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Abstract

Feed-back control of a flexible mechanical system is considered using
a linear two-mass model. It is found that unstable controllers often occur
when the performance requirements of the closed loop system are made
too high. It is illustrated how potential windup problems caused by un-
stable controllers in combination with input saturations can be handled.
A remaining consequence of the use of unstable controllers is that it puts
stronger requirements on the accuracy of the model. This is illustrated
using the Bode integral.
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Abstract

Feed-back control of a flexible mechanical system is con-
sidered using a linear two-mass model. It is found that un-
stable controllers often occur when the performance require-
ments of the closed loop system are made too high. It is il-
lustrated how potential windup problems caused by unstable
controllers in combination with input saturations can be han-
dled. A remaining consequence of the use of unstable con-
trollers is that it puts stronger requirements on the accuracy
of the model. This is illustrated using the Bode integral.

1. Introduction

The aim of this paper is to show some aspects of feed-back
control of flexible mechanical systems. Of particular interest
are the effects of the use of unstable regulators, which can be
the result in situations when the performance requirements
are high. The occurrence of unstable regulators is a general
phenomenon, but the main interest here will be on control
systems using LQG (Linear Quadratic Gaussian) regulators.
Using a linear two-mass model of a flexible system two dif-
ferent LQG-regulators will be designed, one giving a stable
regulator and one giving an unstable regulator. These designs
will then be used to study the effects of using an unstable
regulator in control system with input saturation and the ro-
bustness properties.

The paper is organized as follows. Section 2 contains a
description of the two-mass linear model that will be used for
the study in the paper. In Sections 3 and 4 aspects of control
system design in general and the LQG method in particular
are discussed. Section 5 contains a numerical example that
will be used in the discussion later in the paper. In Section
6 some aspects of regulator stability in general are discussed,
and in Section 7 the effects of input saturation in combination
with unstable regulators are discussed. Section 8 contains a
brief discussion of the robustness properties of a feed-back
control system when an unstable regulator is used. Finally
some conclusions are given in Section 9.

2. System Description

The study in this paper will be based on an example,
shown in Figure 1, consisting of two masses connected by a

spring and a damper. Although this is a simplified description
of real applications, like for example a robot arm, several fun-
damental aspects can be studied using this model. As shown
in e.g. [10] a two-mass model of this type gives a reasonable
description of an industrial robot when moving around one
axis.

u θm θa

Figure 1: Two-mass model.

Using the state variables

x1 = θm x2 = θ̇m x3 = θa x4 = θ̇a (1)

whereθm denotes the angle of the first mass andθa is the
angle of the second mass the model is described by the state
space model

ẋ(t) = Ax(t) +Bu(t) +Bww(t) +Bvv(t) (2)

y(t) = Cx(t) (3)

whereu denotes the applied torque,y = θm, andw(t) and
v(t) represent load disturbances acting on the first and second
mass respectively. Furthermore
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and
C = (1 0 0 0) (6)



The parametersJm andJa denote the moment of inertia of
each mass whilefm andfa denote the viscous friction coef-
ficient of each mass. Finallyk andd denote the stiffness and
damping respectively between the two masses.

An important point in this paper is the assumption that
only θm is available. The main goal is of course to control
θa in an appropriate way but the feed-back has to be based
on measurements ofθm. This differs from the majority of
publications dealing with flexible systems where normallyθa
is available. These assumptions are made in order to describe
the typical situation in robot control where the motor angle is
measured while the arm angle is the controlled variable.

An obvious extension to the work presented here is to con-
sider the use of additional sensors. While the work presented
here is based on the use ofθm the report [5] deals with the
use of accelerometers.

3. Control

Consider initially the general two degrees of freedom con-
trol system in Figure 2. In the figureG denotes the system
to be controlled, while the regulator is given by the transfer
functionsFr andFy respectively. The variablesU, Y,D and
R denote input, output, disturbance, and reference signal re-
spectively.
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Figure 2: Two degrees of freedom control system.

The closed loop system is given by

Y (s) = GC(s)R(s) + S(s)D(s) (7)

where

GC(s) =
Fr(s)G(s)

1 + Fy(s)G(s)
S(s) =

1
1 + Fy(s)G(s)

(8)

The servo properties captured inGC(s) are determined by
bothFr(s) andFy(s), but they can, in principle, be chosen
arbitrarily by choosingFr(s) in an appropriate way. There
are of course practical limitations, like input power limita-
tions and model uncertainty, that have to be taken into ac-
count. The load disturbance rejection properties, captured in
S(s), are entirely determined byFy(s).

Since onlyθm, and not the controlled variableθa, is mea-
surable for control of the flexible system the control system
will in this case have a slightly different structure, as shown in
Figure 3. It is however still the case that the servo properties
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Figure 3: Control system structure for the two-mass model.

can be determined usingFr while the disturbance handling
properties are determined byFy.

In Figure 3 the flexible mechanical system is represented
by the transfer functionsGm, Ga, G1 andGv. This represen-
tation is taken from [9].

4. LQG Control

The aim here is to give a brief summary of design of LQG
regulators. A thorough presentation can be found in e.g. [2].
The system is controlled using feedback from estimated states

u(t) = −Lx̂(t) + l0r(t) (9)

where the state estimate is obtained from the Kalman filter

˙̂x(t) = Ax̂(t) +Bu(t) +K(y(t)− Cx̂(t)) (10)

The gain vectorL is chosen by minimizing the integral∫ ∞
0

xT (t)Q1x(t) + uT (t)Q2u(t)dt (11)

whereQ1 andQ2 are appropriately chosen weight matrices.
The gain in the Kalman filter is obtain by minimizing the co-
variance matrix of the estimation errorx̃(t) = x(t) − x̂(t).
The state disturbances are then modeled as stochastic pro-
cesses with covariance matrixR1. It is also assumed that the
measured signaly(t) is affected by a stochastic measurement
disturbancee(t) with covariance matrixR2.

The feedback given by equation (9) with the state estimate
generated by (10) can be described using transfer functions
as

U(s) = Fr(s)R(s)− Fy(s)Y (s) (12)

where the transfer functionsFr(s) andFy(s) are given by
(l0 = 1)

Fr(s) = (1− L(sI −A+BL+KC)−1B) (13)

and
Fy(s) = L(sI −A+BL+KC)−1K (14)

Furthermore

GC(s) = C(sI −A+BL)−1B (15)

and
S(s) = 1−GC(s)L(sI −A+KC)−1K (16)



It is seen that the choice ofL determines the servo properties,
while the disturbance rejection properties are determined by
both L andK. Given thatL has been fixed by the servo
requirements the disturbance rejection properties are deter-
mined byK. The order of the transfer functionsFr(s) and
Fy(s) resulting from the LQG design are the same as the sys-
tem itself, but it is of course possible to include an additional
pre-filter on the reference signal.

A common requirement in the control system design is
to have integral action, and there are alternative ways to ob-
tain this property. One method is to introduce the integral of
the control error as an extra state in the model, while another
method is to extend the model with an extra state representing
a constant load disturbance. Both cases lead to an extended
state space model described by matricesĀ, B̄ andC̄ that are
used in the LQG-design. Further aspect of the integral action
will be discussed below.

5. Numerical Example

In this Section two different LQG regulators will be de-
signed. The designs will be carried out for the numerical val-
ues of the two-mass model given in Table 1.

Jm 0.0043 Ja 0.0762
fm 0.02 fa 0.005
k 43 d 0.05

Table 1: Parameter values.

The aim of the LQG-design is to show two qualitatively
different regulators, where one regulator is stable and one is
unstable. The regulators will be obtained by using the same
feedback gainL and varying the state estimator gainK. The
gain vectorL is determined by minimizing the criterion (11)
using the design variables

Q1 = diag(100 1 0 0 0) Q2 = 1

The state estimator gains are obtained by computing the
Kalman filter gain in the two cases

(i) R1 = diag(0 0 0 0 1) R2 = 10−6

and

(ii) R1 = diag(0 0 0 0 1) R2 = 10−8

respectively. In order to obtain a regulator with integral ac-
tion an extra statex5 is introduced in the model. This state
represents a constant load disturbance acting on the second
mass. Case(i) gives a stable regulator, while case(ii) gives
an unstable one, whereFy(s) has two poles in the right half
plane. To illustrate the difference in performance a simula-
tion experiment is carried out where step disturbances in both
w(t), acting on the first mass, andv(t), acting on the second

mass, are applied. The disturbances have unit amplitude and
they are applied att = 0 andt = 1 seconds respectively. The
angle of the second massθa(t) is shown in Figure 4, and the
figure shows that the unstable regulator gives considerably
better rejection of the disturbances. The control signal in the
two cases are shown in Figure 5.
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Figure 4: Response inθa(t) to step disturbances inw(t) and
v(t). Solid – Stable regulator, case(i). Dashed – Unstable
regulator, case(ii).

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
−3

−2.5

−2

−1.5

−1

−0.5

0

Sec

Figure 5: Control signal in step disturbance simulations.
Solid – Stable regulator, case(i). Dashed – Unstable regu-
lator, case(ii).

6. Regulator stability

It is well known that conventional linear control design
methods may result in regulators whose transfer functions are
unstable, i.e. the situation thatFy(s) has poles in the right
half plane. One situation when this happens is when the poles
and the zeros of the system to be controlled are located on the
positive real axis in a particular pattern. In such a situation it
is necessary to use an unstable regulator in order to achieve a
stable closed loop system. See e.g. [12]. Another situation,



which is the one that will be considered here, is when un-
stable regulators appear also when open loop stable systems
are considered. Examples of this situation can be found in
[6], [7], [11], [5]. In the example above the regulator became
unstable when the performance requirements were increased,
and it will now be indicated that this is a general property.

Let the requirements on the closed loop system from refer-
ence signal toθa be specified by a complementary sensitivity
functionTa(s) that has a certain bandwidth. This implies a
desired complementary sensitivity function toθm given by

Tm(s) = Ta(s)G−1
a (s) (17)

whereGa is the transfer function fromθm to θa. This implies
that, provided thatG−1

um(s) is stable, the regulator shall be
chosen as

Fy(s) =
Tm(s)

1− Tm(s)
G−1
um(s) (18)

HereGum(s) is the transfer function from input torque toθm,
i.e.

Gum(s) =
Gm(s)

1−Gm(s)Ga(s)G1(s)
(19)

which can be obtained using Figure 3. The regulatorFy(s) is
stable if the denominator1− Tm(s) does not have any zeros
in the right half plane. This is ensured ifTm(iω) does not
encircle the point1 in the complex plane, or, equivalently, if
Ta(iω)G−1

a (iω) does not encircle this point. For the numer-
ical example given by Table 1 the Bode diagram ofGa(s)
is shown in Figure 6. From the figure it is found that the
gain ofG−1

a (s) increases above the resonance peak ofGa(s).
This implies that the when the bandwidth ofTa(s) is chosen
too large the gain ofTa(iω)G−1

a (iω) will be large. Figure 7
shows an example whereTa(s) is a third order system with a
bandwidth of approximately50 rad/s. The Nyquist curve en-
circles1 which implies that an unstable regulator is necessary
in order to obtain the desired bandwidth.
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Figure 6: Bode diagram ofGa(s).
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Figure 7: Nyquist diagram ofT aD(iω)G−1
a (iω).

7. Input saturation

An important aspect of the occurrence of unstable regula-
tors is the interaction with nonlinearities in general and input
saturation in particular. This is an important aspect since all
control systems in reality are subject to input limitations. This
topic will be discussed in the situation when the control sys-
tem is based on feed-back from estimated states. The system
contains an input nonlinearity which means that the applied
control signal is given as

u(t) = f(ū(t)) (20)

whereū(t) denotes the computed control signal. Using the
computed control signal̄u(t) in the state estimator implies
that the effects of the saturation shall be investigated using
the the Nyquist curve ofFy(s)G(s), whereG(s) is the trans-
fer function of the system. This can be done by for example
applying the describing function method, see e.g. [3]. The
describing function of a saturation is

Yf (C) =

{
2
π (arcsin 1

C + 1
C

√
1− 1

C2 ) C > 1
1 C ≤ 1

(21)

which implies that−1/Yf(C) is the line from−1 towards
−∞. The Nyquist curves of the loop gain are given in Figure
8 and it is obvious that there will be an intersection between
the Nyquist curve and−1/Yf(C) slightly to the left of−1. It
worth noticing that also for the stable case the Nyquist curve
intersects the negative real axis.

There are a large number of publications dealing with
the problem of integrator windup. A survey of different ap-
proaches is given in [4]. The method that will be studied here,
which is described in more detail in [1], is to use the applied
control signal in the state estimator. The system is given by
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Figure 8: High frequency part of the Nyquist curves
Fy(iω)G(iω). Solid – Stable regulator, case(i). Dashed –
Unstable regulator, case(ii).

equations (2) and (3) while the input is generated by

ū = −L̄ẑ (22)

whereẑ is the estimate of the extended state vector and gen-
erated by

˙̂z = Āẑ + B̄u+ K̄(y − C̄ẑ) (23)

Using Laplace transforms the computed input is given by

Ū(s) = −L̄(sI − Ā+ K̄C̄)−1[B̄ + K̄C(sI −A)−1B]U(s)
(24)

Since the introduced disturbance state is observable but un-
controllable the transfer function of the original and extended
systems will be the same. The expressionC(sI − A)−1B in
the equation above can hence be replaced byC̄(sI− Ā)−1B̄.
It is then straightforward to show that

Ū(s) = −G0(s)U(s) (25)

where
G0(s) = L̄(sI − Ā)−1B̄ (26)

In the derivation of (26) it is also assumed that the eigenval-
ues ofĀ− K̄C̄ are strictly in the left half plane. The describ-
ing function method shall hence be applied using the Nyquist
curve ofG0(s) whereL̄ is the state feedback gain vector ob-
tained using the extended state space model. It should be
noted thatG0(s) does not depend on the properties of the
state estimator, i.e. whetherFy(s) is stable or not. Figure 9
shows the Nyquist curve ofG0 for the gain vector̄L obtained
above.

The intersections between the Nyquist curve and
−1/Yf(C) are no longer present. It should be remembered
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Figure 9: Nyquist curve ofG0(iω).

that the describing function method is an approximate method
and that it cannot be used to prove stability of the nonlinear
system. It does however give an indication of the system be-
havior. The observation is also supported by simulation re-
sults. The conclusion will therefore be that the use of unsta-
ble regulators will require a properly designed anti-windup
method.

8. Robustness

A further interesting aspect of the use of unstable regu-
lators is to investigate how the robustness properties of the
control system are affected. This aspect can be studied by
looking, in a Nyquist diagram, at the distance between the
Nyquist curve of the open loop system and the point−1. Fig-
ure 8 shows the Nyquist curves ofFy(iω)G(iω) for the sta-
ble and unstable cases respectively. Since the loop gain has
poles in the right half plane the Nyquist criterion implies that
the Nyquist curve has to encircle the point−1 sufficiently
many times. In this particular exampleFy(s) has two unsta-
ble poles, and hence the Nyquist curve encircles−1 twice.

A more general observation of the effects of using an un-
stable regulator can be made using using Bode’s integral theo-
rem, see e.g. [8]. The theorem states that for a control system
whereFy(s)G(s) has the polesp1, . . . pM in the right half
plan and for high frequencies decays like1/sp wherep ≥ 2
the sensitivity function

S(s) =
1

1 + Fy(s)G(s)
(27)

satisfies the relationship∫ ∞
0

log | S(iω) | dω = π

M∑
i=1

Re(pi) (28)

The connection between this result the observation in the



Nyquist diagram above becomes clear by noting that the dis-
tance between the Nyquist curve and−1 is the same as the
inverse of the sensitivity function, i.e.

| 1 + Fy(iω)G(iω) |= 1
| S(iω) | (29)

When the loop gain has unstable poles, i.e. the right hand
side of equation (28) is larger than zero, the interval where
| S(iω) |> 1 will be comparatively larger. Hence the interval
where the distance from the Nyquist curve to−1 is less than
one will also be larger. Furthermore the maximum value of
the sensitivity function will be inversely proportional to the
minimum distance. All these properties are illustrated in Fig-
ure 10, which shows the absolute value of the sensitivity func-
tions in the stable and unstable cases. The frequency range, in
the unstable case, where the absolute value of the sensitivity
function is around two corresponds to the frequency range in
Figure 8 where the distance to−1 is around one half.
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Figure 10: Sensitivity function. Solid – Stable regulator, case
(i). Dashed – Unstable regulator, case(ii).

The conclusion of this section hence is that an unstable
regulator implies a Nyquist curve that is close to−1 for a
large frequency interval. This implies that it is necessary to
have a very accurate model in order to succeed with the reg-
ulator design.

9. Conclusions

The occurrence of unstable regulators in control of flex-
ible mechanical systems has been considered. It has been
illustrated by an example that too high requirements on the
disturbance rejection properties lead to unstable regulators.
The disadvantages with the use of unstable regulators with
respect to input limitations and model errors have been dis-
cussed. The main conclusions of the paper are that the use of
unstable regulators requires an accurate model of the system

to be controlled and a properly designed method for dealing
with input saturations.
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