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Chapter 1

Linear System Identification
as Curve Fitting

Abstract

The purpose of this contribution is to point out and exploit the kinship be-
tween identification of linear dynamic systems and classical curve fitting. For
curve fitting we discuss both global and local parametric methods as well
as non-parametric ones, such as local polynomial methods. We view system
identification as the estimation of the frequency function curve. The empir-
ical transfer function estimate is taken as the “observations” of this curve.
In particular we discuss how this could be done for multi-variable systems.
Local and non-parametric curve fitting methods lead to variants of classical
spectral analysis, while the prediction error/maximum likelihood framework
corresponds to global parametric methods. The role of the noise model in
dynamic models is also illuminated from this perspective.

1.1 Introduction

A linear dynamic system in discrete or continuous time can be described by

y(t) = G(σ)u(t) + v(t) (1.1)

where σ is the differentiation operator p in continuous time and the shift
operator q in discrete time. The identification problem is to find the transfer
operator G and possibly also the spectrum of the additive noise v. There is
an extensive literature on this problem, see among many books, e.g. [7] and
[11].
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4CHAPTER 1. LINEAR SYSTEM IDENTIFICATION AS CURVE FITTING

One may distinguish three main approaches to this problem:

• Spectral Analysis which forms estimates of the spectra of the output, the
input and the cross spectrum between input and output, Φy(ω),Φu(ω),
Φyu(ω) and then the estimates

Ĝ(iω) =
Φyu(ω)
Φu(ω)

(1.2)

Φ̂v(ω) = Φy(ω)− Ĝ(iω)Φu(ω) (1.3)

See, e.g. [5], [1] for thorough treatments of this approach.

• Parametric Methods that explicitly parameterize the sought transfer
functions and estimate the parameters by maximum likelihood or re-
lated techniques.

• Subspace Methods that conceptually can be described as model reduction
schemes of simple high order estimates. See, e.g. [14], [6] or [15].

It is the purpose of this contribution to put such identification methods into
the perspective of simple-minded curve fitting techniques. To put it another
way: We are not so far from Gauss’ basic contributions on least squares.

1.2 Curve Fitting

To bring out the basic features of the estimation problem, let us study a
simple example. Suppose the problem is to estimate an unknown function
g0(x),−1 ≤ x ≤ 1. The observations we have are noise measurements y(k) at
points xk which we may or may not choose ourselves:

y(k) = g0(xk) + e(k) (1.4)

How to approach this problem?

1.2.1 Parametric Methods

Global Parameterizations

One way or another we must decide “where to look for” g. We could, for
example, have the information that g is a third order polynomial. This would
lead to the – in this case – grey box model structure

g(x, θ) = θ1 + θ2x+ θ3x
2 + . . .+ θnx

n−1 (1.5)
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with n = 4, and we would estimate the parameter vector θ from the observa-
tions y, using for example the classical least squares method.

Now suppose that we have no structural information at all about g. We
would then still have to assume something about it, e.g. it is an analytical
function, or that it is piecewise constant or something like that. In this sit-
uation, we could still use (1.5), but now as black-box model: if we assume
g to be analytic we know that it can be approximated arbitrarily well by a
polynomial. The necessary order n would not be known, and we would have
to find a good value of it using some suitable scheme.

Note that there are several alternatives in this black-box situation: We
could use rational approximations:

g(x, θ) =
θ1 + θ2x+ θ3x

2 + . . .+ θnx
n−1

1 + θn+1x+ θn+2x2 + . . .+ θn+m−1xm−1
(1.6)

or Fourier series expansions

g(x, θ) = θ0 +
n∑
`=1

θ2`−1 cos(`πx) + θ2` sin(`πx) (1.7)

Local Parameterizations

Alternatively, we could approximate the function by piece-wise constant func-
tions, as illustrated in Figure 1.1. The mapping g can be parameterized as a
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Figure 1.1: A piece-wise constant approximation.
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function expansion

g(x, θ) =
n∑
k=1

αkκ(βk(x− γk)) (1.8)

Here, κ is a “mother basis function”, from which the actual functions in the
function expansion are created by dilation (parameter β) and translation (pa-
rameter γ). For example, with κ = cos we would get Fourier series expansion
with β as frequency and γ as phase. More common are cases where κ is a
unit pulse. With that choice, (1.8) can describe any piecewise constant func-
tion, where the granularity of the approximation is governed by the dilation
parameter β. Compared to Figure 1.1 we would in that case have

• n = 4,

• γ1 = 1, γ2 = 2, γ3 = 3.5, γ4 = 7,

• β1 = 1, β2 = 2/3, β3 = 1/3.5, β4 = 1/3

• α1 = 0.79, α2 = 1.1, α3 = 1.3, α4 = 1.43

A related choice is a soft version of a unit pulse, such as the Gaussian bell.
Alternatively, κ could be a unit step (which also gives piecewise constant
functions), or a soft step, such as the sigmoid.

1.2.2 Estimation Techniques and Basic Properties

It suggests itself that the basic least-squares like approach is a natural ap-
proach for curve fitting:

θ̂N = arg min
θ
VN (θ)

VN (θ) =
N∑
k=1

µk(y(k)− g(xk, θ))2
(1.9)

Here µk is a weight that in a suitable way reflects the

• “reliability” of the measurement k. This is typically evaluated as the
variance of e(k), so we would have µk ∼ 1/λk, where λk is the variance
of e(k).

• “relevance” of the measurement k. It could be that we do not fully
believe that the underlying model g(x, θ) is capable of describing the
data for all x. We could then downweigh a measurement at a point xk
outside a region of prime relevance for the model.
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In case y and g0 are vectorvalued (column vectors), the criterion takes the
form

VN (θ) =
N∑
k=1

(y(k)− g(xk, θ))TΛ−1
k (y(k)− g(xk, θ) (1.10)

where the matrix Λk takes care of the weightings. For the reliablity aspect,
Λk would be the covariance matrix of e(k).

1.2.3 Non-Parametric Methods

Basic Idea: Local Smoothing

A simple idea to form an estimate of the function value g(x) at a point x is
to form some kind of average of the observations y(k) corresponding to xk in
the neigbourhood of x:

ĝ(x) =
N∑
k=1

W (x, xk)y(k) (1.11)

where the weights W are chosen appropriately, and typically being zero when
the distance between x and xk is larger than a certain value (“the bandwidth”).
The choice of such weights is the subject of an extensive literature in statistics.
See, among many references, e.g. [3], [13], [2], and [9]. It is not the purpose
of this paper to give an overview of such methods, but we can point to some
basic choices.

Nearest Neighbor Smoothing

Perhaps the simplest idea is to take as an estimate of ĝ the observed value
y(k) at the nearest observation point. This corresponds to choosing W (x, xk)
to be 1 for that xk in the observation set that is closest to x and 0 otherwise.

Kernel Smoothers

Take

W (x, z) = κ(|x− z|/h) (1.12)

where κ(ξ) is some bell-shaped function that is zero for ξ > 1. A common
choice is the Epanechnikov kernel

κ(x) =

{
1− x2 for |x| < 1
0 for |x| ≥ 1

(1.13)
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Local Polynomial Methods

Polynomial approximations of a curve may be efficient, at least locally. In-
stead of the global model (1.5) one may seek a local approximation in the
neigbourhood of x by

g(z, θ) = θ1 + θ2(z − x) + θ3(z − x)2 + . . . θn(z − x)n−1 (1.14)

Then estimate these coefficients e.g. by weighted least squares

min
N∑
k=1

µk · W̃ (x− xk) · |y(k)− θ1 − θ2(xk − x)− . . .− θn(xk − x)n−1|2

(1.15)

Here µk is a weight that reflects the reliability of the k:th measurement (the
variance of e(k)) and W̃ concentrates the fit to a suitable neighbourhood of x.
The resulting estimate θ̂ will be linear in y(k) and choosing θ̂1 as an estimate
for g(x) will give an expression of the type (1.11).

Direct Optimization of Weights

In a recent approach, [10], the choice of weights W in (1.11) is formulated as a
min-max optimization problem for the mean square error E|g(x)−ĝ(x)|2. This
is either a quadratic programming problem or a convex one and can be solved
quite efficiently to achieve optimal weights without relying upon asymptotic
theory.

1.3 Linear Dynamic Models

1.3.1 The Curve: The Frequency Function

A linear dynamic system is uniquely defined, e.g., by its impulse response or
by its Frequency Function

G(eiωT ) or G(iω) (1.16)

in discrete time, or continuous time, respectivly. For simplicity in the sequel
we will use the continuous time notation.

Therefore it is possible to interpret all methods for linear system identifi-
cation as methods to estimate the frequency function curve.
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1.3.2 The Observations: The ETFE

The primary observations from a dynamical system are always the sequences
of sampled inputs and outputs, u and y,

ZN = {u(t1), y(t1), . . . , u(tN ), y(tN )} (1.17)

From these we may form the Fourier transforms

UN (ω) =
1√
N

N∑
k=1

u(tk)eiω(k−1)T (1.18)

YN (ω) =
1√
N

N∑
k=1

y(tk)eiω(k−1)T (1.19)

(These expressions give the DFT for equidistantly sampled data: tk+1−tk ≡ T ,
but several variants can be envisioned.)

For a scalar input we may now form the Empirical Transfer Function Es-
timate, ETFE as

ˆ̂
GN (iω) =

YN (ω)
UN (ω)

(1.20)

In case the observations y and u have been obtained from a noise-corrupted
linear system with frequency function G0(iω) it can be shown that the ETFE
has the following statistical properties: (Lemma 6.1 in [7].)

E ˆ̂
GN (iω) = G0(iω) +

ρ1√
NUN (ω)

(1.21)

E| ˆ̂GN (iω)−G0(iω)|2 =
Φv(ω)
|UN (ω)|2 +

ρ2

N |UN (ω)|2 (1.22)

Here Φv(ω) is the spectrum of the additive noise (at the output of the sys-
tem)and ρi are constant bounds that depend on the impulse response of the
system, the bound on the input, and the covariance function of the noise.
Moreover, it can be shown that the EFTE’s are asymptotically uncorrelated
at frequencies on the DFT grid.

All this means that we can think of the ETFE as a “noisy measurement”
of the frequency function:

ˆ̂
GN (iωk) = G0(iωk) + vk (1.23)
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with vk being a zero mean random variable with variance Φv(ωk)/|UN (ωk)|2.
We have then ignored the terms with ρ in the expressions above.

Something must also be said about the frequency grid in (1.23): If the
Fourier transforms are obtained by DFT of equidistantly sampled data, the
natural frequencies to use in (1.23) are the DFT grid:

ωk = kπ/N ; k = 0, . . . , N − 1 (1.24)

This gives two advantages:

• Frequencies in between these carry no extra information: they are merely
(trigonometric) interpolations of the values on the DFT grid. This also
determines the maximum frequency resolution of the frequency function.

• vk are (asymptotically) uncorrelated on this grid.

In the case of p outputs, vk is a column vector and Φv is a p× p matrix.

1.3.3 The Multi-input Case

When there are several inputs, so that u is an m-dimensional column vector
and G is a p×m matrix, there is no unique way of forming the ETFE, and this
has apparently not been discussed in the literature. One of the possibilities is
to split the data record into m parts, like (assume N = mM and tk+1− tk ≡ 1
for simplicity)

U
(r)
N (ω) =

1√
M

M∑
k=1

u((r − 1)M + k)eiω(k−1); r = 1, . . . ,m (1.25)

and similarly for Y (r)
N . The corresponding DFT-grid for ω will be reduced by

a factor m to

ω` = `π/M ; ` = 0, . . . ,M − 1 (1.26)

On this grid we can define

ˆ̂
GN (iω) =

[
Y

(1)
N (ω) . . . Y

(m)
N (ω)

] [
U

(1)
N (ω) . . . U

(m)
N (ω)

]−1

=YN (ω)UN (ω)−1 (1.27)

provided the m × m inverse exists (which is the generic case). A related
possibility is to take DFTs of the whole data record and form the estimate
using m-tuples of neighboring frequencies.
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It can be shown, analogously to the single input case that

ˆ̂
GN (iωk) = G0(iωk) + vk (1.28)

where now vk is a sequence of p×m matrices with (asymptotically) zero means
and asymptotically uncorrelated on the DFT-grid (1.26) with covariance ma-
trix

[UN (ω)U∗N (ω)]−1 ⊗ Φv(ω) (1.29)

for vec(vk). Here ⊗ denotes the Kronecker product, and vec means stacking
the columns of a matrix on top of each other.

1.4 Fitting the Frequency Function Curve by Local
Methods

The basic relation between the Fourier data and the frequency function is

Y (ωk) = G(iωk)U(ωk) + V (ωk), k = 1, . . . , N (1.30)

This holds in the general multi-variable case. The covariance matrix for V (ω)
is the m×m spectrum matrix Φ(ω). For compact notation we form the p×N
matrix Y as

Y =
[
Y (ω1), . . . , Y (ωN )

]
(1.31)

and similarly the m×N matrix U and the p×N matrix V. Then, if G were
a constant (complex valued) p×m matrix (1.30) could be rewritten

Y = GU + V (1.32)

This could be compared to the local polynomial approach (1.14) where we
have only taken the constant term (n = 1). To estimate this constant G
we would apply weighted least squares (1.15) where the weighting function
W̃ (ωk−ω) would measure the distance between the value ω, where we seek an
estimate of G and the frequencies ωk where we have the observations. Form
the N × N matrix W as the diagonal, real-valued matrix of these weights.
Then the weighted least squares estimate of G is

Ĝ = YWU∗
[
UWU∗

]−1 (1.33)
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This is the estimate at frequency ω and the dependence on ω in this expression
is hidden in W.

To estimate the disturbance spectrum Φv(ω) we estimate V by

V̂ = Y − ĜU = Y(I −WU∗
[
UWU∗

]−1 U) = YPu (1.34)

where the last step is a definition of Pu. Note that

PuWP ∗u = PuW (1.35)

A natural estimate of the spectrum Φv is to form a weighted sum

Φ̂v =
1
ρ
V̂WV̂∗ (1.36)

The question is, what should the normalization factor ρ be? Consider the i, j
element of the matrix above and note that YPu = VPu. Thus

EΦ̂i,j
v =

1
ρ
ViPuWP ∗uV∗j =

1
ρ

trEV∗j ViPuW

Assuming Φv to be constant (at least over the interval covered by the weights),
and that the frequency grid is such that v(ωk) are uncorrelated (recall the
comment below (1.24)) we have

EV∗j Vi = Φi,j
v · IN×N

with the N ×N identity matrix. Moreover

η = trPuW = trW − tr(UWU∗)−1UW2U∗ (1.37)

This shows that the correct normalization in (1.36) is ρ = η (Note that in case
equal weigths are used, that is, W = I, then the normalization becomes the
familiar ρ = N −m.)

This way (1.33) of estimating the frequency function is closely related to
classical spectral analysis, since UWU∗ can be seen as an estimate of the in-
put spectral matrix and YWU∗ is an estimate of the cross spectrum. (See
also Chapter 6 in [7].) The weights in W then correspond to the frequency
(or tapering) windows, like the Bartlett, Parzen or Hamming windows typi-
cally applied in spectral analysis. Displaying the kinship to local polynomial
modeling in curve fitting gives extra insight into the role of these windows.
It also shows how to find the right normalization for unbiased estimation of
the additive disturbance spectrum, which is important for narrow frequency
windows. It may be easy to overlook the second term of (1.37).
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Nothing in this treatment requires that the window W is the same for all
frequencies. On the contrary, it is natural to let the bandwidth depend on
the actual frequency where G is estimated. This is how the function spafdr
(spectral analysis with frequency dependent resolution) in the System Iden-

tification Toolbox, [8], is implemented. A related approach to smoothing
the ETFE is described in [12].

1.5 Fitting the Frequency Function by Parametric
Methods

1.5.1 The Model Structure

A model structure for a linear system is simply a parameterization of the
frequency function

G(iω, θ) (1.38)

possibly together with a parameterization of the additive noise spectrum

Φv(ω, θ) = H(iω, θ)Λ(θ)H∗(iω, θ) (1.39)

where the second step shows the spectrum factorized using a monic, stable
and inversely stable transfer function H.

The actual parameterization can be done in many different ways. The
underlying description could be a discrete time ARMAX model

A(q)y(t) = B(q)u(t) + C(q)e(t)

with the coefficients of the polynomials (in q−1) A,B and C comprising θ.
This gives

G(eiω, θ) =
B(eiω)
A(eiω)

H(eiω, θ) =
C(eiω)
A(eiω)

Note the similarity with the basic forms (1.5) and (1.6) for x = e−iω.
A physically parameterized state space model

ẋ(t) = A(θ)x(t) +B(θ)u(t) + w(t); Ew(t)wT (s) = Q(θ)δ(t− s)
y(t) = C(θ)x(t) +D(θ)u(t) + e(t); Ee(t)eT (s) = R(θ)δ(t− s)
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corresponds to

G(iω, θ) = C(θ)(iωI −A(θ))−1B(θ) +D(θ)

H(iω, θ) = C(θ)(iωI −A(θ))−1K(θ) + I

where K(θ) and Λ(θ) are computed from A,C,Q and R as the steady state
Kalman filter’s gain and innovations variance.

Many other types of parameterizations are of course possible.

1.5.2 Frequency Domain Data

Assume that the data are given in the frequency domain. We can then form
the ETFE as described in Sections 1.3.2 and 1.3.3. The weighted least squares
fit between the ETFE and the parameterized curve is then obtained as in
(1.10):

V (θ) =
M∑
`=1

vec( ˆ̂
G(iω`)−G(iω`, θ))∗{[UNU∗N ]⊗ Φ−1

v (ω`)} (1.40)

× vec( ˆ̂
G(iω`)−G(iω`, θ)) (1.41)

where the frequencies ω` are from the grid (1.26). Here we have first formed a

column vector from the matrix ˆ̂
G−G and then weighted with the inverse co-

variance matrix, (1.29), of the measurement noise at the frequency in question.
(Note that (A⊗B)−1 = A−1 ⊗B−1.) Applying the formula

vec(D∗)∗(C∗ ⊗A)vec(B) = tr(ABCD)

now gives

V (θ) =
M∑
`=1

tr[ ˆ̂
G(iω`)−G(iω`, θ)][UNU∗N ][ ˆ̂

G(iω`)−G(iω`, θ)]∗Φ−1
v (ω`) (1.42)

which in view of (1.27) also can be written

V (θ) =
M∑
`=1

tr[YN (ω`)−G(iω`, θ)UN (ω`)]∗Φ−1
v (ω`)[YN (ω`)−G(iω`, θ)UN (ω`)]

(1.43)
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The expression within bracket is a p×m matrix which means that we can go
back to the original vectors U (r)(ω`) and Y (r)(ω`) in (1.25) to obtain

V (θ) =
M∑
`=1

m∑
r=1

[Y (r)
N (ω`)−G(iω`, θ)U

(r)
N (ω`)]∗Φ−1

v (ω`)

× [Y (r)
N (ω`)−G(iω`, θ)U

(r)
N (ω`)] (1.44)

Here we have an m-fold repetition of frequencies on the courser grid (1.26).
By a small approximation we can move to the finer grid (1.24) and obtain

V (θ) =
N∑
k=1

[YN (ωk −G(iωk, θ)UN (ωk)]∗Φ−1
v (ωk)[YN (ωk)−G(iωk, θ)UN (ωk)]

(1.45)

1.5.3 Prediction Errors From Time Domain Data

If we start with time domain data (1.17) we could of course directly transform
to frequency domain data and go through steps of the previous subsection. It
is instructive to follow the calculations directly in the time domain.

The discrete time domain version of the model (1.38), (1.39) is

y(t) = G(q, θ)u(t) +H(q, θ)e(t) (1.46)

For equidistantly sampled data we can form the prediction errors for this model
as

ε(t, θ) = H−1(q, θ)(y(t)−G(q, θ)u(t)) (1.47)

Assuming that these have covariance matrix Λ, a natural criterion to mini-
mize (which equals the maximum likelihood criterion if Λ is known and e is
Gaussian) is

V (θ) =
N∑
k=1

εT (t, θ)Λ−1ε(t, θ) (1.48)

Applying Parseval’s relationship to (1.48), (1.47) and ignoring transient effects
(or assuming periodic data) now gives for this criterion

V (θ) =
N∑
k=1

[YN (ωk)−G(iωk, θ)UN (ωk)]∗Φ−1
v (ωk, θ)

× [YN (ωk)−G(iωk, θ)UN (ωk)]
Φv(ω, θ) = H(iω, θ)ΛH∗(iω, θ)

(1.49)
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This is the same as (1.45) and we can now track back to the curve fitting
expression between the ETFE and the parameterized curve in (1.40). Even in
the time domain, multi-variable case the basic methods consequently still are
curve fitting. We have also displayed the nature of the noise model in (1.46):
It just provides the weighting in this fit.

1.6 Conclusions

Phrasing standard methods for linear system identification as curve fitting
brings out several common features and gives some additional insight. It also
shows that the bottom line in identification is quite simple and relies upon
early work in statistics.

The subspace methods were not explicitly discussed in this contribution.
The link to curve fitting is conceptually as follows: The first step in subspace
methods is to form a big Hankel matrix from observed data. This can be seen
as a high order ARX model for the system. The second step is to approximate
this matrix with a low rank one using SVD. This is basically related to Hankel
norm approximation of high order systems by lower order ones, which in turn
can be interpreted as approximating the corresponding frequency functions,
see [4].
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