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Abstract:
A high-dimensional regression space usually causes problems in nonlinear system identification.
However, if the regression data are contained in (or spread tightly around) some manifold, the
dimensionality can be reduced. This paper presents a use of dimension reduction techniques to
compose a two-step identification scheme suitable for high-dimensional identification problems with
manifold-valued regression data. Illustrating examples are also given.

Keywords: Nonlinear system identification; Dimension reduction techniques; Manifold learning
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1. INTRODUCTION

While the theory and methods of linear system iden-
tification are generally well developed, large parts
of nonlinear system identification still remain an
open field. Classical nonlinear identification meth-
ods commonly fail to handle identification of high-
dimensional problems well. One reason for this is
what is generally called the curse of dimensionality,
which is exemplified in most standard books of system
identification (Ljung, 1999) and statistical learning
(Hastieet al., 2001) and a known problem.

In many practical problems, however, the real under-
lying structure has an inherent lower-dimensionality,
which could be exploited to reduce the complexity of
the problem. We can distinguish between two cases:

(1) The outputs are functions only of, e.g., a small
number of linear combinations of the regressors.

(2) The regression vectors are manifold-valued, i.e.,
constrained to a lower-dimensional manifold.

A way to treat the former problem is to project high-
dimensional data down to a hyperplane prior to iden-

tification. Different approaches for finding an appro-
priate projection for this purpose are also presented
in (Li, 1991; Li, 1992; Fukumizuet al., 2004; Lind-
gren, 2005). The projection is linear, which works
well for many problems, but not all kinds of nonlin-
ear problems can be handled satisfactorily. Nonlinear
approaches, such as Nonlinear Component Analysis
(Schölkopfet al., 1998), can work well with a good
choice of kernels, but without insight, the choice of
kernels can be considerably hard.

In this paper, we will mainly concentrate on prob-
lem (2), when data are contained in an unknown,
lower-dimensional manifold. In many examples there
are connections between the inputs/regressors, which
constrain data to some manifold. One example is a
sensor fusion problem, where by combining the many
measurements from a number of sensors, a better mea-
sure can be obtained compared to using a single sen-
sor. The number of sensors can be large, which gives
a large number of regressors or inputs from which
a function has to produce an as accurate estimate of
the position, velocity etc. as possible. In this case,
if noise is neglected, the regression data are all on a



manifold embedded in the high-dimensional space of
inputs/regressors. For instance, six inaccurate sensors,
used to measure the acceleration for an object in a
three-dimensional space, would yield an input data
space of dimension18, while the measurements would
all tend to some three-dimensional manifold.

Other examples that lead to regressors being con-
nected occur in the field of differential-algebraic equa-
tions (DAE:s, (Kunkel and Mehrmann, 2006)). DAE:s
have states that must satisfy some algebraic conditions
which makes the states manifold-valued. See Sec-
tion 2 for a more detailed description. Likewise, data
collected under (unknown) feedback will also lead to
manifold-valued regression vectors, although in this
case, no substantial dimensionality reduction can be
expected in general.

Yet other examples can be found in the fields of
face and speech recognition, where the dimensional-
ity of input data is an obvious problem. From a pic-
ture of a face consisting of a huge number of pixels,
the dimensionality has to be substantially reduced,
to allow sorting into subgroups of people of similar
face characteristics. This is a classification problem
where data also tend to lie on manifolds. All faces
have a mouth, a nose, etc., and these kinds of sim-
ilarities among faces restrict the data to certain ar-
eas/volumes and make the data manifold-valued. In-
terest in this field has developed many theories for how
to reduce the dimension taking into account that data
are manifold-valued. These techniques are commonly
called manifold learning techniques, see, e.g., (Roweis
and Saul, 2000; Tenenbaumet al., 2000). A recent
overview is given in (Brun, 2006).

Manifold learning algorithms have previously been
used for classification. See for example (de Ridder
et al., 2003; Kouroptevaet al., 2002; Zhaoet al.,
2005), which propose supervised local linear embed-
ding (SLLE).

Our goal in this paper is to examine the possibilities
of using a manifold learning techniques for nonlin-
ear system identification, by making a prior dimen-
sion reduction followed by an identification, simi-
larly to the approach in (Li, 1991; Li, 1992; Fuku-
mizu et al., 2004; Lindgren, 2005), but using non-
linear techniques for the dimension reduction. The
focus will be on the case of manifold-valued regres-
sion data. We will use manifold learning algorithms
in combination with an identification step, in order
to create an attractive two-step identification proce-
dure for high-dimensional problems. The results pre-
sented here should be regarded as a first step in this
direction. As an example, a nonlinear system with
manifold-valued regressors is identified using a reduc-
tion method namedLocal Linear Embedding(LLE,
(Roweis and Saul, 2000)).

The paper is structured as follows: Section 2 inves-
tigates connections between discrete-time DAE:s and

manifold-valued data. Section 3 gives an overview of
the suggested method, which is then illustrated by two
examples in Section 4.

2. DIFFERENTIAL-ALGEBRAIC EQUATIONS
AND MANIFOLD-VALUED DATA

As mentioned in the introduction, working in the con-
text of differential-algebraic equations (DAE:s) may
give rise to regressors being connected. DAE:s nat-
urally occur in many physical modeling contexts,
in particular when using object-oriented modeling
tools, such as Modelica (Fritzson, 2004; Tiller, 2001).
A general DAE can be written as (Kunkel and
Mehrmann, 2006)

F (ẋ, x, t) = 0 (1)

of which state-space models form a special case. For
“true” DAE:s (that cannot be directly written in state-
space form), (1) may implicitly define algebraic rela-
tions between the states. More explicitly, for a large
class of DAE:s (for more details, see (Kunkel and
Mehrmann, 2006))x may be partitioned into three
parts, and (1) may be reformulated as

ẋ1 = L(x1, x2, ẋ2, t)

x3 = R(x1, x2, t)

Here, the second relation is an algebraic relation,
which constrainsx to a lower-dimensional manifold.

In the field of system identification, it is usually as-
sumed that the experimental data is sampled at dis-
crete timepoints, and hence it is natural to consider
discrete-time models. A discrete-time DAE corre-
sponding to (1) can be written as

F (xt+1, xt, t) = 0

For a time-invariant DAE with measured inputs and
outputs, it is generally possible to reformulate (2) into

F(x1,t, x2,t, x1,t+1, x2,t+1, ut) = 0 (2)

g(x1,t, x2,t, ut) = 0 (3)

h(x1,t, x2,t, ut) = yt (4)

where we have partitionedx into two parts, and where
yt denotes our measured outputs. Assuming that (4)
can be solved forx1,t, i.e.,

x1,t = h̃(x2,t, ut, yt),

x1 can be eliminated from (2) to give an expression
in x1, u andy. If we further assume thatx2 can be
extracted from the latter, it can be inserted into (3) to
give an equation in delayedu andy,

g̃({ui, yi}
t+1

i=t−k) = 0 (5)

for some integerk ≥ 0. This equation gives additional
relations between inputsu and outputsy, which con-
strain them to a manifold. These additional relations
can be interpreted as inherent constraints onu, either
through an implicit feedback mechanism or because
of dependencies between different elements ofu.



As a side remark, one could argue that a constrainedu
is no “real” input, since an input should be possible to
choose arbitrarily. However, in many applications (for
instance in many biological applications) it is difficult
to conclude in advance which of the measured signals
actually will act as inputs, and which will be out-
puts. An alternative view is not to distinguish between
inputs and outputs, and just view them as different
measured signals (see, e.g., (Willems, 1986)).

3. GENERAL SCHEME

If the regression data are contained in (or spread
tightly around) some manifold embedded in the re-
gression space, the system identification problem can
be split into two steps. The first step amounts to find-
ing a new coordinate representation on the manifold:
the intrinsic or embeddedcoordinates. From the new,
low-dimensional, coordinate space a nonlinear func-
tion can then be identified to predict the output. See
Figure 1 for an overview.

Fig. 1. Overview of the identification steps for a sys-
tem having manifold-valued regression data.

For the first step, a manifold learning technique should
be used. Several techniques have been developed in
the fields of face and speech recognition to reduce
dimensionality and find the intrinsic coordinate frame
for manifold-valued data. Each of them aims to reduce
dimensionality, but with special features. The LLE
(Roweis and Saul, 2000), for example, has as its goal
to preserve neighbors, while Isomap (Tenenbaumet
al., 2000) tries to preserve the geodesic distance be-
tween points. Since local properties are often impor-
tant in nonlinear system identification, we have chosen
to use LLE in this paper. Another advantage with LLE
is its simplicity and computational efficiency. The al-
gorithm is briefly described in Section 3.1.

A drawback for many manifold learning algorithms is
that they seldom produce an explicit mapping from the
high-dimensional space down to the intrinsic coordi-
nates, but the algorithm has to be re-run if new data is
introduced. For the identification application, such a
mapping is important, since the model should be able
to predict the output also for new regression vectors
(e.g., for validation data). One solution is to make a
linear interpolation of the implicit mapping. This is
the approach taken in this paper. Similar approaches
have been used previously (see for example (Bengio
et al., 2003)).

3.1 Local Linear Embedding

The LLE algorithm classifies as a nonlinear unsuper-
vised learning algorithm. Aiming to preserve neigh-
borhoods, with a low complexity and with no risk of
getting stuck in local minima, the LLE is an attractive
choice for dimension reduction for manifold-valued
data.

Algorithm (Roweis and Saul, 2000) Given data
consisting ofN real-valued vectors̄Xi of dimension
D, minimize the cost function
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∑

j=1

Wij = 1

Wij = 0 if |X̄i − X̄j | > C(i) or if i = j

Here, C(i) is chosen so that only a number ofK
weightsWij are nonzero. The numberK is the only
design parameter of the LLE method, along with the
choice of lower dimensiond ≤ D. Now, let Z̄i be of
dimensiond and minimize
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N
∑

i=1

Z̄i = 0

1

N

N
∑

i=1

Z̄iZ̄
T
i = I

using the previously computedWij :s. Z is the new
low-dimensional data set. The above algorithm can
be realized as a least square problem followed by an
eigenvalue problem.

A drawback with LLE is that it may run into problems
while processing high-dimensional data that are not
equally distributed on the manifold. More specifically,
if there existd + 1 clusters of points, such that for
each point, all itsK closest neighbors can be found
within the same cluster, then the algorithm will have a
solution where all points map to onlyd + 1 lower-
dimensional points. Similar problems are seen also
for a lower or higher degree of clustering. This kind
of mapping result is of course a problem in a second
identification step. Fortunately, it is fairly easy to get
around it by increasing the number of neighborsK
used and re-run the algorithm. However, it is not
trivial to design an automated algorithm for selecting
K, and in the following examplesK was increased
manually when needed. Note also that it is at the same



time desirable to keepK low, in order to keep the
neighborhoods small.

4. MANIFOLD-VALUED REGRESSION DATA —
EXAMPLES

To illustrate the two-step procedure of combining a
manifold learning algorithm with a classical identifi-
cation procedure for the case of manifold-valued re-
gression data, two simple examples are given. A com-
parison with a direct identification approach without
any dimension reduction is also given.

Example 1.Consider the system

x1(t) = 6w(t) cos 6w(t)

x2(t) = 6w(t) sin 6w(t)

y(t) =
√

x2
1(t) + x2

2(t).

Assume that the outputy is measured along withx1

and x2, with some measurement error, i.e., that the
measured signals are

xm
1 (t) = x1(t) + e1(t), e1(t) ∼ N(0, σ2

e1
)

xm
2 (t) = x2(t) + e2(t), e2(t) ∼ N(0, σ2

e2
)

ym(t) = y(t) + ey(t), ey(t) ∼ N(0, σ2
ey

)

and that a set of regression data, or learning data, is
generated by the system with400 w-values equally
distributed over an interval[0.8, 3.2].
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Fig. 2. The estimation data or training set,σe1
=

σe2
= 0.25 and the number of data pointsN =

400.

As long as the measurement noise is not too large,
the regressors,xm

1 and xm
2 , are situated around a

one-dimensional manifold, a spiral. A plot of the
regression vectors of the estimation data (or training
set) is given in Figure 2 for the caseσe1

= 0.25,
σe2

= 0.25 andσey
= 0.25, and the output is plotted

against the regressors in Figure 3. By just a look at
the plot of the estimation data in Figure 2, it is easy
to see that any linear projection method would not
perform well on this example, the reason being that
no matter which hyperplane is chosen for projection,
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Fig. 3. Estimation data together with the output,σe1
=

σe2
= σey

= 0.25 and the number of data points
N = 400.

there will be estimation data with different outputs
that are projected to the same point. Instead, the two-
step procedure seems to be an attractive choice. Even
though the dimensionality of the problem is not an
issue in this particular example, the manifold-valued
regression data makes it a suitable example.

Using the LLE algorithm, a set of (one-dimensional)
intrinsic coordinates can be computed for the estima-
tion data. The number of closest neighbors was set to
K = 10. A plot showing both the intrinsic coordinates
and the output is given in Figure 4.
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Fig. 4. The intrinsic coordinates,z, plotted against the
outputy.

Having the intrinsic coordinates, a linear regression
can be performed to find a map from the intrinsic co-
ordinates to the output. For this step, linear, quadratic,
and cubic polynomials were tried. The performance
of the resulting mappings (from(xm

1 , xm
2 ) to the pre-

dicted output̂y) was then evaluated by computing the
sum of squared prediction errors for a validation data
set consisting of 400 data points, generated in the
same manner as the estimation data set. For each new
regression vector from the validation data set, an inter-
polation using the three closest estimation data points
was done, in order to extend the manifold learning
mapping to out-of-sample points. For comparison, a



Table 1. Results for Example 1 (low-
dimensional case). The mean of the
summed squared errors (based on
400 × 50 estimations and validations)
1

50

∑50

j=1

∑400

i=1
(yj(i) − ŷj(i))2, for the

two step method and direct regression of
different orders.

X
X

X
X

X
X

X
X

Method
Order

1 2 3

LLE and regression 0.885 0.491 0.364
Direct regression 31.7 1.05 1.00

Table 2. Results for Example 2 (high-
dimensional case). The mean of the
summed squared errors (based on
400 × 50 estimations and validations)
1

50

∑50

j=1

∑400

i=1
(yj(i) − ŷj(i))2, for the

two step method and direct regression of
different orders.

X
X

X
X

X
X

X
X

Method
Order

1 2

LLE and regression 36 33.8

Direct regression 280 700

linear, a quadratic, and a cubic polynomial were fitted
directly to the estimation data. For both methods, the
whole estimation-validation procedure was performed
50 times, and the average of the sums of squared errors
was computed. Because of the clustering problem de-
scribed in Section 3.1, the numbers of neighbors,K,
used in the LLE algorithm had to be increased in 10 of
the 50 estimation-validation procedure. The number
of neighbors used never exceeded 15. The results are
summarized in Table 1. To better evaluate the predic-
tion power of the identified models, no measurement
noise was added to the validation output.

As we can see, the performance of the two-step
method is very good even in this low-dimensional
case. However, to obtain the full benefit of the dimen-
sion reduction from the LLE algorithm, the dimension
of the regression space needs to be increased. This is
done in the next example.

Example 2.To exemplify the behavior for a high-
dimensional case, the previous example was extended
as follows.xm

1 andxm
2 from Example 1 were used to

compute

(x̃m
1 , x̃m

2 , x̃m
3 , x̃m

4 , x̃m
5 , x̃m

6 , x̃m
7 , x̃m

8 )

= (exm

1 , exm

2 , xm
2 e−xm

1 , xm
1 e−xm

2 ,

log |xm
1 |, log |xm

2 |, 1/xm
1 , 1/xm

2 )

which were now seen as the new regressors. Using
the same estimation and validation procedure (with
K = 10, N = 400) as in Example 1 gave the result
shown in Table 2. The number of neighbors used in
the LLE algorithm had to be increased 11 times due to
clustering, but it never exceeded 16.

Note that in this example the LLE algorithm reduces
the dimension from eight to one compared to from two
to one in the previous example. The results indicates

the usefulness of using a dimension reduction before
identifying in high-dimensional cases.

5. CONCLUSIONS

A two-step method has been presented as a way to
identify nonlinear functions of high dimensionality or
of special character when the regressors are manifold-
valued. The approach was successfully applied and
illuminated the possibility to use manifold learning
techniques together with system identification. This
paper should be seen as a first step of using manifold
learning techniques in combination with nonlinear
system identification.

For the more general case when data is scattered
over the regression space, a projection step would
be needed to be able to benefit from a dimension
reduction, as is done in (Lindgren, 2005; Li, 1991;
Li, 1992; Fukumizuet al., 2004). In all these papers,
the projection performed is linear, and an interesting
topic for further research would be to find an exten-
sion by making use of ideas from manifold learning
techniques.

The possible lack of robustness for manifold learn-
ing algorithms, as discussed in the last paragraph of
Section 3.1, indicates that more work is needed in
this area, for instance in order to get an automated
selection of the number of neighborsK used in the
LLE algorithm. Another interesting question would be
to evaluate which manifold learning algorithm to use
in which context. This should be a topic for further
research.
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