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Abstract

NLARX (NonLinear AutoRegresive with eXogenous inputs) models are fre-
quently used in black-box nonlinear system identi�cation. Though it is easy
to make one step ahead prediction with such models, multiple steps pre-
diction ids far from trivial. The main di�culty is that in general there is
no easy way to compute the mathemaical expectation of an output condi-
tioned by past measurements. An optimal solution would require intensive
numerical computations related to nonlinear �ltering. The purpose of this
paper is to investigate simple non-optimal prediction merhods. It is shown
that caution must be paid when using such methods, since the prediction
behaviors may be radically di�erent, depending on some detailed choices.

Keywords: identi�cation
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Abstract NLARX (NonLinear AutoRegressive with eXogenous inputs) models are
frequently used in black-box nonlinear system identification. Though it is easy to
make one step ahead prediction with such models, multiple steps prediction is far
from trivial. The main difficulty is that in general there is no easy way to compute
the mathematical expectation of an output conditioned by past measurements.
An optimal solution would require intensive numerical computations related to
nonlinear filtering. The purpose of this paper is to investigate simple non optimal
prediction methods. It is shown that cautions must be paid when using such
methods, since their prediction behaviors may be radically different, depending
on some detailed choice.
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1. INTRODUCTION

In the field of classical linear system identifi-
cation, ARX (AutoRegressive with eXogenous
inputs), ARMAX (AutoRegressive and Moving
Average with eXogenous inputs) and OE (Out-
put Error) models have been extensively stud-
ied. Let us just cite a few examples out of the
very vast literature on this topic: (Goodwin and
Payne, 1977; Söderström and Stoica, 1989; Walter
and Pronzato, 1997; Ljung, 1999). For nonlinear
system identification, researches have been mainly
focused on NonLinear ARX (or NLARX) models,
notably since the emergence of artificial neural
networks applied to nonlinear system identifica-
tion (Narendra and Parthasarathy, 1990; Levin
and Narendra, 1995; Sjöberg et al., 1995; Judit-
sky et al., 1995; Principe et al., 1998; Chen et
al., 1999). The purpose of this paper is to investi-
gate some issues on the way NLARX models are
used for multiple steps prediction.

NLARX models can be used for various purposes
(control, simulation, behavior analysis, monitor-
ing, etc.). When one step ahead prediction is

needed in such applications, the predictor can
be trivially derived from an NLARX model. In
some applications, multiple steps prediction of the
identified system is required. It turns out that
multiple steps prediction is a problem far less
trivial. In the linear case, when the modeling error
is simply assumed to be a white noise, the k steps
ahead prediction of the output at the time instant
t can be made by computing its mathematical
expectation conditioned by the measured outputs
up to the time instant t − k. If, moreover, the
modeling error is assumed Gaussian, then the full
conditional distribution of the predicted output
can be computed based on the Kalman theory. In
the nonlinear case, however, the problem becomes
much more complicated. In general, the condi-
tional mean of the output to be predicted cannot
be simply computed without estimating its full
conditional distribution. In principle, this problem
is related to nonlinear filtering theory (Jazwinski,
1970). However, the implementation of such solu-
tions requires intensive numerical computations.
Even with the recently developed particle filtering
methods (Doucet et al., 2001), the necessary nu-



merical computations can rarely be accomplished
in real time for most applications. For engineer-
ing practices, simple methods for multiple steps
prediction are often required. It is thus of practi-
cal importance to investigate simple non optimal
multiple steps prediction methods for nonlinear
systems. This is exactly the purpose of this paper
for NLARX models.

Remark that the multiple steps predictions con-
sidered in this paper are based on an NLARX
model estimated through the minimization of
one-step prediction error criterion. This is typi-
cally the approach used in Model Predictive Con-
trol (MPC). However, some authors suggest to
estimate different models for different prediction
horizons (Di Palma and Magni, 2004).

We will investigate in this paper two simple meth-
ods for multiple steps prediction derived from
iterations of the NLARX model by neglecting
some modeling errors. These apparently natural
methods are not new and differ only in some
detail. However, as will be shown in the paper, the
slight difference leads to completely different be-
haviors for multiple steps prediction. Very often,
one of the methods gives badly oscillatory results,
whereas the other one exhibits a more reasonable
behavior.

For presentation simplicity, only single input sin-
gle output (SISO) systems are considered in this
paper.

2. METHOD 1

In this section we examine a first apparently
natural multiple steps prediction method

2.1 NLARX model and one step ahead prediction

Let let u(t) and y(t) be respectively the measured
system input and output at discrete time instants
t = 1, 2, 3, . . . , then a NLARX model has the form

y(t) = f [y(t − 1), . . . , y(t − na), u(t − nk), . . . ,
u(t − nk − nb + 1)] + e(t) (1)

where the integers na, nb are the numbers of past
outputs and inputs involved in the model, nk is
the pure input delay, f is some nonlinear func-
tion (typically implemented by an artificial neural
network), and e(t) represents the modeling error.
Such a model is typically estimated by minimizing
some criterion based on the error sequence e(t)
with respect to some parametrization vector of the
nonlinear function f .

With such a NLARX model, a prediction of the
system output at time instant t from past mea-

sured outputs is obtained by simply omitting the
error e(t):

ŷ(t) = f [y(t − 1), . . . , y(t − na), u(t − nk), . . . ,
u(t − nk − nb + 1)] (2)

If the error sequence e(t) is a white noise indepen-
dent of past measurements, then this prediction
coincides with the conditional mean:

ŷ(t) = E[y(t) | y(t − 1), . . . , y(t − na),
u(t − nk), . . . , u(t − nk − nb + 1)]

It is considered as a one step ahead prediction,
because ŷ(t) is computed from measured outputs
up to the time instant t − 1.

2.2 Multiple steps prediction

Based on the one step prediction formula (2), an
apparently natural multiple steps prediction is de-
rived by recursively applying the same prediction
formula as follows. For k = 1, 2, 3, . . . , let ŷ(k)(t)
denote the k step prediction of the output y(t).
The one step prediction is simply ŷ(1)(t) , ŷ(t)
with ŷ(t) as defined in (2). Then for k = 2, 3, 4 . . . ,
the k step prediction is recursively computed by

ŷ(k)(t) = f [ŷ(k−1)(t − 1), . . . , ŷ(k−1)(t − na),
u(t − nk), . . . , u(t − nk − nb + 1)] (3)

Notice that the sequence ŷ(1)(t) (for t = 1, 2, 3, . . . )
must be first computed before ŷ(2)(t) is computed,
then ŷ(3)(t) is computed, and so on. This predic-
tion formula is particularly attractive for batch
processing of data in Matlab, since it can be
implemented efficiently with a loop over the steps
k instead of a loop over the data samples.

The value ŷ(k)(t) computed with the recurrent
formula (3) can be viewed as a k step ahead pre-
diction of y(t), since it is computed from measured
outputs up to the time instant t−k. This method
seems natural, since it repeatedly applies the one
step prediction formula, each time for a further
step prediction. However, this method typically
leads to badly oscillatory results, as illustrated by
the following example.

The considered example is a liquid-saturated
steam heat exchanger for which a description and
the available data can be found in the data base
(De Moor, 1996). The system has an input, the
liquid flow rate, and an output, the outlet liquid
temperature. The 4000 samples of input-output
data downloaded from the data base are plotted
in figure 1. The data from sample 220 to 2000 are
used for the estimation of a NLARX model with
na = 3, nb = 3, nk = 1 and f implemented as a
single hidden layer neural network of 2 sigmoid
neurons.

The one step prediction with the estimated
NLARX model is then tested over the entire 4000
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Figure 1. Input (top) and output (bottom) data
of the liquid-saturated steam heat exchanger
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Figure 2. One step ahead prediction for the liquid-
saturated steam heat exchanger data
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Figure 3. Two steps ahead prediction for the
liquid-saturated steam heat exchanger data
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Figure 4. Five steps ahead prediction for the
liquid-saturated steam heat exchanger data

data samples, as plotted in figure 2. As expected,
the one step prediction is similar to the measured
output of figure 1, so is the two steps prediction
shown in figure 3. However, the degradation of the
five steps prediction plotted in figure 4 is clearly
noticeable. The result of the ten steps prediction
given in figure 5 is completely meaningless.

One may think that this bad prediction be-
havior is due to the instability of the NLARX
model. Since it is difficult to analytically study
the stability of such a nonlinear model, let us
try to get some idea by simulation. The simu-
lated output z(t) is computed with the estimated
model as follows. First choose the initial values
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Figure 5. Ten steps ahead prediction for the liquid-
saturated steam heat exchanger data
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Figure 6. Simulated output for the liquid-
saturated steam heat exchanger example

z(1), z(2), . . . , z(na), then z(t) is recursively com-
puted for t > na:

z(t) = f [z(t − 1), . . . , z(t − na),
u(t − nk), . . . , u(t − nk − nb + 1)] (4)

The simulation is made with the same input data
u(t) as above. Since the input u(t) is independent
of the simulated output z(t), if the recurrent
equation (4) is instable, typically the simulated
z(t) will diverge.

The simulated output is illustrated in figure 6. It
can be noticed that the simulated output is much
more similar to the measured output than the five
and ten steps predictions. The simulation result
supports the guess that the estimated NLARX
model is stable. Anyway it is surprising that the
five and ten steps predictions are much worse than
the result of the simulation which can be viewed
as infinite steps prediction.

2.3 What is wrong?

One may question if this surprisingly bad behavior
of multiple steps prediction is caused by the non-
linearity of the estimated model. It turns out that
this problem is not specific to nonlinear systems.
If the multiple steps prediction formula (3) is
applied to linear systems, the same behavior can
also be observed. For example, consider the linear
AR model

y(t) = a1y(t − 1) + a2y(t − 2) + e(t) (5)

Assume that model parameters has been esti-
mated somehow, and a data set y(t) for t =
1, 2, . . . , N is given. The prediction formula (3) is
then applied to make multiple steps predictions.
For simplicity, assume y(1) = y(2) = 0. Define the
notations



Y =




y1

...
yN


 Ŷ (k) =




ŷ(k)
1
...

ŷ(k)

N




the recurrent equation (3) leads, for this particular
linear example, to

Ŷ (k) = FŶ (k−1) (6)

with Ŷ (0) = Y and

F =




0 · · · · · · · · · · · · · · · 0
a1 0 · · · · · · · · · · · · 0
a2 a1 0 · · · · · · · · · 0
0 a2 a1 0 · · · · · · 0
0 0 a2 a1 0 · · · 0
...

. . . . . . . . .
...

0 · · · · · · 0 a2 a1 0




It is then clear that

Ŷ (k) = F kY

The N × N matrix F has its eigenvalues all
equal to zero, and has the property FN = 0.
The recurrent equation (6) is thus clearly stable.
However, in simulations, for example, with N =
50, a1, a2 randomly drown within the interval
[0.5, 1], and with Y generated as a Gaussian noise,
typically the simulated Ŷ (k) has some components
increased several thousands times for some k < N .
Of course, Ŷ (k) = 0 for k ≥ N . The problem is
that, for large N , some components of Ŷ (k) can
become very large before the value of k reaches
N . Note that if Y is by chance an eigenvector of
F , then Ŷ (k) = 0 for all k, but this case does not
often happen.

This “divergent” property observed by simulation
is independent of the stability of (6), and also
independent of the stability of the original AR
equation (5). In fact, it does exist a positive def-
inite matrix P such that (Ŷ (k))T P Ŷ (k) decreases
with k and it is true that Ŷ (k) tends to zero (it
even reaches zero at k = N), but these facts do
not prevent the rapid growth of some components
of Ŷ (k) before k = N .

In order to better understand the problem, let
us make some approximate analysis, since the
accurate analysis seems extremely complicated.
Define the N × N matrix

J =




0 · · · · · · · · · 0
1 0 · · · · · · 0
0 1 0 · · · 0
...

. . . . . .
...

0 · · · 0 1 0




then

F = a1J + a2J
2

= J(a1IN + a2J)
= (a1IN + a2J)J

Therefore,

F k = Jk(a1IN + a2J)k

= Jk
k∑

i=0

Ci
kak−i

1 ai
2J

i

where
Ci

k =
k!

(k − i)! i!

The non zero entries of the matrix F k is thus ex-
pressed by Ci

kak−i
1 ai

2. Let us study some particular
entry among them. For simplicity, assume k is an
even number. Let k = 2m and consider i = m.
It is of course assumed that k + i = 3m < N ,
otherwise Jk+i = 0 and the corresponding entry
would disappear from F k. Then

Cm
2mam

1 am
2 =

(2m)!
(m!)2

(a1a2)m

For large m, the Stirling approximation formula

n! ≈
√

2πn
(n

e

)n

can be applied, leading to

Cm
2mam

1 am
2 ≈

√
2π2m

(
2m

e

)2m

2πm
(m

e

)2m (a1a2)m

=
(4ab)m

√
πm

Therefore, approximatively, if |ab| > 0.25, then
the entry Cm

2mam
1 am

2 will become large for large
m.

This example shows the danger of the multiple
steps prediction formula (3): even in the simple
linear case, the computed results can become very
large, and this bad behavior is independent of the
stability of the considered AR model.

Remark that the matrix F is not diagonalizable.
If a matrix M can be decomposed as M =
UDU−1 with the diagonal matrix D composed
of the eigenvalues of M and with some invertible
matrix U , then Mk = UDkU−1. If M has all
its eigenvalues inside the unit circle, then Dk

does not grow with k, and there will be no
problem to compute Mk. Therefore, it is the non
diagonalizability and the large dimension of F
that have caused the “divergence” problem.

3. METHOD 2

In this section an alternative method is examined.

3.1 Predictions and related errors

Before formulating the second multiple steps pre-
diction method, let us first play with iterations



of the original NLARX model (1) to see how the
measured outputs at different time instants are
related by the model. For simplicity let us consider
only the case of na = 2 and forget the input which
is not essential in the reasoning. In this case the
original NLARX model (1) becomes

y(t) = f [y(t − 1), y(t − 2)] + e(t) (7)

Apply the same equation to substitute y(t − 1)
and y(t − 2):

y(t) = f{f [y(t− 2), y(t − 3)] + e(t − 1),
f [y(t − 3), y(t − 4)] + e(t − 2)} + e(t) (8)

From this formula relating y(t) to y(t − 2), y(t −
3), y(t−4) and to the errors e(t), e(t−1), e(t−2),
it seems natural to neglect the errors to predict
y(t) with the remaining parts of the equation:

ŷ(2)(t) = f{f [y(t− 2), y(t − 3)],
f [y(t − 3), y(t − 4)]} (9)

Indeed it coincides with the previously considered
prediction formula (3). Its bad behavior has been
shown in the previous section. Another explana-
tion of this bad behavior is given in the following.

From the exact equation (8) to the approximative
prediction (9), the only thing we have done is
to neglect the errors e(t), e(t − 1), e(t − 2). It
is reasonable to neglect e(t), e(t − 1) if they are
assumed to be independent of the measurements
up to y(t−2). However, after the measurement of
y(t−2), the error e(t−2) can be deduced through
e(t−2) = y(t−2)−f [y(t−3), y(t−4)], it is thus not
reasonable to neglect e(t − 2) for this prediction
of y(t). Therefore, as a correction to (9), the error
e(t−2) should be added to f [y(t−3), y(t−4)], that
exactly amounts to y(t − 2). Then the prediction
should be computed as

ŷ(t|t − 2) = f{f [y(t− 2), y(t − 3)], y(t − 2)} (10)

where the notation ŷ(t|t−2) means the prediction
of y(t) from measured outputs up to y(t−2). The
point here is that, when a measured output is
available, it should not be replaced by a predicted
value.

Let us push a little bit further this example. Con-
sider the 3 steps prediction of y(t) that should be
computed from measured outputs up to y(t − 3).
Then in (10) the value of y(t− 2) is not available
and must be replaced by a value predicted from
earlier outputs. It is reasonable to replace it by
f [y(t− 3), y(t− 4)]. The involved y(t− 3), y(t− 4)
should not be further substituted, following the
rule of not substituting available outputs. After
the substitution of the two occurrences of y(t−2)
in (10), the 3 steps ahead prediction of y(t), noted
as ŷ(t|t − 3), is then obtained.

The above prediction approach through substitu-
tions of unknown values can be described in a

recursive manner: for the k steps ahead prediction
of y(t), namely ŷ(t|t− k), starting by replace y(t)
with f [y(t− 1), y(t− 2)]. Then recursively replace
each occurrence of y(t−i), i = 1, 2, . . . , until i = k,
since y(t − k) is available and will not be further
substituted. This procedure is formally stated by
the recurrent equation

ŷ(t|t − k) = f [ŷ(t − 1|t − k), ŷ(t − 2|t − k)]

with the notation convention

ŷ(t − k − i|t − k) , y(t − k − i) for i ≥ 0

It can be checked that, with this prediction for-
mula, only the errors e(t), e(t − 1), . . . , e(t − k +
1) are neglected. In the linear case, these errors
appear linearly in the exact recurrent equation,
and then ŷ(t|t− k) coincides with the conditional
mean E[y(t)|y(t− k), . . . , y(t− k − na + 1)] if the
error sequence is a white noise. However, for gen-
eral NLARX models, the multiple steps prediction
ŷ(t|t − k) does not coincide with the conditional
mean.

More generally, for the NLARX model (1), the k
steps ahead prediction of the second method is
given by the recurrent equation

ŷ(t|t − k) = f [ŷ(t − 1|t − k), . . . , ŷ(t − na|t − k),
u(t − nk), . . . , u(t − nk − nb + 1)] (11)

with

ŷ(t − k − i|t − k) , y(t − k − i) for i ≥ 0

Notice that this k steps prediction corresponds
to the one step prediction (2) followed by k −
1 steps noise-free simulation with the NLARX
model. This method for multiple steps prediction
is typically used in MPC. It can be better under-
stood in a state space representation.

3.2 State space representation of the second method

Define

x(j) =




x1(j)
...

xna(j)


 ,




ŷ(t − k + j|t − k)
...

ŷ(t − k + j − na + 1|t − k)




A ,



0 0 · · · 0
1 0 · · · 0
...

. . . . . .
...

0 0 1 0


 b ,



1
0
...
0


 c ,

[
1 0 · · · 0

]

and

f̃ [x, u(t − nk), . . . , u(t − nk − nb + 1)] ,
f [x1, . . . , xna , u(t − nk), . . . , u(t − nk − nb + 1)]

Then, the recurrent prediction formula (11) can
be equivalently written as
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Figure 7. Ten steps (top) and one thousand steps
(bottom) ahead prediction for the liquid-
saturated steam heat exchanger data with the
second method.

x(j) = Ax(j − 1)

+ bf̃ [x(j − 1), u(t − nk − k + j), . . . ,
u(t − nk − nb + 1 − k + j)] (12)

ŷ(t|t − k) = c x(k) (13)

with the initial condition

x(0) =




y(t − k)
...

y(t − k − na + 1)


 (14)

Strictly speaking, equations (12)-(13) are not in
the state space form, since past inputs are involved
in the “state equation” (12). The dimension of the
(quasi) state vector x is na, independent of the
data sample length N . Since na is typically small,
the “divergence” problem of the first method
should not affect this second method.

Now let us illustrate the behavior of this pre-
diction method with the example of the liquid-
saturated steam heat exchanger which has put the
first method into trouble. The results of 10 steps
and 1000 steps ahead predictions given by this
second method are plotted in figures 7. Even for
the relatively long term (1000 steps) prediction,
the result remains reasonable. Having shown the
good prediction behavior in this example, let us
remind that, in general, the behavior of the predic-
tor depends also on the properties of the related
system model.

4. CONCLUSION

There is no general simple way to compute op-
timal multiple steps prediction with NLARX
models. For the purpose of engineering practice,
two simple non optimal prediction methods for
multiple steps prediction have been investigated in
this paper. It is shown that cautions must be paid
when using such methods, since their prediction
behaviors may be radically different, depending
on some detailed choice.

REFERENCES

Chen, Zengqiang, Jiangfeng He and Zhuzhi Yuan
(1999). An adaptive identification and control
scheme using radial basis function networks.
Journal of Systems Engineering and Electron-
ics 10(1), 54–61.

De Moor, B. L. R., Ed.) (1996). DaISy:
Database for the Identification of Sys-
tems. Department of Electrical Engineering,
ESAT/SISTA, K.U.Leuven, Belgium. URL:
http://www.esat.kuleuven.ac.be/sista/daisy/.

Di Palma, F. and L. Magni (2004). A multi-
model structure for model predictive control.
Annual reviews in control 28, 47–52.

Doucet, Arnaud, de Freitas, Nando and Gor-
don, Neil, Eds.) (2001). Sequential Monte
Carlo Methods in Practice. Statistics for En-
gineering and Information Science. Springer–
Verlag. New York.

Goodwin, G. C. and R. L. Payne (1977). Dynamic
system identification: Experiment design and
data analysis. Academic Press. New York.

Jazwinski, A. H. (1970). Stochastic Processes and
Filtering Theory. Vol. 64 of Mathematics in
Science and Engineering. Academic Press.
New York.

Juditsky, A., H. Hjalmarsson, A. Benveniste,
B. Deylon, L. Ljung, J. Sjöberg and Q. Zhang
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that in general there is no easy way to compute the mathemaical expectation of an output
conditioned by past measurements. An optimal solution would require intensive numeri-
cal computations related to nonlinear �ltering. The purpose of this paper is to investigate
simple non-optimal prediction merhods. It is shown that caution must be paid when using
such methods, since the prediction behaviors may be radically di�erent, depending on some
detailed choices.
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