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Abstract
An approach for computing upper error bounds for reduced-order models of lin-
ear time-varying systems is presented. It is based on a transformation technique
of the Hankel singular values using positive-real, odd incremented functions. By
applying such time-varying functions, the singular values to be removed can be
forced to become equal and constant, so that they can be reduced in one step.
Two variations of this method are proposed: one for finite-time horizons and
the other for infinite-time problems.

Keywords: Rational interpolation, positive real functions, model reduc-
tion, linear time-varying systems.
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Abstract

An approach for computing upper error bounds for reduced-order models of linear time-varying

systems is presented. It is based on a transformation technique of the Hankel singular values using

positive-real, odd incremented functions. By applying such time-varying functions, the singular values

to be removed can be forced to become equal and constant, so that they can be reduced in one step.

Two variations of this method are proposed: one for finite-time horizons and the other for infinite-time

problems.

Index Terms

Rational interpolation, positive real functions, model reduction, linear time-varying systems.

I. INTRODUCTION

Model reduction is an important tool when modeling dynamic systems and designing con-

trollers. This paper considers model reduction of linear time-varying (LTV) systems and related

error bounds. Both continuous and discrete time systems will be covered in a uniform way.
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It is well-known that Lyapunov equations defining observability and reachability Gramians

play an important role when making model reduction and estimating error bounds [1], [2], [3],

[4], [5]. Using these Gramians we can find a state transformation that makes both Gramians

equal and diagonal in the new, balanced state space. The elements in the balanced Gramian are

the Hankel singular values (HSV).

In the linear time-invariant (LTI) case we can perform modelreduction such that the model

error becomes less or equal to the sum of the tail of removed Hankel singular values. If two or

more singular values are equal they need to be counted only once.

By modifying the Lyapunov equations to become linear matrixinequalities (LMIs) the result

above also applies and in addition provides more flexibilityin the analysis [6], [7]. In this case it

is also well-known that if a reduced model of orderr exists then we can always find a generalized

balanced Gramian such that then − r smallest singular values become equal, wheren is the

order of the original system [8], [9], [10].

This paper focuses on how to find upper error bounds for a reduced order model based on

the knowledge of the Hankel singular values only. The analysis is based on three observations:

• If one or more Hankel singular values are equal they can be reduced in one step with a

model error of that singular value. If LTV systems are considered they need to be equal

and constant over time.

• If there exists a reduced model of orderr < n with an error bound ofγ, then there exists a

generalized balanced realization such that then−r smallest Hankel singular values become

equal toγ and constant over time [10].

• If Σ > 0 defines the Hankel singular values and ifα ≥ 0 then alsoΣ̄ = Σ + αΣ−1

are generalized Hankel singular values for the system. Thisholds for both discrete and

continuous time LTV systems.

The last observation, which is related to convex invertiblecones [11], is the main tool in this

paper. It can be used to make several Hankel singular values to become equal. For instance

usingα = σnσn−1 we can obtain a modified balanced Gramian,Σ̄, in which the two smallest

Hankel singular become equal toσn +σn−1. By using the modification recursively we can force

the n− r smallest singular values to become equal. The modification of the balanced Gramian

is performed using a particular transformation,W , which is characterized asW (x) − x being

a positive-real, odd, analytic function. This fact allows us to employ results from interpolation
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theory of positive-real functions.

Note that this analysis is performed based on the Hankel singular values only, without any

explicit knowledge of theA, B, andC matrices. The only assumption is that the Hankel singu-

lar values define the balanced Gramian satisfying the observability and reachability Lyapunov

inequalities.

In the time-varying case, similar time-varying functions or, transformations, can be used.

Here we need to add monotonicity requirements on the transformation, which means that the

function used to modify the reachability Gramian must be increasing, at least for all Hankel

singular values. Similarly the transformation used to modify the observability Gramian must be

decreasing.

We will show how to construct such monotonic transformations in order to force the lastn−r

Hankel singular values to become equal and constant. The results can be condensed into model

error bounds that depend on the sum of maximum Hankel singular values and the number of

minima. The model error will increase gracefully, approximately as the logarithm of the number

of minima of the Hankel singular values.

We can also provide bounds that are independent of the numberof minima and time horizon.

For instance, when reducing an LTV system to any order the model error is always bounded

by twice the maximum value of the sum of all Hankel singular values. In general, this type of

bound depends not only on the removed Hankel singular valuesbut also on remaining ones.

The upper error bounds presented in this paper are in most cases conservative, even if only

the the Hankel singular values are available. Based on some specific Hankel singular values as

function of time, we can probably design a tailored transformation that provides a better upper

bound. The upper error bounds presented here are compromises between simplicity and accuracy.

A. Notation

The notation used in this paper is fairly standard. The sets of real and complex numbers are

denoted byR and C respectively. The open set of complex numbers with strictlypositive real

part is denoted byC+ and the corresponding closed set byC̄+. We denote an identity matrix

of size m by Im. When clear from the context, the subindex will be omitted. For a square,

symmetric (Hermitian) matrix,A > (≥) 0 denotes a positive (semi-)definite matrix.

January 25, 2006 DRAFT

3



4

Hankel singular values including their generalized versions, are denoted byσi. The balanced

Gramian,Σ = diag [σ1, . . . , σn] is assumed to be ordered in descending order. We splitΣ into

two block diagonal parts, whereΣR contains the Hankel singular values that correspond to the

remaining states after model reduction andΣN corresponds to the removed states. We also use

ΣR andΣN to denote the sets of Hankel singular values that they hold intheir diagonals.

II. PRELIMINARIES

We will here study the problem of approximating a discrete-time, stable, LTV system,

G : u → y, where







x(t + 1) = A(t)x(t) + B(t)u(t)

y(t) = C(t)x(t) + D(t)u(t),

by a lower order system denoted̂G. In the continuous-time case the system is described by

G : u → y, where







ẋ(t) = A(t)x(t) + B(t)u(t)

y(t) = C(t)x(t) + D(t)u(t),

which also is assumed to be stable.

We will use the inducedℓ2 andL2-norm as performance criterion,γ = ‖G− Ĝ‖.

A. Gramians and Internal Balancing

In discrete time, ageneralized controllability or reachability Gramian P satisfies

A(t)P (t)AT (t) + B(t)BT (t) ≤ P (t + 1), (1)

and ageneralized observability Gramian Q

AT (t)Q(t + 1)A(t) + CT (t)C(t) ≤ Q(t). (2)

In continuous time, the corresponding generalized Gramians satisfy

A(t)P (t) + P (t)AT (t)− Ṗ (t) + B(t)BT (t) ≤ 0, (3)

and

Q(t)A(t) + AT Q(t) + Q̇(t) + CT (t)C(t) ≤ 0. (4)

A similarity transformation does not change the input-output transfer function, but does

change the Gramians. It is possible to find a similarity transformation, x̄ = Tx, that makes
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the reachability and observability Gramians equal,P = Q = Σ, see for instance [12], [13]

for details. In the discrete-time case, the balanced, generalized observability and reachability

Gramians now satisfy

ĀT (t)Σ(t + 1)Ā(t) + C̄T (t)C̄(t) ≤ Σ(t), (5)

Ā(t)Σ(t)ĀT (t) + B̄(t)B̄T (t) ≤ Σ(t + 1), (6)

respectively. In continuous time, the balanced, generalized observability and reachability Grami-

ans satisfy

Σ(t)Ā(t) + ĀT (t)Σ(t) + Σ̇ + C̄T (t)C̄(t) ≤ 0, (7)

Ā(t)Σ(t) + ĀT (t)Σ(t)− Σ̇ + B̄(t)B̄T (t) ≤ 0, (8)

respectively. It is assumed thatΣ is a continuous function of time.

In the sequel we will often use the term Gramians to also denote generalized Gramians.

B. Upper Bounds for LTI systems

We will first review the problem of approximating a stable LTIsystemG : u → y of ordern

by a lower order system denoted̂G : u → ŷ, which is assumed to have orderr < n.

As a criterion for how well the approximation fits to the original transfer function theH∞-

norm is used:

γ = ‖G− Ĝ‖∞.

The optimal Hankel norm reduction (see [4] for a comprehensive treatment) is based on

the balanced realization. Another scheme called truncatedmodel reduction also employs the

balanced realization. The balanced Gramian is diagonal with the Hankel singular valuesσi on

the diagonal:

Σ = diag [σ1, σ2, . . . , σn] .

Using the Hankel-norm model reduction defined in [4], theH∞ model errorγ of an rth order

approximation is bounded by

γ ≤
n∑

i=r+1

σi 6=σi+1

σi, (9)
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where the Hankel singular valuesσi are assumed to be ordered

σ1 ≥ σ2 ≥ . . . ≥ σr ≥ σr+1 ≥ . . . ≥ σn ≥ 0. (10)

In (9) equal singular values are only added once. Forany reduced model of orderr we have

thatγ ≥ σr+1. Thus, the Hankel-norm model reduction is optimal in theH∞ sense ifr = n−1,

but not necessarily so in the general case.

C. Linear Time-Varying Model Reduction

The results for the linear time-varying problem is similar to the time-invariant case. A impor-

tant difference though, is that we here assume that the Hankel singular values to be removed

are equal and constant over time. To simplify, it is also assumed that then− r smallest Hankel

singular values are equal to one:σr+1 = . . . = σn = 1, which can be obtained after a simple

scaling of the inputs and outputs.

In the discrete-time case, it is then possible to find a reduced order systemĜ such that

‖G− Ĝ‖ ≤ 1:




Â(t) B̂(t)

Ĉ(t) D̂(t)−D(t)



 =




0 ΓT

1 (t + 1) 0

C(t) 0 0








Σ(t) −AT (t)

−A(t) Σ(t + 1)





−1








Γ1(t) 0

0 0

0 B(t)








,

(11)

whereΓ2
1 = Σ2

1 − I andΣ1 = diag [σ1, . . . , σr]. Similarly, in continuous time [4] we can use



Â B̂

Ĉ D̂



 =




Γ−1

1 0

0 I














Σ1A11Σ1 + AT

11 Σ1B1

C1Σ1 D





−




Σ1A12 + AT

21

C2




(
A22 + AT

22

)−1 ×
[

A21Σ1 + AT
12 B2

]










Γ−1

1 0

0 I



 . (12)

where the time dependency has been dropped.

For both the discrete and continuous time cases the remaining generalized Hankel singular

values after the model reduction,Σ1, satisfy the Lyapunov inequalities for the reduced system.

This means that the reduced system is balanced withΣ1 as Hankel singular values.
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D. Balanced Truncation

It is important to note that the reduced models defined in discrete (11) and continuous time

(12), depend on the Hankel singular values,Σ. This is in contrast tobalanced truncation, see

for instance [14], which only depends on the original (truncated)A, B, andC matrices; theD

matrix is always kept untouched:



Â B̂

Ĉ D̂



 =




A11 B1

C1 D



 (13)

This specifically means that the error bound can be assessed by removing one Hankel singular

value at a time. After removing a state, we can make a fresh start using the original, truncated

Σ to assess the error bound for removing the next state, and so on. As we will later see, this

will not be the case when using (11) and (12), since the Hankelsingular values to be used in

the next reduction step are modified. In addition, when usingbalanced truncation, the singular

values can be orded arbitrarily. The drawback is that the model reduction error, when using (13)

is 2σn, compared toσn when using (11) and (12).

III. T RANSFORMATIONS OFHANKEL SINGULAR VALUES

In the previous section we have seen that states can be removed with a model error equal to

the smallest Hankel singular value,σn, provided it is constant in time. We will here consider

some different schemes on how to modifyΣ based on the information that it satisfies (6) and

(5) in the discrete-time case and (8) and (7) in the continuous time case, without any further

knowledge of the specificA, B andC. The aim is to modify the Hankel singular values so that

the n − r smallest singular values become equal and constant. Doing so, we can remove the

corresponding states in one fell swoop, with a model error ofγ = σr+1 = . . . = σn.

In order to characterize the set of allowable transformations on Hankel singular values (HSV)

we start by the following definition in terms of a continued fraction expansion.

Definition 1 A rational HSV transformation function,Wr(σ), of orderr is defined by

Wr(z) = z + α0z + αr

(

z + αr−1

(
. . . α2(z + α1σ

−1) . . .
)−1
)−1

, (14)

whereαi ≥ 0, ∀i ∈ [0, r]. 2
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Assumingα0 = 0, we can also rewrite this as an recursive definition withW0(z) = z and

Wr(z) = z + αrW
−1

r−1(z) for r ≥ 0.

A. Basic Properties

Lemma 1: Let Wr be a HSV transformation function according to Definition 1. If Σ > 0

satisfies the observability and reachability Lyapunov inequalities,

AT (t)Σ(t + 1)A(t) + CT (t)C(t) ≤ Σ(t), (15)

A(t)Σ(t)AT (t) + B(t)BT (t) ≤ Σ(t + 1), (16)

in the discrete-time case, and

Σ(t)A(t) + A(t)T Σ(t) + Σ̇(t) + CT (t)C(t) ≤ 0, (17)

A(t)Σ(t) + Σ(t)AT (t)− Σ̇(t) + B(t)BT (t) ≤ 0, (18)

in the continuous-time case, then also anyΣ̄ = Wr(Σ) does so for anyαi ≥ 0.

Proof: We show this by induction. First, by assumptionW0(Σ) = Σ satisfies (15) and (16).

Secondly, assuming that̄Σ = Wr(Σ) satisfies (15) impliesAT (t)Wr(Σ(t+1))A(t) ≤ Wr(Σ(t)).

SinceWr(Σ(t + 1)) ≥ Σ(t + 1) > 0, we can use Schur complement to rewrite this as



−Wr(Σ(t)) AT (t)

A(t) −W−1
r (Σ(t + 1))



 ≤ 0,

which in turn is equivalent toA(t)W−1
r (Σ(t))AT (t) ≤ W−1

r (Σ(t+1), sinceWr(Σ(t)) ≥ Σ(t) >

0. Combining this with (15) yields

A(t)Wr+1(Σ(t))AT (t) + B(t)BT (t) ≤ Wr+1(Σ(t + 1)).

whereWr+1(Σ) = Σ + αr+1W
−1
r (Σ) andαr+1 ≥ 0. Analogously, we can show that,

AT (t)Wr+1(Σ(t + 1))A(t) + CT (t)C(t) ≤ Wr+1(Σ(t)),

assumingΣ̄ = Wr(Σ) satisfies (16), which completes the proof by induction. The continuous-

time part of the Lemma is proved similarly. Removing theBBT from (18) and then multiplying

it by Σ−1 from the left and from the right yields

Σ(t)−1A(t) + AT (t)Σ(t)−1 − Σ(t)−1Σ̇(t)Σ(t)−1

= Σ(t)−1A(t) + AT (t)Σ(t)−1 +
d

dt

(
Σ(t)−1

)
≤ 0,

and consequentlyΣ + αΣ−1 also satisfies (17).
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B. Positive-Real Functions

We will now connect the HSV transformation to posivite real functions.

Definition 2 A function, f : C → C, is positive real if it is analytic in C+ = {z ∈ C : Re z >

0}, Re f(z) ≥ 0 for any z ∈ C+ andf(z) ∈ R whenz ∈ R. 2

Lemma 2: Let w = a/b be an odd, rational function, wherea andb have no common factors.

Then, the following statements are equivalent

(i) w is on the form

w(x) = α0 x +
α1

x +
α2

. . .

, αi ≥ 0;

(ii) w is positive real;

(iii) a + b has all its zeros inC−.

Proof: (i) ⇒ (ii) follows immediately from the recursive definition ofw, since the sum of

two positive-real functions are also positive real and since the inverse of a non-zeror is also a

positive-real function.

(ii) ⇒ (iii) follows by the following arguments. Letw = a/b, wherea and b are polynomial

functions with no common zeros. Sincew is a positive-real function, it is analytic in̄C+ with

the exception of single, isolated poles (zeros ofb) on the imaginary axis. Using the principle

of variation of argument we conclude thata + b has no zeros in̄C+ with the exception of the

singularities inw. Consequently all zeros ofa + b are located in the open left complex plane,

C−.

(iii) ⇒ (i) Using the standard Routh-Hurwitz algorithm, see [15, page 180], for determining

stability of the polynomial,

p(x) = a(x) + b(x) = a0x
n + b0x

n−1 + a1x
n−2 + b1x

n−3 + . . . .

we obtain the coefficients,αi in w as α0 = a0/b0, α1 = c0/b0, α2 = d0/b0, α3 = e0/c0, etc,

where

ci = ai+1 −
a0

b0

bi+1, di = bi+1 −
b0

c0

ci+1, . . .
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are the coefficients in Routh’s algorithm.

w(x) =
a0x

n + a1x
n−2 + . . .

b0xn−1 + b1xn−3 + . . .
=

a0

b0








x +
c0/a0

x +
d0/b0

. . .








.

Since the characteristic polynomial,a + b, is Hurwitz, the coefficients,αi, are all positive.

Corollary 1: The rational function,Wr, is a HSV transformation if and only iff(z) = Wr(z)−
z is a rational positive real, odd function.

The set of increments,Wr(Σ) − Σ, can also be described as the smallest convex invertible

cone [11], [16] containingΣ.

Lemma 2 can be used to constructΣ̄ = Wr(Σ) such thatr Hankel singular values (elements

in the diagonal of̄Σ) become equal.

Lemma 3: Let r denote the number of strictly positive singular values,σi > 0. Further letqk

denote the coefficients in the characteristic polynomial ofΣ = diag [σ1, σ2, . . . , σr] defined by:

p(x) =
r∏

k=1

(x + σk) =
r∑

k=0

qkx
k. (19)

Then

Wr(x) = qr−1

xr + qr−2x
r−2 + . . .

qr−1xr−1 + qr−3xr−3 + . . .
=

a(x)

b(x)
, (20)

is a HSV transformation function such thatWr(σi) =
∑r

i=1
σi.

Proof: According to Lemma 2,p generates a positive-real function,Wr, that can be

expressed as a continued fraction expansion yields:

Wr(x) = x +
α1

x +
α2

x +
α2

. . .

,

whereαk ≥ 0, which indeed is a HSV transformation.

C. Derivation of Some Known Bounds

In the time-invariant case, whereσi are constants with respect to time, we can remove the

n−r smallest Hankel singular values by using a HSV transformation,Wr, defined in terms of the

removed singular values:σr+1, . . . , σn. In this case, the model error is bounded by‖G− Ĝr‖ ≤
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∑n

i=r+1
σi. If there are multiple Hankel singular values, such thatσi = σk, i 6= k, they only need

to be counted once.

This is the same bound as if one singular value is removed at a time. After each removal

the truncated Hankel singular values are valid for the reduced system. This means that the total

error bound becomes equal to the sum of the removed singular values.

In the time-varying, discrete-time case with periodicity such thatΣ(t + T ) = Σ(t) for all t

and for someT , the upper bound of the model error becomes

‖G− Ĝr‖ ≤
T∑

t=1

n∑

i=r+1

σi(t), (21)

using the HSV transformation defined by the set of Hankel singular values given by{σi(t) :

i ∈ [r + 1, n], t ∈ [1, T ]}. Again, if there are multiple Hankel singular values, such that

σi(t) = σk(s), (i, t) 6= (k, s), they only need to be counted once. This bound has been previously

presented for truncated systems, see [17], [18], [19], [14].

D. Rational Interpolation

According to Corollary 1, the transformation function,Wr, as the property thatf(z) =

Wr(z) − z is a positive-real, odd, rational function. This allows us to employ results from

analytic interpolation theory including the Nevanlinna-Pick problem: Given the interpolation

data, {(zk, wk)}n
k=1

⊂ C+ × C+, does there exist a positive-real function f such that f(zk) =

wk, k = 1, . . . , n?

Lemma 4 (Nevanlinna-Pick): There exists a solution to the Nevanlinna-Pick interpolation

problem, if and only if thePick matrix

P =










w1+w̄1

z1+z̄1

w1+w̄2

z1+z̄2
. . . w1+w̄n

z1+z̄n

w2+w̄1

z2+z̄1

w2+w̄2

z2+z̄2
. . . w2+w̄n

z2+z̄n

...
...

. . .
...

wn+w̄1

zn+z̄1

wn+w̄2

zn+z̄2
. . . wn+w̄n

zn+z̄n










, (22)

is positive semidefinite. Herēz denotes the complex conjugate ofz.

The solution is unique if the Pick matrix,P , is singular, otherwise all solutions can be parametrized

by a linear-fractional transformation.

The Pick matrix can be modified to also include derivative conditions of the typef ′(zi) = w′
i

(higher order derivatives can also be included). See for instance [20], [21] for details.
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As an alternative to the Pick matrix, Nevanlinna reduced thenumber of constraints using the

Schur algorithm. Iff(z1) = w1 thenf is positive real if and only iff is on the form

f(z) = w1

z1 + zf1(z)

z1f1(z) + z
, (23)

wheref1 is also positive real. Note that (23) implies that we can always find an odd rational

function if we assume that{(zk, wk)} ∈ R+ ×R+.

E. General Analytic Transformations

So far we have restricted the HSV transformation functions to be rational functions. Using

positive-real interpolation we can generalize Lemma 1.

Definition 3 [PROI function] A PROI function, W (z), is an odd, analytic function such that

W (z)− z is positive-real 2

Lemma 5: Let W be a PROI function as defined in Definition 3. IfΣ > 0 satisfies the

observability and reachability Lyapunov inequalities, (15) and (16) in the discrete-time case, and

(17) and (18) in the continuous-time case, then also anyΣ̄ = W (Σ) does so.

Proof: According to Lemmas 2 and 4, we can find a rationalPROI function,Wr, such that

Σ̄ = Wr(Σ) = W (Σ) andW ′
r(Σ) = W ′(Σ) hold. Thus, according to Lemma 1, alsoΣ̄ satisfies

the Lyapunov inequalities asΣ does.

F. Combining HSV transformations

A HSV transformation (20),W , can also be written as

W (x) = σ̄
p(x) + p̄(x)

p(x)− p̄(x)
, (24)

wherep(x) is defined in (19),

p̄(x) =
r∏

k=1

(x− σk) ,

and σ̄ =
∑

i σi. In order to combine two HSV transformations,W1 andW2, so that the multiset

union of their defining singular values become the singular values of the new function, we can

use the following formula:

W (x) = (σ̄1 + σ̄2)
W1(x)W2(x) + σ̄1σ̄2

σ̄2W1(x) + σ̄1W2(x)
= (σ̄1 + σ̄2)
︸ ︷︷ ︸

¯̄σ

(
W1(x)

σ̄1

)

⊕
(

W2(x)

σ̄2

)

, (25)
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where the commutative and associative operator⊕, is defined by

x⊕ y =
xy + 1

x + y
.

Here we assume that̄σi = Wi(σi). This implies that

W (σ1) = W (σ2) = ¯̄σ = σ̄1 + σ̄2.

The general case with several singular values can be writtenas

W (x) = ¯̄σ
⊕

i

(
Wi(x)

σ̄i

)

= ¯̄σ

∏

i(Wi(x) + σ̄i) +
∏

i(Wi(x)− σ̄i)
∏

i(Wi(x) + σ̄i)−
∏

i(Wi(x)− σ̄i)

where ¯̄σ =
∑

i σ̄i. Taking the derivative ofW with respect to time assuming a fixedx yields

Ẇ = σ̄2

W1(W1W2 + 2σ̄1σ̄2 + σ̄2
2 −W 2

2 ) + σ̄2
1W2

(σ̄2W1 + σ̄1W2)2
Ẇ1

+ σ̄1

W2(W1W2 + 2σ̄1σ̄2 + σ̄2
1 −W 2

1 ) + σ̄2
2W1

(σ̄2W1 + σ̄1W2)2
Ẇ2

+ ¯̄σ
σ̄1(W

2
2 − σ̄2

2)

(σ̄2W1 + σ̄1W2)2
˙̄σ1 + ¯̄σ

σ̄2(W
2
1 − σ̄2

1)

(σ̄2W1 + σ̄1W2)2
˙̄σ2. (26)

Lemma 6: Let (Wi, σ̄i) ∈ (R → R)× R be n pairs that satisfy the following properties:

(i) Wi ≥ x,

(ii) Wi ≥ σ̄i,

(iii) x +
σ̄2

i

3x
≥ Wi,

(iv) Ẇi ≥ 0,

(v) σ̄i ≥ 0, and

(vi) ˙̄σi ≥ 0.

ThenW = ¯̄σ
⊕

i(Wi/σi) and ¯̄σ =
∑

i σ̄i satisfy the very same properties.

Proof: We first verify the properties ofW whenn = 2. To show (i) ofW , we can use

W (x)− x =
σ̄1W2(W1 − x) + σ̄2W1(W2 − x) + σ̄1σ̄2

¯̄σ

σ̄2W1 + σ̄1W2

≥ 0

since (i) holds. Similarly to show (ii) ofW , we can use

W (x)− ¯̄σ = ¯̄σ
(W1 − σ̄1)(W2 − σ̄2)

σ̄2W1 + σ̄1W2

≥ 0

since (ii) holds. To show (iii), we can use

3x(x +
¯̄σ2

3x
−W )(σ̄1W2 + σ̄2W1) = (3x2 + ¯̄σ2)(σ̄1W2 + σ̄2W1)− 3¯̄σ(W1W2 + σ̄1σ̄2)x

= (3x2 + ¯̄σ2 − 3xW1)σ̄1W2 + (3x2 + ¯̄σ2 − 3xW2)σ̄2W1 − 3¯̄σσ̄1σ̄2x

≥ (¯̄σ2 − σ̄2

1)σ̄1W2 + (¯̄σ2 − σ̄2

2)σ̄2W1 − 3¯̄σσ̄1σ̄2x

≥ (¯̄σ2 − σ̄2

1)σ̄1x + (¯̄σ2 − σ̄2

2)σ̄2x− 3¯̄σσ̄1σ̄2x = 0.
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The property (iv) ofW follows since (iii) and (iv) assure that thėWi terms in (26) are non-

negative. Similary, (i) together with (v) assure that the˙̄σi terms are non-negative. The property

(v) and (vi) follow immediately from¯̄σ =
∑

i σ̄i.

The general case (n > 2) now follows by induction.

IV. T IME-VARYING TRANSFORMATIONS

Time-varying transformations can be applied to improve theupper bound for time-varying

linear systems. Here we will study the required conditions for these functions.

A. Discrete Time

Consider the observability Gramian inequality of the balanced realization

AT (t)Σ(t + 1)A(t) + CT (t)C(t) ≤ Σ(t). (27)

If Σ(T + 1) andΣ(T ) are given such that (27) holds, we can modifyΣ(T ) by applying aPROI

function: W (Σ).

For instance we can useW (Σ) = Σ + α2(T )Σ−1(T ) whereα(T ) ≥ 0. We can then continue

in reverse time going fromt = T down to0. For eacht we have to assure thatα(t) ≥ α(t+1);

we may assume thatα(T + 1) = 0. If we let Q(t) = Σ(t) + α2(t)Σ−1(t) we have obtained a

new observability Gramian that satisfies

AT (t)Q(t + 1)A(t) + CT (t)C(t) ≤ Q(t), t ∈ [0, T ].

With this new observability Gramian (still diagonal) we canperform a new balancing such that

Σ̄2(t) = Σ(t)(Σ(t) + α2(t)Σ−1(t)) = Σ2(t) + α2(t)I.

In the general discrete-time case, the following lemma holds.

Lemma 7: Let S be a time-varyingPROI function. If Σ(t) satisfies the observability Lyapunov

inequality (15) and in addition either

S(t, Σ(t)) ≥ S(t + 1, Σ(t)), or S(t, Σ(t + 1)) ≥ S(t + 1, Σ(t + 1))

holds, then alsōΣ(t) = S(t, Σ(t)) satisfies (15).

Similarly, let R be a time-varyingPROI function. If Σ(t) satisfies the reachability Lyapunov

inequality (16) and in addition either

R(t + 1, Σ(t)) ≥ R(t, Σ(t)), or R(t + 1, Σ(t + 1)) ≥ R(t, Σ(t + 1))
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holds, then alsōΣ(t) = R(t, Σ(t)) satisfies (16).

Proof: From Lemma 5 and (15) we have

AT (t)S(t, Σ(t + 1))A(t) + CT (t)C(t) ≤ S(t, Σ(t)), and

AT (t)S(t + 1, Σ(t + 1))A(t) + CT (t)C(t) ≤ S(t + 1, Σ(t)).

Provided eitherS(t, Σ(t)) ≥ S(t + 1, Σ(t)) or S(t, Σ(t + 1)) ≥ S(t, Σ(t + 1)) holds, we obtain

AT (t)S(t + 1, Σ(t + 1))A(t) + CT (t)C(t) ≤ S(t, Σ(t)), t ∈ [0, T ].

The reachability part of the lemma can be shown similarly.

The time-varyingPROI functions are monotonic (increasing or decreasing) functions. It is enough

to ensure monotonicity at everyσi ∈ Σ.

B. Continuous Time

For the general continuous-time case, the following lemma holds.

Lemma 8: Let S be a time-varyingPROI function. If Σ(t) satisfies the observability Lyapunov

inequality (17) and in addition
∂S

∂t
(t, Σ(t)) ≤ 0 (28)

holds, then alsōΣ = S(t, Σ) satisfies (17).

Similarly, let R be a time-varyingPROI function. If Σ(t) satisfies the reachability Lyapunov

inequality (18) and in addition
∂R

∂t
(t, Σ(t)) ≥ 0 (29)

holds, then alsōΣ = R(t, Σ) satisfies (18).

Proof: Applying a time-varyingPROI function,S, on Σ such thatQ(t) = S(t, Σ(t)) yields

S(t, Σ(t))A(t) + AT (t)S(t, Σ(t)) +
dS(t, Σ(t))

dt
+ CT (t)C(t) ≤ 0 (30)

Using Lemma 5 yields

S(t, Σ(t))A(t) + AT (t)S(t, Σ(t)) +
∂S

∂Σ
Σ̇(t) + CT (t)C(t)

︸ ︷︷ ︸

≤ 0 sinceS is a PROI function

+
∂S

∂t
(t, Σ(t)) ≤ 0. (31)

Since∂S
∂t

(t, Σ) is a diagonal matrix, it is enough to check each diagonal component. Thus,S(t, Σ)

satisfies the observability Lyapunov inequality if (28) holds.

Similarly, R(t, Σ) satisfies the reachability Lyapunov inequality ifR is a PROI function

satisfying (29).
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C. Monotonic Functions

A simple PROI function isW2(σ) = σ + α2/σ. It is increasing for anyσ > 0 if we assume

that α̇ ≥ 0.

A more general set of monotonicPROI functions can be described by

Wn(α, σ) = αwn

(σ

α

)

, (32)

where

wn(x) =







n
xn +

(
n

2

)
xn−2 + . . . + 1

nxn−1 +
(

n

3

)
xn−3 + . . . + nx

n even,

n
xn +

(
n

2

)
xn−2 + . . . + nx

nxn−1 +
(

n

3

)
xn−3 + . . . + 1

n odd.

(33)

The functionwn(x) is increasing with respect tox for x ≥ 1.

We also have thatwn(nx)/n → coth(1/x) asn →∞:

w∞(x) = coth

(
1

x

)

= x +
1

3x +
1

5x +
1

. . .

.

This yields W∞(α, x) = α coth(α/x), which is monotonic for every fixedx ≥ 0 if α is

monotonic. This transformation can be applied to both discrete and continuous time systems.

D. Monotonicity for Combined Functions

We will now show how we can assure monotonicity atσ = σi ∈ Σ = {σ1, . . . , σn}, using

a carefully designedPROI function. We will here consider the sets of removed Hankel singular

values,ΣN , and remaining singular value,ΣR, differently.

We start by assuring monotonicity atσ = σi ∈ ΣN = {σr+1, . . . , σn}, using aPROI function

defined by

W (x) = ¯̄σ

(
n⊕

i=r+1

Wi(x)

σ̄i

)

⊕
(

n⊕

i=r+2

Wi(x)

σ̄i

)

(34)

where¯̄σ = σ̄r+1 +2
∑n

i=r+2
σ̄i andσ̄i = Wi(σi). Note that (34) defines aPROI function in which

σr+2, . . . , σn appear twice andσr+1 only once. It is straightforward to show that

∂

∂t

(

¯̄σ

(
W1

σ̄1

)

⊕
(

W1

σ̄1

)

⊕
(

W2

σ̄2

))

= 2 ˙̄σ1 + ˙̄σ2 = ˙̄̄σ. (35)
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when evaluated at̄σ1 = W1(σ1). Thus, monotonicity is assured in allσr+2, . . . , σn, since they

are repeated (at least) twice if we assume that˙̄̄σ ≥ 0.

Next, we verify that thePROI function is monotonic for anyx ≥ σr+1, which is the largest

singular value inΣN .

Lemma 9 (Monotonicity): Let Wi(x) = αi/ tanh(αi/x), σ̄i = Wi(σi) and ¯̄σ =
∑n

i=r+1
σ̄i,

whereαi ≥ 0. Then, thePROI function

W (x) = ¯̄σ
⊕

i

Wi(x)

σ̄i

(36)

is increasing,Ẇ (x) ≥ 0, for any fixedx ≥ maxi σi = σr+1, assuming˙̄σi ≥ 0 and Ẇi(x) ≥ 0.

Similarly, W (x) is decreasing,Ẇ (x) ≤ 0, assuming˙̄σi ≤ 0 andẆi(x) ≤ 0.

Proof: For anyx ≥ σr+1, it is easy to verify thatWi(x) satisfy the properties in Lemma 6.

Consequently,W (x) also do so.

In the discrete-time case we can for instance use

W (t + 1, x)
¯̄σ(t + 1)

=

(
n⊕

i=r+1

Wi(t, x)

σ̄i(t)

)

⊕
(

n⊕

i=r+2

Wi(t + 1, x)

σ̄i(t + 1)

)

(37)

where

¯̄σ(t + 1) = σ̄r+1(t) +

n∑

i=r+2

(σ̄i(t) + σ̄i(t + 1)). (38)

Here,σ̄r+2, . . . , σ̄n appear twice, ones fort and another time fort + 1, while σ̄r+1 only appears

once.

V. SHUTTLE APPROACHES

We will now use time-varying transformations to modify the Hankel singular values so that

the smallest one,σn(t), becomes constant over time. After removing the corresponding state,

we can proceed recursively until the reduced model is of order r.

In this section we will study various approaches to find upperbounds of the model error.

Three variants will be considered

• Each pass is followed by rebalancing;

• Two independent passes followed by rebalancing;

• Coordinated passes.
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A. Each Pass Followed by Rebalancing

In the first approach we will move forward and backward, just like passing a shuttle through

the shed in a loom. In each cycle one Hankel singular value (possibly repeated) is removed.

This is done by first modifying the reachability Gramian,P , in forward time, starting at

t = 0. By choosing a suitable time-varying transformation we canforce the smallest singular

value (after another balancing step) to become an increasing function in time. In the final step,

the observability Gramian,Q, is modified in backward time so that the smallest singular value

becomes constant after yet another rebalancing. The following discussion covers the discrete-time

case, while the continuous-time case can be handled analogously.

We start by modifying the reachability Gramian,P . Let P (t) = W (Σ) = Σ(t) + α2
p(t)Σ

−1

andQ(t) = Σ(t). The transformation used here,W , is obviously increasing for anyσ, if αp is

increasing. After rebalancing, the smallest modified singular value,σ̄n, becomes

σ̄2

n(t) = pn(t)qn(t) =

(

σn(t) +
α2

p(t)

σn(t))

)

σn(t) = σ2

n(t) + α2

p(t).

We start by definingαp(0) = 0 and consequentlȳσn(0) = σn(0). We now work our way forward

in time until t = T +1. In each step we have to assure thatαp(t+1) ≥ αp(t) andσ̄n(t+1) ≥ σ̄n(t)

in order to respect the monotonicity condition. We want to find the smallestαp(t) andσ̄n(t) that

satisfy these conditions.

The rule to solve this problem is the following: ifσn(t+1) ≤ σn(t) let σ̄n(t+1) = σ̄n(t) and

α2
p(t+1) = σ̄2

n(t)−σ2
n(t+1), otherwise keepαp(t+1) = αp(t) andσ̄2

n(t+1) = σ2
n(t+1)+α2

p(t+1).

We can also express this asα2
p(t + 1) = α2

p(t) + max {0, σ2
n(t)− σ2

n(t + 1)} , which yields

σ̄2

n(t + 1) = σ̄2

n(t) + max
{
0, σ2

n(t + 1)− σ2

n(t)
}

.

This means that in intervals whereσn is increasing,αp becomes constant, and in intervals where

σn is decreasing we letα2
p(t) = σ̄2

n(tm(t)) − σ2
n(t) where tm(t) denotes the first maximum of

σn(t) after t. We can thus show that

σ̄2

n(T + 1) = σ2

n(0) +

T∑

t=0

max
{
0, σ2

n(t + 1)− σ2

n(t)
}

.

Let σn haveM local maxima,σn(tmax,i), in the interval[0, T + 1]. Thenσn will have M − 1

local minima,σn(tmin,i), in betweenσn(tmax,1) andσn(tmax,M), so that

0 ≤ tmax,1 < tmin,1 < . . . < tmin,M−1 < tmax,M ≤ T + 1. (39)
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and define

S2

2 (σn) = σ2

n(tmax,M) +

M−1∑

i=1

(
σ2

n(tmax,i)− σ2

n(tmin,i)
)
. (40)

After this processing, we have modified the smallest singular value to become an increasing

function with σ̄2
n(T + 1) = S2

2 (σn) and σ̄(0) = σ(0).

After rebalancing, the procedure is repeated in backward time starting att = T + 1 and

modifying the observability Gramian,Q, so that¯̄σn(t) = ¯̄σn becomes constant over the entire

interval t ∈ [0, T + 1]. After a second rebalancing all singular values are modifiedas

¯̄σ2

i (t) = σ̄2

n + α2

q(t) = σ2

i (t) + α2

p(t) + α2

q(t) = ¯̄σ2

n + σ2

i (t)− σ2

n(t),

where

¯̄σ2

n = σ̄2

n(T + 1) +

T∑

t=0

max






0, σ̄2

n(t)− σ̄2

n(t + 1)
︸ ︷︷ ︸

≤0






= S2

2 (σn).

Note thatS2 is symmetric with respect to time: it applies both for backward and forward passes.

Since the modified smallest Hankel singular value is constant over time, it can be removed

with an error bounded defined by

‖G− Ĝn−1‖ ≤ ¯̄σn = S2(σn). (41)

By using balanced truncation (13) in all but the last step, weobtain the following upper bound,

Theorem 1: Let G be an LPV system. Then there exists a reduced order LPV system, Ĝr, of

orderr such that

‖G− Ĝr‖ ≤ S2(σr+1) + 2

n∑

k=r+2

S2(σk). (42)

whereS2 is defined in (40).

Proof: Removeσn, σn−1, . . . , σr+2 one by one using balanced truncation. The model error

in each step is then bounded byS2(σi). The remaining singular values are not affected. Finally,

removeσr+1 using (11) or (12).

These bounds can be compared with the upper bound given in [14]:

‖G− Ĝr‖ ≤ 2

n∑

k=r+1

ST (σk), where ST (σk) = σk(tmax,M)

M−1∏

i=1

σk(tmax,i)

σk(tmin,i)
. (43)
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B. Independent Passes

We will start to improve the bound given in (41) by performingtwo independent passes with

transformations defined by

W (x) = α coth(α/x). (44)

After these two passes we modify the Gramians once more in order to obtain a constant modified

singular value after the rebalancing.

We have to respect the monotonicity requirements so that thetransformation,S, that modifies

the observability Gramians becomes increasing and the one modifying the reachability Gramian,

R, is decreasing. After we have achieved monotonic observability and reachability Gramians we

can finally modify them to become constant after the concluding rebalancing.

We start by looking at thePROI function modifying the observability Gramian. The time-

varying transformation must be increasing both at the singular value to be removed and any

other singular values above this removed one. Using the transformation defined in (44) we can

assure this by having an increasingα with respect to time, such thatα̇ ≥ 0, which means that

S(t, σ) is increasing for every fixedσ. At the same time we need to assure that˙̄σ ≥ 0, where

σ̄ = S(t, σn).

We can achieve this by the following rules. Whenσn is increasing we keepα constant and

whenσn is decreasing we increaseα so that

σ̄n(t) = S(t, σn(t)) =
α(t)

tanh

(
α(t)

σn(t)

) = σn(t)f

(
α(t)

σn(t)

)

,

becomes constant. Heref denotesf(x) = x coth(x). Thus, assuming that the minima and

maxima ofσn occurs as in (39) and usingβ(t) = α(t)/σn(t), we can express this as

βn(tmax,1) = 1,

βn(tmax,i+1) = f

(
σn(tmin,i)

σn(tmax,i+1)
f−1

(
σn(tmax,i))

σn(tmin,i)
βn(tmax,i)

))

, (45)

wheref−1 denotes the inverse function off . If σn(tmin,i) = 0 we can use

βn(tmax,i+1) = f

(
σn(tmax,i)

σn(tmax,i+1)
βn(tmax,i)

)

.

Next, define

SC+(σn) = σ̄n(T + 1) = βn(tmax,M)σn(tmax,M), (46)
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whereβn satisfies (45). Note thatSC+ is expressed in terms of the local maxima and minima

of σn, in a similar way asS2. Specifically, we can determine an upper bound forSC+ in terms

of the number of local maxima,M , and the global maximum,σn,max:

βi+1 = f(βi) =
βi

tanh βi

, i = 1, . . . , M − 1

whereβ1 = 1. This yieldsSC+(σn) ≤ βMσn,max. The upper error bound has been computed

using the assumption that every local minimum is 0 and every local maximum isσmax. The

function SC+ increases rather gracefully (roughly logarithmically) asa function of the number

of maxima,M . The functionSC− is defined similarly for the modified reachability Gramian.

Note thatSC− is not identical toSC+, even if their upper bounds as a function of number of

minima are the same.

Finally, S(t, σn(t)) andR(t, σn(t)) are modified so that their product becomes constant over

time. A simple, but not always optimal, way to achieve this isas follows. Since,R(t, σn(t)) is

decreasing, we modifyS(t, σn(t)) by applying another increasing transformation,S2, such that

S2(t, S(t, σn(t))) = γS(t, σn(t))/R(t, σn(t)), where

γ2 = max
t

S(t, σn(t))×max
t

R(t, σn(t)) = SC+(σn)SC−(σn).

Similarly,R(t, σn(t)) is modified by another decreasing transformation,R2, such thatR2(t, R(t, σn(t))) =

γR(t, σn(t))/S(t, σn(t)). After rebalancing, this yields

σ̄n(t) =
√

R2(t, R(t, σn(t)))S2(t, S(t, σn(t))) = γ.

Thus, the model error using this method with independent passes is bounded by

‖Gn − Ĝn−1‖ ≤ SC(σn) =
√

SC+(σn)SC−(σn). (47)

C. Removing Several Singular Values

In order to remove several singular values at a time, we first transform each singular value,

σi ∈ ΣN , using time-varyingSi andRi. Finally, we combine these transformations intoS and

R, using (34) or (37), which results inn− r equal and monotonic singular values. Finally, we

transform these so that they become constant after the final rebalancing step. This yields the

following upper bound

‖G− Ĝr‖ ≤

√
√
√
√SC+(σr+1) + 2

n∑

i=r+2

SC+(σi)×

√
√
√
√SC−(σr+1) + 2

n∑

i=r+2

SC−(σi). (48)
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A similar, simpler, and marginally better, bound can be obtained by using balanced truncation

for the lastn− r−1 singular values and finally using (47) in the last step when removingσr+1.

Thus, we have shown the following bound.

Theorem 2: Let G be an LPV system. Then there exists a reduced order LPV system, Ĝr, of

orderr such that

‖G− Ĝr‖ ≤ SC(σr+1) + 2
n∑

i=r+2

SC(σi). (49)

whereSC is defined in (47) and (46).

D. Coordinated Passes

The bound in (49), even for the caser = n − 1, is not always the best. The reason for this

is that the singular values are modified in two independent passes: the first in forward and the

second in backward time. The resulting modified Gramians arein turn modified so that their

Hankel singular values become constant over time by anotherpair of transformations.

We will see how combining these transformations into one pair of transformations (instead of

two) can improve the bounds. We will call this the method withcoordinated passes, which can

be described as follows. Search for time-varying transformations functions,R andS, such that

σ̄n =
√

R(t, σn(t))S(t, σn(t)) becomes constant and minimal. As beforeS is the transformation

of the observability Gramian,Q(t) = S(t, Σ(t)), and R modifies the reachability Gramian,

P (t) = R(t, Σ(t)). We have to assure thatS(t, σi) ≥ St+1(σi) and R(t, σi) ≤ R(t + 1, σi) for

i ∈ [1, n].

The drawback with coordinated passes is that it makes the computation more involved and

complex, while the reduction in the bound is typically 10-15% compared to using independent

passes. We will now illustrate this method using a few different transformation functions. Let

us consider a discrete-time (or continuous-time) system over a time horizon with two maxima

of σn at t = 0 andt = T +1, both withσn(t) = 1. In between these points there is a minimum,

σmin, at tmin. According to (41) or (47) we can obtainS2(σn) or SC(σn) as upper bounds.

We will now try to improve this bound. First, let

R(t, σ) = σ + α2

R(t)/σ = αR(t)W2(σ/αR(t)),

S(t, σ) = σ + α2

S(t)/σ = αS(t)W2(σ/αS(t)).
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TABLE I

IMPROVED BOUNDS WITH ONE MINIMUM USING A SECOND-ORDER RATIONAL FUNCTION, W (σ) = σ + α2/σ. IN ORDER TO

ASSURE MONOTONICITY WE ASSUME THATσMIN ≥ 1/
√

3.

t σn(t) αR R(t, σ) αS S(t, σ) σ̄2
n

0 1 1 σ α1 σ +
α

2

1

σ
1 + α2

1

tmin σmin α1 σ +
α

2

1

σ
α1 σ +

α
2

1

σ
(σmin +

α
2

1

σmin
)2

T + 1 1 α1 σ +
α

2

1

σ
1 σ 1 + α2

1

TABLE II

IMPROVED BOUNDS WITH ONE MINIMUM USING AN INFINITE-ORDER TRANSFORMATION, W∞(σ) = α coth(α/σ). IN

ORDER TO ACHIEVE A CONSTANTσ̄, WE LET α1 coth2(α1/σMIN ) = coth α1 . SPECIFICALLY WHEN σMIN = 0, WE GET

α1 = coth α1, WHICH YIELDS σ̄n = α1 = 1.19968.

t σn(t) R(t, σ) S(t, σ) σ̄2
n

0 1 σ α1W∞( σ

α1

) α1 coth α1

tmin σmin α1W∞( σ

α1

) α1W∞( σ

α1

) α2
1 coth2( α1

σmin
)

T + 1 1 α1W∞( σ

α1

) σ α1 coth α1

If σ ≥ α, these transformations have the property that they are monotonic in bothα and σ.

Specifically,αWn(σ/α) is an increasing function in bothα andσ.

We now need to find monotonicαR and αS such thatσ̄n becomes constant, see the last

column of Table I. Thus̄σ2
n = (σmin + α2

1/σmin)
2 = 1 + α2

1, which has the solutionα2
1 =

1

2
σmin

(√

4− 3σ2
min− σmin

)

. Further we must assure thatσmin ≥ α1 in order to stay in the

monotonic region of the transformation, which impliesσmin ≥ 1/
√

3. Whenσmin = 1/
√

3 we

get σ̄n =
√

4

3
compared to

√

2− σ2
min =

√
5

3
obtained from (41).

We can now go on with higher-orderPROI functions of the typeαWn(σ/α). By increasing

the ordern of the rational function we can cover down to any minimumσmin > 0. In the limit,

see Table II, we get̄σn = 1.19968 for σmin = 0, with W∞(x) = coth(1/x) (σ̄n = α1 is the

solution tocoth α1 = α1). The different bounds for this case are summarized in Figure 1.

The upper error bound can be expressed as a function of the maximum of σn and the number

of minima, M , in the interval between the first and the last maxima. Using carefully designed
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Fig. 1. Comparison of upper error bounds for a system with a singular value,σn, that is1 at both end points and has one

minimum of σmin in the middle. The bound labelled1/σmin is from [14], while the bound labelled
p

2− σ2
min is from (41).

The bounds labelledW2 andW3 are derived using the second and third order rational functions, respectively, whileW∞ uses

α coth(α/x) to transform the Hankel singular values. Note thatW∞ does not always provide the best bound, but is flexible

since it can handleσmin down to anyǫ > 0, which the others cannot. Also note that all bounds are asymptotically similar close

to σmin = 1.

transformation functions we can derive a bound that grows roughly logarithmically with respect

to M , see Table III. As a comparison, the bound in (42) gives an upper bound that grows as the

square root ofM : σmax

√
1 + M . The bound in (43) grows exponentially or linearly (by splitting

the interval into smaller parts) as the number of minima.

Several minima can be analyzed using the same technique as for independent passes, that is

using balanced truncation and optimal model reduction. Then a bound similar to (49) can be

obtained. We just need to replaceSC with its improved version using coordinated passes.

E. An Example

As an example to illustrate this technique we take the dieselexhaust catalyst model from

[14], where it is reduced from 24th to first order using balanced truncation. The corresponding

uppder bound of the model error is48× 10−3. The simulated model error is7.2× 10−3, so the

gap between the upper bound and the actual error is quite large.

The two largest Hankel singular values,σ1 andσ2, dominate over the the remaining singular

values, so we can neglect the effects of all but the these two.The second largest singular
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TABLE III

THE UPPER MODEL ERROR BOUND, σ̄n/σMAX , FOR REMOVING ONE STATE, AS A FUNCTION OF THE NUMBER OF MINIMA, M ,

IN σn . THE COLUMN LABELED coord APPLIES TO A COORDINATED PASS WHILE INDEPENDENT PASSES IS LABELED indep

M coord indep
√

n + 1

0 1 1 1

1 1.1997 1.3130 1.4142

2 1.3533 1.5179 1.7321

3 1.4769 1.6711 2

4 1.5800 1.7936 2.2370

5 1.6685 1.8957 2.4495

10 1.9844 2.2447

100 3.2707 3.5573 10.0499

104 5.8991 6.1603

106 8.3985 8.6476

value has a maximum of about6 × 10−3 and has three minima in between the maxima. Thus,

using the method with coordinated passes and balanced truncation gives an upper bound of

2 × 1.48 × 6 × 10−3 = 18 × 10−3. Using, (11) allows us to halve the error bound down to

9× 10−3, only 25% higher than the simulated model error.

VI. CONSTANT UPPERBOUNDS FORINFINITE TIME HORIZONS

So far we arrived at an ever increasing upper bound,γ, as a function of the time horizon

or number of minima. Even if it is slowly increasing, we wouldalso like to find upper bounds

that do not depend on the length of the time interval. This is specifically relevant for periodic

systems. To achieve this, we have to let go of the assumption that the time-varying transformation

is monotonic for allσ above the largest removed singular value (see Lemma 9). Instead we have

to assure monotonicity only for the actual remaining singular values,ΣR = {σ1, . . . , σr} in

addition to the removed singular valuesΣN = {σr+1, . . . , σn}. This has the consequence that we

need more specific knowledge about the remaining singular values in terms of their magnitude

as a function of time.

January 25, 2006 DRAFT

25



26

A. Bounds for Zeroth-Order Models

We can use the results in lemmas 7 and 8 in order to give an upperbound for reducing an

nth-order LTV system to zeroth order (or any order).

Theorem 3: Let G be an LPV system. Then there exists a reduced order LPV system, Ĝr,

system such that‖G− Ĝr‖ ≤ supt σ̄(t), where

σ̄(t) =







2
∑n

i=1
σi(t), continuous-time case;

∑n

i=1
(σi(t) + σi(t + 1)) , discrete-time case.

Proof: In the discrete-time case we can use

S = R = W,

whereW is a time-varying transformation defined by






W (t, Σ(t)) = W (t, Σ(t + 1)) = γ, and

σ̄(t) =
∑

i (σi(t) + σi(t + 1)) ,

γ = supt σ̄(t).

(50)

For instance we can use

W (t, x)

γ
=

x

γ − σ̄i(t)
⊕
(

n⊕

i

x

σi(t)

)

⊕
(

n⊕

i

x

σi(t + 1)

)

,

which yields

W (t, Σ(t + 1)) = W (t + 1, Σ(t + 1)), (51)

so that the conditions in Lemma 7 hold. The continuous-time case proof is similar.

As a matter of fact, reducing an LTV model to zeroth order is a convex problem, since we can

use the fact that the product of the observability and reachability Gramians is a unit matrix times

a constant:PQ = γ2I, see [9], [22]. This yields






A(t)P (t)AT (t) + B(t)BT (t) ≤ P (t + 1),





A(t)

C(t)




P (t)






A(t)

C(t)






T

≤






P (t + 1) 0

0 γ2I




 ,

(52)

where the second LMI has been obtained from the observability Lyapunov inequality (2) using

Schur complements.
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These inequalities, together with the conditionP (t) > 0, can be used to compute the minimum

γ as an LMI program. In continuous time the problem becomes infinite-dimensional, but still

convex.

B. Discrete-Time Bounds

Bounds for reducing annth-order LTV system to orderr > 0 is more involved and will

be elaborated in the sequel. We will here start with using thecondition, W (t, Σ(t + 1)) =

W (t + 1, Σ(t + 1)) from Lemma 7, which can be expressed as

W (t, σi(t + 1)) = W (t + 1, σi(t + 1)). (53)

For the Hankel singular values that are removed,ΣN = {σr+1, . . . , σn}, we assume that

W (t, σi(t + 1)) = W (t + 1, σi(t + 1)) = σ̄, σi ∈ ΣN (54)

for some constant̄σ. The transformation,W , evaluated at the remaining singular values are

instead fixed to a time-invariant template function,τσ̄. For ΣR = {σ1, . . . , σr} assume that

W (t, σk(t + 1)) = W (t + 1, σk(t + 1)) = fσ̄(σk(t + 1)), σk ∈ ΣR. (55)

The template function,τσ̄, can be chosen freely, but

τσ̄(x) = σ̄ coth
σ̄

x
(56)

is used in this paper, since it has some nice properties:

• it is a PROI function, sinceτσ̄(x)− x is positive real;

• if σ̄ satisfies the interpolation condition, then also any value greater than̄σ will do so.

• the upper bound can be computed as a minimum ofT + 1 values, each if which only

depends onΣ(t) at that very instant,t.

Shifting the argumentt yields

W (t, σi) =







τσ̄(σi), for σi ∈ ΣR(t) ∪ ΣR(t + 1),

σ̄, for σi ∈ ΣN(t) ∪ ΣN (t + 1).
(57)

We can regard this as an interpolation problem using positive-real, odd functions. Figure 2

illustrates this for an example wheren = 2 and r = 1 with σ1(t) = 0.8, σ1(t + 1) = 0.7,

σ2(t) = 0.6 andσ2(t + 1) = 0.5.
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Fig. 2. Interpolation problem for a discrete-time, second-order system to be reduced to first order. Hereσ2(t) = 0.8, σ2(t+1) =

0.7, σ1(t) = 0.6 andσ1(t+1) = 0.5. The PROI function (solid line) crosses the template function (dash-dotted) line atσ = 0.7

and0.8, while it goes through the lineW = σ̄ (dashed) atσ = 0.5 and0.6. This yields the minimum̄σ = 2.4959.

Note the specific choice of template function will affect thebound. The template function in

(56) is not the only choice. We can even consider to use time-varying template functions that

respect certain properties. However, even if this method, with a fixed template function, does not

obtain the best upper bound, it allows us to treat each time instant independently, by minimizing

σ̄ with respect to (57). This can be done efficiently using the Nevanlinna-Pick condition, for

instance by searching for the minimum by a bisection algorithm.

An alternative to the template function approach is to formulate a set of LMIs withT + 1

Nevanlinna-Pick conditions, one for eachW (t, x). The LMIs are parametrized with̄σ and the

r(T +1) values corresponding to (53) fori = 1, . . . , r. This works for small problems with short

time horizons,T , and a few number of states,n. For large problems the number of variables

in the LMIs will increase, which extends the solution time. In addition, numerical problems are

more likely to occur.
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C. Continuous-time Bounds

In the continuous-time case we can proceed similarly, assuming S = R = W such that
∂W

∂t
(t, σi(t)) = 0.

W (t, σi) =







τσ̄(σi), for σi ∈ ΣR(t),

σ̄, for σi ∈ ΣN(t),
(58)

and
∂W

∂t
(t, σi(t)) = 0. (59)

The condition in (59) can be rewritten using

d

dt
(W (t, σi(t))) =

∂W

∂σ
σ̇i +

∂W

∂t
= 0.

Consequently,

∂W

∂σ
(t, σi) =







τ ′σ̄(σi), for σi ∈ ΣR(t),

0, for σi ∈ ΣN (t).
(60)

This can also be regarded as an interpolation problem, here with multiplicity in σi, as is illustrated

in Figure 3.

The template function,τσ̄, is here assumed to be time-invariant. In order to improve the bound,

time-varying template functions could also be considered,for instance assuming that∂τσ̄

∂t
= 0.

Now, let us assume that we want to reduce a second-order system to first order. The system

has two, time-varying, singular values,σ1 > σ2 ≥ 0. Thus,ΣR = {σ1} and ΣN = {σ2}. This

gives the following error bound

‖G2 − Ĝ1‖ = max
t

f

(
σ2

σ1

)

σ2, (61)

where the amplification factor,f , is shown in Figure 4.

If we revisit the diesel exhaust catalyst model from [14], wecan compute an upper bound for

reducing the 24th-order model to first order to3.53×6×10−3 ≈ 21×10−3. Note that this bound

does not depend on the number of minima inσ2, but it is instead based on the assumption that

σ2/σ1 ≤ 0.1 holds.

In the general case, assuming the fixed template function (56), we can express an upper

bound on the model error as‖G − Ĝr‖ ≤ γ = maxt F (ΣN (t), ΣR(t)) , whereF is defined as

the minimum value,̄σ such that there exists aPROI function satisfying (58) and (60).
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Fig. 3. Interpolation problem for a continuous-time, second-order systems to be reduced to first order. Hereσ2(t) = 0.75, and

σ1(t) = 0.55, which yieldsσ̄ = 2.3932 as minimum. The function (solid line) tangents the templatefunction (dash-dotted) line

at σ = 0.75 and tangents the lineW = σ̄ (dashed) atσ = 0.55.

D. Discussion

When trying to find a constant̄σ for a reduced order model using the template function in

(56), we need to assume that the sets of reduced and remainingsingular values are separated. If

they go together at some time instant,t, such thatσr(t) = σr+1(t), the amplification factor will

increase infinitely, see Figure 4. If they meet, we need to determine a constant̄σ bound as ifσr

belong to the set of removed singular values. If thatσr(t) in turn joinsσr−1, we have to include

that as well, and so on, until the reduced and remaining singular values become separated.

Another related problem is that the upper bound obtained from the template method depends

on the number,r, of remaining Hankel singular values, even if they are far away from the

removed ones. Whether these phenomena are artifacts of the method and its template function is

not yet fully understood. Using time-varying template functions would probably produce a less

conservative bound, but at an increased computational complexity. Other time-invariant template

functions could also be considered but this has yet not been studied.

VII. CONCLUSIONS

In this paper we present a powerful tool for deriving error bounds for reduced order models

of LTV systems. The analysis is based on the Hankel singular values without any further explicit
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Fig. 4. Amplification factor,f(σ2/σ1) = γ/σ2, with n = 2 and r = 1 for some different values ofσ2/σ1. The template

function given in (56) has been used to compute tha amplification factor, which can be approximated asf(x) = 3.5191 +

3.0165( atanh x

x
− 1).

knowledge of the system. By applying a certain class of transformation functions on the Hankel

singular values, we provide upper error bounds of the model error.

Two kind of methods are presented: bounds for finite-horizonmodel errors and bounds for

infinite-horizon systems including periodic systems. The choice of method depends mainly on the

time-horizon of the problem. In the finite-horizon case, thebound depends on the time-horizon.

We can express an upper bound that is a slowly increasing function of the number of minima

in the Hankel singular values to be removed. In the infinite-horizon case the model error bound

depends on both the removed and remaining Hankel singular values.

We have assumed that all Hankel singular value are strictly greater than zero. However, the

theory can be extended to also include the case when they become zero. In addition, it is also

straightforward to include the case when the system order istime-varying.

REFERENCES

[1] B. C. Moore, “Principal component analysis in linear systems: Controllability, observability, and model reduction,” IEEE

Transactions on Automatic Control, vol. 26, pp. 17–32, 1981.

[2] L. Pernebo and L. Silverman, “Model reduction via balanced state space representation,”IEEE Transactions on Automatic

Control, vol. 27, no. 2, pp. 382–387, April 1982.

January 25, 2006 DRAFT

31



32

[3] D. Enns, “Model reduction with balanced realizations: An error bound and a frequency weighted generalization,” inIEEE

Proceedings of the 23rd Conference on Decision and Control, Las Vegas, Nevada, 1984.

[4] K. Glover, “All optimal Hankel-norm approximations of linear multivariable systems and theirL∞-error bounds,”

International Journal of Control, vol. 39, no. 6, pp. 1115–1193, 1984.

[5] U. Al-Saggaf and G. Franklin, “An error-bound for a discrete reduced-order model of a linear multivariable system,”IEEE

Transactions on Automatic Control, vol. 32, no. 9, pp. 815–819, September 1987.

[6] D. Hinrichsen and A. J. Pritchard, “An improved error estimate for reduced-order models of discrete-time systems,”IEEE

Transactions on Automatic Control, vol. 35, pp. 317–320, March 1990.

[7] C. Beck, J. Doyle, and K. Glover, “Model reduction of multi-dimensional and uncertain system,”IEEE Transactions on

Automatic Control, vol. 41, no. 10, pp. 1466–1477, October 1996.
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