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Abstract
In non-linear system identification the set of non-linear models is very rich and
the number of parameters usually grows very rapidly with the number of re-
gressors. In order to reduce the large variety of possible models as well as the
number of parameters, it is of great interest to exclude irrelevant regressors be-
fore estimating any model. In this work, three existing approaches for regressor
selection, based on the Gamma test, Lipschitz numbers, and on linear regression
solved with a forward orthogonal least squares algorithm, were evaluated by the
means of Monte Carlo simulations. The data were generated by NFIR models,
both with a uniform and a non-uniform sampling distribution. All methods
performed well in selecting the regressors for both sampling distributions, pro-
vided that the data’s underlying relationship was sufficiently smooth and we
had enough data. The orthogonal regression approach and the Gamma test
appeared robust to noise and were easy to apply. If there are not too many
potential regressors, we suggest to use the orthogonal regression. Otherwise,
the Gamma test should be used, as with the number of regressors the number
of cross-bilinear terms in the linear regression grows very rapidly.

Keywords: non-linear system identification, regressor selection, Gamma
test, Lipschitz numbers, orthogonal regression
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Chapter 1

Introduction

1.1 Background

From the day we are born, we observe our environment and learn about causal
interdependencies between our observations. So, we build up our personal mental
model of the reality. The knowledge about actions and the respective reactions
helps us to influence our environment, to control what is going to happen. For
instance, when driving a car, we know, that turning the steering wheel to the left
induces a left turn. If our observations don’t fit to the prediction of our mental
model, this can also be a warning, that the relationships have changed. In our
example, the roughness of the road we are driving on could suddenly decrease
considerably, which would change the car dynamics completely. In order to stay
on the road we would have to adapt our mental model quickly and change our
behaviour appropriately.

System identification deals with building mathematical models from observed
data. For the example of the car, we could measure steering angle, velocity and
moving direction. Based on the observed data, we then could try to formulate
a mathematical equation to describe the interaction between those variables. An
object in which variables of different kinds interact is also called a system, [8]. The
variables that we are interested in, for instance the moving direction of the car,
are called outputs. The variables, that we can manipulate, in our example the cars
velocity and the steering angle, are called inputs. Influences, that are not under
our control, are called disturbances. Sometimes we can measure such disturbances
and sometimes we can just observe their influence to the output. For example, a
change of the road’s roughness would be such an unmeasured disturbance, and we
would observe its influence through the car’s steering behaviour, which couldn’t
be explained by the inputs. We speak of a dynamical system, if the current output
value depends not only on the current input values, but also on past values.

The process of finding a good model can be divided into five tasks: Experiment
design, regressor selection, model type selection, parameter estimation and model
validation, [7].

If it is possible to choose the signals for our identification experiment, we
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2 Introduction

choose them in such a manner that we get as much information about the system
as possible. To make a good choice for the signals is the subject of experiment
design, [8]. This is not always possible and we must use data from the normal
operation of the system.

The next step is to select the inputs of the model. This can be current and
past inputs of the system and also past outputs. These variables are also called
regressors. In this thesis a couple of methods to select the regressors for non-linear
systems are investigated and compared.

After having selected a set of regressors, we have to find out, what function is
suitable to derive the output from the regressors. See [8] for linear model types
and [9] for non-linear model types.

To estimate the parameters of the chosen model, some criterion that is based on
the difference between the measured output values and the output values predicted
by the model is minimised.

In order to verify that the so gained model predicts the data with sufficient
precision, the model is applied on a new set of input data and the predicted output
is compared to the measured output.

1.2 Problem Specification

The set of non-linear models is very rich even with a given interaction pattern of
regressors. The number of parameters usually grows very rapidly with the number
of regressors as all kinds of interaction patterns between regressors are possible.
Not only finding a suitable model type but also estimating the large amount of
parameters can be very time consuming. In order to reduce the large variety of
possible models as well as the number of parameters, it is of great interest to
exclude irrelevant regressors before estimating any model.

1.3 Objectives

In this thesis some existing methods for regressor selection are to be evaluated and
compared in respect to their regressor selection performance, their handling, and
the interpretability of the results. The methods to compare are given as follows:

• The Gamma test, which uses the measured data to estimate the variance of
the prediction error of an unknown smooth model.

• The Lipschitz numbers, which compare distances between output data with
distances of the respective regressors.

• A linear regression, solved with a forward orthogonal least squares (OLS)
algorithm.
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1.4 Thesis Outline

A short introduction to system identification is given in Chapter 2. Chapter 3 in-
troduces the Gamma test, Lipschitz numbers, and orthogonal regression and how
they are applied for regressor selection in this thesis. In Chapter 4, the methods
are applied to identify the significant variables of NFIR models, both with a uni-
form and a non-uniform sampling distribution. The methods are compared and
conclusions are presented at the end of the chapter. A summary and suggestions
for further studies are given in Chapter 5.
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Chapter 2

System Identification

The following description of system identification is based on [8]. System iden-
tification deals with the problem of building mathematical models of dynamical
systems based on observed data from the systems. Usually, the unknown system is
assumed to be described by a time-invariant linear model. This is an idealisation
of natural behaviour, but the precision of the output prediction based on linear
models is often sufficient for the respective applications. From linear theory, we
know, that a linear, time-invariant, causal system can be described by its impulse
response g(τ) according to

y(t) =

∞
∫

τ=0

g(τ)u(t − τ) dτ. (2.1)

In practice, the signals are measured at discrete time instants t = kT , where
T is called the sampling interval. To make things easier, T is assumed to be
one time unit, and t is used to enumerate the sampling instants. Furthermore,
u(t) is assumed to be constant between the sampling instants. This leads to the
expression

y(t) =

∞
∑

k=1

gT (k)u(t − k), t = 0, 1, 2, . . . , (2.2)

where gT (k) is derived from the continuous impulse response according to

gT (k) =

lT
∫

τ=(l−1)T

g(τ) dτ. (2.3)

In order to obtain a shorthand notation for (2.2), the backward shift operator q−1

is introduced:
q−1u(t) = u(t − 1) (2.4)

Using the notation

G(q) =
∞
∑

k=1

gT (k)q−k, (2.5)

5



6 System Identification

we can write for (2.2)

y(t) = G(q)u(t). (2.6)

The expressions (2.2) or (2.6) usually are not sufficient to describe the measured
output of a system. For example, we expect some measurement noise when record-
ing the signals with sensors and there might also be some unknown inputs to the
system. For most practical purposes, a suitable way to model these disturbances,
is to expand (2.6) by an additional noise term v(t) = H(q)e(t), where e(t) is a
sequence of independent identically distributed (i.i.d.) random variables with a
certain probability density function, and where H(q) is used to filter the signal e(t)
in a certain manner. Furthermore, it is common to assume e(t) to be Gaussian,
i.e., its probability density function is a normal distribution, entirely specified by
the mean µ and the standard deviation σ. With the additive noise, the total model
is given with

y(t) = G(q)u(t) + H(q)e(t). (2.7)

If the sequences gT (k) and hT (k) are not finite, the specification of G and H
according to (2.5) is impractical. Thus, other structures, e.g. rational functions,
are used in order to specify G and H in terms of a finite number of numerical
values.

One way to specify G and H is given with

y(t)+a1y(t−1)+ . . .+ana
y(t−na) = b1u(t−1)+ . . .+ bnb

u(t−nb)+ e(t). (2.8)

Introducing A(q) = 1 + a1q
−1 + . . . + ana

q−na and B(q) = b1q
−1 + . . . + bnb

q−nb ,
we can write (2.8) in the form (2.7), with G(q) = B(q)/A(q) and H(q) = 1/A(q).
(2.8) is called an ARX model, where AR refers to the autoregressive part A(q)y(t),
and X refers to the extra input B(q)u(t). For na = 0, G(q) corresponds to a finite
impulse response (FIR).

If we know u(s) and y(s) for s <= t, and neglect the unpredictable part e(t),
a predictor for the actual output y(t) is given with

ŷ(t) = b1u(t − 1) + . . . + bnb
u(t − nb) − a1y(t − 1) − . . . − ana

y(t − na). (2.9)

Introducing the vectors

θ = [a1 . . . ana
b1 . . . bnb

]T (2.10)

and

ϕ = [−y(t − 1) . . . − y(t − na) u(t − 1) . . . u(t − nb)]
T , (2.11)

we can write (2.9) as

ŷ(t|θ) = θT ϕ. (2.12)

In statistics, a model like (2.12) is called a linear regression and the vector ϕ is
called the regression vector. For more on linear regression in statistics see also
Chapter 26 in [6]. As the predictor of (2.8) is linear in parameters, the parameter
vector θ can be estimated using the least-squares method. This method finds
the maximum likelihood estimate for θ by minimizing the sum of squares of the
prediction error, i.e. the residuals between y(t) and the predictor ŷ(t|θ).
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When a linear model cannot give an adequate prediction for the measured data,
we can choose among non-linear model structures. For instance, we could choose
the non-linear ARX (NARX) model structure:

y(t) = g(y(t − 1), . . . , y(t − na), u(t), . . . , u(t − nb), θ) + e(t). (2.13)

A special case of the NARX model structure is the nonlinear finite impulse response
(NFIR) model structure,

y(t) = g(u(t), . . . , u(t − nb), θ) + e(t). (2.14)

The choice for the function g could be a linear regression, with the regressors
generated by arbitrary combinations of past inputs and past outputs. Different
from the linear models, where the function g is specified by a linear regression,
there are many more options for g in the non-linear case, like for example artificial
neural networks and fuzzy models (see [9] for an overview of non-linear model
types).

The set of non-linear functions to choose from is rich and the number of pa-
rameters grows rapidly with the number of regressors. In order to get a good
model, we have to find a model structure, that is flexible enough for modeling the
unknown relationship between the regressors and the output, but that is also par-
simonious in terms of the number of parameters, as each parameter is estimated
with an error. Knowing which regressors are significant for modeling the output,
we can exclude redundant regressors and so reduce the number of possible linear
functions and also the number of parameters to be estimated drastically. The
parameter estimation then not only can be done with less computational effort,
but also is going to be more precise.

In all what follows, we will refer to a subset of inputs in the style of the Gamma
test, see [5]. I.e., we will call a subset of the m regressors an embedding and refer
to each of the embeddings with a so called mask. A mask is a binary string of
length m, were an included or excluded signal is indicated by 1 or 0, respectively.
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Chapter 3

Introduction to the

investigated Regressor

Selection Methods

Recall from Chapter 1, that one step in finding a model for a given data set is
to find suitable regressors. The regressors can be present or past values of the
system’s inputs or past values of its output.

Three of the existing methods to find the significant regressors of non-linear
systems are investigated and compared in this thesis. The methods are selected
in order to get varying approaches to the problem. The Gamma test, introduced
in Section 3.1, and the Lipschitz numbers, introduced in Section 3.2, are non-
parametric approaches. They don’t fit a certain model structure to the data in
order to find the proper embedding, but are only based on the assumption that
the relationship between the regressors and the output is smooth. The Gamma
test is based on an estimate of the smallest achievable mean squared error when
using any kind of smooth model, while the Lipschitz numbers are based on the
quotients of distances between output measurements and the differences between
respective points in the regressor space. A parametric approach is given with the
orthogonal regression, introduced in Section 3.3. This method applies a forward
orthogonal least squares algorithm to fit a linear in parameters model to the ob-
served data. The method also estimates the contributions to the output variance
for each orthogonal regressor, which provides a way to rate the significance of the
corresponding original regressors.

A data set observed from a dynamical system is given by

{x1(i), . . . , xm(i), yi} = {(xi, yi) | 1 ≤ i ≤ N}, (3.1)

where the vector x ∈ R
m includes the samples of all variables which we think

could explain the scalar y ∈ R. N is the number of available data pairs (xi, yi).
Our question is now, which of the candidate regressors contribute to the output.

Having m signals, each signal could be included to a model f(x) or not. Thus, if not

9



10 Introduction to the investigated Regressor Selection Methods

counting the possibility, that none of our candidates is significant for the output,
there are 2m − 1 possible selections of input variables from which to choose. If
none of the candidate regressors is significant, we either don’t know the significant
signals, or, there is no underlying functional relationship and the measured output
signal is just noise.

3.1 The Gamma test

An introduction to the Gamma test and a set of analytical tools developed around
it is given in [5]. Further discussion and examples for the application of the test
are for instance given with [2] and [10]. We will use the method for finding the set
of input variables, which is most likely to derive a given set of output data.

3.1.1 The Fundamentals of the Gamma test

For the Gamma test, it is assumed that a given set of data (3.1) can be described
by the relationship

y = f(x1, x2, . . . , xn) + r = f(x) + r, (3.2)

where f is a smooth function, i.e., the first and second derivatives are bounded, x

contains observations from the n significant variables, and r is a random variable
representing that part of the output that cannot be explained by f . As any
constant bias of r can be included in the unknown function f , r can be assumed
to be zero mean. Furthermore, the variance Var(r) is assumed to be bounded.

Based on these assumptions, the Gamma test computes an estimate of the
variance Var(r). If there is one significant regressor missing in x, the part of the
output that is explained by the respective regressor is not modeled by f(x) and so
is included in r, as r is the residual between the observed signal y and the predictor
f(x). The model f(x) which includes all significant regressors is supposed to give
the best prediction for y.

The estimation of Var(r) is based on the statistics

δM (k) =
1

M

M
∑

i=1

∣

∣

xN [i,k] − xi

∣

∣

2
(3.3)

and

γM (k) =
1

2M

M
∑

i=1

(

yN [i,k] − yi

)2
, (3.4)

where δM (k) measures the mean squared distance between points xi and their
respective kth nearest neighbour xN [i,k], i = 1, . . . , M . γM (k) gives an analog
measure for the respective output values yi and yN [i,k]. M is the number of
included data, taken from the total available observed N data.

To give an idea about the factor 1/2 in (3.4), we assume, that we could resample
the function at the same point in the input space. Due to measurement noise, the
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samples of the output would vary around the true value of the function, f(x). As
mentioned above, the output noise can be assumed to be zero mean and so, f(x) is
the expectation of the random variable y, estimated by the sample mean y. Thus,
each of the samples can be written in the form yi = y + ri, where the independent
random variable ri represents the zero mean noise. If we build the expectation of
the squared distance between two output samples yi and yj , i 6= j, and take into
account that ri and rj with i 6= j are independent random variables, we obtain

E[(yi − yj)
2] = E[((y + ri) − (y + rj))

2]

= E[(ri − rj)
2]

= E[r2
i ] − 2E[rirj ] + E[r2

j ]

= 2V ar(r). (3.5)

To obtain the variance of r, we have to divide this expectation by 2. If we as-
sume very small distances between near neighbours in (3.4), the respective output
distances in (3.4) are approximately the same as we have in (3.5), when resampling
with the the same point of the input space. Under the assumption, that Var(r) is
constant over the input space, averaging over all input points, like done in (3.4)
leads to the same result as local averaging, which we would do to estimate the
expectation in (3.5).

In [3] it is shown, that for f being continuous,

γM (k) → Var(r) in probability as δM (k) → 0. (3.6)

Further, it is shown, that due to f being smooth, the relationship between the
points (δM (k), γM (k)), for k = 1, 2, . . . , p, is approximately linear in probability
for M sufficiently large. The Gamma test uses this property to estimate γM

for δM (k) → 0. It performs linear regression on the points (δM (k), γM (k)) for
k = 1, 2, . . . , p. The parameter p is recommended to be set to p = 10. Figure 3.1
shows the regression line combined with a scatter plot of the points from which
it is computed, i.e. (|xN [i,k] − xi|2, 1

2 (yN [i,k] − yi)
2), k = 1, . . . , p, i = 1, . . . , M .

From (3.6) it follows, that the intercept Γ of the regression line gives an estimate
for Var(r).

In principle, the relation between the points (δM (k), γM (k)) is approximately
linear due to local linearity of the smooth part of the output data. Thus, if
the surface of f is complex, meaning f has large second derivatives, we need a
sufficiently large sampling density to provide local linearity and a reliable estimate
for the variance Var(r).

Assumed that Γ is a reliable estimate for Var(r), the scale invariant measure
Vratio = Γ/Var(y) measures the extent to which the data fits any smooth model
f(x) associated to a certain embedding. The fit is good, if Vratio is small. If Vratio

is close to one, the data doesn’t fit to f(x). The difference 1 − Vratio is closely
related to the conventional coefficient of determination r2, which estimates the
extent to which the data fits a linear model, except 1− Vratio measures the extent
to which the data fits a smooth non-linear model, [5].
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Figure 3.1. Regression line through the points (δM (k), γM (k)), k = 1, . . . , p, which
are marked with a diamond. The points (|xN[i,k] − xi|

2, 1
2
(yN[i,k] − yi)

2), k = 1, . . . , p,
i = 1, . . . , M , from which the points (δM (k), γM (k)) are computed, are marked with dots.
The intercept Γ of the line gives an estimate for Var(r).

3.1.2 The Gamma test Software and its Application in Re-

gressor Selection

A fast implementation of the Gamma test and a set of related analysis tools are
provided with the free software package winGamma for MS Windows. With a
2GHz PC, we measured around 3 seconds for one test run including the calculation
of the respective Γ for seven masks, once for M = 800 data and once for M = 5000
data.

For running multiple Gamma tests, as done for getting the performance results
reported in Chapter 4, a command line version of the software for MS DOS is also
available. The software was downloaded from the Internet 1. The tools provided
with the Gamma test software package include amongst others the so called M -
test and the full embedding search. The M -test plots Γ over increasing number
M of included data points. If the graph stabilises, there is some confidence that
there are enough data points for Γ being a good estimate for Var(r). The full

1http://users.cs.cf.ac.uk/Antonia.J.Jones/GammaArchive/IndexPage.htm (Feb 2006)
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embedding search calculates Γ for all 2m − 1 embeddings and sorts the results by
Γ. As explained in Section 3.1.1, the embedding with the smallest Γ statistic is the
most likely to include all significant regressors. Actually, including an irrelevant
regressor to the embedding doesn’t increase the variance, but in the experiments
the estimate increase. A reason for this could be the increase of the distances
between near neighbours in the input space. As both excluding a significant re-
gressor and including a non-significant one leads to a larger estimate, we select the
embedding with the smallest Γ.

The performance tests were scheduled in a Matlab script file. To export the
data sets to the Gamma test software, they have to be available as a Comma
Separated Value (CSV) file. In this file format, the columns of the data matrix,
which contain the sequences, are separated with commas and each line contains
one point of the input space with the respective output record. The data export
is done with the Matlab function dlmwrite(). Since we modeled an additive
measurement noise with σ = 0.0001, we chose the precision of the exported data
to be 6 digits to the right of the decimal point, which was a suitable setting for
preserving the noise variance.

After the data file is exported, the command line version of the Gamma test
is called using the Matlab function dos(). Before, the settings for the software,
for example if we want to run an M -test or a full embedding search have to be
specified in a source file (SRC). The Gamma test results, provided by the software
as a CSV file, were imported to Matlab with the command importdata().

3.2 Lipschitz numbers

3.2.1 The Fundamentals of Lipschitz numbers

The Lipschitz numbers method, a method for identifying orders of input-output
models is presented in [4]. In [1], the method was applied on a few chemical engi-
neering processes. As for the Gamma test, described in Section 3.1, the underlying
model function f(x) is assumed to be continuous and smooth.

Neglecting the noise we have the relation

y = f(x) = f(x1, x2, . . . , xn). (3.7)

Assuming that sufficient input-output pairs (xi, yi), (i = 1, 2, . . . , N) are avail-
able, the Lipschitz quotient is defined by

q
(n)
ij =

|yi − yj |
|xi − xj |

, (i 6= j). (3.8)

|xi − xj | is the distance of two points xi and xj in the input space and |yi − yj |
is the difference of f(xi) and f(xj). The superscript n in q

(n)
ij means, that in

this case, all n significant variables are included in x. As f(x) is continuous, the
Lipschitz condition says, that the Lipschitz quotient is bounded:

0 ≤ qij ≤ L. (3.9)
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A sensitivity analysis applied on (3.8) shows, that the Lipschitz quotients can
increase significantly, if one of the significant input variables x1, . . . , xn is not
included in x. On the other hand, if a redundant variable is included, the Lipschitz
quotients stay more or less the same, [4].

In order to reduce the influence of measurement noise, a weighted geometric
mean of the p largest Lipschitz quotients is performed. This results in the so-called
Lipschitz number,

Q(s) =

(

p
∏

k=1

√
sq(s)(k)

)1/p

, (3.10)

where q(s)(k) is the kth largest Lipschitz quotient among all q
(s)
ij calculated ac-

cording to (3.8) for s input variables. The number of included quotients is recom-
mended to be set to p ∈ [0.01N, 0.02N ], [4].

If a significant variable is excluded, the Lipschitz number increases consid-
erably. Including redundant variables, on the other hand, will not change the
Lipschitz number significantly. In [4], this property is used to determine the opti-
mal model orders of chaotic time series and a NARX model, see (2.13). Therefore,
the number of included time lags of the input and the output is successively in-
creased, plotting the resulting Lipschitz numbers Q(s) against the respective total
model order s.

3.2.2 Application of Lipschitz numbers for Regressor Selec-

tion

As said in above section, Lipschitz numbers Q(s), see (3.10), can be used to deter-
mine whether a regressor is to be included for deriving the systems output, or if
it is redundant.

So, including or excluding a variable, which is part of the underlying function,
will have a big influence on Q(s), whereas a redundant variable only leads to a
small change.

Starting with one regressor and including more regressors step by step, this
characteristic can be used for finding the right model orders of a model, see [4].

In this work we assume a set of m variables and look for a subset of these
variables to be the most likely to derive the measured output data. For this
purpose a suitable approach is to start with including all m candidate variables
in the Lipschitz number and then excluding one variable. If the Lipschitz number
increases significantly, the output is likely to be affected by the respective variable.

The question is, how to decide, if Q(s) has changed significantly. Like done in
[1] we compute the ratio

Qratio =
Q(m)

Q(m−1)
, (3.11)

where Q(m) and Q(m−1) are the Lipschitz numbers for all m regressors included
and for one regressor excluded respectively. If a significant variable is excluded,
Qratio will be very small, if the variable is redundant, Qratio will be close to one.
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To make a decision on the significance of a regressor, Qratio is calculated for the
respective regressor excluded and compared with a threshold value K:

Qratio < K (3.12)

For instance, if m = 3, we first calculate the Lipschitz number for the mask 111,
i.e. Q(m), and then calculate the Lipschitz numbers for one regressor excluded
respectively, i.e. for the masks 011, 101, and 110. To decide on the relevance
of the excluded regressors, we then calculate the respective values for Qratio and
compare them to the threshold.

For one test run with a 2GHz PC, including the calculation of the Lipschitz
numbers for the masks 111, 011, 101 an 110, we measured 0.7 seconds for data
length N = 800, and 30 seconds for data length N = 5000. The large increase of
computation time is due to the amount of Lipschitz quotients calculated for each
Lipschitz number, which was more than 10 millions for M = 5000. There might
be ways to reduce the number of Lipschitz quotients to be calculated, but this was
not further investigated, since it was not an objective of this work to optimise the
computation time of the investigated methods.

3.3 Orthogonal Regression

3.3.1 The Fundamentals of Orthogonal Regression

In [11], variable selection is done by fitting a linear model to the data using a
forward orthogonal least squares algorithm and the error reduction ratio (ERR).
If the linear model doesn’t fit sufficiently to the data, also cross-bilinear terms and
terms with squared variables are included to the regression.

The underlying function is assumed to be smooth enough so that the Taylor
expansion is valid at least to second order for a region D around an operating
point of the system. Expanding f to the first order results in a linear model, given
by

y(t) =
m
∑

i=1

aixi(t) + η(t), (3.13)

where η(t) includes the effect of measurement noise, unmeasured disturbances and
modelling errors.

Including also cross-bilinear terms and terms with squared variables to the
expansion leads to the model equation

y(t) =

m
∑

i=1

bixi(t) +

m
∑

i=1

m
∑

j=1

bijxi(t)xj(t) + η(t), (3.14)

If some of the variables xi(t) are important to the output y(t) in the original
system, then it is very likely that they make significant contributions to the ex-
pansions (3.13) and (3.14), [11].
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(3.13) and (3.14) can be written in the form

y(t) =

d
∑

i=1

θipi(xt) + η(t), t = 1, 2, . . . , N, (3.15)

where N is the data length, d is the number of regressors formed by the variables
xi, and θi are the unknown parameters to be estimated. A matrix form of (3.15)
is given by

Y = PΘ + Π = Ya + Π, (3.16)

where Y = [y(1), . . . , y(N)]T , P = [p1, . . . , pd], pi = [pi(x1), . . . , pi(xN )]T , Θ =
[θ1, . . . , θd]

T and Π = [η(1), . . . , η(N)]T . Ya denotes the output of the regression
model.

Assumed, that the regression matrix P can be orthogonally decomposed as

P = WA, (3.17)

where A is an d × d matrix and W is an N × d matrix with orthogonal columns
w1, . . . , wd, (3.16) can be expressed as

Y = (PA−1)(AΘ) + Π = WG + Π, (3.18)

Under the assumption, that η is uncorrelated with the model terms pi, i = 1, . . . , d,
G = [g1, . . . , gd]

T is given by

gi =
Y T wi

wT
i wi

, i = 1, 2, . . . , d. (3.19)

Under the same assumption, the output variance can be expressed as

1

N
Y T Y =

1

N

d
∑

i=1

g2
i wT

i wi +
1

N
ΠT Π. (3.20)

(1/N)
∑d

i=1 g2
i wT

i wi is the part of the output variance explained by the regressors,
(1/N)ΠT Π is the unexplained variance. Thus, each wi contributes to the output
variance with (1/N)g2

i wT
i wi. An ith error reduction ratio ERR(i), introduced by

wi, can be defined as

ERR(i) =
g2

i wT
i wi

Y T Y
=

(

Y T wi

)2

(Y T Y )
(

wT
i wi

) , i = 1, 2, . . . , d. (3.21)

This measure can be used for finding significant variables.
The error reduction ratios are summed to get the fraction of variance explained

by the whole model:

SERR =

d
∑

i=1

ERR(i). (3.22)
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In [11], the orthogonal decomposition is implemented according to the classi-
cal Gram-Schmidt algorithm. Therefore, in the first step, the regressor with the
largest contribution to the output, thus with the largest ERR(i) is selected as the
first vector w1 of the orthogonal basis. The next candidates for orthogonal basis
vectors are generated by calculating the difference vectors between the remaining
vectors pi and their projection to the room spanned by the already found orthogo-
nal basis, respectively. Then, like before, the orthogonal basis is expanded by the
candidate leading to the largest ERR(i). The procedure is continued analogously,
until the basis P is completely decomposed, or alternatively until a desired error
tolerance ρ is reached, meaning 1 −∑ERR(i) < ρ is fulfilled for the found re-
gressors. During the regression procedure, the matrices A and G are calculated as
well.

3.3.2 Application of Orthogonal Regression for Regressor

Selection

Recall that the error reduction ratio ERR(i), see (3.21), measures the fraction
of the output variance, that is explained by a certain term wi of the orthogonal
model.

The sum of error reductions SERR gives the fraction of the output variance,
that is explained by the whole model. For the experiments described in this thesis,
we first fit a linear model according to (3.13) to the data. Like suggested in [11],
the fitting was done again with the higher order model structure given with (3.13),
when the sum of error reduction was smaller than 0.8.

To make a decision on the terms’ significance, we could use the error reduction
ratios ERR(i) and compare them to a threshold value. However, due to the reasons
described below, we will use the relative values ERR(i)/SERR.

If there is no noise in (3.16), the error reduction ratios are given with

ERRa(i) =

(

Y T
a wi

)2

(Y T
a Ya)

(

wT
i wi

) , i = 1, 2, . . . , d. (3.23)

In [11], it is shown that the relation between ERRa(i) and the noise corrupted
ERR(i) is given by

ERR(i) =
σ2

ya
+ µ2

ya

σ2
ya

+ µ2
ya

+ σ2
η + µ2

η

ERRa(i)

= λERRa(i)

≤ ERRa(i), i = 1, 2, . . . , d, (3.24)

where µya
and µη are the means of the regression model output ya and the coloured

noise η; σ2
ya

and σ2
η are the standard variations of ya and η, respectively.

In practice, we expect measurement noise at the systems output. Moreover,
most of the functions used for data generation in this thesis are much more complex
than a polynomial model given with (3.14) and so we expect a large modelling
error. Thus, the error reduction ratios ERR(i) will be smaller than they would be
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for less complex mappings and less measurement noise. Nevertheless, the ratios of
the terms’ error reductions are not influenced by the coloured noise, as λ in (3.24)
is the same for all model terms, [11].

To find the significant terms, we therefore calculate the relative error reduc-
tions, meaning the relative contribution of each term to the sum of error reductions:

ERRrel(i) =
ERR(i)

SERR
=

λERRa(i)
∑M

i=1 λERRa(i)
= ERRa,rel(i) (3.25)

The so calculated ratio is independent from the noise and can be compared to a
threshold ERRrel,min in order to find significant terms.

ERRrel(i) > ERRrel,min (3.26)

Note, that the independence of ERRrel from noise is based on some assumptions.
For instance, there can be some correlation between the modeling error and the
regressors. Generally, for each realisation of the data set, we have at least some
small error, when estimating the model parameters and all other statistics calcu-
lated in the algorithm. Checking SERR after applying the method gives us an
idea about the model’s contribution to the output variance. If it is close to zero,
none of the investigated regressors is significant.

For one test run on a 2GHz PC, we measured around 5ms for data length
N = 800 and around 40ms for data length N = 5000, both when fitting the model
(3.14).



Chapter 4

Regressor selection for

NFIR-Models with a

random input signal

In Chapter 3 we introduced the Gamma test, Lipschitz numbers and orthogonal
regression. We also introduced simple criteria to interpret the results of the three
methods for regressor selection. This chapter deals with further investigation and
comparison of the introduced approaches. Questions to be answered for each
method are:

• How often does the method find the true regressors?

• How often are too many regressors included?

• How often are too few regressors included?

• Is the method easy to use?

• Are the results interpretable and easy to use?

Like in [7], the methods were applied on a list of NFIR models (see (2.14)). Many of
the functions are non-smooth and so don’t provide ideal conditions for the methods
of our interest. Nevertheless, in order to obtain results, that are comparable to
those of [7], the whole list of functions is included to our investigation. As for
NFIR models, the output only depends on current and past input values, and not
on the output, the interpretation of the results is easier and we can yield certain
sampling distributions by just changing the input signal. With a feedback from the
output, there would always be correlation between the regressors and we couldn’t
achieve a uniform sampling distribution.

The experiments were repeated several times to see, how often the correct
selection of regressors was found, how often too many regressors were included
and, as the worst case, how often too few regressors were selected. To realise
the mentioned sampling distributions, we used an independent random sequence

19
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from the uniform distribution and a signal with autocorrelation. The output was
disturbed by additive white Gaussian noise.

The experiment setup described in Section 4.1 was taken from [7] , where the
same experiments were done to investigate the use in system identification of the
common statistical method analysis of variance (ANOVA). Section 4.2 deals with
the tests done with the Gamma test. Section 4.3 deals with the tests done using
Lipschitz numbers. In Section 4.4 the regressor selection tests using the orthogonal
regression approach are discussed. Section 4.5 gives a direct comparison of the
three methods. Finally, the conclusions are presented in Section 4.6.

4.1 Experiment Setup

For generating the input/output data, a list of NFIR functions was used, see
Table 4.1. All the functions are described by

yt = g(ut, ut−1, ut−2) + et, (4.1)

where the output is computed from a combination of the input signal, the first
and second time lag of the input signal and, to simulate measurement noise, an
additive sequence et of normal distributed random numbers with zero mean and
standard deviation σ.

The tests were done with two types of random signals. The first one was a
sequence of independent random numbers taken from the uniform distribution
and varied between -2.5 and 5.5. As the time lags of the signal were independent,
the resulting points in the input space were uniformly distributed. Thus, the
sampling distribution was uniform.

In practise, the data is often recorded from the normal operation of a system.
In those cases we expect correlation between the regressors and so a non-uniform
sampling distribution. To investigate the regressor selection methods for a com-
parable situation, we also did the tests with a correlated signal. The signal was
generated according to

ut = xt − xt−1 + xt−2, (4.2)

where xt is an independent random sequence, uniformly distributed between −2.75
and 5.75. This range leads to ut varying roughly between −2.5 and 5.5. The points
resulting from ut, ut−1 and ut−2, cover a region in the input space comparable to
the case of using the independent random signal.

In [7], these two signal types were used to test the regressor selection perfor-
mance of the ANOVA method, where the input space is divided into cells. For
avoiding cells with less than 2 records, the data lengths for the independent ran-
dom signal and the correlated signal was chosen to be N = 800 and N = 5000,
respectively.

The performances of the regressor selection methods were evaluated by the
means of Monte Carlo simulations, i.e. repeating the tests for each function several
times with different data sets and noise realisations.

To investigate the influence of output measurement noise, the experiments done
with the independent random signal were done with σ = 0.0001 and σ = 1.
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The independent random signal with uniform distribution was generated by
using the MATLAB function rand(). This function returns random numbers
uniformly distributed in the interval [0, 1]. So for getting the input sequence
like described above, the sequence was amplified and an offset was added. The
random sequence xt was generated analogously and then filtered using (4.2). For
preventing divisions by zero in later data processing, zeros were replaced by a
value close to zero.

For the Monte Carlo simulations, 100 different sequences were generated like
described and stored in an array, each column containing one realisation. As the
same data was used for testing several methods of regressor selection, the data
matrix was saved in a MATLAB data file (MAT).

The regressors included in the investigated functions were the present input
signal and the first and second order time lags. For the first output value y(t = 1)
we didn’t know the past input as our records for the input also started with t = 1.
The same applies for y(t = 2), where the observation of the input’s second time
lag is missing. Therefore we didn’t include the first two data records into the tests.

4.2 Regressor Selection using the Gamma test

The regressor selection performance of the Gamma test introduced in Section 3.1
was investigated for the data generated according to Section 4.1. As recommended
in [5], p = 10 near neighbour statistics, given with (3.3) and (3.4), were used for
the determination of Γ.

The experiments’ results using the independent random sequence as the in-
put signal are described in Section 4.2.1. Section 4.2.2 discusses some selected
functions. In Section 4.2.3 the results for the independent input signal but with
a higher measurement noise level are given. The influence of a correlated input
signal is investigated in Section 4.2.4. Section 4.2.5 summarises the results.

4.2.1 Results of the Performance Tests with a Uniform Sam-

pling Distribution

To evaluate the Gamma test’s regressor selection performance for a uniform sam-
pling distribution in the input space, the Gamma test was applied on data sets
derived from independent uniform random sequences, see Section 4.1. Table 4.1
shows the simulation results for low output measurement noise (σ = 0.0001). For
most of the functions the Gamma test identified the right regressors in about 90
percent of the simulated runs. For the remaining runs, dispensable regressors were
included for these functions. Even for the functions 4, 5, 6, 7, 8, 9, 10, 12 and 15,
which all are non-smooth, the Gamma test performed quite robust. The average
Vratio was close to zero for these functions. So the output of those functions would
be well predictable by a smooth model. For the functions 2, 3, 11 and 14 the
performance in finding the underlying regressors was worse. For function 11, in
almost 40 percent of the runs too few regressors were identified, for function 3 in
around 70 percent of the runs and for functions 2 and 14 in more than 90 percent.



22 Regressor selection for NFIR-Models with a random input signal

Table 4.1. Results from Gamma test simulations with uniform sampling distribution
and low additive white Gaussian noise on the output (σ = 0.0001). For each function,
the test was applied on 100 data sets with data length N = 800. Stated is how often the
method found the correct regressors, how often it found too many or too few regressors.
The last line states the respective average counts.

No. Function successful too many too few
1 ut − 0.03ut−2 85 15 0
2 ln |ut| + ut−1 + eut−2 1 0 99

3 ut−1 ·
[

ut + 1
ut−2

]

32 0 68

4 sgn (ut−1) 99 1 0
5 sgn (ut−1) · ut−2 90 10 0
6 sgn (ut−1) · ut · ut−2 100 0 0
7 ln |ut−1 + ut−2| 99 1 0
8 ln |ut−1 · ut−2| 100 0 0
9 ut−2 · ln |ut−1| 99 1 0

10 u3
t−2 · ln |ut−1| 93 7 0

11 ut−2 · (ln |ut−1|)3 41 20 39
12 |ut−2| · eut−1 96 4 0
13 ut−2 · eut−1 96 4 0
14 ut−2 · eut−1−0.03ut 7 0 93
15 |ut| 100 0 0

average 75.8 4.3 19.9

In case of function 3 and 11 the average Vratio for the found masks was about 60
percent. One explanation could be, that we didn’t have enough data to properly
estimate Vratio. A second reason might be, that the assumption of a smooth re-
lationship doesn’t apply at all and we would expect a large mean squared error,
if we tried to fit a smooth model to the data. The low performance for functions
2 and 14 can not be explained by Vratio, which is close to zero. The Gamma test
rather failed in finding the respective regressors, because of their low contributions
to the output. The problematic functions will be discussed in more detail in the
following section.

4.2.2 Discussion of Problematic Functions

Table 4.2 shows how many times the single regressors where selected in the per-
formance tests from Section 4.2.1 for the functions 2, 3, 11 and 14.

Function 2: In case of function 2, ut−1 was identified in only 41 percent of the
runs and ut in only 15 percent. ut−2 was found in all runs, which is not surprising,
as the respective term’s variance was approximately identical to the variance of
the output. The other two regressors have by far lower contributions to the output
variance. Thus, excluding them, we don’t expect Γ to be significantly larger than
for the mask 111. In the experiments, the estimate for the mask 111 even tended
to be larger than for the masks with ut and ut−1 excluded. Figure 4.1 depicts the
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Table 4.2. Frequencies of selecting regressors with the Gamma test for functions 2, 3,
11 and 14, uniform sampling distribution and low additive white Gaussian noise on the
output (σ = 0.0001). For each function, the test was applied on 100 data sets with data
length N = 800.

No. Function ut ut−1 ut−2

2 ln |ut| + ut−1 + eut−2 15 41 100

3 ut−1 ·
[

ut + 1
ut−2

]

67 71 68

11 ut−2 · (ln |ut−1|)3 31 93 67
14 ut−2 · eut−1−0.03ut 8 100 100

M -test results for the mask 111 and the embeddings with ut and ut−1 excluded.
For Figure 4.1(a) the data from the original function was used. The graph for the
mask 111 did not stabilise and so the respective Γ is still large for all data included.
Γ was considerably smaller for the embeddings with ut and ut−1 excluded.

For Figure 4.1(b), function 2 was modified. To depict the influence of ut and
ut−1, the respective terms were amplified by factor 10. Again, the estimate for
the mask 111 was bad, but excluding ut or ut−1 introduced a high effective noise
which lead to a considerable increase of Γ. Now, the estimate for the mask 111 was
significantly smaller than for the other masks, even if it still was biased. With the
modification ut could be identified in 93 runs and ut−1 in all runs. Nevertheless,
the contributions of ut and ut−1 could not be identified with the used amount of
data for the original function 2.

Function 3: In 68 percent of the runs too few regressors were identified for
function 3. The problematic term in function 3 is u−1

t−2. The first problem with
this term is, that in the region around the singularity ut−2 = 0 the second partial
derivative ∂2f/∂u2

t−2 is not bounded. Thus, as explained in Section 3.1.1, we
need a sufficiently large sampling density to provide local linearity and a reliable
estimate for the variance Var(r). The second and worse problem is the change of
sign of the term, when we go from ut−2 < 0 to ut−2 > 0. The sudden change from
unbounded negative values to unbounded positive values leads to large distances
between near neighbours. This effect can not be explained by a smooth relationship
at all. Increasing the amount of data, and so increasing sampling density doesn’t
reduce this effect, but even worsens the situation, as with increasing sampling
density, the function will be sampled even closer to ut−2 = 0. Thus, the Gamma
test didn’t give reliable estimates even with using considerably more data.

Function 11: Like for function 3, the data generated with function 11 don’t
fit well to a smooth model. Γ is about 55 percent of the output variance. The
bad model fit is caused by the term (ln |ut−1|)3, which has an unbounded second
partial derivative ∂2f/∂u2

t−1. An M -test shows, that for an amount of data around
M = 800, the estimates are not stable enough for a proper decision on regressor
significance, see Figure 4.2.

To achieve an adequate accuracy, much more data is needed. The performance
test done for M = 800 data points resulted in 41 successful runs. In 39 runs
the Gamma test found too few regressors. For another test with M = 3000 data
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(a) M -test for function 2.
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(b) M -test for the modified function 2. The terms including ut and
ut−1 were multiplied by 10.

Figure 4.1. M -tests for function 2 and a modified version of function 2. Depicted are
the plots of Gamma against the included amount of data M . The cross marked plot
corresponds to Mask 001, the asterisk marked to 011, the diamond marked to 101 and
the square marked to 111.
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Figure 4.2. M -test for function 11. Depicted are the plots of Gamma against the
included amount of data M . The circle marker corresponds to Mask 010, the asterisk to
011 and the square to 111.
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Table 4.3. Results from Gamma test simulations with uniform sampling distribution
and high additive white Gaussian noise on the output (σ = 1). For each function, the
test was applied on 100 data sets with data length N = 800. Stated is how often the
method found the correct regressors, how often it found too many or too few regressors.
The last line states the respective average counts.

No. Function successful too many too few
1 ut − 0.03ut−2 21 38 41
2 ln |ut| + ut−1 + eut−2 1 0 99

3 ut−1 ·
[

ut + 1
ut−2

]

32 0 68

4 sgn (ut−1) 41 59 0
5 sgn (ut−1) · ut−2 88 12 0
6 sgn (ut−1) · ut · ut−2 100 0 0
7 ln |ut−1 + ut−2| 78 22 0
8 ln |ut−1 · ut−2| 92 8 0
9 ut−2 · ln |ut−1| 96 4 0

10 u3
t−2 · ln |ut−1| 93 7 0

11 ut−2 · (ln |ut−1|)3 42 19 39
12 |ut−2| · eut−1 95 5 0
13 ut−2 · eut−1 95 5 0
14 ut−2 · eut−1−0.03ut 7 0 93
15 |ut| 25 75 0

average 60.4 16.9 22.7

points, the performance was better. The number of successful runs increased to 65
percent and in 26 percent of the runs too few regressors were found. Nevertheless,
the average Vratio was 0.53 and so, even if the regressor selection performance
is better when we have more measurement data, a smooth model wouldn’t be
suitable.

Function 14: Although function 14 is a smooth function and the applicabil-
ity of the Gamma test was confirmed by a low Vratio, the regressor ut was only
identified in 8 percent of the runs, whereas the other regressors always were identi-
fied. An M -test shows, that the embeddings with mask 111 and 011 lead to quite
reliable but to almost the same Gamma statistics.

As already described in [7], the contribution of ut to the output is very low,
compared to the contributions of the other regressors. Figure 4.3 shows the output
of function 14 plotted against the three regressors, respectively. For ut−1 and ut−2

the variation of the output changes over the input range, whereas it seems to be
constant for ut.

4.2.3 Impact of a Higher Measurement Noise Level

The Gamma tests were repeated with the setup described in Section 4.1, now, with
noise variance σ = 1. The results are given in Table 4.3. Except for the functions
1, 4, and 15, the method’s performance was not affected a lot by the higher noise
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Figure 4.3. Scatter plots for function 14. ut is random sequence from the uniform
distribution, see Section 4.1.
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Table 4.4. Frequencies of selecting regressors with the Gamma test for functions 1,
2 and 15, uniform sampling distribution and high additive white Gaussian noise on the
output (σ = 1). For each function, the test was applied on 100 data sets with data length
N = 800.

No. Function ut ut−1 ut−2

1 ut − 0.03ut−2 100 59 59
4 sgn (ut−1) 37 100 35

15 |ut| 100 48 51

level. Table 4.4 shows, how often the regressors were found for functions 1, 4,
and 15. Figure 4.4(a) shows an M -test for function 1 with low measurement noise
(σ = 0.0001), and Figure 4.4(b) shows an M -test for the same input sequence but
with high measurement noise (σ = 1). The graph for low measurement shows,
that excluding ut−2 leads to a very small increase of Γ. For higher measurement
noise the M -test graphs indicate a considerable variation of the estimates. The
estimates are not precise enough to measure the small influence of ut−2. The worse
accuracy of the estimates also explains the increased frequency of the Gamma test
selecting the mask 111 and thereby too many regressors.

The bad performance for functions 4 and 15 has the same reasons.

4.2.4 Influence of a Non-uniform Sampling Distribution

The Gamma test’s performance in regressor selection was investigated for a non-
uniform sampling distribution. Therefore, the method was applied on data sets
derived from input sequences with autocorrelation, see Section 4.1 for the whole
experiment setup. Like in Section 4.2.3, the output was disturbed by additional
white Gaussian noise with σ = 1.

Table 4.5 gives the results. For most of the functions the performance was the
same as for the independent input signal, see Table 4.3. For function 1, 4 and
11 the larger amount of data lead to an improvement. The non-uniform sampling
only lead to problems with some runs for function 12 and 13.

4.2.5 Summary for the Gamma test Approach

In case of function 2 and function 14, significant regressors with low contributions
to the output could not be identified. For function 11, which has large second
derivatives, more data was necessary to make a proper regressor selection. For
function 3 the additional problem of unbounded discontinuities made a selection
impossible. The higher measurement noise level lead to inclusion of a regressor
with very low contribution to the output for function 1. Except of that, the
main influence of the higher noise level was on including dispensable regressors.
Autocorrelation of the input signal didn’t lead to extra problems.
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Figure 4.4. M -tests for function 1. Depicted are the plots of Gamma against the
included amount of data M . The plus sign corresponds to Mask 011, the dot to 100, the
diamond to 101 and the square to 111.
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Table 4.5. Results from Gamma test simulations with non-uniform sampling distribu-
tion and high additive white Gaussian noise on the output (σ = 1). For each function,
the test was applied on 100 data sets with data length N = 5000. Stated is how often the
method found the correct regressors, how often it found too many or too few regressors.
The last line states the respective average counts.

No. Function successful too many too few
1 ut − 0.03ut−2 29 48 23
2 ln |ut| + ut−1 + eut−2 0 0 100

3 ut−1 ·
[

ut + 1
ut−2

]

30 0 70

4 sgn (ut−1) 54 46 0
5 sgn (ut−1) · ut−2 100 0 0
6 sgn (ut−1) · ut · ut−2 100 0 0
7 ln |ut−1 + ut−2| 96 4 0
8 ln |ut−1 · ut−2| 100 0 0
9 ut−2 · ln |ut−1| 100 0 0

10 u3
t−2 · ln |ut−1| 98 2 0

11 ut−2 · (ln |ut−1|)3 65 16 19
12 |ut−2| · eut−1 81 12 7
13 ut−2 · eut−1 81 12 7
14 ut−2 · eut−1−0.03ut 13 0 87
15 |ut| 22 78 0

average 64.6 14.5 20.9

4.3 Regressor Selection using Lipschitz numbers

The second investigated approach is based on Lipschitz numbers, (see Section 3.2).
For the calculation of the Lipschitz numbers, p = 10 Lipschitz quotients were used.
The influence of a single variable was measured using the ratio of the Lipschitz
number of the full regressor embedding and the resulting Lipschitz number when
excluding the respective variable, see Section 3.2.2. Like in [1], the ratio was
compared to the threshold K = 0.7.

The experiments’ results are described in Section 4.3.1. In Section 4.3.2 the
results for the same experimental setup are given when a higher measurement
noise was added to the output. Section 4.3.4 summarises the results.

4.3.1 Results of the Performance Tests with a Uniform Sam-

pling Distribution

Table 4.6 shows the simulation results for low measurement noise when using a
threshold K = 0.7 for Qratio. For functions 1, 3, 6, 12, 13, and 15 the decision
on regressor relevance using the threshold was correct. In case of functions 4, 5
and functions 7 to 11, also non-significant regressors were selected. For function
2, almost all runs resulted in selecting too few regressors. For function 14, we
recorded 14 bad runs.
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Table 4.6. Results from Lipschitz number simulations with uniform sampling distri-
bution and low additive white Gaussian noise on the output (σ = 0.0001). Threshold
K = 0.7. For each function, the test was applied on 100 data sets with data length
N = 800. Stated is how often the method found the correct regressors, how often it
found too many or too few regressors. The last line states the respective average counts.

No. Function successful too many too few
1 ut − 0.03ut−2 100 0 0
2 ln |ut| + ut−1 + eut−2 2 0 98

3 ut−1 ·
[

ut + 1
ut−2

]

98 0 2

4 sgn (ut−1) 2 98 0
5 sgn (ut−1) · ut−2 11 89 0
6 sgn (ut−1) · ut · ut−2 100 0 0
7 ln |ut−1 + ut−2| 7 93 0
8 ln |ut−1 · ut−2| 1 99 0
9 ut−2 · ln |ut−1| 13 87 0

10 u3
t−2 · ln |ut−1| 20 80 0

11 ut−2 · (ln |ut−1|)3 0 100 0
12 |ut−2| · eut−1 100 0 0
13 ut−2 · eut−1 100 0 0
14 ut−2 · eut−1−0.03ut 86 0 14
15 |ut| 100 0 0

average 49.3 43.1 7.6

Table 4.7 shows how often each regressor was found for functions 2, 4 and 14.
Like for the Gamma test, only the influence of ut−2 could be safely detected for
function 2. ut−1 was selected in 48 runs, while ut only in 3 runs. Again, the
contributions of the respective terms are too small. The same applied for ut in
function 14. For function 4, both ut and ut−2 were wrongly included in almost all
of the runs.

Table 4.8 shows the simulation results for a lower threshold K = 0.6. Due to the
lower threshold, the method included less often too many regressors for functions
4, 5 and functions 7 to 11. But now, regressors with a lower contribution, like ut

in function 14, are selected as non-relevant more often, see Table 4.9.

Figure 4.5 shows the values of Qratio for all three regressors of function 5,

Table 4.7. Frequencies of selecting regressors with the Lipschitz number approach for
functions 2, 4, 5 and 14, uniform sampling distribution and low additive white Gaussian
noise on the output (σ = 0.0001). Threshold K = 0.7. For each function, the test was
applied on 100 data sets with data length N = 800.

No. Function ut ut−1 ut−2

2 ln |ut| + ut−1 + eut−2 3 48 100
4 sgn (ut−1) 96 100 98

14 ut−2 · eut−1−0.03ut 86 100 100
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Table 4.8. Results from Lipschitz number simulations with uniform sampling distri-
bution and low additive white Gaussian noise on the output (σ = 0.0001). Threshold
K = 0.6. For each function, the test was applied on 100 data sets with data length
N = 800. Stated is how often the method found the correct regressors, how often it
found too many or too few regressors. The last line states the respective average counts.

No. Function successful too many too few
1 ut − 0.03ut−2 100 0 0
2 ln |ut| + ut−1 + eut−2 0 0 100

3 ut−1 ·
[

ut + 1
ut−2

]

91 0 9

4 sgn (ut−1) 4 96 0
5 sgn (ut−1) · ut−2 38 62 0
6 sgn (ut−1) · ut · ut−2 100 0 0
7 ln |ut−1 + ut−2| 29 71 0
8 ln |ut−1 · ut−2| 14 86 0
9 ut−2 · ln |ut−1| 33 67 0

10 u3
t−2 · ln |ut−1| 56 44 0

11 ut−2 · (ln |ut−1|)3 10 89 1
12 |ut−2| · eut−1 100 0 0
13 ut−2 · eut−1 100 0 0
14 ut−2 · eut−1−0.03ut 61 0 39
15 |ut| 100 0 0

average 55.7 34.3 9.9

Table 4.9. Frequencies of selecting regressors with the Lipschitz number approach for
functions 2, 4, 5 and 14, uniform sampling distribution and low additive white Gaussian
noise on the output (σ = 0.0001). Threshold K = 0.6. For each function, the test was
applied on 100 data sets with data length N = 800.

No. Function ut ut−1 ut−2

2 ln |ut| + ut−1 + eut−2 1 17 100
4 sgn (ut−1) 89 100 88

14 ut−2 · eut−1−0.03ut 61 100 100
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Table 4.10. Results from Lipschitz number simulations with uniform sampling distribu-
tion and high additive white Gaussian noise on the output (σ = 1). Threshold K = 0.7.
For each function, the test was applied on 100 data sets with data length N = 800. Stated
is how often the method found the correct regressors, how often it found too many or
too few regressors. The last line states the respective average counts.

No. Function successful too many too few
1 ut − 0.03ut−2 0 100 0
2 ln |ut| + ut−1 + eut−2 5 0 95

3 ut−1 ·
[

ut + 1
ut−2

]

98 0 2

4 sgn (ut−1) 0 100 0
5 sgn (ut−1) · ut−2 0 100 0
6 sgn (ut−1) · ut · ut−2 100 0 0
7 ln |ut−1 + ut−2| 0 100 0
8 ln |ut−1 · ut−2| 0 100 0
9 ut−2 · ln |ut−1| 0 100 0

10 u3
t−2 · ln |ut−1| 20 80 0

11 ut−2 · (ln |ut−1|)3 0 100 0
12 |ut−2| · eut−1 100 0 0
13 ut−2 · eut−1 100 0 0
14 ut−2 · eut−1−0.03ut 86 0 14
15 |ut| 0 100 0

average 33.9 58.7 7.4

plotted over all 100 runs. The significant regressors ut−1 and ut−2 could be safely
identified. Excluding them lead to small values for Qratio, with a considerable
margin to both of the thresholds, K = 0.7 and K = 0.6, see Figure 4.5(b) and
4.5(c). For ut, the situation was not that clear. The regressor is not significant,
but Qratio varied roughly between 0 and 0.8. Thus, depending on K, the number
of runs where ut was included varies.

4.3.2 Impact of Higher Measurement Noise Level and In-

fluence of Parameter p

The tests for the Lipschitz method were done again with the setup described in
Section 4.1 and a higher output measurement noise (σ = 1). The results are given
in Table 4.10. For functions 1, 2, 4, 5, 7, 8, 9 and 15, the higher noise leads to
more runs with wrongly selected regressors. Figure 4.6 shows the values of Qratio

for all three regressors of function 1, plotted over all 100 runs for the low and
the high noise case. Qratio increases due to noise for the significant regressor ut,
but the ratio is still small enough to evaluate the regressors as significant. For
the regressor with small contribution, ut−2, there was no tendency for a lower or
higher ratio introduced by the noise, but a higher variation of Qratio over all runs.

For the non significant regressor ut−1 the impact of the higher noise level was
considerably larger. Being more than 1 in the low noise case, Qratio decreased
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Figure 4.5. Qratio for all three regressors of function 5, plotted over all 100 runs. The
tests were done with low output noise.
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Figure 4.6. Qratio for all three regressors of function 1, plotted over all 100 runs.
The cross marked plot corresponds to the runs with low output measurement noise
(σ = 0.0001) and the circle market plot corresponds too the runs with high output
measurement noise (σ = 1).
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Table 4.11. Amplification of the Lipschitz numbers due to noise.

No. Function A111 A011 A101 A110

1 ut − 0.03ut−2 14.8 1.1 93.3 14.7
2 ln |ut| + ut−1 + eut−2 1.0 1.1 1.1 1.0

3 ut−1 ·
[

ut + 1
ut−2

]

1.0 1.0 1.0 1.0

4 sgn (ut−1) 3.2 7.9 1.4 8.2
5 sgn (ut−1) · ut−2 1.2 2.8 1.1 1.1
6 sgn (ut−1) · ut · ut−2 1.0 1.0 1.0 1.0
7 ln |ut−1 + ut−2| 2.3 6.2 1.5 1.5
8 ln |ut−1 · ut−2| 1.9 4.4 1.4 1.4
9 ut−2 · ln |ut−1| 1.1 2.1 1.1 1.1

10 u3
t−2 · ln |ut−1| 1.0 1.0 1.0 1.0

11 ut−2 · (ln |ut−1|)3 1.0 1.0 1.0 1.0
12 |ut−2| · eut−1 1.0 1.0 1.0 1.0
13 ut−2 · eut−1 1.0 1.0 1.0 1.0
14 ut−2 · eut−1−0.03ut 1.0 1.0 1.0 1.0
15 |ut| 14.8 1.2 93.8 93.5

below 0.4 for σ = 1.

The impact of noise to Qratio depends both on changes of the Lipschitz num-
ber calculated for the mask 111 and on changes of the Lipschitz number for the
respective reduced embeddings. Due to the additional noise on the output, the
variation of the numerators of the Lipschitz quotients increases, see (3.8). For
the calculation of the Lipschitz numbers, only the largest Lipschitz quotients are
included, see (3.10). Thus, the Lipschitz numbers increase.

Table 4.11 gives the factors A by which the Lipschitz numbers increased due
to the noise, averaged over all runs for each considered embedding. First to note
is that for some functions, none of the Lipschitz numbers changed considerably
due to the higher noise. The reason for this is a high signal to noise ratio, i.e. the
output variance is much larger than the variance of the noise. Thus, the variance
of the numerators of the respective Lipschitz quotients (3.8) nearly stays the same.

For the functions with lower signal to noise ratio, the influence to the Lips-
chitz numbers was considerable. The Lipschitz numbers calculated for redundant
regressors excluded, increased much more than those calculated for the mask 111
(see for example A101 and A110, function 15). Thus, the respective Qratio (3.11)
decreased. When significant regressors were excluded, the mask 111 tended to give
a larger Lipschitz number and so Qratio increased. But when excluding a signifi-
cant regressor, the denominator of Qratio is expected to be very large compared to
the numerator. Therefore, Qratio stays small even with the impact of noise.

If the Lipschitz number for the full embedding, i.e. Q(m) in (3.11), increases
by a larger factor than the Lipschitz number for a certain regressor excluded,
Q(m − 1), the respective Qratio increases. We could observe this for embeddings
with significant regressors excluded.
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Table 4.12. Results from Lipschitz number simulations with non-uniform sampling
distribution and high additive white Gaussian noise on the output (σ = 1). Threshold
K = 0.7. For each function, the test was applied on 100 data sets with data length
N = 800. Stated is how often the method found the correct regressors, how often it
found too many or too few regressors. The last line states the respective average counts.

No. Function successful too many too few
1 ut − 0.03ut−2 0 100 0
2 ln |ut| + ut−1 + eut−2 0 0 100

3 ut−1 ·
[

ut + 1
ut−2

]

100 0 0

4 sgn (ut−1) 0 100 0
5 sgn (ut−1) · ut−2 0 100 0
6 sgn (ut−1) · ut · ut−2 100 0 0
7 ln |ut−1 + ut−2| 0 100 0
8 ln |ut−1 · ut−2| 0 100 0
9 ut−2 · ln |ut−1| 0 100 0

10 u3
t−2 · ln |ut−1| 2 98 0

11 ut−2 · (ln |ut−1|)3 0 100 0
12 |ut−2| · eut−1 94 1 5
13 ut−2 · eut−1 94 1 5
14 ut−2 · eut−1−0.03ut 11 0 89
15 |ut| 0 100 0

average 26.7 60 13.3

Using a larger value for p, the influence of output noise could be reduced.
However, the results for another test with p = 15 and the remaining setup like
above were worse than for p = 10. The larger value for p rather lead to selecting
too few regressors. Using p = 15 for the data with low output noise, the results
degraded as well.

4.3.3 Influence of a Non-uniform Sampling Distribution

The tests for the Lipschitz method were done using a correlated input signal to
investigate the influence of a non-uniform sampling distribution. The standard
deviation of the additive measurement noise was chosen as σ = 1, (see Section 4.1
for the general setup). Table 4.12 gives the results. For most functions, the perfor-
mance was almost the same as for the independent input signal, see Section 4.3.2.
In case of function 14, ut was found only in 11 runs. As for the Gamma test, the
non-uniform sampling distribution also lead to a few bad runs for function 12 and
13, see Table 4.13 for more details.

4.3.4 Summary for the Lipschitz numbers Approach

For the case of function 2, the regressors with low contribution couldn’t be identi-
fied. For function 14, there were also some problems with the regressor with small
contribution. Reducing the threshold to K = 0.6 decreased the frequency of two
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Table 4.13. Frequencies of selecting regressors with the Lipschitz number approach
for functions 12, 13 and 14, non-uniform sampling distribution and high additive white
Gaussian noise on the output (σ = 1). Threshold K = 0.7. For each function, the test
was applied on 100 data sets with data length N = 800.

No. Function ut ut−1 ut−2

12 |ut−2| · eut−1 1 100 95
13 ut−2 · eut−1 1 100 95
14 ut−2 · eut−1−0.03ut 11 100 94

many regressors found but at the same time increased the number of runs with
too few regressors found for function 3 and 11. With higher output measurement
noise, dispensable regressors were included more often while the frequency of ex-
cluding significant regressors remained almost the same. The autocorrelated input
signal didn’t lead to additional problems.

4.4 Regressor Selection using Orthogonal Regres-

sion

The regressor selection performance of the orthogonal regression approach, intro-
duced in Section 3.3, was investigated for the data generated according to Sec-
tion 4.1.

The experiments’ results are described in Section 4.4.1. In Section 4.4.2 the
results for the same setup but with a higher measurement noise level are given.
Section 4.4.4 summarises the results.

4.4.1 Results of the Performance Tests with a Uniform Sam-

pling Distribution

Table 4.14 shows the simulation results for low measurement noise when using a
threshold ERRrel,min = 0.01. The method selected too few regressors for function
1, 2 and 14 and also, for a lower rate of about 20 percent, for function 3. For
function 3, the sum of error reduction was smaller than 5 percent for about 50
runs. For function 1 the term including ut−2 wasn’t found to be significant. In
case of function 2, like already observed for the Gamma test, the contribution of ut

and ut−1 was too low for being detected. The same applied again for ut in function
14. For the remaining functions the method identified all significant regressors,
but also selected non-significant regressors very often. Table 4.15 shows, how often
the regressors were found for functions 1, 2, and 14.

4.4.2 Impact of a Higher Measurement Noise Level

The tests were repeated with the same setup described in Section 4.1, σ = 1.

The results are given in Table 4.16. A clear degradation due to the higher noise
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Table 4.14. Results from simulations with orthogonal regression, uniform sampling
distribution and low additive white Gaussian noise on the output (σ = 0.0001). Threshold
ERRrel,min = 0.01. For each function, the test was applied on 100 data sets with data
length N = 800. Stated is how often the method found the correct regressors, how
often it found too many or too few regressors. The last line states the respective average
counts.

No. Function successful too many too few
1 ut − 0.03ut−2 0 0 100
2 ln |ut| + ut−1 + eut−2 0 0 100

3 ut−1 ·
[

ut + 1
ut−2

]

82 0 18

4 sgn (ut−1) 99 1 0
5 sgn (ut−1) · ut−2 100 0 0
6 sgn (ut−1) · ut · ut−2 100 0 0
7 ln |ut−1 + ut−2| 100 0 0
8 ln |ut−1 · ut−2| 56 44 0
9 ut−2 · ln |ut−1| 81 19 0

10 u3
t−2 · ln |ut−1| 41 59 0

11 ut−2 · (ln |ut−1|)3 14 86 0
12 |ut−2| · eut−1 61 39 0
13 ut−2 · eut−1 97 3 0
14 ut−2 · eut−1−0.03ut 22 0 78
15 |ut| 0 100 0

average 56.9 23.4 19.7

Table 4.15. Frequencies of selecting regressors with the orthogonal regression approach
for functions 1, 2 and 14, uniform sampling distribution and low additive white Gaussian
noise on the output (σ = 0.0001). Threshold ERRrel,min = 0.01. For each function, the
test was applied on 100 data sets with data length N = 800.

No. Function ut ut−1 ut−2

1 ut − 0.03ut−2 100 0 0
2 ln |ut| + ut−1 + eut−2 0 0 100

14 ut−2 · eut−1−0.03ut 22 100 100
average 56.9 23.4 19.7
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Table 4.16. Results from simulations with orthogonal regression, uniform sampling
distribution and high additive white Gaussian noise on the output (σ = 1). Threshold
ERRrel,min = 0.01. For each function, the test was applied on 100 data sets with data
length N = 800. Stated is how often the method found the correct regressors, how
often it found too many or too few regressors. The last line states the respective average
counts.

No. Function successful too many too few
1 ut − 0.03ut−2 0 0 100
2 ln |ut| + ut−1 + eut−2 0 0 100

3 ut−1 ·
[

ut + 1
ut−2

]

81 0 19

4 sgn (ut−1) 60 40 0
5 sgn (ut−1) · ut−2 99 1 0
6 sgn (ut−1) · ut · ut−2 100 0 0
7 ln |ut−1 + ut−2| 95 5 0
8 ln |ut−1 · ut−2| 49 51 0
9 ut−2 · ln |ut−1| 77 23 0

10 u3
t−2 · ln |ut−1| 40 60 0

11 ut−2 · (ln |ut−1|)3 16 84 0
12 |ut−2| · eut−1 61 39 0
13 ut−2 · eut−1 97 3 0
14 ut−2 · eut−1−0.03ut 22 0 78
15 |ut| 0 100 0

average 53.1 27.1 19.8
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Table 4.17. Results from simulations with orthogonal regression, non-uniform sampling
distribution and high additive white Gaussian noise on the output (σ = 1). Threshold
ERRrel,min = 0.01. For each function, the test was applied on 100 data sets with data
length N = 5000. Stated is how often the method found the correct regressors, how
often it found too many or too few regressors. The last line states the respective average
counts.

No. Function successful too many too few
1 ut − 0.03ut−2 0 0 100
2 ln |ut| + ut−1 + eut−2 100 0 0

3 ut−1 ·
[

ut + 1
ut−2

]

19 0 81

4 sgn (ut−1) 94 6 0
5 sgn (ut−1) · ut−2 80 20 0
6 sgn (ut−1) · ut · ut−2 100 0 0
7 ln |ut−1 + ut−2| 11 89 0
8 ln |ut−1 · ut−2| 92 8 0
9 ut−2 · ln |ut−1| 78 22 0

10 u3
t−2 · ln |ut−1| 93 7 0

11 ut−2 · (ln |ut−1|)3 89 11 0
12 |ut−2| · eut−1 0 100 0
13 ut−2 · eut−1 0 100 0
14 ut−2 · eut−1−0.03ut 100 0 0
15 |ut| 0 100 0

average 57.1 30.9 12.1

level only applied in case of function 4. The variable ut−1 was always found, but
redundant terms had ERRrel crossing the threshold in about 30 runs.

In Figure 4.7, the relative error reduction ratios for ut of function 4 are plot-
ted over all runs, for both low and high measurement noise. As the regressor is
redundant, ERRrel is close to zero. We also see, that the conclusion drawn in Sec-
tion 3.3.2, that ERRrel wouldn’t be influenced by noise at all, was an idealisation.
There is a small variation of the measures, which becomes larger, when more noise
is present.

However, the ERRrel(i) is not affected a lot. And so, for most of the functions
the noise didn’t affect the performance. Figure 4.8 shows the respective plots for
ut−1. We see, that the mean of ERRrel(i) doesn’t change for higher noise.

4.4.3 Influence of a Non-Uniform Sampling Distribution

The tests for the orthogonal regression method were done using a correlated input
signal and high output measurement noise, see Section 4.1 for the general setup.
The results are given in Table 4.17. The average performance in finding the correct
regressor sets increased about 4 percent compared to the performance using the
independent random sequence used in Section 4.4.2. For some of these functions
irrelevant regressors were selected more often, for others less often. Extra problems
only occurred for function 3, where ut−2 was identified only in 19 runs.
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(a) ERRrel for low measurement noise (σ = 0.0001).
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(b) ERRrel for high measurement noise (σ = 1).

Figure 4.7. Relative error reduction ratios error reduction ratios ERRrel for ut of
function 4 plotted over all runs.
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(a) ERRrel for low measurement noise (σ = 0.0001).
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Figure 4.8. Relative error reduction ratios error reduction ratios ERRrel for ut−1 of
function 4 plotted over all runs.
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Table 4.18. Comparison of the three methods’ results, uniform sampling distribution
and low additive white Gaussian noise on the output (σ = 0.0001). Thresholds K = 0.4
and ERRrel,min = 0.05. For each function, the test was applied on 100 data sets with
data length N = 800. Stated is how often the methods found the correct regressors,
problematic functions not included. The last line states the respective average counts.

No. Function Gamma Lipschitz Orth. Regr.
4 sgn (ut−1) 99 73 100
5 sgn (ut−1) · ut−2 90 85 100
6 sgn (ut−1) · ut · ut−2 100 100 100
7 ln |ut−1 + ut−2| 99 93 100
8 ln |ut−1 · ut−2| 100 86 100
9 ut−2 · ln |ut−1| 99 96 100

10 u3
t−2 · ln |ut−1| 93 97 100

12 |ut−2| · eut−1 95 100 100
13 ut−2 · eut−1 95 100 100
15 |ut| 100 100 99

average 97 93 99.6

4.4.4 Summary for the Orthogonal Regression Approach

Like the other two methods, in case of function 2 and 14, the orthogonal regression
didn’t select the regressors with low contribution. It also selected too few regressors
for a lower rate for function 3. For function 1, the regressor with low contribution
ut−2 was not identified. The relative error reduction ratio was close to zero. For
the investigated cases, the method was quite robust with respect to noise and
also with respect to sampling with an autoregressive signal. Like for the Lipschitz
numbers method, the choice of a suitable threshold is crucial for the performance
of the orthogonal regression method.

4.5 Comparison of the Methods with Adjusted

Parameters

All of the investigated methods tend more or less to find too few regressors for the
functions 2 ,3 and 14. The Gamma test and the Lipschitz numbers method also
had problems with function 11, while the orthogonal regression method had prob-
lems with function one. For the Lipschitz numbers method and for the orthogonal
regression method, this characteristic depends on the tuning of the threshold. We
can reduce the tendency to exclude regressors, but we therefore lose performance
in regressor selection for other functions. Except for the problematic functions,
the Gamma test never found too few regressors. Now, we ignore the functions 1,
2, 3, 11 and 14 and change the thresholds for the Lipschitz numbers method and
the orthogonal regression in a manner that the methods have maximum average
performance in finding the right regressors, but also don’t select too few regres-
sors. The resulting performances are compared in Table 4.18. All three methods
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Table 4.19. Comparison of the three methods’ results, uniform sampling distribution
and low additive white Gaussian noise on the output (σ = 0.0001). Thresholds K = 0.4
and ERRrel,min = 0.05. For each function, the test was applied on 100 data sets with
data length N = 800. Stated is how often the methods found too few regressors for the
problematic functions. The last line states the respective average counts.

No. Function Gamma Lipschitz Orth. Regr.
1 ut − 0.03ut−2 0 0 100
2 ln |ut| + ut−1 + eut−2 99 100 100

3 ut−1 ·
[

ut + 1
ut−2

]

68 80 75

11 ut−2 · (ln |ut−1|)3 39 51 0
14 ut−2 · eut−1−0.03ut 92 97 100

average 59.6 65.6 75

Table 4.20. Comparison of the three methods’ results, uniform sampling distribution
and high additive white Gaussian noise on the output (σ = 1). Thresholds K = 0.4
and ERRrel,min = 0.05. For each function, the test was applied on 100 data sets with
data length N = 800. Stated is how often the methods found the correct regressors,
problematic functions not included. The last line states the respective average counts.

No. Function Gamma Lipschitz Orth. Regr.
4 sgn (ut−1) 41 0 100
5 sgn (ut−1) · ut−2 88 2 100
6 sgn (ut−1) · ut · ut−2 100 100 100
7 ln |ut−1 + ut−2| 78 0 100
8 ln |ut−1 · ut−2| 92 0 100
9 ut−2 · ln |ut−1| 96 12 100

10 u3
t−2 · ln |ut−1| 93 97 100

12 |ut−2| · eut−1 95 100 100
13 ut−2 · eut−1 95 100 100
15 |ut| 25 0 100

average 80.3 41.1 100

performed well for the listed functions. The orthogonal regression performed best
with almost 100 percent of the runs being successful.

Table 4.19 compares the number of runs, where the methods found too few
significant variables for the problem functions. The settings for the methods are the
same as above. None of the three methods could properly identify the terms ln |ut|
and ut−1 in function 2. In case of function 3, the Gamma test and the Lipschitz
method had problems with all three regressors. The orthogonal regression only
had problems with the term u−1

t−2. The regressors of function 11 could only be
properly identified by the orthogonal regression method. For some reason all of
the methods selected the non-significant variable ut. All methods failed in finding
the variable ut in function 14. The reason is that it has a too small contribution
to the output (see Section 4.2.2). The comparison for the same parameter setting
but high measurement output noise is given in Table 4.20. The Lipschitz numbers
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average performance decreases about 50 percent, while the Gamma test only loses
about 20 percent. The performance of the orthogonal regression was not affected
at all by the noise.

4.6 Conclusions

In this chapter, the three approaches for regressor selection introduced in Chap-
ter 3 are further investigated and compared. We applied the methods on a list of
NFIR models and repeated the experiments several times to evaluate the regres-
sor selection performance of the methods. Experiments were done for two kinds
of sampling distributions and both for low and for high additive white Gaussian
noise on the output.

In order to get a proper regressor selection using the criterion of the smallest
Gamma statistic, we need a reliable margin between the Gamma estimate of the
true embedding and the wrong embeddings. So, for a single Gamma test we should
do first an M -test for the mask 111, in order to be sure, that the estimates are
reliable. If the M -test graph hasn’t stabilised, we shouldn’t trust the results of the
regressor selection. Otherwise, we can trust the results and we can easily interpret
them, as 1 − Vratio is an estimate for the output variance explained by a smooth
relationship, see Section 3.1.1. So, we will also know, if none of the regressors is
significant, because then, 1 − Vratio will be approximately zero.

For both the Lipschitz numbers and the orthogonal regression approach the
choice of a suitable threshold is crucial for the regressor selection performance. For
the Lipschitz method, the choice of a suitable threshold is only possible by means of
Monte Carlo simulations, where we know the significant regressors for a selection of
test functions. We cannot guess what would be a suitable threshold because there
is no easy interpretation of Qratio. In case of the orthogonal regression approach,
the interpretation is easier, since the error reduction ratio is closely related to
the coefficient of determination r2, used in conventional linear regression. For
the choice of the threshold for the orthogonal regression method, we only have to
decide which fraction of the sum of error reduction ratios a regressor should have.

None of the three methods did select those regressors of function 2 and 14 with
comparably low contributions. This is not a problem since we wouldn’t expect
a considerable prediction error, if we didn’t include them to a model. All three
methods have problems with too complex surfaces, as experienced with function
3, which has an unbounded discontinuity.

All three methods performed well in selecting significant regressors, provided
that enough data was available and the data’s underlying relationship was suffi-
ciently smooth. The methods are designed for the identification of smooth models
and when we try to model a non-smooth relationship, or, if we have a smooth
relationship which is too complex compared to the sampling density, there will be
some modelling error. Anyhow, for the most investigated functions, a correct de-
cision on regressor significance was possible. For instance, the model that we used
for the orthogonal regression, was limited on cross-bilinear and quadratic terms
and therefore limited in its flexibility. Nevertheless, for the functions given in Ta-
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ble 4.18 and Table 4.20 it could model a fraction of the output that was sufficient
for finding significant regressors. An inadequate data set would be indicated by a
low sum of error reductions. In case of the Gamma test, an M -test showed, if the
data is suitable. The Lipschitz numbers didn’t give any warnings.

For the case of higher output measurement noise, there was some degradation
in case of the Gamma test and a large decrease in performance for the Lipschitz
numbers method. For both the Gamma test and the Lipschitz numbers method,
this decrease mostly was related to including too many regressors and not, as the
worse case, to excluding significant regressors. The orthogonal regression method
was not affected by the noise.

The non-uniform sampling distribution caused by the autocorrelated input
signal didn’t lead to extra problems for any of the functions. This of course
doesn’t guarantee that any sampling distribution would be adequate. We always
have to provide, that the data’s underlying relationship is sufficiently sampled in
order to get its essential features.

For the small amount of candidate regressors considered in this thesis, the
orthogonal regression seemed to be the best approach, since it lead to the best
performance and was also most robust on noise. For a large number of regressors,
the amount of cross-bilinear terms would grow very large and we would have some
effort to form the regression vector. Thus, in the case of many candidate regressors,
the Gamma test provides the easier way to do the regressor selection.
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Chapter 5

Summary and suggestions

for further study

In this work, three approaches for regressor selection, based on the Gamma test,
Lipschitz numbers, and on linear regression solved with a forward orthogonal least
squares algorithm, were evaluated by the means of Monte Carlo simulations (see
Chapter 4). As we did a large number of simulations in an automated way, we
used easy to implement criteria to interpret the statistics given by the methods
under study (see Chapter 3). For the Gamma test, we chose the embedding with
the smallest Γ. For the Lipschitz numbers and the orthogonal regression we used
threshold criterions to decide about the significance of each regressor. The data
were generated by NFIR models, both with a uniform and a non-uniform sampling
distribution.

All methods performed well in selecting the regressors for both sampling distri-
butions, provided that the data’s underlying relationship was sufficiently smooth
and we had enough data. For the functions that were not smooth enough, the
methods failed. When applying the Gamma test, we got a warning for this by
applying an M -test to the data. The Lipschitz numbers didn’t give any warnings.
For the orthogonal regression, a small sum of error reduction ratios indicates a
bad model fit.

The Lipschitz numbers cannot be interpreted in a quantitative manner. Thus,
finding suitable criterions to use their characteristics for regressor selection requires
studies on various data sets. Another drawback is the large impact of noise.

The performance of the orthogonal regression approach wasn’t affected by the
applied noise at all, while the performance of the Gamma test approach degraded
a little bit.

The estimates calculated by the orthogonal regression approach and the Gamma
test can be easily interpreted, as both the error reduction ratio and Vratio are
related to the r2 statistic used in linear regression. If there are not too many
potential regressors, we suggest to use the orthogonal regression. Otherwise, the
curse of dimensionality leads to a rapidly growing number of model terms to be
built from the candidate variables. As the Gamma test is not based on a certain

49
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model structure, it is easier to use in the case of many regressors to be consid-
ered. Furthermore, the tools provided by the Gamma test software are supposed
to be more powerful than the simple criterion used in this work. For instance, the
embeddings with the smallest Γ can be combined by selecting common regressors.

Further studies could include performance tests relating to model order detec-
tion as we assumed the maximum model order to be known for this work. Other
kinds of input signals could be chosen in order to learn more about the influence
of different sampling distributions. The given approaches should also be tested for
data generated with other kinds of non-linear models like for example the NARX
structure.
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