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Abstract
In this paper a preprocessing algorithm for binary quadratic programming prob-

lems is presented. For some types of binary quadratic programming problems,

the algorithm can compute the optimal value for some or all integer variables

without approximations in polynomial time. When the optimal multiuser detec-

tion problem is formulated as a maximum likelihood problem, a binary quadratic

programming problem has to be solved. Fortunately, the low correlation be-

tween different users in the multiuser detection problem enables the use of the

preprocessing algorithm. Simulations show that the preprocessing algorithm is

able to compute almost all variables in the problem, even though the system is

heavily loaded and affected by noise.

Keywords: CDMA, Gold sequences, multiuser detection, polynomial com-

plexity, binary quadratic programming
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ABSTRACT

In this paper a preprocessing algorithm for binary
quadratic programming problems is presented. For some
types of binary quadratic programming problems, the al-
gorithm can compute the optimal value for some or all
integer variables without approximations in polynomial
time. When the optimal multiuser detection problem is
formulated as a maximum likelihood problem, a binary
quadratic programming problem has to be solved. For-
tunately, the low correlation between different users in the
multiuser detection problem enables the use of the prepro-
cessing algorithm. Simulations show that the preprocess-
ing algorithm is able to compute almost all variables in
the problem, even though the system is heavily loaded and
affected by noise.

1. INTRODUCTION

Multiuser detection is the process to demodulate multiple
users sharing a common multi-access channel. A first ap-
proach is to demodulate each user independently and treat
the signal from other users as additive Gaussian noise,
[14]. An improvement to this strategy is to use the known
correlation between users in the demodulation process.
Better performance can be achieved if the detector makes
the most likely decision, which formally is achieved by
solving a so-called Maximum Likelihood (ML) problem.
When the optimum multiuser detection problem is cast
on the form of an ML problem it requires the solution of
a so-called Binary Quadratic Programming (BQP) prob-
lem. Unfortunately, these problems are generally known
to beNP-hard, [7]. If the signature waveform produces a
cross-correlation matrix with some special structures, the
problem can sometimes turn out to have lower complexity,
[15, 12, 13].

Many contributions to the area of multiuser detection
have already been published. The objective has been to
find an algorithm which solves the multiuser detection
problem in reasonable time in order to make a real-time
implementation possible. So far, this has been done either
by restricting the class of possible cross-correlation matri-
ces or by employing some sub-optimal procedure. In [15],
an algorithm with polynomial complexity has been derived
for systems with only negative cross-correlations. A simi-
lar requirement on the cross-correlation matrix is found in
[12], where the multiuser detection problem is solved with
a polynomial complexity algorithm if the cross-correlation
between the users are non-positive. Another paper also
dealing with a special class of cross-correlations is [13],
where a polynomial complexity algorithm is derived for
the case of identical, or a few different, cross-correlations
between the users. Thorough work in the field of ap-
proximate algorithms for multiuser detection is found in

∗The research has been supported by the Swedish Research Council
for Engineering Sciences under contract Nr. 621-2002-3822.

[14]. Several different algorithms, optimal as well as sub-
optimal, are presented and evaluated in [5]. The sub-
optimal algorithm local search is evaluated in [6]. Branch
and bound methods are investigated in [10]. Another near
optimal approach is presented in [8]. Also the well-known
Kalman filter has been applied to the problem. This ap-
proach is presented in [9].

In this paper, a preprocessing algorithm with polyno-
mial complexity for the BQP problem is derived. A pre-
processing algorithm is an algorithm which processes the
optimization problem in the step previous to the one when
the actual solver is applied. Because the preprocessing al-
gorithm executes in polynomial time and the BQP solver,
generally, executes in exponential time, the required CPU
time can be reduced if optimal variables can be detected
already in the preprocessing step. In [1], the algorithm
has previously been successfully applied to Model Predic-
tive Control (MPC) for systems including binary variables.
When the algorithm is applied to the multiuser detection
problem, it not only works as a preprocessing algorithm,
but it also shows some important properties of the solution
to the problem.

Most algorithms involved when solving BQP problems
either focus on producing approximative solutions or only
on handling various special cases of the general problem,
[3]. The algorithm presented in this paper belongs to the
latter type of algorithms. Some approximative heuristic
algorithms can be found in, e.g., [7], [2], [11] and [4].

2. THE BQP PROBLEM

In this paper a BQP problem without any constraints is
considered. First, a BQP problem with no linear term is
studied

P1 :

{

min
x

xT Hx

subject to x ∈ {0, 1}nb

(1)

whereH ∈ R
nb×nb is symmetric. Thereafter, the result is

extended to a BQP problem of the form

P2 :

{

min
x

1

2
xT Hx + fT x

subject to x ∈ {0, 1}nb

(2)

where a linear term has been incorporated in the objective
function.

For what follows it is practical to define

H = Hd + H+ + H− (3)

where

Hd,ij =

{

Hij , i = j

0, i 6= j

H+

ij = max(0,Hij − Hd,ij)

H−
ij = min(0,Hij − Hd,ij)

(4)



3. SYNCHRONOUS CDMA

In this section, the synchronous CDMA model is pre-
sented. It is also shown how the multiuser detection prob-
lem can be formulated as a BQP problem.

3.1. System Model
In this paper a CDMA channel forK simultaneous users
is considered. The symbol length is assumed to beT sec-
onds. Each user is assigned a certain signature sequence, a
so-called chip sequence. The chip sequence is a sequence
consisting ofN chips, each taking a value from{−1,+1}.
The constantN is known as the spreading factor, spread-
ing gain or processing gain, [16].

The notation used in this text has been chosen similar
to the one used in [16]. The K-user channel consists of the
sum of K antipodally modulated synchronous signature
waveforms embedded in additive white Gaussian noise

y(t) =

K
∑

k=1

Akbksk(t) + σn(t), t ∈ [0, T ] (5)

where

• sk(t) is the deterministic signature waveform as-
signed to userk, normalized to have unit energy, i.e.

‖sk‖
2 =

∫ T

0

s2
k(t)dt = 1 (6)

Because the waveforms are assumed to be zero out-
side the interval[0, T ], there is no inter-symbol inter-
ference.

• Ak is the received amplitude of the signal from user
k, and therefore,A2

k is referred to as the energy of
userk.

• bk ∈ {−1,+1} is the data bit transmitted by userk.

• n(t) is white Gaussian noise with unit power spectral
density.

The similarity of different signature waveforms is ex-
pressed in terms of the cross-correlation defined by

ρij = 〈si, sj〉 =

∫ T

0

si(t)sj(t)dt (7)

From (6), (7) and Cauchy’s inequality it follows that

|ρij | = |〈si, sj〉| ≤ ‖si‖‖sj‖ = 1 (8)

The normalized cross-correlation matrixR = {ρij} has
ones in the diagonal and is symmetric nonnegative defi-
nite, [16]. If ρij = 0 wheneveri 6= j, the signature se-
quences are orthogonal. In this paper non-orthogonal se-
quences have been used and these usually give low cross-
correlation for all possible non-zero offsets. Common
choices of such sequences are Gold sequences and Kasami
sequences.

At the receiver, the signaly(t) in (5) is received. After
the reception, the procedure of despreading begins. Here
the low cross-correlation between the different signature
sequences is useful. The despreading is performed byK

matched filters, where the output from filterk can be writ-
ten as

yk =

∫ T

0

y(t)sk(t)dt (9)

Using (5), (6) and (7), (9) can be equivalently expressed as

yk = Akbk +
∑

j 6=k

Ajbjρjk + nk (10)

where

nk = σ

∫ T

0

n(t)sk(t)dt ∈ N (0, σ2) (11)

Using vector notation, this can be written more compactly
as

y = RAb + n (12)

whereR is the normalized cross-correlation matrix and

y = [y1, ..., yK ]T

b = [b1, ..., bK ]T

A = diag{A1, ..., AK}

(13)

Furthermore, the unnormalized cross-correlation matrix is
denoted as

H = ARA (14)

Because only the synchronous case is treated in this paper,
no inter-symbol interference will occur. Hence, it is only
necessary to look at one time instant and therefore no time
index ony, b or n is necessary.

3.2. Derivation of the BQP Problem
The matched filter output is described by equation (12).
According to [16], the bits most likely sent by the users
are given by the solutionb to the optimization problem

max
b

exp



−
1

2σ2

∫ T

0

(

y(t) −
K
∑

k=1

bkAksk(t)

)2

dt





(15)
Alternatively, it is equivalent to maximize

Ω(b) = 2

∫ T

0

[

K
∑

k=1

Akbksk(t)

]

y(t)dt

−

∫ T

0

[

K
∑

k=1

Akbksk(t)

]2

dt

= 2bT Ay − bT Hb

(16)

whereA, H, b and y are defined in (13) and (14). By
altering the sign of the objective and dividing it by two,
the optimization problem can be rewritten as an equivalent
minimization problem

min
b

1

2
bT Hb − yT AT b (17)

whereb ∈ {−1,+1}K . After a variable substitution, this
problem can be identified as a BQP problem on the form
P2.



4. PREPROCESSING FOR THE BQP
PROBLEM

The BQP problem to be solved is a pure combinatorial
problem. The algorithm presented in this section makes it
possible to speed up the solution of BQP problems hav-
ing large diagonal elements compared to the non-diagonal
elements. For each binary variable the algorithm delivers
one out of three possible results: 1 is the optimal value, 0
is the optimal value or nothing can be said for sure.

The preprocessing algorithm is built upon the follow-
ing theorem:

Theorem 1 For a BQP problem of typeP1 the optimal
value of one or more componentsxi can be found in poly-
nomial time if for somei ∈ {1, .., nb} any of the following
conditions is fulfilled

{

Hii ≥ −2
∑nb

j=1
H−

ij (i)

Hii < −2
∑nb

j=1
H+

ij (ii)

If any of the conditions(i) or (ii) is fulfilled for a certain
value ofi, the optimal value ofxi is given by

xi =

{

0, if (i) holds

1, if (ii) holds

Proof: Consider the optimization problemP1, whereH

is a symmetricnb × nb matrix. Denote the objective func-
tion byQ(x) and rewrite it as follows

Q(x) = xT Hx =
∑

i

∑

j

Hijxixj (18)

wherexi, xj ∈ {0, 1}, ∀ i, j = {1, ..., nb}. For eachi ∈
{1, ..., nb} the objective functionQ(x) can be written on
the form

Q(x) = Hiixixi + 2xi

∑

j 6=i

Hijxj

+ gi(x1, x2, ..., xi−1, xi+1, ..., xnb
)

= (Hii + 2
∑

j 6=i

Hijxj)xi

+ gi(x1, x2, ..., xi−1, xi+1, ..., xnb
)

(19)

wheregi is a function that is independent ofxi and where
the last equality follows from the fact thatx2

i = xi when
xi ∈ {0, 1}.

Define

hi(x1, x2, ..., xi−1, xi+1, ..., xnb
) = Hii + 2

∑

j 6=i

Hijxj

(20)
Note thathi is independent ofxi. With this definition the
objective function can be written as

Q(x) = hi(x1, x2, ..., xi−1, xi+1, ..., xnb
)xi

+ gi(x1, x2, ..., xi−1, xi+1, ..., xnb
)

(21)

Denote the optimal value ofx with x∗ =
[

x∗
1, ..., x

∗
nb

]T
.

It is also convenient to make the following definitions

h∗
i = hi(x

∗
1, x

∗
2, ..., x

∗
i−1, x

∗
i+1, ..., x

∗
nb

),

g∗i = gi(x
∗
1, x

∗
2, ..., x

∗
i−1, x

∗
i+1, ..., x

∗
nb

)
(22)

It now follows that

min
x

Q(x) = min
xi

h∗
i xi + g∗i =

{

g∗i , if h∗
i ≥ 0

h∗
i + g∗i , if h∗

i < 0

(23)
From (23) the conclusion can be drawn that

x∗
i =

{

0, if h∗
i ≥ 0

1, if h∗
i < 0

(24)

Unfortunately,h∗
i is usually not known before the optimal

solution
{

x∗
1, x

∗
2, ..., x

∗
i−1, x

∗
i+1, ..., x

∗
nb

}

is known. A so-
lution to this problem is to try to make an estimate ofh∗

i .
To simplify the notation, define







hi = max
x

hi

hi = min
x

hi

(25)

It now holds thathi ≤ h∗
i ≤ hi. From this observation the

following implications can be stated
{

hi < 0 ⇒ h∗
i < 0

hi ≥ 0 ⇒ h∗
i ≥ 0

(26)

By combining (24) and (26), the following conclusion can
be drawn

x∗
i =

{

0, hi ≥ 0

1, hi < 0
(27)

From (4) and (20) it follows that

hi = max
x

hi = max
x

(Hii + 2
∑

j 6=i

Hijxj)

= Hii + 2max
x

∑

j 6=i

Hijxj = Hii + 2
∑

j

H+

ij

(28)

where the last equality follows from the fact that the sign
of Hij determines whether the optimal value ofxj is 0 or
1. Analogously it follows that

hi = min
x

hi = Hii + 2
∑

j

H−
ij (29)

Equation (27) can then finally be written on the desired
form

x∗
i =

{

0, Hii + 2
∑

j H−
ij ≥ 0 ⇔ Hii ≥ −2

∑

j H−
ij

1, Hii + 2
∑

j H+

ij < 0 ⇔ Hii < −2
∑

j H+

ij

(30)
From (30) it is clear that the computational complexity of
the tests(i) and(ii) is polynomial in the number of vari-
ables, i.e. innb.
Now the result is extended to problems of typeP2.

Corollary 1 For a BQP problem of typeP2 the optimal
value of one or more componentsxi can be found in poly-
nomial time if for somei ∈ {1, .., nb} any of the following
conditions is fulfilled

{

Hii ≥ −2fi − 2
∑nb

j=1
H−

ij (i)

Hii < −2fi − 2
∑nb

j=1
H+

ij (ii)



If any of the conditions(i) or (ii) is fulfilled for a certain
value ofi, the optimal value ofxi is given by

xi =

{

0, if (i) holds

1, if (ii) holds

Proof: The result follows directly from Theorem 1 by
recognizing the fact that

Q(x) =
1

2
xT Hx+fT x = xT

(

H + 2diag(f)

2

)

x (31)

for xi ∈ {0, 1}.

5. APPLICATION OF THE RESULTS TO
SYNCHRONOUS CDMA

In this section, it is shown how to apply the preprocessing
algorithm derived in Section 4 to the BQP problem (17)
and how the result can be interpreted.

5.1. Using Preprocessing
In order to be able to apply the preprocessing algorithm,
the optimization problem (17) has to rewritten on the BQP
form P2. Note especially the domain of the optimization
variablex. In order to get an optimization problem with
binary variables the following variable substitution is per-
formed

b = 2b̄ − 1 (32)

whereb̄ ∈ {0, 1}K , b ∈ {−1,+1}K and1 denotes a col-
umn vector with all elements equal to one. Using (32),
neglecting constant terms and dividing by 4, the objective
function in (17) can be rewritten as

1

2
b̄T Hb̄ + f̃T b̄ (33)

where

f̃ = −
1

2
H1 −

1

2
Ay (34)

The problem is now on the formP2, on which preprocess-
ing can be performed.

5.2. From Theorem to Algorithm
When implementing the algorithm, the conditions in
Corollary 1 are used. For each element in the vectorx,
the inequalities(i) and (ii) are tested. If any of the in-
equalities are fulfilled for a certain element, the optimal
value of that element has been found. The optimal value
of elements already calculated can be used in the follow-
ing tests for other elements in order to tighten the upper
and the lower bounds. If elements remain to be computed
after all elements have been tested once, as long as at least
one element was computed in the previous run it is pos-
sible to start over again and try to compute the remaining
ones. This procedure is in this text referred to as the iter-
ated implementation.

When the preprocessing algorithm has terminated, an-
other optimization method has to be applied to compute
any remaining variables. Depending on the time available,
the other method may be chosen to produce optimal solu-
tions or sub-optimal solutions. References to such algo-
rithms can be found in Section 1.

0−
∑

j 6=i |Hij |
∑

j 6=i |Hij |
Aiyi

Figure 1. The decision regions for the preprocessing algorithm,
when the non-iterative implementation is used. The grey region
shows the region where variablei cannot be computed by non-
iterative preprocessing.

5.3. Interpretation of the Result
Using the notation in the multiuser detection problem, the
two conditions(i) and(ii) in the preprocessing algorithm
can after simplification be written as

{

Aiyi ≤ −
∑

j 6=i |Hij | (i)

Aiyi >
∑

j 6=i |Hij | (ii)
(35)

From (32) and (35), it follows that the optimal choice ofbi

is given by

b∗i =

{

−1, if (i) holds

1, if (ii) holds
(36)

An interpretation of the conditions is that the sum of the
non-diagonal terms represents the maximum sum of inter-
ference energy possibly affecting useri. Because all terms
in the sum always are positive, it can be interpreted as if
all user sent the worst possible choice from{−1,+1}. If
Aiyi is larger than this maximum known disturbance en-
ergy, then it is most likely that useri sent the symbol1.
Analogously, ifAiyi is smaller than the negative maxi-
mum known disturbance energy, then it is most likely that
useri sent the symbol−1. This behavior seems reason-
able since the noise is assumed to have zero mean. This
decision strategy is illustrated in Figure 1.

If (35) is investigated, it can be realized that a neces-
sary property of the cross-correlation matrix to be able to
successfully use the algorithm, is that the chip sequences
give low cross-correlations between different users. This
is typically the case for, e.g., Gold Sequences. Compared
to previous optimal low complexity methods presented in
[15, 12, 13], the algorithm presented in this paper does
not introduce any requirements on the sign of the cross-
correlations or that the cross-correlations between users
are equal.

6. SIMULATIONS

In this section, the preprocessing algorithm is applied to
the multiuser detection problem and tested in Monte Carlo
simulations. In the first simulations, the joint Bit Error
Rate (BER) for the optimal detector implemented by using
the preprocessing algorithm is compared to the joint BER
of the conventional detector, [5],

b̂i = sign(y) (37)

and to the joint BER of the decorrelating detector, [5],

b̂i = sign(H−1y) (38)

To be able to make a fair comparison only the variables
computed by the preprocessing algorithm were used in
the BER calculations for all methods in the comparisons.
The tests were performed with Gold Sequences of length
128. The algorithms were compared for the loads 1 to 127
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Figure 2. The plots show how many percents of the variables that
were computed by preprocessing for different loads. In the up-
per plot two curves are shown: The min-curve shows the lowest
amount of computed variables during the 10000 simulations. The
max-curve shows the greatest amount of computed variables dur-
ing the simulations. In the lower plot, the average of the amount
of computed variables over the 10000 realizations is shown. Note
that the axises are different in the upper and in the lower plot.

users. Each load was tested 10000 times. In each test, a
new noise realization and a new random bit was assigned
to each user. In Figure 2 it can be noticed that the pre-
processing algorithm computes nearly all variables in av-
erage. Even in the worst case, 75 % of the variables were
computed.

The next issue to verify is that the problem instances
tested were not “trivial” in the sense that the existing low-
est complexity algorithms also could compute them opti-
mally. This verification is performed by calculating the
average BER for the different methods during the Monte
Carlo simulations. The result from this simulation is
shown in Figure 3. In the test, the SNR for user 1 var-
ied from 7 dB to 6.7 dB. The conclusion drawn from the
simulation is that the optimal multiuser detector imple-
mented by the preprocessing algorithm gives lower BER
than the two other algorithms. Note that the plots for all
three methods only includes bits possible to calculate with
the preprocessing algorithm. The same plot also verifies
that theiterated implementation of the algorithm, enables
more “wise” decisions than the one only using a single it-
eration. In the non-iterated case, it follows from (35) that
the optimal decision coincides with the decision taken by
(37), in the region where variables can be computed by
the preprocessing algorithm. The region where the solu-
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Figure 3. The plot shows the BER of the different methods as a
function of the load when Gold sequences of length 128 are used.
It can be seen that the optimal multiuser detector implemented by
the preprocessing algorithm has the lowest BER. Only variables
computed by the preprocessing algorithm are considered in the
comparison.

tion from the algorithms coincide is the region outside the
grey region in Figure 1. When the iterated implementation
of the preprocessing algorithm is used it can sometimes
be possible to decrease the size of the grey area for some
variables in the problem. This means that in those cases
more variables are possible to compute by preprocessing.

The computational time is illustrated in Figure 4. The
conventional detector (37) is not shown in the plot because
its computational time is negligible in comparison with the
other two. The conclusion is drawn that the computational
complexity for the preprocessing algorithm is similar to
the decorrelating detector (38). They seem to have sim-
ilar complexities, but the preprocessing algorithm has a
larger constant. It should be mentioned that the matrix in-
version performed in (38) in Matlab is implemented much
more efficiently than the preprocessing algorithm. E.g.,
by implementing the preprocessing algorithm in C, a sig-
nificant reduction of the computational time is expected.
The tests of the computational times were performed on
a Sun UltraSPARC-IIe 500 MHz with 640 Mb RAM run-
ning SunOS 5.9 and Matlab 7.0.1.

Gold sequences have very low cross-correlation. To
test the algorithm as the cross-correlation increases, the
cross-correlation matrix was manually modified. This was
done by adding0.01 − 0.6 in 60 equidistant steps to16

symmetric off-diagonal elements (8 elements on each side
of the diagonal). For each of the60 steps,10000 Monte
Carlo simulations were performed. The test was per-
formed for100 users and the result from this simulation
can be found in Figure 5. The number of variables pos-
sible to compute by preprocessing when the correlation is
increased is illustrated by Figure 6.

7. CONCLUSIONS

In this paper a preprocessing algorithm for BQP problems
has been derived. These problems are generally known
to have exponential complexity. Due to the low cross-
correlation between the signature sequences, the BQP
problem gets a special structure with small off-diagonal
elements. This structure is exploited by the preprocess-
ing algorithm and makes it possible to compute the opti-
mal values of some, or all, of the optimization variables
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Figure 4. In the plot the computational time for preprocessing
and the decorrelating detector are presented. To be able to make
a fair comparison, the computational time shown for the decor-
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ables computable by preprocessing. The conventional detector
has significantly lower computational time and it has therefore
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Figure 5. This figure shows BER as a function of the extra added
off-diagonal correlation. Only variables solved by the prepro-
cessing algorithm is presented in the comparison. The average
number of variables solved for each added correlation is shown
in Figure 6.
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Figure 6. In the plot the number of variables possible to solve for
different modifications of the correlation is presented.

in polynomial time. In the paper, the preprocessing algo-
rithm has been successfully applied to the multiuser detec-
tion problem when signature sequences of Gold type have
been used. The algorithm can be combined both with opti-
mal and suboptimal optimization algorithms. Compared to
previously presented low complexity optimal algorithms,
the proposed algorithm does not demand any special care
in the design of the signature sequences, except from the
already existing desire that the cross-correlation shouldbe
chosen as low as possible.
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