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SOME FUNDAMENTAL LIMITATIONS IN

CAUSAL AND CITE ILC

S. Gunnarsson
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M. Norrlöf
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Abstract: Some fundamental limitations of causal and Current Iteration Tracking
Error (CITE) discrete time Iterative Learning Control (ILC) algorithms are stud-
ied using time and frequency domain convergence criteria. Of particular interest
are conditions for monotone convergence, and these are evaluated using a discrete-
time version of Bode’s integral theorem. A relation between the frequency domain
convergence conditions and the time-domain monotone convergence criterion is
also discussed.

Keywords: Iterative methods, learning control, fundamental relations,
discrete-time systems, frequency domain, convergence analysis

1. INTRODUCTION

Iterative Learning Control (ILC) was first intro-
duced in 1984 (Arimoto et al., 1984) and has since
then developed into a well established control
method in many applications. The basic idea of
ILC is to use an iterative procedure to find the
input so a system such that the output follows a
desired trajectory. One application that has a high
repeatability and that often performs the same
action over and over again is industrial robotics. It
has become a commonly used application for ILC
and some examples are given in (Horowitz, 1993;
Lange and Hirzinger, 1999; Norrlöf and Gunnars-
son, 2002).

The traditional ILC forms the input signal using
the error from previous iterations, i.e., the input
uk+1 is computed using ek. Recently it has been
proposed, see e.g., (Chen et al., 1996b; Chen et

al., 1996a) and (French et al., 1999), to use also
the current error, ek+1, when forming uk+1. This
approach leads to a causal relationship between

1 Supported by the Swedish Research Council.
2 Supported by the ViNNOVA Center of Excellence In-

formation Systems for Industrial Control and Supervision
(ISIS).

the error and the input signal, and it is closely
related to causal ILC algorithms which recently
have been studied in (Goldsmith, 2002). The aim
of this paper is to investigate some aspects of
discrete time CITE and casual ILC algorithms. A
thorough treatment of the continuous time case
can be found in e.g., (Padieu and Su, 1990).

2. SYSTEM DESCRIPTION

It is assumed that the system is a discrete time
single-input single-output (SISO) system. The
consequence is that a discrete time ILC can be
applied and that the input and output signals,
during one iteration, are defined in a finite number
of time points, t = 0, 1, . . . , n−1, where n denotes
the number of time steps in each iteration. The
sample interval has been set to one. For a SISO
system this implies that the discrete time values
of the input and output signal during iteration
k, denoted uk(t) and yk(t) respectively, can be
represented by the vectors

yk =
(

yk(0), . . . , yk(n − 1)
)T

,

uk =
(

uk(0), . . . , uk(n − 1)
)T

.
(1)



The input-output relationship, for a time and
iteration invariant system, is represented in a
matrix form,

yk = Tuk (2)

where T is a Toeplitz matrix

T =













gT (0) 0 . . . 0

gT (1) gT (0)
. . .

...
...

. . .
. . . 0

gT (n − 1) . . . gT (1) gT (0)













(3)

and gT (t), t ∈ [0, n−1] denotes the pulse response
coefficients of the system. Alternatively the sys-
tem can be described

yk(t) = T (q)uk(t) (4)

where the transfer operator is defined

T (q) =

∞
∑

l=0

gT (l)q−l (5)

and q denotes the time shift operator, i.e.,
qyk(t) = yk(t + 1).

3. THE ILC ALGORITHMS

Using the matrix formulation the considered ILC
algorithms considered in this contribution are
given by

uk+1 = Q(uk + Lek + Lcek+1) (6)

where the matrices Q,L and Lc are design vari-
ables, and ek denotes the difference between the
desired output and the actual output, i.e.,

ek = r − yk. (7)

Traditionally (6) with Lc = 0 has been the stan-
dard way of formulating ILC algorithms. In some
publications, e.g., (Chen et al., 1996b; Chen et

al., 1996a), it has been proposed to use also the
error in the current iteration ek+1 when calculat-
ing the input uk+1. Using the terminology from
these contributions an algorithm with Lc 6= 0
will be denoted CITE (current iteration tracking
error) ILC algorithm. By a causal ILC algorithm
is normally meant an algorithm where the value
of the next input signal at time t, i.e., uk+1(t), is
formed using the previous input and the error up
to the current time point, i.e., uk(t), uk(t−1), . . . ,
and ek(t), ek(t − 1), . . . , respectively. Hence, the
matrix L in a causal ILC algorithm is restricted
to be lower triangular. In a non-causal algorithm
uk+1(t) is calculated also using “future” values,
i.e., uk(t + 1), uk(t + 2), . . . , and ek(t + 1), ek(t +
2), . . . , respectively. Such an operation is possible
since ek(t) and uk(t), for all t = 0, 1, . . . , n−1, are
available when uk+1(t) is computed, and hence
the requirement on L to be lower triangular is
not needed. In CITE algorithms the matrix Lc

operates on the current error and it has to be lower
triangular.

The ILC algorithm can also be described by

uk+1(t) =Q(q)(uk(t) + L(q)ek(t)

+ Lc(q)ek+1(t))
(8)

where L(q) is a linear, time-invariant, discrete-
time, and possibly non-causal filter and Lc(q) has
to be a causal discrete-time filter. Using Lc(q) 6= 0
the ILC input will depend on the current er-
ror, and hence Lc(q) will act as a feedback con-
troller. Even though the system operates during
a finite time interval it is, from an engineering
viewpoint, realistic to require that Lc(q) is cho-
sen such that the transfer function of the closed
loop system, represented by the transfer operator
1/(1 + Q(q)Lc(q)T (q)), is asymptotically stable.

4. CONVERGENCE CRITERIA

It is of great importance that the system where
the ILC algorithm is applied is kept stable as
the number of iterations increases. The stability
condition is considered as a convergence criteria
for the proposed ILC schemes. In this section a
time domain condition and a frequency domain
condiiton is introduced. The connection between
the two conditions is also discussed.

4.1 Time domain

The convergence properties will be studied by
considering the update equation for the input
signal. Combining (2) and (6) gives

uk+1 = Fuk + F rr (9)

where

F = (I + QLcT )−1Q(I − LT ),

F r = (I + QLcT )−1Q(Lc + L).
(10)

In e.g., (Norrlöf, 2000) it is shown, using results
from linear system theory, that a necessary and
sufficient condition for convergence of uk is that

ρ(F ) < 1 (11)

i.e., the largest absolute value of the eigenvalues of
F is strictly less than one. For engineering reasons
it is important that the convergence of the input
signal and the error is monotone. As shown in e.g.,
(Norrlöf, 2000) and (Longman, 2000) monotone
convergence (‖u∞ − uk‖ < ‖u∞ − uk−1‖) is
obtained if the maximum singular value fulfills

σ̄(F ) < 1. (12)

Since fulfillment of (12) implies that the condition
in (11) is satisfied, (12) is a sufficient but not
necessary condition for convergence. It is sufficient



and necessary to guarantee monotone convergence
of the input signal.

When (9) converges (6) implies the following
asymptotic relationship, as k → ∞, between input
and error

(I − Q)u∞ = (L + Lc)e∞. (13)

This expression illustrates the well known fact
that in order to obtain zero final error one has
to choose Q = I.

4.2 Frequency domain

A frequency domain convergence condition is ob-
tained by combining (4) and (8). This gives the
update equation for the input signal

uk+1(t) = F (q)uk(t) + Fr(q)r(t) (14)

where

F (q) =
Q(q)(1 − L(q)T (q))

1 + Q(q)Lc(q)T (q)
,

Fr(q) =
Q(q)(L(q) + Lc(q))

1 + Q(q)Lc(q)T (q)
.

(15)

Using (14) and considering the Fourier transforms
of the involved signals a frequency domain con-
vergence condition can be derived. The condition
states that the ILC algorithm converges if

| F (eiω) |< 1, ∀ ω. (16)

A corresponding result for continuous time prob-
lems is given in e.g., (Padieu and Su, 1990). As will
be discussed in the following section the frequency
domain condition can be tied to the singular value
condition.

4.3 Relating time and frequency domain conditions

The singular value condition in (12) can be tied
to a frequency domain condition using a result
presented in e.g., (Longman, 2000) and (Norrlöf,
2000). Consider the update equation (14), and
form the n× n matrices F̄ n and F̄ r,n using the n
first pulse response coefficients of F (q) and Fr(q)
respectively, see also Section 2. Then the update
equation (14) is equivalent to

uk+1 = F̄ nuk + F̄ r,nr. (17)

Assume now that F (q) is stable and causal, and
that | F (eiω) |< 1 ∀ω. Then the largest sin-
gular value of F̄ n fulfills σ̄(F̄ n) < 1. See also
(Grenander and Szegö, 1984).

5. LIMITATIONS BASED UPON TIME
DOMAIN RESULTS

The observations below uses the following two
basic matrix properties:

P1: The product of two lower triangular matrices
having diagonal elements µ and λ respec-
tively is a lower triangular matrix with di-
agonal elements µ · λ.

P2: The inverse of a lower triangular matrix hav-
ing diagonal elements µ is a lower triangular
matrix with diagonal elements 1/µ.

5.1 Causal ILC algorithms

Consider the matrix F defined in (10). Using the
matrix properties above the following statements
can be made.

Lemma 5.1. Consider a causal version of the ILC
algorithm (6) with Q = I. The necessary and suf-
ficient convergence condition (11) can be satisfied
only in the case gT (0) 6= 0 i.e., when the system
has relative degree zero.

Proof 5.1. For gT (0) = 0,Q = I and lower
triangular L the properties P1 and P2 imply that
all eigenvalues of F will be equal to one. For
gT (0) 6= 0 the spectral radius condition can be
satisfied by choosing e.g., Lc = 0,Q = I, and
L = γ · I with some appropriate value of γ.

Allowing a non-zero final error the condition (11)
can be satisfied using a causal ILC algorithm by,
for example, choosing Q = µ · I, where 0 <
µ < 1. For the monotone convergence condition
in (12) it is more difficult to get insight into the
properties of causal ILC algorithms. Instead it is
more fruitful to exploit the connection between
(12) and the frequency domain condition given by
(16). This issue will be discussed in Section 6.

5.2 Non-causal ILC algorithms

There are several approaches to design of non-
causal ILC algorithms. An experimental compar-
ison of three different methods is presented in
(Norrlöf and Gunnarsson, 2002). Using an op-
timization approach, see e.g., (Gunnarsson and
Norrlöf, 2001), one can design an ILC algorithm
such that the singular value condition can be
directly verified. An example is Lc = 0, L = (λ ·
I + T T T )−1T T , and Q = ρ · I. This gives the
singular values of F

ρ · λ

λ + σ2
i

(18)

where σi denote the singular values of T . For
any ρ < 1, but arbitrarily close to one the
condition σ̄(F ) < 1 is always satisfied. Another
example of a non-causal ILC algorithm is given in
Section 7, where the design is carried out using
the traditional frequency domain version of the
monotone convergence condition.



6. LIMITATIONS BASED UPON
FREQUENCY DOMAIN RESULTS

When it comes to practical use of ILC and algo-
rithm design the frequency domain convergence
condition is often the most natural to use. The aim
in this section is to give an intuitive understanding
of the behavior of causal and CITE algorithms
and to motivate why monotone convergence to
zero error is impossible in most cases of practical
interest.

6.1 Bode’s integral theorem

Bode’s integral theorem is a useful tool when
understanding the properties of causal and CITE
ILC algorithms. A discrete time formulation of
this theorem can be found in e.g., (Wu and Jon-
ckheere, 1992) and it is stated as follows.

Lemma 6.1. Consider a discrete time system with
transfer function

F (z) = K ·

∏m

i=1
(z − zi)

∏n

i=1
(z − pi)

(19)

where the pi’s are the open-loop poles, and some
of them are being allowed outside the open-unit
disc. Introduce the sensitivity function defined as

S(z) =
1

1 + F (z)
(20)

and assume that K 6= 0 is chosen such that S(z)
is asymptotically stable. Assume also that the
sample time T = 1. Then

∫ π

−π

ln | S(eiω) | dω =

2π · (
∑

i

ln | pui
| − ln | γ + 1 |)

(21)

where pui
are the unstable poles of F (z) and

γ = lim
z→∞

F (z) (22)

Proof 6.1. See (Wu and Jonckheere, 1992).

6.2 CITE ILC

For an ILC algorithm that uses only the current
error, which means that L(q) = 0, the frequency
domain convergence criterion (16) becomes

|1 + Lc(e
iω)T (eiω)| > 1, ∀ω (23)

for the special case Q(eiω) ≡ 1. In words the con-
dition in (23) states that the curve Lc(e

iω)T (eiω)
has to be outside a circle with unit radius and
center in the point −1. The circle is shown in
Figure 1.

Using Bode’s integral theorem it is straightfor-
ward to show that this condition holds only in

1
Re

Im

-1

1

Fig. 1. Nyquist diagram interpretation of the
convergence result in (23).

a special case. Let the transfer function F (z) in
(19) be given by

F (z) = Lc(z)T (z) (24)

where T (z) is the transfer function of the system
to be controlled and Lc(z) is the causal filter in
the ILC algorithm. For realistic systems T (z) will
have a relative degree of at least one. Since Lc(z)
is a causal filter the relative degree is at least zero
and hence the relative degree of F (z) is at least
one. This implies that γ, defined in (22), is zero
under these conditions. If it is also assumed that
both Lc(z) and T (z) are stable there are no pui

(unstable poles) and hence
∫ π

−π

ln | S(eiω) | dω = 0 (25)

This result implies that if there is a frequency
range where | S(eiω) |< 1 i.e., ln | S(eiω) |< 0,
there has to be an interval where ln | S(iω) |> 0
(i.e., | S(eiω) |> 1) in order for the integral to be
zero. This condition can also be expressed

| 1 + Lc(e
iω)T (eiω) |< 1 (26)

which is a violation of the criterion in (23). The
conclusion hence becomes that, given the assump-
tions above there will always be an interval where
the stability condition is violated. It will therefore
be impossible to achieve monotone convergence
to zero error in almost all cases of practical in-
terest. If Lc(z) or T (z) have unstable poles the
situation becomes even worse since the integral in
(25) is positive. This implies that (26) will hold
for even more frequencies. By also requiring that
the closed loop system that is formed using the
CITE approach has to be stable the Nyquist sta-
bility criterion makes it impossible to choose Lc(q)
such that the curve Lc(e

iω)T (eiω) encircles the
forbidden region. In order to achieve monotone
convergence for the CITE algorithm it is hence
necessary to accept a non-zero final error. This is
obtained by choosing the filter Q(q) appropriately.
Consider, for simplicity, Q(q) = ρ. The update
equation is given by

uk+1(t) = ρ(uk(t) + Lc(q)ek+1(t)) (27)



which gives the modified convergence condition

|1 + ρLc(e
iω)T (eiω)| > ρ, ∀ω. (28)

With ρ < 1 reduces the radius of the circle that
the Nyquist curve has to be outside. At the same
time the Nyquist curve itself is scaled by ρ and
this also makes it easier to satisfy the convergence
condition. It is important to note that ρ has
to be chosen sufficiently small to satisfy (28).
Consequently the final error can not be made
arbitrarily small at the same time as monotone
convergence is obtained.

6.3 Causal ILC

Using a causal traditional ILC algorithm, i.e.,
Lc(q) = 0, the convergence condition becomes

|1 − L(eiω)T (eiω)| < 1, ∀ω (29)

in the special case Q(eiω) ≡ 1. The curve
L(eiω)T (eiω) has to be inside the so called learn-

ing circle, which has unit radius and is centered
in plus one. Put F (z) = L(z)T (z), let S(z) be de-
fined by (20), and assume that the relative degree
of T (z) is at least one. Bode’s integral theorem im-
plies that there will always be a frequency interval
where L(eiω)T (eiω) is inside the circle shown in
Figure 1. If the curve is inside the circle in Figure
1 it is obvious that it will be outside the learn-
ing circle, and hence the convergence criterion is
violated. If L(z) and T (z) are such that S(z) is
not stable then Bode’s integral theorem cannot be
used. In this case L(eiω)T (eiω) will however encir-
cle −1 (from the Nyquist stability criterion) and
hence the Nyquist curve will leave the learning cir-
cle and the condition for stability is not satisfied.
The conclusion is that monotone convergence to
zero error using a causal ILC algorithm can not
be obtained in general. Also here the convergence
condition can be relaxed by allowing a non-zero
error. For simplicity consider the case Q(q) = ρ
where 0 < ρ < 1. The convergence condition then
becomes

|1 − L(eiω)T (eiω)| < 1/ρ, ∀ω (30)

This means that the radius of the learning circle is
increased and the criterion is more easily satisfied.
For the traditional ILC algorithm the second and
fundamentally different alternative compared to
the CITE algorithm is to use a non-causal filter
L(q). This will be illustrated in the example in
Section 7.

7. ILLUSTRATIVE EXAMPLE

Assume that the system under consideration has
the following form,

T (q) =
q

q2 − 0.5q + 0.5
(31)

i.e., a second order system with relative degree
one. First consider the case when the system in
(31) is controlled by a CITE ILC algorithm. In
Figure 2 the Nyquist diagram for T from (31) is
depicted.
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Fig. 2. Nyquist diagram for the system T (q) in
(31).

It is clear that the frequency domain criterion for
CITE in (23) does not hold in this case (when
Lc(q) = 1). Also using a causal ILC according to
Section 6.3 will not give an ILC algorithm that
fulfills the condition in (29) (when L(q) = 1).
Assume that Lc(q) is restricted to be a scalar.
Clearly it is possible to fulfill (23) by just letting
γ in Lc(q) = γ take a large enough value. The
Nyquist plot of Lc(e

iω)T (eiω) then will encircle
the forbidden region in the left half plane, see
Figure 2. The problem with this approach is
however that −1 is inside the forbidden region
and since it is encircled by the Nyquist plot of
Lc(e

iω)T (eiω) the closed loop will be unstable.
Following the ideas in Section 6 actually gives
a stronger result since, according to the result
based on the Bode’s integral theorem, there is
no CITE ILC algorithm or causal traditional ILC
algorithm that will satisfy the frequency domain
conditions. This follows from the fact that the
system in (31) has relative degree 1. A common
choice in classical ILC algorithms is to choose the
non-causal filter L(q) = γqδ where δ > 0 is the
time delay of the system and γ is a gain that
can be decided. In Figure 3 Nyquist diagrams of
L(eiω)T (eiω) for two choices of L(q) are shown.
In both cases δ = 1 while γ = 1 in the first case
(solid) and γ = 0.75 in the second case (dashed).
Clearly the second choice fulfills the frequency
domain condition in (29) while the first does not.
As was pointed out in Section 3 the frequency
domain condition is only a sufficient condition
while a necessary and sufficient condition is that
the spectral radius of F = I − LT is strictly less
than one. With the system given in (31) and the
size of the matrices 25 × 25 the resulting spectral
radius becomes ρ(F ) = 0 when γ = 1 and ρ(F ) =
0.25 when γ = 0.75 respectively. This shows that
the ILC algorithm is stable in both cases. If the
largest singular value σ̄(F ) is computed instead,



the results become σ̄(F ) = 1.18 when γ = 1
and σ̄(F ) = 0.79 when γ = 0.75. In the first
case monotone convergence of the input cannot
be guaranteed while in the second case it can be
guaranteed (as shown in Figure 3).

Nyquist Diagram
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Fig. 3. Nyquist diagram of L(q)T (q) when L(q) =
q (solid) and L(q) = 0.75q (dashed).

8. CONCLUSIONS

Although the contributions in this paper are fo-
cused on causal and CITE ILC algorithms the
general ILC convergence results are also discussed
and it is shown that the time domain singular
value condition is necessary and sufficient for
monotone convergence of the input signal. It is
also shown that if the familiar frequency domain
convergence condition in (16) is satisfied then
the time domain singular value condition is also
satisfied.

Some limitations considering causal and CITE
ILC are claimed. A causal traditional ILC algo-
rithm can only converge to zero error if the system
has zero relative degree. Using the Bode’s integral
theorem it is shown that if the system has relative
degree greater or equal to one, then a CITE or
traditional causal ILC algorithm cannot be de-
signed to give zero error and fulfill the frequency
condition of monotone input convergence. If a
non-zero error is acceptable then it is possible to
design a CITE or traditional causal ILC algorithm
that gives a monotone input convergence.
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