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ESTIMATE PHYSICAL PARAMETERS BY

BLACK-BOX MODELING
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100080, Beijing, China
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Abstract: Estimating unaccessible physical parameters of a system with the infor-
mation provided by the input-output data is of practical signi�cance. This paper
presents one such method based on the state-space model non-singular transformation
equivalence. An algorithm is provided for solving the corresponding bilinear equations,
with various modi�cations in special cases. Many practical issues are addressed.
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1. INTRODUCTION

System identi�cation is an art of modeling. Its
basic philosophy is to �nd a good mathematical
model to �t the input-output data of a system
instead of building a model by physical laws, al-
though the physical structures do provide some
guidance in choosing model structures and experi-
ment designs. The motivation comes directly from
practice: First, real systems are often too compli-
cated to model with physical laws, which govern
the functioning of so many small parts and their
interactions; Second, often in practice, for many
purposes, e.g., control, we would be satis�ed with
a mathematical model that describes the input-
output dynamics quite well, without asking, e.g.,
what is the real meaning of the parameters in the
model. Whether it is possible to model the input-
output dynamics of a system only by its input-
output data (black-box modeling) and how to do
it are the main topics of system identi�cation. For
a self-contained introduction and comprehensive
covering of various methods and analyses, see
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(Ljung, 1999) and the references therein. For prac-
tice and real implementations, there is a System
Identi�cation Toolbox in Matlab (Ljung, 1995).

However, sometimes in practice, it is possible to
do physical modeling for relatively simple systems,
although there may be some uncertainties, e.g.,
the values of some parameters are not accessible.
At the same time, we can construct a black-box
model based on the input-output data by the
methods in system identi�cation. The equivalence
of these two models lies in that they describe the
same input-output dynamics. Now the question
is if it is possible to estimate the uncertain pa-
rameters in the physical model, whose values have
practical meaning.

2. PRELIMINARY DISCUSSIONS

In physical modeling, sometimes we can get a
state-space model like

�
_x = A (�)x+B (�)u



with some uncertain parameters � in A0; B0; C0

or D0 due to the diÆculty of assessing the values
of them in practice.

While using the input and output data fu(t)g and
fy(t)g, by the methods in system identi�cation,
we can get a black-box model like (In the case
where the data are discrete, a discrete-continuous
model transformation is needed, see,e.g., (�Astr�om
and Wittenmark, 1984, Chapter 3))�

_x0 = Ax0 +Bu

y = Cx0 +Du
(2)

which can describe the same input-output dynam-
ics as (1). The di�erence is that x0 may not be
the physical states and that A; B; C and D may
not have practical meaning. But according to the
linear system theory, if the system is both control-
lable and observable, there exists some transfor-
mation matrix T such that8<

:
T � A = A0(�) � T
T �B = B0(�)

C = C0(�) � T
(3)

and D = D0(�). This relationship is practically
useful. For example, we may use it to �nd out the
unknown parameters � in A0; B0; C0 orD0, which
have practical meaning.

The purpose of this paper is to present an eÆcient
algorithm to solve the set of bilinear equations
(3), where both T and some parameters � inside
A0; B0; C0 are unknown.

This problem is more complex than it appears.
First, because of the unknown parameters � inside
A0; B0; C0, the solution of T is generally not
unique. Second, more unknown parameters inside
A0; B0; C0 would more likely lead to multiple
solutions of these parameters. Actually, by exam-
ining a few simple examples, it was found that a
moderately large number of unknown parameters
is enough to cause several solutions. Of course, to
�nd out the real practical values, the algorithm
needs to provide all the possible solutions.

Generally, to solve equations, the less variables,
the better. One way to reduce the number of
variables in (3) is to convert it into a set of
polynomial equations, e.g., the equivalent transfer
function equations:

C0(�)[sI �A0(�)]
�1B0(�) +D0(�)

= C(sI �A)�1B +D; (4)

where T disappears. There exist many ways to
solve polynomial equations (see e.g. the references
in (Chesi et al., 2000)). Most of them are based on
algebraic geometry and homotopy methods (e g

new approach was recently proposed in (Chesi et
al., 2000), where LMI was employed as a medium
step. Basically the method is �rst to introduce
some virtual variables like: (for the case that there
are three variables in (4): �1; �2; �3)

�4 := �1�2; �5 := �2�3;

�6 := �1�3; �7 := �1�2�3:
(5)

Although more variables were introduced, the
bene�t is that nonlinear equations are converted
into linear ones. Solving a set of linear equations
is trivial. The next step is to �nd out any rule
among the solutions based on the relations (5) by
observation in order to determine what to do next.
As a theory, this method �ts the problem (4) well.
But as well known from combinatorics, the intro-
duction of virtual variables like (5) means 2n� 1
variables instead of n true ones. To search for any
rule among 2n � 1 solutions by pure observation
is normally infeasible even for moderately large n.

Another big issue is that in practice (3) or (4)
is always an approximation. There are always
numerical errors since A; B; C came from black-
box modeling. Hence some exact computation
softwares such as \Maple" are not applicable.
\Maple" can sometimes fail to provide any solu-
tions even if there is. Moreover, it takes too long
time (e.g. several hours or more) even when the
number of unknown parameters is not large (e.g.
�ve parameters). The computation time is expo-
nentially increasing as the number of unknown
parameters increases.

Therefore, in this study we take a numerical ap-
proach. The disadvantage with numerical meth-
ods is that (3) or (4) is a non-convex problem.
Hence, the initial values have to be chosen care-
fully. But since A0; B0; C0 came from practical
physical modeling, it is realistic that we have some
a priori knowledge on the unknown parameters �,
e.g., the lower and upper bounds. Then we only
need to try di�erent initial values between these
bounds. This is one of our basic assumptions in
this paper.

Generally computation time is a measure to judge
an algorithm. To fully exploit the property of this
problem, we starts with (3) instead of (4) although
(4) contains less variables (namely, T disappears).
The advantage with (3) is that it is bilinear. Hence
linear least-square (LS) methods can be used (�xbT or b� at each time in turn), which is much faster
compared with nonlinear methods such as Gauss-
Newton methods.

Before we design the algorithm, a criterion must
be decided. The most natural way of course is to
minimize the errors of the equations (3). For ex-
ample we can choose to minimize the Frobenious



e=min
�;T

(kT � A�A0(�) � TkF (6)

+kT �B �B0(�)kF + kC � C0(�) � TkF );

where k � kF is the Frobenious Norm: kMkF =
tr(M �MT ), for any matrix M .

(6) is the criterion we will adopt for the algorithm.
As can be seen from next section, it is well suited
for applying linear LS method. The de�ciency
with (6) is that it doesn't have any real physical
meaning. All our con�dence is based on that there
exists such a mathematical relation as (3). How-
ever, because of the complexity of the real prob-
lems (e.g., the system may not be well identi�able
due to nearly zero-pole cancellations although still
controllable and observable), we may come up
with a black-box model which describes similar
input-output dynamics (e.g., similar Bode plots),
but fails to preserve the relationship (3). In such
cases, it is of course wiser to choose some other cri-
terion that is directly related to the input-output
dynamics, such as the Bode plots or frequency
functions. But normally such criterions are depen-
dent on the unknown parameters in a complicated
nonlinear way. Whether good algorithms can be
found for such criterions is for further research.

In next section, our algorithm is presented, to-
gether with a few versions adapted to some special
cases.

3. THE ALGORITHM

Our algorithm can be divided into four steps.

Step 1. Choose initial values �0 for the unknown
parameters � inside A0; B0; C0.

Step 2. For the initial values chosen in Step 1,
minimize the criterion (6) by solving for T using
the linear LS method:

bT =argmin
T

(kT � A�A0(�0) � TkF

+kT �B �B0(�0)kF + kC � C0(�0) � TkF ):

Step 3. For bT got in Step 2, minimize the
criterion (6) by solving for � using the linear LS
method:

�̂= argmin
�

(kbT �A�A0(�) � bTkF
+kbT � B �B0(�)kF + kC � C0(�) � bTkF ):

Step 4. Check the value of the error

e1 = (k bT � A� A0(�̂) � bTkF
+kbT �B �B0(�̂)kF + kC � C0(�̂) � bTkF ):

If e is less than some con�dence error bound

parameters and bT as the corresponding transfor-
mation; If not, decide �0 is a good initial value or
not: No, return to Step 1; Otherwise, let �0 = �̂

and return to Step 2.

3.1 Analysis

It is obvious that the value of the criterion (6) is
always decreasing in Step 2 and Step 3. As long
as in Step 1 the initial values �0 are well chosen,
it �nally will decrease to zero (if equations (3) are

exact), which ensures that �̂ and bT converge to
one of the possible solutions. Due to numerical
errors and the fact that the algorithm cannot go
on in�nitely, some con�dence error bound "0 was
introduced. It can be expected that this algorithm
works quickly since only linear LS method is
involved.

Undoubtedly, the key issue with this algorithm
lies in Step 1: How to choose the initial values
�0? Since this is a non-convex problem, any badly
chosen initial values will not lead to any solutions.
Anyway this is an essential issue with any numer-
ical algorithms trying to solve non-convex prob-
lems. Fortunately, in this problem the unknown
parameters � came from practical physical mod-
eling, on which we normally have some a priori

knowledge. In the following, as an example, we
suppose that their lower and upper bounds are
known.

Example 1. Suppose � � � � �. That is
to say, each element of � lies on the interval
con�ned by the corresponding lower and upper
bounds. We may choose any value on the interval
to be its initial value. But we cannot be sure
that any initial values on the intervals will lead
to one solution or the same solution, due to,
e.g., some of these intervals may be too long.
One of the obvious ways to overcome this is to
divide a long interval into several short ones and
on each of them try an initial value. What we
can expect is that by continuing such interval
re�ning, �nally we will get all the solutions. In
practice, normally the implementer should have
the con�dence on how small intervals are enough
for all the solutions. The main drawback with
this method is that the number of such chosen
initial values is exponentially increasing as the
number of parameters increases. This however
seems inevitable for this problem.

Apparently it is important to realize whether an
initial value is good or not as soon as possible.
Earlier quit of bad initial values means less com-
putation time. The decreasing rate of the value
of the criterion (6) can provide some useful infor-
mation in this aspect But this is an issue highly



3.2 Some special versions

Due to the variety of the practical problems,
di�erent adaptations may be made on the general
form of the algorithm. In some special cases, some
modi�cations will greatly reduce the computation
time.

Case 1. Relatively many unknown parameters lie

on the same row in A0 or C0.

In this case, it may be wise to omit the equations
introduced by such rows in (3). Let us be speci�c.
Suppose the dimensions of A0, B0 and C0 are
n�n, n�m and r�n respectively. It is easy to see
that there are all together n2+nm+nr equations
in (3), while normally the unknown parameters
inside A0, B0 and C0 are much less. Hence,
although each row of A0 or C0 will introduce n

equations and the number of unknown parameters
introduced is absolutely no more than n, it is still
wise to drop out some rows with relatively many
unknown parameters. This observation becomes
vivid by considering an extreme case. Suppose
all the unknown parameters are on the same row
in A0. Omitting this row from (3), we still get
n(n�1)+nm+nr equations, which are suÆcient
to solve for the n2 variables in T as long as non-
singularity is satis�ed. Once T obtained, which of
course is the true solution in this case, picking
up the omitted equations, we can directly get the
solution for the unknown parameters in that row.

Case 2. Di�erent unknown numbers have quite

di�erent lengths of ranges.

This consideration follows Example 1. In Example
1, it is clear that longer distance between lower
and upper bounds means more divisions of the in-
terval, which in turn implies more choices of initial
values, hence longer computation time. Therefore,
the equations containing the unknown parameters
that have wide ranges may be preferably omitted
in the spirit of Case 1.

Case 3. Weighted LS methods

This may be better regarded as a general consid-
eration instead of a special case. The basic idea is
quite simple: We may have di�erent con�dences
on the n2 + nm + nr equations in (3), e.g., some
equations contain more unknown parameters than
others. Therefore, di�erent weights may be ap-
plied when using the LS method in Step 2 and
Step 3.

4. A NUMERICAL EXAMPLE

In this section, we show a simple example to
illustrate the algorithm.

We adopt the example depicted in Figure 3

pendulum hinged on top of it, which is redrawn
here in Figure 1. The problem is to maintain the
pendulum at the vertical position by exerting the
force u.

m

l

α

 Mu

y

Fig. 1. A cart with an inverted pendulum.

The physical modeling is done in (Chen, 1984) and
gives the following state-space model:
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_x1
_x2
_x3
_x4

3
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2
666664

0 1 0 0

0 0
�2mg

2M +m
0

0 0 0 1

0 0
2g(M +m)

(2M +m)l
0

3
777775

2
664
x1
x2
x3
x4

3
775 (7)

+

2
666664

0
2

2M +m
0
�1

(2M +m)l

3
777775u

y = [1 0 0 0]x

where x1 = y, x2 = _y, x3 = �, x4 = _�; m and
M are the mass of the pendulum and the cart
respectively; l is the length of the pendulum, and
g is the gravitation constant 9.8 (for simplicity, we
omit all the units).

Suppose from some observation data of u and y,
by black-box modeling we obtain the following
state-space model:

2
664
_x01
_x0
2

_x03
_x04

3
775=

2
664
�18:4268 30:1636 �15:0469 3:3101
�3:3101 �5:0311 9:9923 �1:6512
1:6512 �9:9923 5:0311 3:3101
�3:3101 15:0469 �30:1636 18:4268

3
775

�

2
664
x01
x0
2

x03
x0
4

3
775+

2
664
�2:5304
0:8296
�0:8214
2:4391

3
775u

y=10�3 �

[0:8118 � 0:8301 � 0:8800 0:8282]x0:

(Actually here the above model is obtained by



M = 5:5, l = 2:3. It is stabilized by a zero-
order-hold linear state-feedback controller with
sampling period 0.1 and a white Gaussian noise
is added to the control signal for two purposes:
accounting for the observation errors and acting
as excitation signals for identi�cation.)

Now we try to estimate m, M and l by the
equivalence of the above two state-space models.
(Although it seems that it is quite feasible in
practice to measure them directly, we are showing
the idea here.)

Let � = [�1; �2; �3; �4]
T with

�1 :=
�2mg

2M +m
; �2 :=

2g(M +m)

(2M +m)l
;

�3 :=
2

2M +m
; �4 :=

�1

(2M +m)l
:

Choose the initial estimates

m̂(0) = 1; M̂(0) = 7; l̂(0) = 2:

Then correspondingly,

�̂(0) = [�1:3067; 5:2267; 0:1333; �0:0333]T :

Apply the algorithm in Section 3 with 20 itera-
tions, we will have

�̂(20) = [�2:0630; 5:1955; 0:1639; �0:0334]T ;

with e1 = 4:7254� 10�6.

By the structure of the system (7) and noting
the relation (4), we solve the following three
equations:8>>>>><
>>>>>:

2g(M +m)

(2M +m)l
= �̂2(20)

2

2M +m
= �̂3(20)

�2g

(2M +m)l
= �̂1(20) �̂4(20)� �̂2(20) �̂3(20)

and get

m̂(20) = 1:0730; M̂(20) = 5:5635; l̂(20) = 2:0521:
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