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Suboptimal model reduction using LMIs with convex constraints

Daniel Ankelhed, Anders Helmersson, Anders Hansson

Abstract— An approach to model reduction of LTI systems
using Linear Matrix Inequalities (LMIs) in an H∞ framework
is presented, where non-convex constraints are replaced with
stricter convex constraints thus making it suboptimal. The
presented algorithms are compared with the Optimal Hankel
reduction algorithm, and are shown to achieve better results (i.e
lower H∞-errors) in cases where some of the Hankel singular
values are close, but not equal to each other.

I. INTRODUCTION

Model reduction is an important tool when modeling
dynamic systems and designing controllers. This article
considers model reduction of stable, continuous-time, linear
time-invariant (LTI) systems.

It is well-known that Lyapunov equations defining ob-
servability and reachability Gramians play an important role
when making model reduction and estimating error bounds
[14], [16], [4], [6], [1]. Using these Gramians we can find
a state transformation that makes both Gramians equal and
diagonal in the new, balanced state space. The elements in
the balanced Gramian are the Hankel singular values.

We can perform model reduction such that the model error
becomes less or equal to the sum of the tail of the removed
Hankel singular values. If two or more singular values are
equal they need to be counted only once.

By modifying the Lyapunov equations to become linear
matrix inequalities (LMIs) the result above also applies and
in addition provides more flexibility in the analysis [9], [2].
In this case it is also well-known that if a reduced model
of order r exists, then we can always find a generalized
balanced Gramian such that the n−r smallest singular values
become equal, where n is the order of the original system
[11], [10], [12].

In order to force the n−r smallest Hankel singular values
to become equal, a non-convex rank constraint is needed in
addition to the LMIs specifying the Lyapunov inequalities.
This article deals with how to circumvent this problem by
replacing the rank constraint with convex constraints, such
that the set of feasible solutions is smaller. Hence the price
we pay by considering a convex formulation is that only a
suboptimal solution will be found.

II. NOTATION

Denote with Sn the set of symmetric n × n matrices
and Rm×n is the set of real m × n matrices. The notation
A � 0 (A � 0) and A ≺ 0 (A � 0) means A is
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{ankelhed, andersh, hansson}@isy.liu.se

a positive (semi)definite matrix and negative (semi)definite
matrix, respectively. The Moore-Penrose pseudo-inverse of
the matrix A is denoted A†. The notation G(s) = C(sI −

A)−1B + D =
[

A B
C D

]
will be used to connect the

transfer function of a system to a corresponding state space
realization.

III. PRELIMINARIES

In this section we present some results and definitions
that are useful later on.

Lemma 1 (Schur complement formula, see [3]): Assume
that Q ∈ Sn, R ∈ Sm and S ∈ Rn×m. Then the condition(

Q S
ST R

)
� 0

is equivalent to

R � 0, Q− SR†ST � 0, S(I −RR†) = 0

where R† denotes the Moore-Penrose inverse of R.

Lemma 2 (Non-strict Elimination lemma, see [8]):
Given matrices G ∈ Rn×n, U ∈ Rn×m, V ∈ Rn×p such
that range U and range V are linearly independent. Then
there exist X ∈ Rm×p such that

G + UXV T + V XT UT � 0

if and only if

U⊥GU⊥T � 0 and V ⊥GV ⊥T � 0

where U⊥ is an orthogonal complement of U and V ⊥ is an
orthogonal complement of V .

Lemma 3 (Non-strict Bounded real lemma, see [17]):
Let H(s) = C(sI −A)−1B + D and

L(S, γ) =

SA + AT S SB CT

BT S −γI DT

C D −γI

 .

1) If S ∈ Sn satisfies L(S, γ) � 0, then H(s) has no
pole on the imaginary axis and ||H(s)||∞ ≤ γ.

2) If A is stable, the inequalities ||H(s)||∞ ≤ γ and
DDT < γ2I imply the existence of some S ∈ Sn

with L(S, γ) � 0.

Remark: If S � 0, A is Hurwitz, since the (1,1) position
of L(S, γ) � 0 reads SA + AT S � 0.



Lemma 4 (See [15], Lemma 6.2): Suppose X = XT ∈
Rn×n and Y = Y T ∈ Rn×n. Let r be a positive integer.
The following statements are equivalent:

1) (
X I
I Y

)
� 0 and rank(X − Y −1) ≤ r

2) There exists S = ST ∈ R(n+r)×(n+r) such that

S =
(

X N
NT L

)
=

(
Y M

MT ∗

)−1

� 0

Definition 1 (Balanced realization): Let (A, B, C, D) be
the system matrices for a stable system in minimal form and
let Q,P ∈ Sn be solutions to

AP + PAT + BBT = 0 (1a)

AT Q + QA + CT C = 0. (1b)

If P and Q are diagonal and equal, the system described by
the matrices (A, B, C, D) is a balanced realization. See
[6] for more details.

Definition 2 (Generalized balanced realization): Let (A,
B, C, D) be the system matrices for a stable system in
minimal form and let Q,P ∈ Sn be solutions to

AP + PAT + BBT � 0 (2a)

AT Q + QA + CT C � 0. (2b)

If P and Q are diagonal and equal, the system described
by the matrices (A, B, C, D) is a generalized balanced
realization.
Remark: Note that a balanced realization described by (A,
B, C, D) satisfying (1) also satisfies (2) and thus is a
generalized balanced realization as well.

Lemma 5 (Balancing): Assume that a stable system in
minimal form is described by (A, B, C, D). Let Q,P ∈ Sn

be solutions to (1). Factorize P and Q by using Cholesky
factorization, i.e. P = UT

P UP , Q = UT
QUQ and define

U , Σ via SVD: UQUT
P = UΣUT with UT U = I where

Σ = diag(σ1, σ2 . . . , σn), σ1 ≥ σ2 . . . ≥ σn > 0 are called
the Hankel singular values. Let T = Σ−1/2UT UQ and let(

Ā B̄
C̄ D̄

)
=

(
TAT−1 TB
CT−1 D

)
. (3)

We now have that

ĀΣ + ΣĀT + B̄B̄T = 0

ĀT Σ + ΣĀ + C̄T C̄ = 0

and the system described by (Ā, B̄, C̄, D̄) is a balanced
realization with state transformation T .

Proof: Inserting (3) into (1) and we get

T−1ĀTP + PTT ĀT T−T + BBT = 0

⇔ ĀTPTT + TPTT ĀT + B̄B̄T = 0

and

TT ĀT T−T Q + QT−1ĀT + CT C = 0

⇔ ĀT T−T QT−1 + T−T QT−1Ā + C̄T C̄ = 0.

Observing that

TPTT = Σ−1/2UT UQUT
P UP UT

QUΣ−1/2 = Σ

T−T QT−1 = Σ1/2UT U−T
Q UT

QUQU−1
Q UΣ1/2 = Σ

we have thus showed that T is the state transformation that
balances the system (A, B, C, D) in (1).

Remark: Notice that P and Q satisfying (2) can be used
in a similar way to obtain a generalized balanced realization.

IV. H∞ CONTROLLER SYNTHESIS

Using a H∞ controller synthesis framework with LMIs,
the problem is to find a controller K that minimizes the H∞
norm from input w to output z. The interconnection of the
plant H and the controller K is illustrated in Fig. 1.

H

K

w

yu

z

Fig. 1. A standard setup for H∞ controller synthesis, with plant H and
the controller K.

Using state space form, the plant H can be expressed as

H =

 A B1 B2

C1 D11 D12

C2 D21 D22

 (4)

and we assume from now on that the system is in minimal
form, i.e. both controllable and observable. Using this setup,
a large set of control synthesis problems can be formulated.
There exist a couple of methods for solving these kind of
problem formulations, among these are LMI methods.

Using the partitioning as suggested in (4), the state space
realization becomes

ẋ = Ax + B1w + B2u

z = C1x + D11w + D12u

y = C2x + D21w + D22u.

From now on we assume that D22 is zero. If that is not the
case we can find an alternative controller K̃, for a modified
H in which D11 is set to zero. Then the controller for D22 6=
0 is K = K̃(I + D22K̃)−1, and for that reason there is no
loss of generality in assuming D22 = 0. See [19] for details.
The problem of solving the H∞-problem comes down to
finding a dynamic controller with state-space equations

ẋK = KAxK + KBy

u = KCxK + KDy



where KA ∈ Rk×k ensures a performance bound, γ. Denot-
ing the closed loop system state-space matrices with index
K and assuming that D22 = 0 we can write the closed loop
system as

(
AK BK

CK DK

)
=

 A 0 B1

0 0 0
C1 0 D11

 +

+

 B2 0
0 I

D11 0

 (
KD KC

KB KA

) (
C2 0 B21

0 I 0

)
(5)

where AK ∈ R(n+k)×(n+k).
By Lemma 3 the closed loop system is stable and has an

H∞-norm of γ if there exists 0 ≺ S ∈ S(n+k)×(n+k) such
that

SAK + AT
KS SBK CT

K

BT
KS −γI DT

K

CK DK −γI

 =

0 0 0
0 −γI 0
0 0 −γI

 +

+

S 0
0 0
0 I

 (
AK BK

CK DK

) (
I 0 0
0 I 0

)
+

T

� 0. (6)

Inserting (5) into (6) together with

S =
(

X N
NT L

)
=

(
Y M

MT ∗

)−1

� 0

where N , M ∈ Rn×r and we get
XA + AT X AT N XB1 CT

1

NT A 0 NT B1 0
BT

1 X BT
1 N −γI DT

11

C1 0 D11 −γI

 +

+


XB2 N
NT B2 L

0 0
D12 0

 (
KD KC

KB KA

) (
C2 0 D21 0
0 I 0 0

)
+

+

T

� 0

and by using Lemma 2 and Lemma 4, the existence of K =(
KA KB

KC KD

)
is equivalent to:

X T

 XA + AT X XB1 CT
1

BT
1 X −γIm1 DT

11

C1 D11 −γIp1

X � 0 (7a)

YT

 AY + Y AT Y CT
1 B1

C1Y −γIp1 D11

BT
1 DT

11 −γIm1

Y � 0 (7b)

(
X I
I Y

)
� 0 (7c)

rank(XY − I) ≤ k. (7d)

with

X =
(
NX 0
0 Ip1

)
, Y =

(
NY 0
0 Im1

)
where NX and NY designates the basis of the null spaces
of

(
C2 D21

)
and

(
BT

2 DT
12

)
, respectively.

The problem of synthesizing an H∞ controller thus con-
sists of finding X and Y for a certain γ > 0 such that the
inequalities (7) hold. Note that in e.g. [5] similar result to the
equalities (7) are derived but with strict equalities for (7a)
and (7b). We will now show how these LMIs can be used
for model reduction.

V. MODEL REDUCTION PROBLEM FORMULATION

The goal with using model reduction is to find a model
of lower order that approximates the original model as good
as possible. The difference between the models is usually
measured in some norm, for example the H∞-norm.

−

Gn

H

Ĝk

w

y u

z
Σ

Fig. 2. The figure shows the setup. From this it is possible to formulate
the model reduction problem as an H∞ controller synthesis problem. The
original system is denoted Gn while the reduced order system is denoted
Ĝk . The dashed box can be interpreted as the plant system H analogously
to Fig. 1.

Let Gn denote the original system of order n and Ĝk the
reduced order system of order k. The problem can then be
formulated as

min γ (8a)

s. t ||Gn(s)− Ĝk(s)||∞ ≤ γ (8b)
k < n. (8c)

where γ is an upper bound on the model reduction error. Us-
ing Fig. 2, it is possible to cast the model reduction problem
as an H∞-controller synthesis using what we presented in
the previous section, with the plant system H(s) defined as

H(s) =
(

Gn(s) −I
I 0

)
=

 A B 0
C D −I
0 I 0

 . (9)

The controller K to be synthesized can then be identified
as the reduced order system Ĝk(s). The structure of the
plant system H(s) lets us do some simplifications. Since(
C2 D21

)
=

(
0 I

)
and

(
BT

2 DT
12

)
=

(
0 −I

)
, we can

choose NX =
(

I
0

)
and NY =

(
I
0

)
. Constraints (7a) and

(7b) will together with (9) simplify to



(
XA + AT X CT

C −γI

)
� 0(

AY + Y AT B
BT −γI

)
� 0.

Using the Schur complement formula and setting Q = Xγ,
P = Y γ, the model reduction problem can be stated as:

min γ (10a)

s. t QA + AT Q + CT C � 0 (10b)

AP + PAT + BBT � 0 (10c)(
Q γI
Iγ P

)
� 0 (10d)

rank(QP − γ2I) ≤ k (10e)
γ > 0, P, Q ∈ Sn, (10f)

A. State space transformation invariance

Lemma 6: The problem defined by (10) is invariant under
state transformation, i.e. an equivalent problem is obtained
if Ā = TAT−1, B̄ = TB, C̄ = CT−1, P̄ = TPTT , Q̄ =
T−T QT−1.

Proof: The invariance of (10b)–(10c) are shown in the
proof of Lemma 5. Left to prove is (10d)–(10e).(

Q̄ γI
Iγ P̄

)
� 0 ⇔

(
T−T QT−1 γI

Iγ TPTT

)
� 0 (11)

Let

V =
(

TT 0
0 T−1

)
.

Multiply (11) by V from the left and by V T from the right
and we get:

(
TT 0
0 T−1

) (
T−T QT−1 γI

Iγ TPTT

) (
T 0
0 T−T

)
� 0 ⇔

⇔
(

Q γI
Iγ P

)
� 0

and (10d) is obtained.

rank(Q̄P̄ − γ2I) ≤ k ⇔ rank(T−T QPTT − γ2I) ≤ k

Multiplying with full rank matrices does not change the rank
of a matrix. Thus multiply what is inside the rank expression
by TT from the left and by T−T from the right and (10e)
is obtained.

Remark: Using Lemma 6 we can change between differ-
ent realizations of the system, but still have an equivalent
problem. This will be useful later on.

B. Optimal Hankel norm reduction

The optimal Hankel norm reduction (see [6] for a complete
treatment) is based on the balanced realization as starting
point for its iterative procedure. It has been shown that the
error ||Gn − Ĝk||∞ is bound by

σk+1 ≤ ||Gn − Ĝk||∞ ≤ σk+1 +
n∑

i=k+r+1

σi

where we have assumed that the Hankel singular values σi

are ordered as

σ1 ≥ σ2 ≥ . . . ≥ σk > σk+1 = σk+2 = . . . σk+r ≥
≥ σk+r+1 ≥ . . . ≥ σn ≥ 0

with k as the reduced order number. In Matlab, the command
for Optimal Hankel norm reduction is hankmr.

In [7] a model reduction procedure with the generalized
balanced realization as starting point is presented. Let (A,
B, C, D) be a generalized balanced realization i.e. (2) is
satisfied with P = Q = Σ = diag(Σ1, γIn−k). Scale inputs
and outputs with γ such that

Ā = A, B̄ = Bγ−1/2, C̄ = Cγ−1/2, D̄ = Dγ−1

Σ̄ =
(

Σ1γ
−1 0

0 In−k

)
=

(
Σ̄1 0
0 In−k

)
(12)

Introduce a diagonal matrix Γ2
1 = Σ̄2

1 − Ik. We can now
write the reduced system Ĝk(s) = Ĉ(sI − Â)−1B̂ + D̂,
where

(
Â B̂

Ĉ D̂

)
=

(
Γ−1

1 0
0 I

) [(
Σ̄1Ā11Σ̄1 + ĀT

11 Σ̄1B̄1

C̄1Σ̄1 D̄

)
−

(
Σ̄1Ā12 + ĀT

21

C̄2

)
(Ā22 + ĀT

22)
−1×

(
Ā21Σ̄1 + ĀT

12 B̄2

) ](
Γ−1

1 0
0 I

)
(13)

where Ā, B̄, C̄, D̄ have been partitioned into a structure
corresponding to k (Ā11 ∈ Rk×k) Ā11 Ā12 B̄1

Ā21 Ā22 B̄2

C̄1 C̄2 D̄

 =
[

Ā B̄
C̄ D̄

]

When the matrices for the reduced systems have been
calculated, the only thing that remains is to scale them back
with γ again, i.e. perform the inverse of (12). It is shown in
[7] that we now have that

σk+1 ≤ ||Gn(s)− Ĝk(s)||∞ ≤ γ (14)

where Gn(s) = C̄(sI − Ā)−1B̄ + D̄.



C. Approximating the rank constraint with convex ones

Since the rank constraint in (10) is a non-convex con-
straint, the problem is non-convex. This cannot be dealt
with in an LMI framework, and our idea is therefore to
approximate the non-convex rank constraint with convex
ones. This could be done in two ways. Either admit a larger
set of solutions where some of them may not be feasible
in the original problem (relaxation) or reduce the set of
solutions and accept that the optimal solution may not be
found. Both options let us find a solution using tools for
solving convex optimization problems. The latter option is
the one that we are going to look into.

We are going to treat three different approximations of
the rank constraint (10e) by adding constraints on the ma-
trix variables P and Q with different complexities. These
constraints have in common that they all satisfy the rank
constraint (10e) by construction.

1) Diagonal upper left block, diagonal lower right block:

P = Q = Σ =


σ1 0 . . . 0

0
. . . . . .

...
...

. . . σk 0
0 . . . 0 γIn−k

 (15)

where σ1, . . . , σk and γ are positive scalars. We name this
way of approximating the problem as Algorithm A for future
reference.

2) Full upper left block, diagonal lower right block:

P =
(

Pk 0
0 γIn−k

)
, Q =

(
Qk 0
0 γIn−k

)
(16)

where Pk, Qk ∈ Sk. We name this way of approximating
the problem as Algorithm B.

3) Full upper left block, full lower right block:

P =
(

Pk 0
0 p

)
, Q =

(
Qk 0
0 q

)
, qp = In−kγ2 (17)

Pk, Qk ∈ Sk, p, q ∈ Sn−k. The constraints described by
(17) are not convex constraints, but can be rewritten as such.
By multiplying equation (10c) by P−1 from left and right
we get

P−1Ā + ĀT P−1 + P−1B̄1B̄
T
1 P−1 � 0. (18)

Define P̄ = P−1γ2, P̄k = P−1
k γ2, γ̄ = γ2 giving

P̄ =
(

P̄k 0
0 q

)
and use Schur complement on (10d) and (18) and we can
find a suboptimal solution to the problem defined by (10) by
finding the optimal solution to

min γ̄ (19a)

QĀ + ĀT Q + C̄T
1 C̄1 � 0 (19b)(

P̄ Ā + ĀT P̄ P̄ B̄1

B̄T
1 P̄ −γ̄I

)
� 0 (19c)

Q− P̄ � 0 (19d)

P̄ =
(

P̄k 0
0 q

)
� 0, Q =

(
Qk 0
0 q

)
� 0 (19e)

γ̄ > 0 (19f)

which defines a problem which is linear in all variables and
thus is a convex optimization problem. We name this way
of approximating the problem as Algorithm C.

The three ways of adding constraints, i.e. as in algorithms
A, B and C define different sets of feasible solutions to the
problem defined in (10). Algorithm A is the strictest, B is
less strict and C is the least strict one.

VI. THE MODEL REDUCTION ALGORITHMS

The algorithms can be outlined as follows:
1) Take a system G of order n, described by (A, B, C,

D) that is in minimal form.
2) Transform the system to a balanced realization as

described by Lemma 5.
3) Decide how many states k the reduced order system

shall have.
4) Solve the problem defined by (10), using one of the

three ways of approximating the problem (A, B or
C) described in sections V-C.1, V-C.2 and V-C.3,
respectively.

5) Transform the system to generalized balanced realiza-
tion as explained in the remark to Lemma 5. Use the
same state space transformation on (10d), (10e) and
we get an equivalent problem according to Lemma 6.

6) Use the algorithm described by (13) and retrieve the
reduced order system, see section V-B for more details.

VII. EVALUATION OF THE ALGORITHMS

The problem described by (10) using either of the algo-
rithms A, B or C, can now be solved in Matlab using Yalmip,
[13] as interface to SeDuMi, [18]. As a reference when evalu-
ating the algorithms, the Optimal Hankel reduction algorithm
is used (see section V-B). From experience, the best results
using the authors’ algorithms compared to Optimal Hankel
reduction are achieved when two Hankel singular values of
a system are close to each other, but not equal.

A. Constructing examples

We want to be able to create a system where we specify
some of the Hankel singular values. First, if we have no
constraints on the singular values, we could for example
use the Matlab command rss(n,m,p) to generate a stable
state space system of order n with m inputs and p outputs.
Afterwards, we could balance the system and get the system
matrices (A, B, C) and the diagonal matrix Σ containing
the Hankel singular values. Now consider the case where we



want to specify all Hankel singular values of a system, i.e.
find A,B, C of appropriate dimensions such that

AΣ + ΣAT + BBT = 0 (20a)

ΣA + AT Σ + CT C = 0 (20b)

hold, where Σ = diag(σ1, . . . , σr) is given. To solve this,
start by finding A such that

AΣ + ΣAT ≺ −vI (21a)

ΣA + AT Σ ≺ −vI (21b)

hold, where 0 ≤ v ∈ R. Additional constraints, such as
an interval for the condition number of A, could also be
included for better numerical properties. Then find B, C by
using Cholesky factorization, i.e find B, C such that

BBT = −AΣ− ΣAT (22a)

CT C = −ΣA−AT Σ. (22b)

To be able to do this, we require B and C to have full rank,
since the matrices on the right hand side of (22) normally
have full rank. This means we need to have as many inputs
and outputs as we have number of states, which might not be
very realistic, especially when considering systems of higher
orders. The idea now is to combine the two above mentioned
methods (using the Matlab command rss and using the
method described by (21) and (22)) so that we do not need to
have more inputs and outputs than we have number of Hankel
singular values we want to specify. Therefore consider a
partitioning of the matrices described by

A =
(

A11 A12

A21 A22

)
, Σ =

(
Σ1 0
0 Σ2

)
B =

(
B1

B2

)
, C =

(
C1 C2

)
.

where A11 ∈ Rk×k, A22 ∈ R(n−k)×(n−k), B1 ∈ Rk×(n−k),
C1 ∈ R(n−k)×k and Σ is diagonal. Given Σ2 our goal is to
construct the rest of the matrices such that they satisfy (20),
i.e the following must hold:

A11Σ1 + Σ1A
T
11 + B1B

T
1 = 0 (23a)

Σ1A11 + AT
11Σ1 + CT

1 C1 = 0 (23b)

A22Σ2 + Σ2A
T
22 + B2B

T
2 = 0 (23c)

Σ2A22 + AT
22Σ2 + CT

2 C2 = 0 (23d)

A12Σ2 + Σ1A
T
21 + B1B

T
2 = 0 (23e)

Σ1A12 + AT
21Σ2 + CT

1 C2 = 0 (23f)

To solve this, we can split the problem into three parts:
1) Generate a system with k states, n − k inputs and

outputs, using for example rss(k,n-k,n-k) in
Matlab. Balance the system and retrieve A11, B1, C1

and Σ1, which satisfy (23a) and (23b).

2) Generate another system with n−k states, n−k inputs
and outputs with Hankel singular values given by the
diagonal matrix Σ2 using the algorithm described by
(21) and (22) and retrieve A22, B2, C2, which satisfy
(23c) and (23d).

3) At this point, A12 and A21 can be retrieved by solving
(23e) and (23f) since the rest of the matrices in these
equations are given already.

To sum it up, we have presented an algorithm that, given
n−k Hankel singular values, constructs a system of order n
with n− k inputs and outputs. Note that the other k Hankel
singular values are free variables in this algorithm and we
cannot control how they are chosen.

B. Some examples

In this section, we present some examples from running
the algorithms. The examples are generated using the method
described in section VII-A.

1) Example 1: Let us consider a system of third order
(n = 3) with two inputs and two outputs. The system
matrices are given by

A =

−0.4 0.6 2.8
0.4 −72.7 0
−1.6 0 −72.1

 , B =

−0.5 1.6
3.8 0
0 3.9


C =

(
−0.2 3.8 0
−1 0 3.9

)
and the Hankel singular values are σ1 = 2.1754, σ2 =
0.1052, σ3 = 0.0993. Table I shows the result from running
the different algorithms.

TABLE I
THE TABLE SHOWS THE ERRORS ||Gn(s) − Gk(s)||∞ FROM

COMPARING OPTIMAL HANKEL REDUCTION (HANKEL) AND THE

AUTHORS’ ALGORITHMS (A, B AND C) APPLIED TO EXAMPLE 1.
COLUMNS 2 AND 3 SHOW THE LOWER AND UPPER BOUNDS IN TERMS

OF THE HANKEL SINGULAR VALUES, SEE SECTION V-B.

k σk+1
P

σi Hankel A B C

2 0.0993 0.0993 0.0993 0.0994 0.0994 0.0994
1 0.1052 0.2045 0.1518 0.1058 0.1058 0.1060
0 2.1754 2.3800 2.2695 2.2711 2.2711 2.1765

The reduction to order 2 is optimally done by Hankel,
the difference from the other algorithms is due to numerical
errors. The error when reducing to order 1 is approximately
30 % lower when using A, B or C as compared to Hankel,
and the error is very close to the optimal one, given by σ2 =
0.105.

2) Example 2: Next example is of fifth order (n = 5),
with two inputs and two outputs. The system matrices are
given by



A =


−3.2 −1.4 1.8 −8.4 −5.1
−1.4 −1.8 −0.9 0.1 −10.3
1.8 −0.9 −7.8 10.9 −31.2
33.9 33 21.8 −82.5 0
45.4 38.8 16.5 0 −80.3



B =


−0.2 −0.8

0 0.7
−0.3 0
1.8 0
0 1.8

 , C =


0 0.5

−1.0 0
−0.1 0.7
1.8 0
0 1.8


T

and the Hankel singular values are σ1 = 0.8743, σ2 =
0.0304, σ3 = 0.0202, σ4 = 0.0197, σ5 = 0.0052. Here,
the σ5 is much lower than the second lowest singular value
σ4, but we will see that the result will be better than Hankel
anyway, but not much. Table II shows the result.

TABLE II
THE TABLE SHOWS THE ERRORS ||Gn(s) − Gk(s)||∞ FROM

COMPARING OPTIMAL HANKEL REDUCTION (HANKEL) AND THE

AUTHORS’ ALGORITHMS (A, B AND C) APPLIED TO EXAMPLE 2.
COLUMNS 2 AND 3 SHOW THE LOWER AND UPPER BOUNDS IN TERMS

OF THE HANKEL SINGULAR VALUES, SEE SECTION V-B.

k σk+1
P

σi Hankel A B C

4 0.0052 0.0052 0.0052 0.0052 0.0052 0.0052
3 0.0197 0.0249 0.0202 0.0207 0.0206 0.0200
2 0.0202 0.0450 0.0286 0.0266 0.0266 0.0244
1 0.0304 0.0754 0.0397 0.0459 0.0459 0.0326
0 0.8743 0.9497 0.9109 0.9044 0.9044 0.8961

Table II shows that the the reduction from order 5 to
order 4 is optimally done by all algorithms. Algorithm C
is better in the rest of the reductions for this system, and
Algorithm A and B are in some cases worse than Hankel.
This may agree with intuition, since Algorithm C is the
algorithm corresponding to the least approximation of the
rank constraint mentioned in section V-C.

3) Example 3: Next example is a system of sixth order
(n = 6) with two inputs and two outputs, described by

A =


−0.3 0 −3.6 1.4 −4.2 −1.2
0.2 −1.1 −0.1 −0.7 43.1 −5.7
3.6 −0.3 −0.3 0.7 4.1 −0.5
−1.3 −0.6 −0.9 −0.6 23.5 −2.7
−2.3 −4.5 −3.8 −4.2 −72.5 0
1.2 2.9 −0.3 3.5 0 −71.8



B =


0.1 0
2.4 −2.1
0.9 0
0.1 −0.4
3.8 0
0 3.9

 , C =


1.3 0.6
−0.2 0

0 0
−0.4 0
3.8 0
0 3.9



T

and the Hankel singular values are 1.7572, 1.1968, 0.9883,
0.2772, 0.1057, 0.1001. The result can be seen in Table III.

TABLE III
THE TABLE SHOWS THE ERRORS ||Gn(s) − Gk(s)||∞ FROM

COMPARING OPTIMAL HANKEL REDUCTION (HANKEL) AND THE

AUTHORS’ ALGORITHMS (A, B AND C) APPLIED TO EXAMPLE 3.
COLUMNS 2 AND 3 SHOW THE LOWER AND UPPER BOUNDS IN TERMS

OF THE HANKEL SINGULAR VALUES, SEE SECTION V-B.

k σk+1
P

σi Hankel A B C

5 0.1001 0.1001 0.1001 0.1085 0.1077 0.1077
4 0.1057 0.2058 0.1522 0.1204 0.1204 0.1201
3 0.2772 0.4831 0.3671 0.3609 0.3609 0.3361
2 0.9883 1.4713 1.0559 1.1079 1.1117 1.1815
1 1.1968 2.6681 2.2664 2.2742 2.2750 2.3471
0 1.7572 4.4253 2.6433 2.5108 2.5108 2.2291

Table III shows that Algorithm A, B and C are better
when reducing to order 4 (approximately 20 % less error)
and to order 3, though not by much. When reducing to
order 2 or 1, Hankel is better. This could be explained by
the sizes of the Hankel singular values as well as other
properties of the system. Worth noting is that when reducing
to zeroth order, Algorithm C is no longer a suboptimal
solution, since the rank constraint (10e) is satisfied without
using any approximation.

VIII. CONCLUSIONS

An alternative to Optimal Hankel reduction has been intro-
duced which instead of reducing the system iteratively one
state at a time, reduces the system by several states in a single
step. The suggested algorithms are based on using LMIs
in an H∞ framework, and the non-convex rank constraint
is approximated by convex ones, thus making it possible
to use tools for solving convex optimization problems, but
thus making them suboptimal algorithms. The algorithms
are compared to Optimal Hankel reduction and are shown
to perform better in some cases where the Hankel singular
values are close, but not equal to each other. The algorithms
have different degrees of approximation of the original
problem. Algorithm A seems to be more numerically stable
than C, while C gives better results in general. Algorithm
B is something in between. The algorithms B and C could
be too computationally expensive when considering systems
of high order. When reducing to zeroth order, Algorithm C
is optimal, because the rank constraint is satisfied without
using approximations of any kind.
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