1 ; : : : ; �̂
�
B
:

Let the elements of �̂�
k
be denoted�

�̂�1;k � � � �̂�d;k
�T

; k = 1; : : : ; B;

and the estimated means and standard deviations
of the elements of �̂ by

���
j;� =

1

B

BX
k=1

�̂�
j;k
; j = 1; : : : ; d;

�̂�
j
=

vuut 1

B � 1

BX
k=1

�
�̂�
j;k
� ���

j;�

�
; j = 1; : : : ; d:

Normalize and translate the estimates of the dif-
ferent elements such that they all have unit vari-
ance and zero mean

~��
j;k

=
�̂�
j;k
� ���

j;�

�̂�
j

:

This will give all elements in � equal inuence. De-
�ne the distances from the origin to the bootstrap
estimates as

Qk = k~��
k
k1 = max(~j��1;kj; : : : ; j~��d;kj)

Order the estimates in increasing distance to the
mean

�̂�(1); : : : ; �̂
�
(B);

where the number between the parentheses de-
notes the order. From the ordered set of estimates
we pick the �-fraction closest to the mean. That
is, the con�dence region should be built from

�̂�(1); : : : ; �̂
�
(dB��e);

where d�e denotes ceiling. The boundaries
blow1 ; bhigh1 ; : : : ; blow

d
; bhigh

d

of the rectangular region will be decided from

blow
j

= min(�̂�
j;(1); : : : ; �̂

�
j;(dB��e)); j = 1; : : : ; d;

bhigh
j

= max(�̂�
j;(1); : : : ; �̂

�
j;(dB��e)); j = 1; : : : ; d:

These boundaries also form the single con�dence
intervals (that should be interpreted simultane-
ously) according to

I�j = (blow
j
; bhigh

j
); j = 1; : : : ; d:

The choice of the number of estimates that should
be included in the con�dence region actually gives
the user some freedom of choice. With the choice
dB ��e we have B � (1��) of the estimates strictly
outside the region and B � � � 2 � d estimates
strictly inside the region. This is because we have
one estimate on each boundary of the region. It
should also be clear that changing the number of
estimates that decides the boundaries of region
to dB � �e + 2 � d gives B � � estimates strictly
inside the region and B � (1� �)� 2 � d estimates
lying strictly outside the region. We recommend
the choice of using dB ��e+d as a standard choice
(lying between the other two), but all choices
in the interval [ dB � �e; dB � �e+ 2 � d ] are valid.
The di�erence between these choices will vanish
as B tends to in�nity, but can be signi�cant when
B is �nite. When d=B � 1 the choice is more
or less immaterial. One could however argue that



the regions are reliable only when all choices gives
approximately the same regions.

Finally we remark that, if the dimension of the pa-
rameter vector is high, we will need a substantial
amount of reestimates of � to accurately describe
the probability density function f

�̂
. This could

mean that for d in the range of 30� 50 we would
probably need B at least as high as 10000.

6. EXAMPLE

To illustrate the bootstrap procedure given in
Section 5.2 we will look at the following system:

A(q)y(t) = B(q)u(t) + e(t) (7)

A(q) = 1� 2:5q�1 + 3:3q�2

� 2:5q�3 + 1:2q�4 � 0:3q�5

B(q) = 0:21q�1 + 0:35q�2

� 0:12q�3 � 0:11q�4 + 0:23q�5

where fu(t)g and fe(t)g are mutually independent
Gaussian white noise processes with zero mean
and variances 1 and 0.04, respectively. This sys-
tem was simulated with N = 1000 data points
and an ARX(5,5,1)-model was �tted to the data.

The evaluation of the results are displayed along
the Nyquist curve using con�dence regions cal-
culated along a grid de�ned by the following 32
frequencies (in Matlab notation):

W1 =f10�5; 0:01; (0:1 : 0:1 : 0:6); 0:65;

(0:68 : 0:015 : 0:9); 0:93; 0:96; 1; 1:1; 1:2;

1:5; 2; 3:1g
(All frequencies in rad/s.) First of all we com-
pare the size of the con�dence regions along the
Nyquist curve for the di�erent \methods". The
�rst method is based on the \classical" method
described by (6), where the covariance matrix is
estimated using (2) and (4). The result is depicted
in Figure 1. Figures 2 and 3 shows the con�dence
regions obtained using the method in Section 5.2
applied to bootstrap and Monte Carlo simula-
tions, respectively. In the bootstrap and Monte
Carlo based con�dence regions, B = 3000 resam-
ples/samples were used to construct the regions.

We see that the method used to construct the
con�dence regions in Figure 1 give smaller con-
�dence regions compared to the ones in Figures 2
and 3, as expected. We also see that the pre-
sented bootstrap based procedure described in
Section 5.2 gives resulting regions in comparable
size to the ones obtained using Monte Carlo. It
is also worth noting that the regions in Figure 2
and 3 are not very \smooth". This has to do with
the fact that the regions are only based upon 3000
sample/resamples. Increasing this number will of
course increase the smoothness and correctness of
these regions.

−15 −12 −9 −6 −3 0 3
−15

−12

−9

−6

−3

0

3

Gauss approximation

Fig. 1. Nyquist curve with 95 % con�dence de-
gree uncertainty regions using the classical
method described in Section 5.1. True system
(solid), estimated system (dashed).

−15 −12 −9 −6 −3 0 3
−15

−12

−9

−6

−3

0

3

Bootstrap simultaneous confidence degree

Fig. 2. Nyquist curve with 95 % simultaneous
con�dence degree uncertainty regions using
bootstrap and the method described in Sec-
tion 5.2. True system (solid), estimated sys-
tem (dashed).

−15 −12 −9 −6 −3 0 3
−15

−12

−9

−6

−3

0
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Monte Carlo simultaneous confidence degree

Fig. 3. Nyquist curve with 95 % simultaneous
con�dence degree uncertainty regions using
Monte Carlo simulations and the method
described in Section 5.2. True system (solid).

The �gures shown in this example illustrate the
fact that bootstrap achieves con�dence regions
which are very similar to the ones obtained us-
ing Monte Carlo simulations. These �gures do
not however say anything about the con�dence
degree actually achieved. Therefore, we evaluate



N = 300 � = 0:85 � = 0:9 � = 0:95

B = 1000 0.834 0.912 0.942

B = 3000 0.842 0.904 0.944

Bonferroni 0.952 0.968 0.98

N = 1000 � = 0:85 � = 0:9 � = 0:95

B = 1000 0.810 0.886 0.942

B = 3000 0.832 0.884 0.946

Bonferroni 0.948 0.958 0.974

B = 3000 d0:9Be d0:9Be + 19 d0:9Be + 38

N = 300 0.896 0.904 0.916

N = 1000 0.876 0.886 0.900

Table 1. Obtained simultaneous con�-
dence degree for the amplitude estimate
of (7) using the simultaneous bootstrap
and the Bonferroni inequality. The ex-

planation is given in the text.

the quality of the simultaneous bootstrap con�-
dence regions. This is accomplished by construct-
ing con�dence bands for the amplitude curve and
evaluating how many of these bands that actually
cover the true system at every frequency. This is
done by generating 500 realizations from the sys-
tem (7). We evaluate the results on the following
frequency grid

W2 =f10�5; 0:01; (0:1 : 0:1 : 0:6);

(0:65 : 0:05 : 0:9); 1; 1:2; 1:5; 2; 3:1g:
We used N = 300 and N = 1000 data in each
realization and constructed the con�dence bands
from each one of them using B = 1000 and
B = 3000 resamples, respectively. The con�dence
degrees we wanted to achieve were � = 0.85,
0.9, and 0.95. The obtained con�dence degrees
are depicted in Table 1. In this table we also
included a comparison of three di�erent choices
of the number of samples that was included in
the construction of the con�dence band. Here we
compared the three choices dB � �e, dB � � + de,
and dB � �+ 2de. It is clear that if we cannot use
a high B (due to time limitations for example) we
should use the conservative choice. If d=B � 0:01
the choice is more or less immaterial. The table
shows that the simultaneous bootstrap seems to
work really well in most cases. It is however a
bit surprising that the method produces slightly
worse results when the data length increases (in
this example). To this we have no explanation.
We also included an evaluation of the actual
con�dence degree obtained when choosing the
con�dence degrees to meet the guaranteed lower
bound given by the Bonferroni inequality. The
table shows that this bound is rather conservative
in this case.

7. CONCLUSIONS

We have shown how bootstrap can be used to
obtain con�dence regions of a given simultaneous
con�dence degree for any smooth statistics of the
system. The simulations on the example show
very good results. The accuracy of the regions can
certainly be improved by using more reestimates.

This can however be very time consuming in some
situations. The amount of time and computer
power needed is also the drawback of this method.
Computing the regions presented in paper takes
approximately 1 minute on a standard PC using
Matlab. With increase in speed and memory of
computers this time will drastically decrease in
the near future, and thus make it an interesting
alternative to more \classical" methods.
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