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WWW: http://www.control.isy.liu.se

E-mail: svabj@isy.liu.se

30th December 2003

AUTOMATIC CONTROL

COMMUNICATION SYSTEMS

LINKÖPING

Report no.: LiTH-ISY-R-2554

Technical reports from the Control & Communication group in Linköping are available
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Abstract

This paper reviews and evaluates suggested methods
for estimating the time-delay of linear systems in auto-
matic control applications. A classification of the meth-
ods according to the underlying principles is suggested.
The evaluation, done by analyzing the estimates of the
methods from extensive simulated data in open loop,
shows that different classes of methods have different
properties and are suitable in different cases. Some
method are clearly inferior to others. Recommenda-
tions are given on how to choose estimation method
and input signal.

1 Introduction

In this paper we will study the time-delay estimation
(TDE) problem:

y(t) = G(p)u(t) + n(t) = Gr(p)u(t − ∆t) + n(t),

where the system Gr(p) is a SISO (single-input single-
output) time-invariant linear rational transfer function.
Often in signal processing applications, the system is
restricted to be a constant [4, 13], but here Gr(p) will
be a transfer function with essential dynamics, typical
in process industry, see e.g. [18, 31]. This means that
both the open-loop and closed-loop cases are of inter-
est and that we study TDE for SNRs (signal-to-noise
ratio), input signals and systems, that are common in
such applications.

In time-delay estimation, the objective can be either:

1. The time-delay estimate that makes the model
approximate the true system “best” is wanted.
What is“best”depends on the intended use of the

model. In automatic control the time-delay esti-
mate can be a means to achieve a good model in
the frequency band relevant to the control [7, 23],
e.g. around the cross-over frequency. In [31]
the apparent time-delay (the delay resulting from
identifying a first order model with time-delay
from the data) is used for control performance
monitoring of PID control loops.

2. The true time-delay is desired. This is the case
in “pure time-delay” estimation, diagnosis, radar
range estimation [20, 30], direction of arrival es-
timation with array antennas [6, 15], signal aver-
aging [11], etc.

In this paper we will evaluate the time delay estimates
according to the second objective, since we have not
determined any particular use of the estimate. One
should keep in mind that the best model approximation
in a restricted class of models, does not necessarily use
the “true” time delay.

We consider it as an advantage if a method can esti-
mate time-delays that also consists of fractions of the
sampling interval. However, some methods can only
estimate time-delays that are a multiple of the sam-
pling interval. Sometimes such methods can be used to
initialize other more “free” methods.

TDE is a much studied problem, with very many refer-
ences in the literature. Yet, it cannot be said that there
is a clear solution to the problem: A general agreement
on which method is“best”. It is the purpose of this con-
tribution to review and evaluate a number of suggested
approaches. The review will be done by grouping differ-
ent methods together into classes according to underly-
ing principles. The evaluation will be done by analyz-
ing the quality of the estimates from simulated data in
open loop. Since the space in this article is limited, see
the reports [2] for details about implementation, simu-
lation setup, analysis and results. See [14, 17, 18, 31]
for time-delay estimation in closed loop.

2 Time-delay estimation methods

2.1 Classification of methods

Most methods that have been suggested for time-delay
estimation (both in control and signal processing) can
be put into one of the following classes:



1. Time-delay approximation model methods. The
input and output signals are represented in a cer-
tain basis and the time-delay is estimated from an
approximation of the relation (a model) between
the signals in this basis. The time-delay is not an
explicit parameter in the model. Depending on
the basis there are several subclasses:

(a) Time domain approximation methods. The
time-delay is the delay for the impulse re-
sponse to start [2, 3, 19, 21]. Finding the
peak of the cross correlation between input
and output, which is a common method [13],
is in principle the same thing.

(b) Frequency domain approximation methods.
The time-delay is estimated from the phase
of the time-delay e−iωTd [6, 11, 15, 18, 19].

(c) Laguerre domain approximation methods.
The time-delay is estimated from a relation
between the input and output signals ex-
pressed in Laguerre functions [9, 10]. Also
other bases for the signals are possible, e.g.
Kautz functions.

There are two independent steps in these meth-
ods: 1) Estimate the approximation model. 2)
Estimate the time-delay from the model.

2. Explicit time-delay parameter methods. The
time-delay is an explicit parameter in the model.

(a) One-step explicit methods. The time-delay
and the other model parameters are esti-
mated simultaneously [23, 26]. Estimating
several models, e.g. ARX models, with dif-
ferent time-delays and choosing the best is
also of this subclass [2, 31].

(b) Two-step explicit methods [5, 29]. Alternat-
ing between estimating the time-delay and
the other parameters.

(c) Sampling methods. Utilizing the sampling
process to derive an expression for the time-
delay. For example, zero order hold (zoh)
sampling of a system with subsample time-
delays creates an extra zero [7].

3. Area and moment methods [1, 16]. These meth-
ods utilize relations between the time-delay and
certain areas over or below the step response s(t)
and certain moments of the impulse response h(t)
(integrals of the type

∫
tnh(t)dt). There are two

independent steps: 1) Estimate the step or im-
pulse response. 2) Estimate the time-delay from
these responses.

4. Higher-order statistics (HOS) methods. Their
main advantage is that noise with a symmet-
ric probability distribution function, e.g. Gaus-
sian, theoretically can be removed completely by

HOS [27]. In [28], bispectra and 3rd order mo-
ments are used and methods in the 2D time and
frequency domains, similar to subclasses 1a and
1b, are presented. They assume Gr = 1.

2.2 Compared methods

2.2.1 Time domain approximation meth-

ods : The methods IDT and SDT use thresholds
h(t) = hstd · ŷstd(t), where hstd is a user selected con-
stant and ŷstd(t) is the estimated standard deviation
of the impulse or step response, respectively. Since
hstd is difficult to chose manually to suit all cases it
has been chosen by a simulation study to hstd = 5
for both IDT and SDT. For low SNR the estimated
impulse and step responses are very noisy [2]. (See
also [21].) In an attempt to mitigate this, the methods
ICT and SCT uses CUSUM (cumulative sum) thresh-
olding, which is a nonlinear averaging operation [12].
The user-selected parameters in CUSUM (relative drift
νstd and threshold hstd) are also difficult to select man-
ually. They have been chosen (also by a simulation
study) to νstd = 1 & hstd = 3 for ICT and to νstd = 6
& hstd = 1 for SCT. The used drift and threshold are
then ν = νstd·ŷstd(0) and h = hstd·ŷstd(0). It is easy
to realize that the methods IDT, SDT, ICT and SCT

have positive bias. Another approach to the threshold-
ing is employed in [21] and its implementation is here
called KURZ.

2.2.2 Frequency domain approximation

methods: In the method LAGC a discrete-time La-
guerre model, with pole α = 0.8 and Nl = 10 Laguerre
coefficients, of a continuous-time system is identified.
The zeros of the model are translated to continuous-
time. By comparing the dead-time with a Padé ap-
proximation, the dead-time may be estimated from the
continuous-time non-minimum phase zeros [19]. This
method can deliver complex valued estimates if the ze-
ros of the model happens to be negative due to the
noise. In an improved method, described in [14, 18],
the discrete-time non-minimum phase zeros of the La-
guerre model form the allpass part, which directly rep-
resents the dead-time. The dead-time is estimated by
studying the slope at low frequencies of the phase of
the allpass part. This method can give very incorrect
estimates if the non-minimum phase zeros of the model
are displaced due to the noise [2]. This method with a
protection against displaced zeros [2] and α = 0.8 and
Nl = 10 we call LAGD. By exchanging the Laguerre
model with a FIR (15 taps), ARX (na = 4, nb = 15) or
output error (nf = 2, nb = 15) model [22] we get the
methods FIRD, ARXD and OED.

2.2.3 Laguerre domain approximation

methods: Some methods in this subclass are de-
scribed in [9, 10]. Several parameters must be selected



by the user, most importantly the Laguerre pole α
and the number Nl of Laguerre coordinates to use.
These must be selected to suit the input and output
signals and the available execution time [2]. Not all
input signal types can be used. Although the methods
in [9, 10] assume G(s) = 1 · e−sTd , we have applied
them to more general systems. The method FIS uses
α =0.955 and Nl = 150.

2.2.4 One-step explicit methods: The
methods IPC1 and IPC2 use the continuous-time mod-
els G(s) = K

1+sT
e−sL and G(s) = K

(1+sT1)(1+sT2)
e−sL,

respectively. The time-delay is a continuous parame-
ter, and all parameters are estimated by a prediction
error/maximum likelihood method, using iterative
search [23]. It is well known that the objective
function may have many local minima in this case,
[8, 26, 29], so the initialization of the parameters must
be done with great care. Here we use an initialization
method implemented in [24], based on ARXS (see
below), followed by a global search for best time
delay and model zero for fixed poles, followed by local
Gauss-Newton search for all free parameters. Other
ideas how to handle the problem of local minima are
described in [8].

The methods OES, ARXS and PFAS employ the
discrete-time model structures OE, ARX and ARX, re-
spectively. The model orders [22], (nf = 2, nb = 1),
(na = 10, nb = 5) and (na = 10, nb = 1), were chosen
by a simulation study. Several models of each model
structure with different time-delays are estimated by
the prediction error method (PEM) [22] and the best
is chosen. PFAS uses prefiltering of the data to resemble
the OE model structure [2].

2.2.5 Two-step explicit methods : ELNA is
a recursive discrete-time two-step method [5].

2.2.6 Area and moment methods: In [1]
some area and moment methods that use measured
step and impulse responses are described. Two of these
methods are implemented in AREA and MOM but with
estimated step and impulse responses.

3 Simulations

3.1 Simulation setup

A factorial experiment (several factors varied simulta-
neously) with simulated signals in open loop was per-
formed in Matlab. The signal-to-noise ratio (SNR),
measured at the system output, was either 1 or 100.
For each factor level combination, 1024 trials or repe-
titions were conducted. The noise n(t) was white and
Gaussian. The sampling interval was Ts = 1. The used
input signals had a length of 500 samples and were:

• White (RBS 0-100%) or narrowband (RBS 10-
30%, most energy between 10% and 30% of the
Nyquist frequency) random binary input signals.
These input signals are common in system iden-
tification if the input signal can be chosen freely.

• Step input signals in the form [ze-

ros(50,1);ones(150,1); -ones(150,1);

zeros(150,1)] (Matlab code). Steps are com-
mon when we cannot choose the input signal,
e.g. when identifying during normal operation,
but are restricted to utilize set-point changes.

All systems were of the form Gj(s) = e−9s ¯·Gj(s). Ḡ1

had poles −0.1 & -1, no zeros and DC gain 1 (a slow
second order system). Ḡ2 had poles −1 & -10, no zeros
and DC gain 1 (a fast second order system). Ḡ5 had
poles −0.1, −0.3, −0.6 & −1, zeros −0.4 & −0.9 and
DC gain 1 (a fourth order system with real poles). Ḡ6

had poles −0.1(1 ± i)/
√

2 & −(1 ± i)/
√

2, zeros −0.4
& −0.9 and DC gain 1 (a fourth order system with
complex poles). For all the systems the time delay was
10 after the (zero order hold) sampling.

3.2 Analysis methods

In order to draw conclusions we have studied the time-
delay estimates themselves and their RMS error, bias
and variance. We have sometimes also used ANOVA
and confidence intervals for pair-wise comparisons [25].
We will in this paper only present graphs of the RMS
error (in number of sampling intervals).

Many methods sometimes fail and return estimates
with negative, large positive, complex or NaN values.
To handle this, complex and NaN values and values
≤ 0 or ≥ 20 are replaced with the value 20. This will
give a large error for these estimates as the true time
delay is 10. The maximum RMS error will be 10.

Then, the 90%, 95% or 100% best estimates are re-
tained. The motivation for removing the worst esti-
mates is that a good implementation should achieve
the resulting performance, e.g. by detecting failures in
the optimization and restarting it with a different start
value. Then the RMS error is computed. Shown in the
graphs is the RMS error averaged over different factor
level combinations. Keep in mind that the presented
RMS values only are estimates of the “true” ones.

3.3 Simulation results

Figure 1 shows the average (over all factors) RMS es-
timation error for all tested methods when the 90%,
95% and 100% best estimates are retained. The meth-
ods OES and PFAS are the best methods when 100%
are used. For 90%-95%, they are challenged by IPC2.
OES and PFAS are better than ARXS. IPC2 is better
than IPC1. IPC2 mostly gives very accurate estimates
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Figure 1: RMS error (in sampling intervals) for different
methods when the 90%, 95% or 100% best es-
timates are retained. Average RMS error over
SNRs, input signal types and systems. Maxi-
mum RMS error is 10 according to Section 3.2.
See Table 1 for where the method names OES,
ARXS, etc. are described.

but sometimes fails. It is favored by only retaining the
90%-95% best estimates. LAGD also belongs to the
best methods. The methods LAGC, IDT, SDT, ICT,
SCT, AREA, MOM and FIS often fail.

Testing the methods on 10th order random systems
gives similar results [2]. The RMS error is for most
methods somewhat higher than for the fixed systems
used in Figure 1. The RMS error of ARXS, FIRD, ELNA

and IPC1 seems to be nearly unchanged. The CUSUM
and area methods have a much higher RMS error, prob-
ably because these implementations are not adapted to
all types of systems. Also LAGD has a much higher
RMS error and is on the same level as FIRD, ARXD

and OED.

Figure 2 displays the RMS error for different combi-
nations of input signal and SNR (cases) when the 95%
best estimates are used. Here we can see which method
to choose when the input signal and/or the SNR is
given. We can also choose the best input signal. We see
that RBS signals are better than step signals. For high
SNR there are more methods among the best than for
low SNR. The discrete-time one-step methods OES and
PFAS belong to the best methods in all cases. The time
domain approximation methods are very inaccurate for
step inputs but can be really accurate for RBS and high
SNR. The area and moment methods and LAGC are
not good in any case. The other frequency domain ap-
proximation methods (LAGD, FIRD, ARXD and OED)
and ELNA are neither among the best nor the worst
methods for any case except for LAGD, which is among

Methods Section

OES, ARXS, PFAS 2.2.4
IDT, SDT, ICT, SCT 2.2.1

AREA, MOM 2.2.6
LAGC, LAGD, FIRD, ARXD, OED 2.2.2

ELNA 2.2.5
KURZ 2.2.1

IPC1, IPC2 2.2.4
FIS 2.2.3

Table 1: Method names and where they are described.

the best for steps with high SNR. The method IPC2 is
among the best methods for steps and with low SNR
for RBS signals. For high SNR and RBS the method
IPC2 is beaten by several methods. The method IPC1

is not as good as IPC2 for any case. The method FIS is
very inaccurate for RBS signals but among the best for
step input signals. It is especially good for low SNR.

4 Discussion

Since OES and PFAS have the correct model structure
(output error) they are better than ARXS. The methods
IDT, SDT, ICT and SCT often miss to detect, especially
for low SNR, because of noisy and uncertain impulse
and step response estimates [2].

The method LAGD performs well in most cases (but not
best) and seldom really bad. Two reasons for LAGD

being better than FIRD, ARXD and OED are probably
that typical impulse responses can be described well
by Laguerre functions and that the model orders of the
latter methods are not optimal. The results in [14]
for LAGD is in agreement with our results. LAGC of-
ten fails, probably, because it has no protection against
noise-corrupted zeros. The results in [14] for LAGC is
better than our results. Perhaps has the implementa-
tion in [14] some protection against bad zeros.

IPC2 is better than IPC1 as it has a more suitable model
structure for the used systems. Note however that both
these methods work on a lower order model than some
of the tested systems, and therefore have some inherent
bias.

AREA and MOM often give very inaccurate estimates
due to poor estimates of step and impulse responses [2,
16]. These methods would probably perform better
with measured step and impulse responses as in [1].
Another improvement is described in [16].

The method FIS often give very poor estimates. This is
probably due to its inability to describe certain signals
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Figure 2: RMS error for different methods when the 95%
best estimates are retained. Six bar plots for six
combinations of input signal and SNR. Average
RMS error over the systems. Maximum RMS
error is 10 according to Section 3.2. See Table 1
for where the method names OES, ARXS, etc.
are described.

in the Laguerre domain [2]. On the other side, FIS

performs astonishingly well for steps, especially at low
SNR. Perhaps it would be even better with more La-
guerre coefficients. The used number, 150, was on the
limit to be too computer intensive. This method appar-
ently works for dynamic systems despite it is derived
for G1 = 1.

5 Conclusions

We have made a classification of existing time-delay
estimation methods according to underlying principles.

Different classes have different properties and are suit-
able in different cases. Some methods are, however,
clearly inferior to others. The winner in average with
respect to estimation quality is OES. If sub-sample
time-delay estimates are needed, the best method is
IPC2 but keep in mind that the model structure should
be the same as the true system.

Recommendations for the choice of input signal and
estimation methods for the best estimation quality are:

• If you cannot use other input signals than steps:
For high SNR use OES, PFAS, LAGD, IPC2 or FIS.
If the SNR is low use only OES, PFAS or FIS. For
subsample time-delay estimates use IPC2.

• If you can choose the input signal, use RBS (Ran-
dom Binary) signals. For high SNR the best
methods are OES and IDT. There are however
more good methods. If subsample time-delay es-
timates are desired, use IPC2. For low SNR use
OES, PFAS or IPC2. If the SNR is unknown, use
only OES (or IPC2 for sub-sample time-delays).

Finally, we may note that our simulation study is some-
what unfair to IPC2 since the true time delay was a
multiple of the sampling interval, and since IPC2 ac-
tually estimates a low order approximation of the true
system (cf objective 1 in the Introduction) and does
not primarily deal with the time delay.
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sity, SE-581 83 Linköping, Sweden, 2003.



[3] C. Carlemalm, S. Halvarsson, T. Wigren, and
B. Wahlberg. Algorithms for time delay estimation us-
ing a low complexity exhaustive search. IEEE Trans.
Automatic Control, 44(5):1031–1037, May 1999.

[4] G. C. Carter et al. Special issue on time delay
estimation. IEEE Transactions on Acoustics, Speech
and Signal Processing, 29(3), June 1981. pt 2.

[5] A. Elnaggar, G. A. Dumont, and A.-L. Elshafei.
Recursive estimation for system of unknown delay. In
Proceedings of the 28th Conference on Decision and
Control, Tampa, Florida, USA, December 1989.
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