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Abstract
Simple improvements to an approach for robust semidefinite programming are
proposed. The matrix dilation reformulation used as the core idea in a work by
Oishi [5] is improved in terms of computational complexity by applying stan-
dard sum-of-squares methods, and by introducing less conservative uncertainty
dependent parameterizations of the dilation matrix.
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Abstract

Simple improvements to an approach for robust semidefinite program-
ming are proposed. The matrix dilation reformulation used as the core
idea in a work by Oishi [5] is improved in terms of computational com-
plexity by applying standard sum-of-squares methods, and by introducing
less conservative uncertainty dependent parameterizations of the dilation
matrix.

1 Introduction

The problem we address in this note is uncertain semidefinite constraints.

∃x : F (x, θ) � 0 ∀θ ∈ Θ ⊂ Rn (1)

Due to the uncertainty θ, the constraint is semi-infinite. If the symmetric matrix
F (x, θ) ∈ Rm×m is affine in θ and Θ is a bounded polytope, the semi-infinite
constraint can be converted to a finite number of constraints by enumerating
the vertices of Θ and evaluate the semidefinite constraint at each vertex. This
follows directly from convexity of the semidefinite cone, and is the cornerstone
for many robust control algorithms [1]. Here however, we assume that F (x, θ) is
polynomial in θ, thus making it impossible to use a simple enumeration strategy.

The approach in [5] is to first write the uncertain matrix as F (x, θ) = F0(x)+∑N
i=1 Fi(x)θαi where αi ∈ Zn represents all positive monomial powers such that

the jth element of αi is less than the degree of F (x, θ) with respect to θj . Such
a separation is of course always possible, and re-arranging terms according to
[5] leads to a quadratic form.

F (x, θ) = M(θ)T G(x)M(θ) (2)
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where

M(θ) =
[
Im×m, θα1Im×m, θα2Im×m, . . . , θαN Im×m

]T (3)

G(x) =
[

F0(x) F̃ (x)
F̃ (x)T 0

]
(4)

F̃ (x) =
[
F1(x), F2(x), . . . , FN (x)

]
(5)

The central idea in a matrix dilation [6] is to think of a semidefinite constraint
as the result of applying the matrix elimination lemma [1] to some original
constraint to be defined. In our case, (2) can be thought of as the result from
applying the matrix elimination lemma on the following constraint

G(x) + H(θ)WT + WH(θ) � 0 (6)

The matrix H(θ) is an orthogonal complement to M(θ) and W is a new
auxiliary matrix. In other words, by applying the matrix elimination lemma
on (6) to check if there exist any W satisfying the constraint, for fixed θ, the
equivalent condition (2) is obtained. Hence, (6) is derived by using the matrix
elimination lemma backwards compared to the way it normally is employed.

At this point, the original uncertain constraint (2) has been replaced with a
new uncertain constraint (6). Hence, nothing is gained. However, the orthogonal
complement H(θ) can be chosen affine in θ. Details on the construction of a
suitable H(θ) can be found in [5], but the example in Section 3 hints the general
construction; every column of H(θ) has two non-zero elements, one equal to 1
the other element equal to −θi for some i.

When H(θ) is affine, the uncertain constraint (6) can be converted to a finite
number of constraints by simply enumerating the vertices of Θ. This leads to
the following theorem [5].

Theorem 1 Let θ1, . . . , θQ be any points in Θ. Then, F (x, θ) � 0 holds for all
θ in the convex hull of {θ1, . . . , θQ}, if there exist a W satisfying

G(x) + H(θi)WT + WH(θi) � 0 ∀i = 1, 2, . . . , Q (7)

Applying this theorem with {θ1, . . . , θQ} the extreme vertices of Θ yields a
sufficient condition for (1). Note that the condition only is sufficient since the
same W is used for all vertices.

The main result in [5] is the application of this theorem to an iterative
scheme where the polytopic region is sub-divided in an effort to reduce the
conservativeness of Theorem 1, asymptotically reaching a tight condition. The
goal of this note is to reduce the size of these semidefinite programs, and possibly
also reduce the conservativeness.
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2 Improved matrix dilations

This section contains the actual contribution of this paper. It is based on
two simple observations; The quadratic form M(θ)T G(x)M(θ) can be written
with a much lower degree on M(θ) and have more degrees of freedom, and the
auxiliary variables W can be made parameter dependent due to the sparsity of
the orthogonal complement H(θ).

2.1 Smaller decomposition

In the original approach, [5] uses a very simple decomposition of the matrix
polynomial F (x). Although this simple decomposition gives a very simple algo-
rithm and obvious notation, it easily leads to large and practically intractable
problems.

A simple improvement is to borrow methods from sum-of-squares decompo-
sitions. From sum-of-squares methodology, we know that any polynomial f(z)
can be written as v(z)T Gv(z), where v(z) is a basis with all monomials with
total degree less than or equal to half the total degree of the polynomial f(x).
From this observation alone, we are able to reduce the size of the resulting
semidefinite constraint significantly, thus increasing the tractability of the ap-
proach. Even better, from sum-of-squares, we also know that the decomposition
is non-unique. The quadratic forms equal to a given polynomial define an affine
subspace. Hence, we can write

F (x, θ) = M(θ)T G(x, y)M(θ) (8)

where y is a new set of variables that parameterize the affine subspace. The new
variables y may have the benefit of reducing conservatism in Theorem 1. We
will not go into details on how the affine subspace is constructed, but simply
illustrate it with an example for a scalar univariate function. The multivariate
and matrix case is done equivalently, the interested reader is referred to [7, 8]1

Example 1 (Quadratic decomposition) Let F (x, θ) = xθ4 + 2x + 1. The
quadratic decompositions are given by

F (x, θ) =

 1
θ
θ2

T 1 1 y
1 −2y 0
y 0 x

T  1
θ
θ2

 (9)

The decomposition that we propose here leads to a substantially smaller
semidefinite constraint in (8), which leads to improved computational proper-
ties. The introduction of the auxiliary variables y will however increase the
number of the variables in the problem. Luckily, the number of variables to pa-
rameterize the affine subspace is modest, compared to the number of variables
that are saved in the definition of the matrix W due to the reduced size. Of

1Software support for deriving these decompositions are available in YALMIP [4] via the
command compilesos.m.
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course, if the introduction of variables in y pose a problem, any fixed value can
be used.

The introduction of the parameterized decomposition also more clearly indi-
cates the connections to a sum-of-squares approach [8] for solving the robustness
problem. Whereas a pure sum-of-squares approach incorporates the uncertainty
region using an application of the positivstellensatz, which can be done for arbi-
trary constraints, the approach here and in [5] is limited to polytopic regions and
incorporates the constraints into the sum-of-squares model in a completely dif-
ferent way. Investigating connections between the two approaches is an obvious
continuation on this work.

2.2 Parameter dependent W

A second improvement to the matrix dilation strategy is to allow parameter
dependent W . At first, this may seem counter-productive, since the product
between an affinely parameterized W and the affine matrix H(θ) introduces
quadratic terms in θ, thus forcing us away from a simple enumeration strategy
to solve the uncertain dilated matrix expression, leading us back to where we
started. Indeed, using a full parameterization of W (θ) would lead to quadratic
terms with respect to θ. However, by carefully selecting the parameterization,
quadratic terms can be avoided. The reason for this is the sparse parameteri-
zation of H(θ).

The object of interest is the term H(θ)W (θ)T + W (θ)H(θ)T . As we stated
earlier, the matrix H(θ) can always be chosen affine H(θ) = H0 +

∑n
i=1 Hiθi.

With an affine parameterization W (θ) = W0 +
∑n

i=1 Wiθi we obtain

H(θ)W (θ)T + W (θ)H(θ)T = S +
n∑

i=1

Qiθi +
n∑

i=1

Riθi +
n∑

j=1

n∑
i=1

Vijθiθj (10)

where

S = H0W
T
0 + W0H

T
0 (11)

Qi = H0W
T
i + WiH

T
0 (12)

Ri = W0H
T
i + HiW

T
0 (13)

Vij = HjW
T
i + WiH

T
j (14)

To obtain an affine expression, the matrices Vii and Vij + Vji have to be
zero. By vectorizing these constraints, a system of linear equations arise. See
the appendix for details.

B

vec(W1)
...

vec(Wn)

 = 0 (15)

A suitable parameterization can now be obtained by computing an orthogonal
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complement B⊥ of the row space of B and definevec(W1)
...

vec(Wn)

 = B⊥w (16)

where w are new decision variables.

3 Example

The benefit of the reduced size decomposition is obvious, so the example will be
devoted to the choice of W . We use the proposed machinery to solve the so called
standard quadratic programming problem, i.e. minimization of a quadratic
function over the standard simplex.

min
θ

θT Qθ

subject to
n∑

i=1

θi = 1

θ ≥ 0

See [2] for a recent survey on relaxation methods for solving this problem. Note
that the purpose of this example is to illustrate that the uncertainty dependent
W can improve the strength of the relaxation, not to advocate a new approach
to find lower bounds on the standard quadratic programming problem. To put
the problem into the framework used here, we write it in an uncertain form.

max
x

x

subject to θT Qθ − x ≥ 0 ∀{θ :
n∑

i=1

θi = 1, θ ≥ 0}

Applying the proposed dilation strategy to this problem for random Q ma-
trices typically shows no or insignificant improvement, compared to using a
constant W matrix. However, for some cases, the improvement is substantial.
Consider the following indefinite matrix.

Q =

 100 −100 −100
−100 −1 100
−100 100 −1

 (17)

The global optimum has the objective value −33.7793 (computed using the
global solver bmibnb in [4]). Applying the dilation strategy trivially leads to

G =
[
−t 0
0 Q

]
, M =

[
1
θ

]
, H =

[
−θT

I

]
(18)
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With constant W , the lower bound computed from (6), via Theorem 1, is
−45.1719. With a parameter dependent W , the lower bound increases to
−33.7793. In other words, for this example, the lower bound is tight when
a parameterized W is used. The parameterization found is

W (θ) =


−9.2388 −9.2465 0.2302
49.4221 −26.1307 24.2499
−26.1800 49.4318 24.2494
39.5489 39.5531 33.2057

 +


0 0 0
0 −50.4136 15.7011
0 50.4137 0
0 −9.4410 −3.1217

 θ1

+


0 0 0.0072

50.4136 0 −18.7527
−50.4137 0 15.7108
9.4410 0 −3.1182

 θ2 +


0 0.0072 0

−15.7011 18.7527 0
0 −15.7108 0

3.1217 3.1182 0

 θ3

As a comparison, a relaxation using a standard sum-of-squares [7] or the dual
moment [3] approach (implemented using solvesos.m and solvemoment.m in
YALMIP [4]) yields a lower bound of − inf in the first level of relaxations,
whereas a second order relaxation returns the true minimum. Once again, we
do not claim that the proposed approach is superior to standard methods, but
it is intriguing that, in the language of moments, a first level relaxation is
sufficient. Whereas the moment approach requires introduction of 4th order
terms (i.e. quadratic multipliers when the positivstellensatz is applied in the
sum-of-squares notation), the method here operates with the original quadratic
terms, but obtains a relaxation which is just as strong when the parameter
dependent matrix W is employed. Of course, we have to pay a price, in this
case the increased number of variables to define W .

4 Conclusion

Computational improvements for the matrix dilation approach to robust semidef-
inite programming have been proposed. The changes are minor and straightfor-
ward, but result in both significantly smaller problems, and possible much less
conservative results.

Since the main interest in [5] is the computation of bounds on the approx-
imation quality of the relaxation, it should be studied if these computations
carry over also to the formulations introduced here. Another important exten-
sion is to clarify the connections between the proposed formulation and standard
sum-of-squares and moment approaches.

As a final remark, we note that the MATLAB based modelling language
YALMIP [4] implements the dilation strategy in the command dilation.m.
Support for deriving a parameter dependent parameterization of W is available
in the command parameterizedW.m.
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A Definition of B

To derive the linear system of equations defined by the matrix B, we vectorize
the equations. Let the H and W matrices have dimension r × q

HjW
T
i + WiHj = ((Ir×r ⊗Hj)K + (Hj ⊗ Ir×r))vec(Wi)

The matrix K defines a permutation matrix such that vec(XT ) = Kvec(X).
Introduce Yj = (Ir×r ⊗ Hj)K + (Hj ⊗ Ir×r). The matrix B is now obtained
by stacking all constraints Yivec(Wi) = 0 and Yivec(Wj) + Yjvec(Wi) = 0 in
a single block matrix. As an illustration, for n = 3 the following matrix is
obtained

B =


Y1 0 0
0 Y2 0
0 0 Y3

Y2 Y1 0
Y3 0 Y1

0 Y3 Y2
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