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Abstract

Iterative learning control (ILC) is applied to a laboratory scale robot
arm with joint flexibility. The ILC algorithm is based on an estimate of
the arm angle, where the estimate is formed using measurements of the
motor angle and the arm angular acceleration. The design of the ILC
algorithm is based on a model obtained from system identification. The
ILC algorithm is evaluated experimentally on the robot arm with good
results.
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Abstract

Iterative learning control (ILC) is applied to a labo-
ratory scale robot arm with joint flexibility. The ILC
algorithm is based on an estimate of the arm angle,
where the estimate is formed using measurements of
the motor angle and the arm angular acceleration. The
design of the ILC algorithm is based on a model ob-
tained from system identification. The ILC algorithm
is evaluated experimentally on the robot arm with good
results.

1 Introduction

Iterative Learning Control (ILC) has proven to be
a competitive control method in many applica-
tions, and the most well known is probably the
robotics domain. Some examples are given in
[1, 6, 7]. The standard situation in robot control
using ILC is that it is assumed that the robot is
rigid, such that all relevant signals can be calcu-
lated from the actuator signals (motor angles). In
reality there are always mechanical flexibilities in
both joints and links. The aim of this paper is
to present some experiences from the use of ac-
celerometers in ILC applied to flexible mechan-
ical systems. Different iterative learning control
ideas applied to flexible mechanical systems have
been studied previously in e.g. [12], [14] and [7].
In these papers it is assumed that the position (an-
gle) of the object to be controlled can be mea-
sured. Here, instead, it is assumed that only the
acceleration of the object to be controlled can be
measured, in addition to the actuator angle. In

[11], which also deals with a flexible system, an
acceleration signal is used in an ILC algorithm,
but in a completely different way.

The viewpoint in this paper is that ILC is
used as a complement to an existing control sys-
tem consisting of, possibly, both a feed-back and
feed-forward controller. The situation is depicted
in Figure 1, whereG represents the system to
be controlled andF andFf represent the feed-
back and feed-forward controllers. The signals
r(t), yk(t) anduk(t) denote the reference signal,
the output signal and the ILC input signal respec-
tively, and the subscriptk denotes the iteration
number. Finally, the signalsdk(t) andnk(t) de-
note load and measurement disturbance respec-
tively. When dealing with commercial industrial
robots the control system can not be affected by
the user and it has to be considered as given.
The control system will have some performance
properties and the idea is to use ILC to improve
the performance by generating a correction signal
that is added to the signals generated in the exist-
ing control system.
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Figure 1: Control system.
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2 System description

The process that is studied in this paper is a
Flexible Joint process from Quanser [13], and it
consists of a SRV02 Rotary Servo Plant and a
ROTOFLEX Rotary Flexible Joint. The process
can, somewhat simplified, be described by Figure
2.

τ, θm

θa

Jm

Ja

k, b
r

fm

Figure 2: Simplified description of the Flexible
Joint Process.

Using the state variablesx1 = θa, x2 =
θ̇a, x3 = θm andx4 = θ̇m torque balances for
the arm and the motor give the state space model

ẋ(t) = Ax(t) +Bu(t) y(t) = Cx(t) (1)

where

A =


0 1 0 0
− k
Ja
− b
Ja

k
Jar

b
Jar

0 0 0 1
k

Jmr
b

Jmr
− k
Jmr2 − f

Jm
− b

Jmr2


(2)

B =
(

0 0 0 kτ
Jm

)T
(3)

C =
(
0 0 1 0

)
(4)

In these matricesJa andJm denote the moment of
inertia of the arm and the motor respectively. The
parametersk andb denote stiffness and damping
respectively of the spring, andf is the viscous
friction coefficient of the motor. The variableθk
denotes the angle after the gear box, which means
thatθk = 1

rθm, wherer is the gear ratio. Finally,
the parameterkτ denote the torque constant and
represent the relationship between input voltage
and generated torque. This means that the dynam-
ics of the electrical actuator have been neglected

in the model. In industrial robots the normal situ-
ation is that the motor angle,θm can be measured,
but not the arm angleθa. In the laboratory process
also the arm angle can be measured but this signal
will only be used for evaluation purposes and not
in the control system.

3 Identification and Controller
Design

From an initial experiment estimating the reso-
nance frequency of the arm the sampling inter-
val was set toT = 0.016 sec. The Nyquist fre-
quency is then ten times the resonance frequency
of the arm. The input signal for identification
was chosen as a PRBS signal where the change
probability was selected in order to get a suit-
able frequency content. Since the process is de-
signed for educational purposes it is well behaved
in the sense that the level of non-linear effects and
measurement disturbance is relatively small. Data
were collected during100 sec., and after subtrac-
tion of the mean values the data set is split into
an estimation set and a validation set. This im-
plies that each data set contains approximately
N = 3000 measurements.

The identification is carried out using measure-
ments of the motor angleθm, but for the design of
the ILC algorithm it is necessary to have a model
from input signal to arm angleθa. Therefore it
is logical to identify a physically parameterized
state space model, from which the model from
u to θa easily can be obtained. The state space
model given by equation (4) contains seven phys-
ical parameters. Two of theseJm andr respec-
tively are specified in the data sheet of the pro-
cess and they have the valuesJm = 0.0021 and
r = 5 respectively. The remaining parameters to
be estimated are thereforeJa, k, b, f , andkτ re-
spectively. The starting point for the identifica-
tion, see [9], is the state space model structure on
innovations form

ẋ(t) = A(θ)x(t) +B(θ)u(t) +K(θ)e(t) (5)

y(t) = Cx(t) + e(t) (6)

whereθ is a vector containing the parameters to
be estimated. The signale(t) is a zero mean
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white disturbance andK(θ) is the Kalman filter
gain. The unknown parameters in the vectorθ are
estimated using the System Identification Tool-
box, see [10], and the model structure given by
the problem is specified as a Matlab m-file. The
identification results in the parameters presented
in Table 1.

Ja 0.0991
k 35.1
b 0.0924
f 0.0713
kτ 0.122

Table 1: Identified values of physical parameters.

The model is validated by simulating the model
using the validation data set, and Figure 3 shows
the measured and simulated output resulting from
the validation. As can be seen the agreement is
high. The Bode diagram of the identified model
is shown in Figure 4.
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Figure 3: Measured and simulated output from
the physically parameterized models.

Before ILC can be applied the system has to be
stabilized by some appropriate feedback. Since
the aim is that the ILC algorithm shall give the de-
sired servo performance the requirements for the
feedback can be chosen fairly moderate. The reg-
ulator can be of PID or some more sophisticated
type. In this paper it has been chosen to use an
LQG controller since a state space model is avail-
able from the identification of the physically pa-
rameterized model. In the LQG controller only
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Figure 4: Bode diagram of the estimated model.

the motor angleθm(t) is used for the feedback.

The reference signal is chosen such that the ref-
erence acceleration first is constant and positive
during a first time interval and then negative and
constant during a second interval. This means that
the reference velocity will first grow linealy and
then decrease linearly. The resulting reference an-
gle is given by Figure 5.
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Figure 5: Reference angle.

4 Arm angle estimation

The main idea in the paper is to use an estimate
of the arm angle in the ILC algorithm. The es-
timate is formed as a combination of arm accel-
eration and motor angle by using a state estima-
tor based on the nominal relationship between the
motor and arm angles. Consider the torque bal-
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ance of the arm

Jaθ̈a + faθ̇a − k(θm − θa) = 0 (7)

where for simplicity the damping coefficientd is
put to zero. By consideringθa and θ̇a as state
variables, the arm acceleration̈θa as measured
output signal, and the motor angle as input sig-
nal equation (7) can be expressed in state space
form. Forming a Kalman filter for this system, the
estimated arm angle can then be expressed using
transfer functions as

Θ̂a(s) = Fȳ(s)Ȳ (s) + Fθm(s)Θm(s) (8)

whereȲ (s) denotes the Laplace transform of the
arm angular acceleration. When designing the
Kalman filter the varianceR2 of the arm acceler-
ation signal can be used as a design variable that
affects the balance between the measured arm ac-
celeration and the measured motor angle. Choos-
ing a high value ofR2 implies that the arm ac-
celeration is almost neglected. The resulting filter
from θm to θ̂a is then almost exactly the transfer
function obtained from equation (7). The arm an-
gle estimate is then obtained by feeding the motor
angle through the nominal transfer function from
motor angle to arm angle. In the nominal case
this gives a good estimate of the arm angle but
the estimate is very sensitive to model errors. On
the other hand, choosing a low value ofR2 means
that the arm acceleration plays a large role in the
estimation of arm angle. The gain of the filtersFȳ
andFθm for this frequency range is almost con-
stant, see [5]. Considering equation (7) this be-
havior is logical since a slight reformulation of
equation (7) gives

θa(t) = θm(t)− Ja
k
θ̈a(t)−

fa
k
θ̇a(t) (9)

With good measurements ofθ̈a(t) available an ap-
proximation of the arm angle is given by

θ̂a(t) = θm(t)− Ĵa

k̂
θ̈a(t) (10)

where the effect of the viscous friction has been
neglected. The parametersk̂ and Ĵa denote esti-
mates of the spring constant and moment of iner-
tia.

Since the actual arm angleθa(t) can be mea-
sured on the laboratory process it is straightfor-
ward to evaluate the idea. The process is con-
trolled by the stabilizing controller, described in
Section 3, which uses the motor angleθm(t)
as feedback signal, and the reference signal de-
scribed in Section 3 is applied. Figure 6 shows
the measured and estimated arm angle during the
last part of this experiment. The figure indicates
that the simple estimation procedure gives a rea-
sonably good estimate of the arm angle. One dif-
ference is the lower damping in the estimate, and
this property can be explained by the neglected
friction in the model used for estimation.
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Figure 6: Measured (solid) and estimated
(dashed) arm angle in the nominal case.

An important question is how sensitive the es-
timation procedure is for errors in the estimate of
the factorJa/k. This problem is dealt with in [5],
and the main result is that the estimation proce-
dure is rather insensitive to errors in this factor.

5 ILC algorithm

The problem can be described as in Figure 1
(without feed-forward controller) where the ac-
tual measurement of the controlled output is re-
placed by an estimate. Since the main goal is to
achieve good servo properties the influence of the
disturbances is not taken into account. There ex-
ist several approaches to the design of ILC algo-
rithms, and in this paper an ILC algorithm based
on optimization will be used. This approach has
previously been considered in e.g [3], [8], [2], and
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[4]. Introduce the vectors

Yk = (yk(0), . . . , yk(N))T (11)

Uk = (uk(0), . . . , uk(N))T (12)

R = (r(0), . . . , r(N))T (13)

Ek = R−Yk (14)

whereuk(t) andyk(t) denote the ILC input signal
and the output signal respectively. Furthermore
r(t) denotes the desired output (reference) signal.
The subscriptk denotes iteration number. Using
these notations the system can be described by the
equation

Yk = TrR + TuUk (15)

whereTu is the lower triangular matrix formed
by the impulse response coefficients of the trans-
fer operator from ILC input signaluk(t) to out-
put signalyk(t) and Tr is defined analogously.
Equation (15) is a general formulation that covers
systems working in open loop, whereuk(t) repre-
sents the actual system input, as well as systems
working in closed loop, where the signaluk(t) is
added to the control signal generated by the con-
ventional control system. The difference in con-
ditions is reflected in different definitions of the
matrices in equation (15). Consider now the cri-
terion

J = ET
k+1WeEk+1 + UT

k+1WuUk+1 (16)

whereWe andWu are weight matrices determin-
ing the trade off between performance and input
energy. The criterion is minimized subject to the
constraint

(Uk+1 −Uk)T (Uk+1 −Uk) ≤ δ (17)

The optimal input vector is updated according to

Uk+1 = Q(Uk + LEk) (18)

where

Q = (Wu + λ · I + TT
uWeTu)−1 (19)

× (λ · I + TT
uWeTu)

and

L = (λ · I + TT
uWeTu)−1TT

uWe (20)

The updating matricesQ andL hence depend on
the nominal modelTu which is considered to be
given and the weight matricesWu andWe. The
Lagrange multiplierλ is not computed explicitly
but instead used as a design variable.

6 Experiments

Using the identified model and the feed-back con-
troller it is straightforward to compute the discrete
time transfer function from the ILC input to the
arm angle, and hence also generate the matrixTu.
Choosing appropriate design variablesλ andρ the
matricesQ andL can be computed according to
equations (19) and (20). A suitable choice of de-
sign variables, i.e. that gives a good trade-off be-
tween convergence rate and robustness, results in
the convergence properties shown in figure 7. The
algorithm has converged after five iterations and
the max error is reduced to approximately4% of
the error obtained without ILC.
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Figure 7: maxt | ek(t) | as function of iteration
numberk.

Figure 8 shows the error signalek(t) after 20
iterations, and the figure shows that the resulting
error is of mainly high frequency character, which
is a typical behavior of an ILC algorithm.

7 Conclusions

An ILC algorithm for a flexible mechanical sys-
tem has been developed and evaluated using a lab-
oratory scale robot arm with joint flexibility. The
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Figure 8: The error signal after20 iterations.

main components of the ILC algorithm is a dy-
namic model of the process obtained by using sys-
tem identification and a procedure for estimating
the arm angle by using the measurements of the
arm acceleration. The algorithm performs well in
experiments with rapid convergence and substan-
tial reduction of the error.
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erative learning control of a flexible me-
chanical system using accelerometers. In

IFAC 6th symposium on robot control, SY-
ROCO, Vienna, Austria, Sep 2000.

[6] R. Horowitz. Learning Control of Robot
Manipulators. ASME Journal of Dy-
namic Systems, Measurement, and Control,
115:403–411, 1993.

[7] F. Lange and G. Hirzinger. Learning Accu-
rate Path Control of Industrial Robots with
Joint Elasticity. InProc. IEEE Conference
on Robotics and Automation, pages 2084–
2089, Detroit, MI, 1999.

[8] K.S. Lee and J.H. Lee.Design of Quadratic
Criterion-Based Iterative Learning Control.
In Iterative Learning Control: Analysis, De-
sign, Integration and Applications. Z. Bien
and J.X. Xu., eds.Kluwer Academic Pub-
lishers, 1998.

[9] L. Ljung. System Identification: Theory
for the User. Prentice-Hall, Upper Saddle
River, N.J. USA, 2:nd edition, 1999.

[10] L. Ljung. System Identification Toolbox –
User’s Guide. The MathWorks Inc, Sher-
born, MA, USA, 2000.

[11] F. Miyazaki, S. Kawamura, M. Matsumori,
and S. Arimoto. Learning Control Scheme
for a Class of Robots with Elasticity”. In
Proc. of the 25th IEEE Conference on De-
cision and Control, pages 74–79, Athens,
Greece, 1986.

[12] S. Panzieri and G. Ulivi. Disturbance rejec-
tion of Iterative Learning Control Applied
to Trajectory for a Flexible Manipulator. In
Proc. ECC 1995, pages 2374–2379, Rome,
Italy, 1995.

[13] Quanser. http://www.quanser.com. 2003-
06-03.

[14] W.J.R. Velthuis, T.J.A. de Vries, and J. van
Amerongen. Learning feed-forward control
of a flexible beam. InProc. 1996 IEEE Sym-
posium on Intelligent Control, pages 103–
108, Dearborn, MI, 1996.

6


