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Abstract

Time and frequency domain convergence properties of causal and Cur-
rent Iteration Tracking Error (CITE) discrete time Iterative Learning
Control (ILC) algorithms are discussed. Considering necessary and suf-
ficient convergence conditions basic matrix properties can be utilized to
show that causal as well as CITE ILC algorithms converge to zero er-
ror in only very restrictive special cases. The frequency domain conver-
gence conditions, sufficient for monotone convergence, are studied using a
discrete-time version of Bode’s integral theorem. The result is that causal
and CITE ILC algorithms will not satisfy the frequency domain condi-
tions except if the system has relative degree zero or it is accepted that
the algorithms do not converge to zero error.
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1 Introduction

Iterative Learning Control (ILC) has proven to be a competitive control method

in many applications, and the most well known is probably the robotics do-

main. Some examples are given in Arimoto et al. (1984); Horowitz (1993);

Lange and Hirzinger (1999); Norrlöf and Gunnarsson (2002a). The classical

formulation of the ILC problem is to use an iterative procedure to find the

input to a system such that the output follows a desired output as well as

possible. Traditionally the ILC input signal is formed using the error from

previous iterations, i.e. the input uk+1 is computed using ek. Recently it has

been proposed, see e.g. Chen et al. (1996a,b) and French et al. (1999), to use

also the current error, ek+1, when forming uk+1. Since this approach necessar-

ily leads to a causal relationship between the error and the input signal it is

closely related to causal ILC algorithms which recently have been studied in

Goldsmith (2002).

The aim of this paper is to investigate some aspects of CITE and casual ILC

algorithms. Some initial results were presented in Norrlöf and Gunnarsson

(2002b) and the goal is to give a more complete treatment here. The analysis

is carried out in discrete time since in practice the implementation of an ILC

algorithm has to be done in discrete time. Both time domain and frequency do-

main convergence properties are considered. The time domain approach leads

to a necessary and sufficient convergence condition, which is expressed in terms

of eigenvalues of a particular matrix. For practical reasons, mainly monotone

convergence, a sufficient convergence condition expressed using singular values

is of greater interest. This condition can then be tied to a frequency domain

condition involving the magnitude of a transfer function. It is also discussed

how a requirement on zero asymptotic error affects the possibilities to obtain

convergence. The main result is that convergence to zero error using a causal

ILC algorithm can not be obtained in problems of practical interest. One way

2



out of the problem is to accept a non-zero final error, and a second way is to

use a non-causal ILC algorithm.

Section 2 gives a brief description of the kind of systems and ILC algorithms

that are considered, and the fundamental convergence conditions are pre-

sented. In Sections 3 and 4 the time and frequency domain convergence prop-

erties are investigated. Section 5 contains a numerical illustration, and finally

Section 6 contains some conclusions.

2 System and algorithm description

2.1 System

The paper deals with linear systems that operate in discrete time during finite

time intervals. A system can then be represented in a matrix form,

yk = T uuk (1)

where

yk =
(
yk(0), . . . , yk(n− 1)

)T
, uk =

(
uk(0), . . . , uk(n− 1)

)T
(2)

and T u is a a Toeplitz matrix

T u =



gTu(0) 0 . . . 0

gTu(1) gTu(0)
...

...
. . . 0

gTu(n− 1) gTu(n− 2) . . . gTu(0)


(3)

Here gTu(t), t ∈ [0, n− 1] is the impulse response of the system, the sampling

time is assumed to be 1, and n is the number of samples. In equations (1)
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and (3) it is also assumed that the system description is k-independent. If

the system is linear time variant, the matrix T u does not become a lower

triangular Toeplitz matrix but instead a general lower triangular matrix. When

the system is time invariant it can be described using transfer operators

yk(t) = Tu(q)uk(t) (4)

where

Tu(q) =
∞∑
k=0

gTu(k)q−k (5)

The symbols describing the vectors and matrices in the matrix description in

equation (1) to equation (3) are throughout the paper given in bold face to

make it easier to distinguish between the representation in (4) and the matrix

description.

2.2 Algorithms

Analogous to the system description above the ILC algorithms can also be for-

mulated using both matrices and transfer operators. In the matrix formulation

the algorithm is given by

uk+1 = Q(uk +Lek +Lcek+1) (6)

where the matrices Q,L and Lc are design variables. In equation (6) ek de-

notes the difference between the desired output and the actual output, i.e.

ek = r − yk (7)

In a causal ILC algorithm the matrix L is restricted to be lower triangular, but

in a non-causal ILC algorithm it has non-zero elements above the diagonal.

Since the matrix Lc operates on the current error it has to be lower triangular

since only causal operations can be carried out.
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Using transfer operators the ILC algorithm is described by

uk+1(t) = Q(q)(uk(t) + L(q)ek(t) + Lc(q)ek+1(t)) (8)

where L(q) is a linear, time-invariant, discrete-time, and possibly non-causal

filter and Lc(q) has to be a causal discrete-time filter. Furthermore Lc(q)

has to be chosen such that the transfer function of the closed loop system

1/(1 + Lc(q)Tu(q)) is asymptotically stable.

2.3 Convergence criteria

The algorithm properties will be studied by considering the update equation

for the input signal. Combining equations (1) and (6) gives

uk+1 = Fuk + F rr (9)

where

F = (I +QLcT u)
−1Q(I −LT u) F r = (I +QLcT u)

−1Q(Lc +L) (10)

In e.g. Norrlöf (2000) it is shown that a necessary and sufficient condition for

convergence of the ILC algorithm is that ρ(F ) < 1, i.e. the largest eigenvalue

of F is strictly less that one. For practical reasons it is of interest that the

convergence of the input signal and the error is monotone. As shown in e.g.

Norrlöf (2000) and Longman (2000) monotone convergence is obtained if the

maximum singular value fulfills σ̄(F ) < 1.

A frequency domain convergence condition is obtained by combining equations

(4) and (8). This gives the update equation for the input signal

uk+1(t) =
Q(q)(1− L(q)Tu(q))

1 +Q(q)Lc(q)Tu(q)
uk(t) +

Q(q)(L(q) + Lc(q))

1 +Q(q)Lc(q)Tu(q)
r(t) (11)

and using this equation a frequency domain convergence conditions is found.
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The condition is given by

| Q(eiω)(1− L(eiω)Tu(e
iω))

1 +Q(eiω)Lc(eiω)Tu(eiω)
|< 1, ∀ω (12)

The singular value condition can be tied to a frequency domain conditions us-

ing the following results presented in e.g. Norrlöf (2000) and Longman (2000).

Consider the transfer operator F (q) associated with the matrix F in the sense

that F is formed using the impulse response coefficients of F (q). Assume that

F (q) is stable and causal. If | F (eiω) |< 1 ∀ω then the largest singular value

of F n in the matrix representation of the system fulfills σ̄(F n) < 1 (where

F n ∈ Rn×n).

3 Time domain properties

The observations below are based on some basic matrix properties. The first

property is that the product of two lower triangular matrices having diago-

nal elements µ and λ respectively is a lower triangular matrix with diagonal

elements µ · λ. The second property is that the inverse of a lower triangular

matrix having diagonal elements µ is a lower triangular matrix with diagonal

elements 1/µ. Consider now the matrix F defined in equation (10). Using the

matrix properties above the following observations can be made.

3.1 Causal ILC algorithms

For Q = I, a causal ILC algorithm, i.e. L lower triangular, any choice of Lc,

and gTu(0) = 0 no convergence can be achieved since since all the eigenvalues

of F are equal to one. An exception is the special case gTu(0) 6= 0, i.e. that the

system has relative degree zero. However, using Q = µ·I, where 0 < µ < 1 and

a causal ILC algorithm, convergence to non-zero but arbitrarily small error

can be achieved.
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The monotone convergence is determined by the largest singular value of F ,

but using the connection between the singular value and the frequency function

discussed in Section 2 this conditions can be changed to a frequency domain

condition. This issue is discussed in Section 4, and it is shown that the mono-

tone convergence condition, in most practical cases, can not be satisfied using

a causal ILC algorithm.

3.2 Non-causal ILC algorithms

A main point of this paper is that the non-causal property of an ILC algorithm

is the key to monotone convergence. There are several approaches to design

of non-causal ILC algorithms. An experimental comparison of three different

method is presented in Norrlöf and Gunnarsson (2002a).

Using an optimization approach, see e.g. Gunnarsson and Norrlöf (2001), one

can design an ILC algorithm such that the singular value condition can be

directly verified. An example is Lc = 0, L = (λ·I+T T
uT u)

−1T T
u , andQ = ρ·I.

This gives that the singular values of F are given by

ρ · λ
λ+ σ2

i

(13)

where σi denote the singular values of T u. For any ρ < 1, but arbitrarily close

to one the condition of σ̄(F ) < 1 is always satisfied.

Another example of a non-causal ILC algorithm is given in Section 5, where

the design is carried out using the traditional frequency domain version of the

monotone convergence condition.
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4 Frequency domain properties

Even though the frequency domain condition is only sufficient it is the con-

dition that is of interest when it comes to practical use of ILC and algorithm

design. The aim in this section is to give an intuitive understanding of the

behavior of causal and CITE algorithms and to motivate why monotone con-

vergence to zero error is impossible in most cases of practical interest.

4.1 Bode’s integral theorem

Bode’s integral theorem is a useful tool when understanding the properties of

causal and CITE ILC algorithms. A discrete time formulation of this theorem

can be found in e.g. Wu and Jonckheere (1992) and it can be stated as follows.

Consider a discrete time system with transfer function

F (z) = K ·
∏m
i=1(z − zi)∏n
i=1(z − pi)

(14)

where pi’s are the open-loop poles, and some of them are being allowed outside

the open-unit disc. Introduce the sensitivity function defined as

S(z) =
1

1 + F (z)
(15)

and assume that K 6= 0 is chosen such that S(z) is asymptotically stable.

Assume also that T = 1. Then

∫ π

−π
ln | S(eiω) | dω = 2π · (

∑
i

| pui | − ln | γ + 1 |) (16)

where pui are the unstable poles and

γ = lim
z→∞

F (z) (17)
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4.2 CITE ILC

For the CITE ILC case the frequency domain convergence criterion, equation

(12) becomes

|1 + Lc(e
iω)Tu(e

iω)| > 1, ∀ω (18)

for the special case Q(eiω) ≡ 1. In words the condition in equation (18) states

that the curve Lc(e
iω)Tu(e

iω) has to be outside a circle with unit radius and

center in the point −1. The circle is shown in Figure 1.

1
Re

Im

-1

1

Fig. 1. Nyquist diagram interpretation of the convergence result in (18).

Using Bode’s integral theorem it is straightforward to show that this condition

holds only in a special case. Let the transfer function F (z) in equation (14)

be given by

F (z) = Lc(z)Tu(z) (19)

where Tu(z) is the transfer function of the system to be controlled and Lc(z)

is the causal filter in the ILC algorithm. For realistic systems Tu(z) will have

a relative degree that is at least one. Since Lc(z) is a causal filter the relative

degree is at least zero and hence the relative degree of F (z) is at least one.

This implies that γ, defined in equation (17), is zero under these conditions.

If it is also assumed that both Lc(z) and Tu(z) are stable there are no pui
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(unstable poles) and hence

∫ π

−π
ln | S(eiω) | dω = 0 (20)

This result implies that if there is frequency range where | S(eiω) |< 1 i.e.

ln | S(eiω) |< 0 there has to be an interval where ln | S(iω) |> 0 which means

| S(eiω) |> 1 (21)

in order for the integral to be zero. The condition (21) can also be expressed

| 1 + Lc(e
iω)Tu(e

iω) |< 1 (22)

which is a violation of the criterion in equation (18). The conclusion hence be-

comes that given the assumptions above there will always be an interval where

the stability condition is violated. It will therefore be impossible to achieve

monotone convergence to zero error in almost all cases of practical interest. It

should also be noted that since the closed loop system that is formed using

the CITE approach has to be stable the Nyquist stability criterion makes it

impossible to choose Lc(q) such that the curve Lc(e
iω)Tu(e

iω) encircles the

forbidden region.

In order to achieve monotone convergence for the CITE algorithm it is hence

necessary to accept a non-zero final error. This is obtained by choosing the

filter Q(q) appropriately. Consider, for simplicity, Q(q) = ρ. The update equa-

tion is given by

uk+1(t) = ρ(uk(t) + Lc(q)ek+1(t)) (23)

which gives the modified convergence condition

|1 + ρLc(e
iω)Tu(e

iω)| > ρ, ∀ω (24)

Choosing ρ < 1 reduces the radius of the circle that the Nyquist curve has

to be outside. At the same time the Nyquist curve itself is scaled by ρ and
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this also makes it easier to satisfy the convergence condition. It is important

to note that ρ has to be chosen sufficiently small to satisfy equation (24).

Consequently the final error can not be made arbitrarily small at the same

time as monotone convergence is obtained.

4.3 Causal classical ILC

Using a causal classical ILC algorithm the convergence condition becomes

|1− Lo(eiω)Tu(e
iω)| < 1, ∀ω (25)

in the special case Q(eiω) ≡ 1. The interpretation of this condition is that the

curve Lo(e
iω)Tu(e

iω) has to be inside the so called learning circle, which has

unit radius and is centered in one.

By putting F (z) = L(z)Tu(z) and assuming that the relative degree of Tu(z)

is at least one, Bode’s integral theorem implies that there will always be a

frequency interval where L(e
iω)Tu(e

iω) is inside the circle shown in Figure 1. If

the curve is inside the circle in Figure 1 it is obvious that it will be outside the

learning circle, and hence the convergence criterion is violated. The conclusion

is that monotone convergence to zero error using a causal ILC algorithm can

not be obtained in general.

Also here the convergence condition can be relaxed by allowing a non-zero

error. For simplicity consider the case Q(q) = ρ where 0 < ρ < 1 The conver-

gence condition then becomes

|1− L(eiω)Tu(e
iω)| < 1/ρ, ∀ω (26)

This means that the radius of the learning circle is increased and the criterion

is more easily satisfied. For the classical ILC algorithm the second and fun-

damentally different alternative compared to the CITE algorithm is to use a

non-causal filter L(q). This will be illustrated in the example in Section 5.
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5 Illustrative example

To support the discussion in the previous section an illustrative example is

given. First assume that the system under consideration has the following

form,

Tu(q) =
q

q2 − 0.5q + 0.5
(27)

i.e., a second order system with relative degree one. This is a discrete time

version of a continuous time two-mass system coupled by a spring and damper

system.

Re

Im

−2.5 −2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

Fig. 2. Nyquist diagram for the system Tu(q) in (27).

First consider the case when the system in (27) is controlled by a CITE ILC

algorithm. In Figure 2 the Nyquist diagram for Tu from (27) is depicted. It

is clear that the frequency domain criterion for CITE in (18) does not hold

in this case (when Lc(q) = 1). Also using a causal ILC according to Section

4.3 will not give an ILC algorithm that fulfills the condition in (25) (when

L(q) = 1). Assume that Lc(q) is restricted to be a scalar. Clearly it is possible

to fulfill (18) by just letting γ in Lc(q) = γ take a large enough value. The

Nyquist plot of Lc(e
iω)Tu(e

iω) then will encircle the forbidden region in the

left half plane, see Figure 2. The problem with this approach is however that

−1 is inside the forbidden region and since it is encircled by the Nyquist plot

of Lc(e
iω)Tu(e

iω) the closed loop will be unstable.
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Following the ideas in Section 4 actually gives a stronger result since, according

to the result based on the Bode’s integral theorem, there is no CITE ILC

algorithm or causal classical ILC algorithm that will satisfy the frequency

domain conditions. This follows from the fact that the system in (27) has

relative degree 1.

A common choice in classical ILC algorithms is to choose the non-causal filter

L(q) = γqδ where δ > 0 is the time delay of the system and γ is a gain

that can be decided. In Figure 3 Nyquist diagrams of L(eiω)Tu(e
iω) for two

choices of L(q) are shown. In both cases δ = 1 while γ = 1 in the first

case (solid) and γ = 0.75 in the second case (dashed). Clearly the second

choice fulfills the frequency domain condition in (25) while the first does not.

As was pointed out in Section 2.2 the frequency domain condition is only a

sufficient condition while a necessary and sufficient condition is that the largest

eigenvalue of F = I − LT u is strictly less than one. With the system given

in (27) and the size of the matrices 25 × 25 the resulting largest eigenvalues

become ρ(F ) = 0 when γ = 1 and ρ(F ) = 0.25 when γ = 0.75. This shows

that the ILC algorithm is stable in both cases. If the largest singular value

σ̄(F ) is computed instead, the results become σ̄(F ) = 1.18 when γ = 1 and

σ̄(F ) = 0.79 when γ = 0.75. In the first case monotone convergence of the

error cannot be guaranteed while in the second case it can be guaranteed (as

shown in Figure 3).

Nyquist Diagram

Real Axis

Im
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in
ar
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−1 −0.5 0 0.5 1 1.5 2

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Fig. 3. Nyquist diagram of L(q)Tu(q) when L(q) = q (solid) and L(q) = 0.75q

(dashed).

13



6 Conclusions

Time and frequency domain convergence conditions for causal ILC algorithms

have been studied. A necessary and sufficient convergence condition is ex-

pressed in terms of an eigenvalue condition. For practical use it is however

more important to consider a condition for monotone convergence. This can

be expressed as a singular value condition or a frequency domain condition.

It is claimed that the key to monotone convergence of ILC algorithms is to

use non-causal operators in the algorithm. It has been shown that causal ILC

algorithms in general and CITE ILC algorithms in particular will in general

not be able to converge monotonously to zero error. This property has been

shown by using a discrete time version of Bode’s integral theorem. The results

have been supported using a numerical example.
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