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Abstract

A Wiener system is composed of a linear dynamic subsystem followed by a

static nonlinearity. It is well known in the literature that the identi�cation of

the linear subsystem of a Wiener system can be separated from that of the

output nonlinearity, if the input signal is Gaussian. In order to deal with non

Gaussian inputs, two new algorithms are proposed in this paper for direct

identi�cation of the linear susbsystem, regardless of any parameterization

of the output nonlinearity. The essential assumption required in this paper

is the strict monotonicity of the output nonlinearity.

Keywords: identi�cation, Wiener system, quadratic programming
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Abstract. A Wiener system is composed of a linear dynamic subsystem followed
by a static nonlinearity. It is well known in the literature that the identification
of the linear subsystem of a Wiener system can be separated from that of the
output nonlinearity, if the input signal is a Gaussian noise. In order to deal with
the non Gaussian input case, two new algorithms are proposed in this paper for
direct identification of the linear subsystem, regardless of any parametrization of
the output nonlinearity. The essential assumption required in this paper is the
strict monotonousness of the output nonlinearity.

Keywords: nonlinear system identification, Wiener system, quadratic
programming.

1. INTRODUCTION

The identification of Wiener and Hammerstein
systems are frequently studied due to their impor-
tant application in automatic control. A Wiener
system is composed of a linear dynamic subsystem
followed by a static nonlinearity, whereas the two
blocks are interchanged in a Hammerstein system.
Typically, the output or the input nonlinearity is
caused by sensor or actuator distortions.

Some general system identification methods ap-
ply to both Wiener and Hammerstein systems.
One of the earliest methods proposed in the lit-
erature consists in alternatively and iteratively
estimating one of the two subsystems while as-
suming the other one is known (Narendra and
Gallman, 1966). Though the development of such
algorithms are straightforward, their convergence
cannot be guaranteed in general. Another sim-

ple idea is to minimize some output error cri-
terion with an optimization algorithm. Such a
method requires good initial guess of model pa-
rameters. Recently, a method inspired by the tech-
niques of blind equalization has been proposed
under the assumption of slowly changing input
signal (Bai, 2002).

The identification of Hammerstein systems can
be transformed into a linear regression estimation
problem through over-parametrization (Chang
and Luus, 1971; Bai, 1998; Goethals et al., 2004).
For Wiener system identification, the lack of ap-
propriate parametrization seems to be the main
difficulty. A well known result is that the iden-
tification of the linear subsystem of a Wiener
system can be separated from that of the out-
put nonlinearity, if the input signal is a Gaus-
sian noise (Greblicki, 1992). The advantage of
such a method is that the identification of the
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linear subsystem can be performed regardless of
any parametrization of the output nonlinearity.
However, the Gaussian input assumption is too
restrictive for its practical application.

In this paper, we propose two new algorithms for
direct identification of the linear subsystem in a
Wiener system, regardless of any parametrization
of the unknown output nonlinearity. Unlike the
above recalled method for separable identification
of the linear subsystem, the Gaussianity of the
input signal is not required by the algorithms pro-
posed in this paper. The only specific assumption
made in this paper is that the output nonlinearity
is strictly monotonous. Typically, the output non-
linearity is caused by sensor distortion. It is then
reasonable to require that the distortion does not
distroy the monotonousness of the sensor.

Only the (direct) identification of the linear sub-
system of a Wiener system is considered in this
paper, due to space limitation. However, after
the identification of the linear subsystem, the
identification of the output nonlinearity is rela-
tively trivial, since the input and output signals
of the nonlinear block are then both available. If
no physical parameterization of the nonlinearity
is known, some general nonlinear approximation
tool can be used, for instance, polynomials, splines
and artificial neural networks.

The paper is organized as follows. The main idea
for exploiting the monotonousness of the output
nonlinearity is introduced in Section 2. Two iden-
tification algorithms, one based on a finite impulse
response model of the linear subsystem and the
other based on a rational transfer function model,
are presented in Sections 3 and 4, with numerical
illustrations for each of them. The paper is then
concluded by Section 5.

2. GETTING INFORMATION THROUGH
MONOTONOUS NONLINEARITY

Let u(t) and y(t), with t = 1, 2, . . . , N , be respec-
tively the sampled input and output signals. Only
single input-single output (SISO) systems are con-
sidered in this paper for presentation simplicity. A
noise-free Wiener system can be formulated as

y(t) = f [h(t) ∗ u(t)] (1)

where the sequence h(t) is the impulse response
of the linear subsystem, f is a nonlinear function,
and “*” denotes the convolution.

It is assumed throughout this paper that the
output nonlinearity f is an unknown strictly
monotonous function. Without loss of generality,
only the monotonously increasing case is consid-
ered, since in the decreasing case a negative sign

Figure 1. Wiener system with monotonous output
nonlinearity

can be simply added to both f and h. In other
words, it is assumed that

∀x, x′ ∈ R, x < x′ =⇒ f(x) < f(x′) (2)

Such a Wiener system is illustrated in Figure 1.

No further assumption on the output nonlinearity
f is needed. In particular, no parametrization
of f is assumed when the linear subsystem is
estimated.

The key issue of this paper is stated in the follow-
ing question: what is the information about the
linear subsystem provided by the output signal
through the unknown monotonous output nonlin-
earity?

Let the output of the linear subsystem be z(t),
then equation (1) is broken into

z(t) = h(t) ∗ u(t) (3)
y(t) = f [z(t)] (4)

For a given output value y(t), under the noise-free
assumption, what can be known about the value
of z(t)? Because of the unknown nature of the
(monotonous) nonlinear function f , the absolute
value of z(t) can be arbitrary, and even the sign of
z(t) can be different from that of y(t). Then how
can the output signal be used for the estimation
of the linear subsystem?

Consider any pair of sample indices k and l. Due
to the monotonousness of f stated in (2), it is clear
that

sign[z(k) − z(l)] = sign[y(k) − y(l)]

The information about z(t) given by an output
record y(t) for t = 1, 2, . . . , N resides in the output
signal relative signs

sign[y(k) − y(l)]

for all pairs (k, l) within the sample record. The
absolute value |y(k) − y(l)| does not provide any
information about |z(k) − z(l)|, since it may be
arbitrarily distorted by the unknown function f .

The essential idea of this paper is thus to exploit
the information contained in the relative signs
sign[y(k) − y(l)] for the estimation of the linear
subsystem. Remind that the only assumption on
the nonlinearity f is its strict monotonousness.
The algorithms developed based on this idea will
be independent of any parametrization of the
unknown nonlinear function f .
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3. LINEAR SUBSYSTEM IDENTIFICATION
WITH A FINITE IMPULSE RESPONSE

MODEL

A parametrization of the impulse response h(t)
of the linear subsystem should be chosen for its
estimation. In order to formulate the estimation
problem in the form of a quadratic programming
problem, a finite impuse response (FIR) model is
necessary. It is thus assumed in this section that

h(k) =




0 if k < 0
hk if 0 ≤ k ≤ m

0 if k > m

(5)

where m > 0 is a chosen integer value, and
h0, h1, . . . , hm are constant parameters of the FIR
model. Then

z(t) =
m∑

k=0

hku(t − k) (6)

In order to fix the scale factor indetermination
between the linear and nonlinear parts of the
Wiener model, it is simply assumed that

h0 = 1

The estimation of the linear subsystem then
amounts to the estimation of the finite sequence
h1, . . . , hm.

3.1 Noise-free case

As already pointed out, the information provided
by the output signal about the linear subsystem
resides in sign[y(k)−y(l)]. Because y(k)−y(l) > 0
and y(l)−y(j) > 0 would imply y(k)−y(j) > 0, it
is not necessary to consider all the possible pairs
(k, l).

Apply a sorting algorithm to the output sequence
y(1), y(2), . . . , y(N) and let i1, i2, . . . , iN be the
resulting indices such that

y(i1) ≤ y(i2) ≤ y(i3) ≤ · · · ≤ y(iN )

If the output measurement is noise-free, then
according to the monotonousness of the output
nonlinearity, the inequalities

z(i1) ≤ z(i2) ≤ z(i3) ≤ · · · ≤ z(iN) (7)

also hold. It is sufficient to consider the pairs
formed by neighboring sorted indices (i1, i2), (i2, i3),
etc., when exploiting the information in the rela-
tive signs sign[y(k) − y(l)].

When the finite impulse response sequence h1, . . . , hm

is correctly estimated, the corresponding z(t)
should satisfy (7). In case the solution in h1, . . . , hm

is not unique, a weighted norm can be minimized
in order to make the solution concentrated at the
beginning of the impulse sequence. Theorefore,

the estimation of the linear subsystem can be
reformulated as the quadratic problem

min
h1,...,hm

m∑
k=1

wkh2
k (8)

subject to
m∑

k=1

hku(i1 − k) ≤
m∑

k=1

hku(i2 − k)

≤
m∑

k=1

hku(i3 − k) ≤ · · ·

≤
m∑

k=1

hku(iN − k) (9)

where w1, . . . , wm is a positive increasing weight-
ing sequence, and the inequalities (9) are equiva-
lent to (7).

Standard quadratic programming tools can be
used to solve this problem. See, for example, (den
Hertog, 1994) on this issue.

3.2 Noise-corrupted output case

The noise-free assumption is not realistic in
practical applications, theorefore the algorithm
is modified in the following by assuming noise-
corrupted output signals.

The main problem in the previous algorithm is
the constraints (9) which cannot be satisfied,
since the indices i1, i2, . . . , iN have been obtained
by sorting the noise-corrupted output sequence
y(1), . . . , y(N). In order to solve this problem,
these hard constraints are softened in the follow-
ing way. Each inequality in (9), say the first one

m∑
k=1

hku(i1 − k) ≤
m∑

k=1

hku(i2 − k)

is replaced by
m∑

k=1

hku(i1 − k) −
m∑

k=1

hku(i2 − k) < ε1

where ε1 is a value that should be made small.
Similarly, ε2, ε3, . . . , εN−1 are added to the other
inequalities of (9). In order to achieve small value
of ε = [ε1, ε2, . . . , εN−1]T , the norm of ε can be
added into (8) as a penalty.

The algorithm for the noise-corrupted output case
is summarized as follows.

Algorithm summary.
Let i1, i2, . . . , iN be the sorting indices such that

y(i1) ≤ y(i2) ≤ y(i3) ≤ · · · ≤ y(iN )

The estimation of the linear subsystem then
amounts to solve the quadratic problem
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min
h1,...,hm

m∑
k=1

wkh2
k + λ

N−1∑
k=1

ε2
k (10)

subject to
m∑

k=1

hk[u(i1 − k) − u(i2 − k)] < ε1

m∑
k=1

hk[u(i2 − k) − u(i3 − k)] < ε2

· · · · · ·
m∑

k=1

hk[u(iN−1 − k) − u(iN − k)] < εN−1

where w1, . . . , wk is a positive increasing weighting
sequence and λ > 0 is a chosen penalty parameter.
2

Once again, standard quadratic programming
tools can be used to solve this problem.

3.3 Numerical example

Let us illustrate the performance of the pro-
posed algorithm through a numerical example
with noise-corrupted output measurements.

Though the identification algorithm assumes a
FIR model of the linear subsystem, the impulse re-
sponse used for data simulation is generated with
a rational transfer function (which corresponds to
an infinite impulse response). Such an example
allows to evaluate the robustness of the algorithm
to model structural error. The transfer function
has 3 poles:

0.1, 0.9e0.2πi, 0.9e−0.2πi

and 2 zeros:

0.7e0.7πi, 0.7e−0.7πi

The impulse response h(t) generated by this trans-
fer function is rescaled to have the unitary norm.

Denote
σ(x) =

1
1 + e−x

then the output nonlinearity is simulated as

f(x) = σ(8(x + 0.2)) + σ(10(x − 0.5))

The input signal u(t) is randomly generated fol-
lowing a uniform distribution over the interval
[−0.5, 0.5]. The output signal y(t) is first simu-
lated with the above defined linear subsystem and
output nonlinearity, and is then corrupted by an
additive Gaussian white noise with its standard
deviation equal to 10% of that of the noise-free
output signal.

A simulated input-output data sample of length
N = 2000 is used for system identification. In
order to solve the quadratic programming prob-
lem (10), the Matlab packages SDPT (Toh et
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Figure 2. Result of linear subsystem identification
with a FIR model of length m = 50. Continuous
line: true impulse response, dots: estimated
finite impulse response. The same impulse
responses are plotted over the range from 0 to
100 (top) and from 0 to 50 (bottom).

al., 2002) and YALMIP (Löfberg, 2004) are used.
The weighting sequence is chosen as wk = k2 and
the penalty coefficient λ = 1000.

For the first result, a FIR model of length m = 50
is used. The result is illustrated in Figure 2 where
the true (infinite) impulse response (in continuous
line) and the estimated (finite) impulse response
(in dots) are plotted, first over the range from 0 to
100 for a coarser view, and then from 0 to 50 for a
closer view. Remark that before plotting the true
and estimated impulse responses, they are both
normalized (to have unitary norm) so that they
are compared in the same scale.

One may think that the above good result is due
to an appropriate choice of the FIR length m = 50
which approximately corresponds to the signifi-
cantly non zero part of the true impulse response.
Now let us try with a much shorter FIR length
m = 20 and repeat the identification procedure
on the same data, with the other parameters in-
changed. The result is shown in Figure 3. It can
be seen that, though the FIR length is clearly too
short, the estimated part of the impulse response
is still satisfactory.

0 5 10 15 20 25 30 35 40 45 50
−0.4

−0.2

0

0.2

0.4

0.6

Figure 3. Result of linear subsystem identification
with a FIR model of length m = 20. Continuous
line: true impulse response, dots: estimated
finite impulse response.

CONFIDENTIAL. Limited circulation. For review only.

Preprint submitted to 14th IFAC Symposium on System Identification.
Received September 1, 2005.



Figure 4. Transformed Wiener system

4. LINEAR SUBSYSTEM IDENTIFICATION
WITH A RATIONAL TRANSFER FUNCTION

MODEL

The algorithm presented in the previous section
is numerically efficient due to the application of
quadratic programming. However, it requires the
finite impulse response (FIR) parametrization of
the linear subsystem. Rational transfer functions
are often used in system identification for linear
system parametrization. Unfortunately, with a
rational transfer function, the estimation of the
linear subsystem can no longer be formulated as a
quadratic problem. It is thus necessary to develop
new algorithms in this case.

For any given integer k, define

ũk(t) = u(t) − u(t − k)
ỹk(t) = y(t) − y(t − k)
z̃k(t) = z(t) − z(t − k)

Then (3) implies

z̃k(t) = h(t) ∗ ũk(t) (11)

In the noise-free case, the monotonousness of the
output nonlinearity f implies

sign(ỹk(t)) = sign(z̃k(t))

Consider (11) as a linear system with ũk(t) and
z̃k(t) respectively as input and output. The output
z̃k(t) is unknown, but its sign is observed through
that of ỹk(t). It is then interesting to consider
the transformed Wiener system described by the
equations

z̃k(t) = h(t) ∗ ũk(t)
sign(ỹk(t)) = sign(z̃k(t))

with ũk(t) as input, sign(ỹk(t)) as output, and sign
as output nonlinearity. This transformed system
is illustrated in Figure 4. Notice that in the
original Wiener system illustrated in Figure 1, the
output block is an arbitrary unknown monotonous
nonlinearity, whereas in the transformed system,
the output block is simply the sign nonlinearity.

In principle, the system of Figure 4 can be esti-
mated by minimizing some output error criterion.
Remark that no parameterization of the output
nonlinearity is needed for this purpose, since it is
simply the parameter-free sign function.

When gradient-based optimization algorithms are
used, the sign function in the considered model

can be replaced by a sigmoid function. Then
the estimation problem becomes similar to sig-
moid neural network training. See, for example,
(Fausett, 1993) for neural network training.

Another possibility is to consider sign(ỹk(t)) as a
roughly digitalized measurement of z̃k(t), coded
in a single bit. Then the estimation of h(t) can be
viewed as a linear output error model estimation.
The advantage of this approach is that standard
linear output error model estimation softwares are
readily applicable. This algorithm is summarized
in the following.

Algorithm summary.
With a rational transfer function parametrization
of the impulse response h(t),

z̃k(t) = h(t) ∗ ũk(t)
= a1z̃k(t − 1) + a2z̃k(t − 2) + · · · + anz̃k(t − n)
+ b0ũk(t) + b1ũk(t − 1) + · · · + bmũk(t − m)

Estimate the parameters a1, . . . , an, b0, . . . , bm by
minimizing

k̄∑
k=1

N∑
t=k+1

[sign(ỹk(t)) − z̃k(t)]2 (12)

where k̄ is a chosen integer value, relatively small
compared to N in order to limit the numeri-
cal computation burden. Standard gradient-based
optimization algorithms are then applied to this
minimization problem. 2

Remark that, unlike in the case of FIR parametriza-
tion, now the redundancy between different delay
values k cannot be removed, since the temporal
order of the sequences ũk(t) must be preserved
for the output error model.

4.1 Numerical example

The rational transfer function model of linear
subsystem has an obvious advantage over the
FIR model when the impulse response has a slow
decay. In order to simulate such an example, let
us choose a rational linear system with poles very
close to the unitary circle. The chosen 3 poles are

0.1, 0.98e0.2πi, 0.98e−0.2πi

The other simulation parameters are identical to
those used in the previous example, including
the simulated output measurement noise level. A
simulated data sample of length N = 2000 is used
for identification.

The Matlab System Identification Toolbox (Ljung,
2003) is used for the minimization of (12). The
result is illustrated in Figure 5 where the true
impulse response (in continuous line) and the esti-
mated impulse response (in dots) are plotted, first
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Figure 5. Result of linear subsystem identification
with a rational transfer function model.
Continuous line: true impulse response, dots:
estimated impulse response. The same impulse
responses are plotted over the range from 0 to
200 (top) and from 0 to 100 (bottom).

over the range from 0 to 200 for a coarser view,
and then from 0 to 100 for a closer view. Once
again, the true and estimated impulse responses
are both normalized so that they are compared in
the same scale.

Remark that if the first algorithm was applied to
this example, a long FIR model of length m = 200
or longer would be needed.

5. CONCLUSION

Two new algorithms for direct identification of the
linear subsystem of a Wiener system have been
proposed. The essential assumption made in this
paper is the monotonousness of the output non-
linearity of the Wiener system. Numerical exam-
ples have illustrated the efficiency of the proposed
algorithms. In order to analyze the convergence
of these algorithms, more efforts must be made
for investigating the required persistent excitation
condition. This issue is currently under study.

Though only the identification of the linear sub-
system is considered in this paper due to space
limitation, the identification of the output nonlin-
earity is relatively trivial after the identification
of the linear subsystem, since the input and out-
put signals of the nonlinear block are then both
available.
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Löfberg, J. (2004). YALMIP : A toolbox
for modeling and optimization in MAT-
LAB. In: Proceedings of the CACSD Con-
ference. Taipei, Taiwan. Available from
http://control.ee.ethz.ch/∼joloef/yalmip.php.

Narendra, K. S. and P. G. Gallman (1966). An
iterative method for the identification of non-
linear systems using a Hammerstein model.
IEEE Transactions on Automatic Control
11, 546–550.

Toh, K.C., R.H. Tutuncu and M.J. Todd (2002).
SDPT3 version 3.02 – a matlab software for
semidefinite-quadratic-linear programming.
http://www.math.cmu.edu/∼reha/sdpt3.html.

CONFIDENTIAL. Limited circulation. For review only.

Preprint submitted to 14th IFAC Symposium on System Identification.
Received September 1, 2005.



Avdelning, Institution

Division, Department

Division of Automatic Control
Department of Electrical Engineering

Datum

Date

2007-06-14

Språk

Language

� Svenska/Swedish

� Engelska/English

�

�

Rapporttyp

Report category

� Licentiatavhandling

� Examensarbete

� C-uppsats

� D-uppsats

� Övrig rapport

�

�

URL för elektronisk version

http://www.control.isy.liu.se

ISBN

�

ISRN

�

Serietitel och serienummer

Title of series, numbering
ISSN

1400-3902

LiTH-ISY-R-2787

Titel

Title
Identi�cation of Wiener systems with monotonous nonlinearity

Författare

Author
Qinghua Zhang, Anatoli Iouditski, Lennart Ljung

Sammanfattning

Abstract

A Wiener system is composed of a linear dynamic subsystem followed by a static nonlinearity.
It is well known in the literature that the identi�cation of the linear subsystem of a Wiener
system can be separated from that of the output nonlinearity, if the input signal is Gaussian.
In order to deal with non Gaussian inputs, two new algorithms are proposed in this paper for
direct identi�cation of the linear susbsystem, regardless of any parameterization of the output
nonlinearity. The essential assumption required in this paper is the strict monotonicity of
the output nonlinearity.

Nyckelord

Keywords identi�cation, Wiener system, quadratic programming

http://www.control.isy.liu.se

