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Abstract
Optimal control problems for nonlinear descriptor systems are considered. An
approach where the descriptor system is conceptually reduced to a state space
form is compared to an approach where the Hamilton-Jacobi equation is directly
formulated for the descriptor system. The two approaches are shown to give
essentially the same systems of equations to be solved. A certain unknown
function is present only in the second approach but is shown to be computable
from the quantities common to both approches.
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Abstract— Optimal control problems for nonlinear descriptor
systems are considered. An approach where the descriptor sys-
tem is conceptually reduced to a state space form is compared
to an approach where the Hamilton-Jacobi equation is directly
formulated for the descriptor system. The two approaches are
shown to give essentially the same systems of equations to be
solved. A certain unknown function is present only in the second
approach but is shown to be computable from the quantities
common to both approches.

I. INTRODUCTION

During the last decades, descriptor systems have been
extensively studied, see for example the surveys [1, 2] and
references therein. One reason is that many applications can
be formulated more naturally in this way. The growing use
of objected-oriented modeling languages such as MODELICA
also increases the usage of descriptor system formulations,
since most often this is the output of such tools.

Optimal feedback design for linear descriptor systems is
thoroughly investigated area, see for example [3–5]. Also for
nonlinear descriptor systems some references about optimal
control can be found. Most of the references use methods
based on variational calculus, e.g., [6, 7], but some use the
dynamic programming approach, e.g., [8, 9]. The purpose
of the present paper is to study the connection between the
different approaches for solving the optimal control. In the
approach by [8, 9] the Hamilton-Jacobi equation is formu-
lated directly for the DAE model but it is also possible to
reduce the DAE to a state space model and use the standard
formulation of the Hamilton-Jacobi equation. We show that
the two approaches are equivalent under certain regularity
conditions. In this context we also give an interpretation of
the W -function occurring in [8, 9].

II. SYSTEM DESCRIPTION

We will consider systems on descriptor or differential-
algebraic equation (DAE) form

ẋ1 = F1(x1, x2, u) (1a)
0 = F2(x1, x2, u) (1b)

where x1 ∈ Rn1 , x2 ∈ Rn2 , u ∈ Rm. In the Appendix
we will discuss how more general forms of DAEs can be
reduced to this form.

For our analysis of optimal control problems we make the
following assumptions.

Assumption 1. The system (1) has an equilibrium. There
is no restriction in assuming the equilibrium to be at x1 = 0,
x2 = 0, u = 0, i.e. F1(0, 0, 0) = 0 and F2(0, 0, 0) = 0.

If the Jacobian F2,x2 is nonsingular the implicit function
theorem implies that it is locally possible to solve for x2 in
(1b)

x2 = ϕ(x1, u) (2)

In order to be able to use this relation in our derivations we
make the following assumption.

Assumption 2. There is an open set Ω ⊂ Rn1 containing
the origin such that for all x1 ∈ Ω and all u, (1b) can be
solved to give (2). Also F2,x2 is assumed nonsingular for all
x1 ∈ Ω, x2 and u solving (1b).

The set

N = {(x1, x2) | x1 ∈ Ω, x2 = ϕ(x1, u), u ∈ Rm}

will be denoted the set of consistent states.
It is possible to calculate ϕu. Using that

F2

(
x1, ϕ(x1, u), u

)
= 0

identically in u, differentiation w.r.t. u gives

F2,x2

(
x1, ϕ(x1, u), u

)
ϕu(x1, u)+F2,u

(
x1, ϕ(x1, u), u

)
= 0

which can be solved for ϕu(x1, u) as

ϕu(x1, u) = −F2,x2

(
x1, ϕ(x1, u), u

)−1
F2,u

(
x1, ϕ(x1, u), u

)
(3)

A concept that is commonly used in the theory of de-
scriptor systems is the (differential) index. The index is,
loosely speaking, the minimum number of differentiations
needed to obtain an equivalent system of ordinary differential
equations, see [10]. Our assumption 2 above implies that
we look at index one problems. In the Appendix we briefly
discuss how higher order index problems are reduced.

III. OPTIMAL CONTROL

The optimal control problem is defined by a performance
criterion, the dynamics and some boundary conditions. The
performance criterion in this case is

J =
∫ ∞

0

L(x1, x2, u) dt (4)



with an infinite time horizon. The optimal control problem
is

V
(
x1(0)

)
= min

u(·)
J (5)

subject to the dynamics (1) and the boundary conditions

x1(0) = x1,0 ∈ Ω
lim

t→∞
x1(t) = 0

A control u expressed as a feedback law from x1, x2 may
change the index of the closed loop system [1]. However,
with our assumptions we will show below that the index is
automatically preserved, i.e., the closed loop system is also
of index one. Then, x1 will be the free variables and x2 is
chosen consistently, i.e., such that F2

(
x1, x2, u(x1, x2)

)
= 0.

Obviously, the performance criterion has to converge for
the optimal feedback law. This is guaranteed if the closed
loop system is such that x1(∞) = 0, i.e., asymptotically
stable.

Remark 1: In some articles about optimal control for
descriptor systems, e.g., [3, 6, 8], the possibility of changing
the index of a system description is used. They require the
feedback law to be such that the closed loop system is of
index one even if the system was of higher index.

For a system on state-space form (i.e. x2 and F2 are absent
and we use the notation x = x1), the optimal control problem
is solved by the following theorem.

Theorem 1: Suppose there exist a continuously differen-
tiable function J(x) satisfying J(0) = 0 and

0 = min
u

(
L(x, u) + Jx(x)F (x, u)

)
for x ∈ Ω. Let

µ(x) = argmin
u

(
L(x, u) + Jx(x)F (x, u)

)
and let Ω̃ ⊂ Ω denote the initial states for which the
trajectories, using u(t) = µ

(
x(t)

)
, remain in Ω and converge

to the origin. Then

V (x) = J(x), x ∈ Ω̃

and µ(x) is an optimal feedback control law.
Proof: This is a standard result in optimal control. See

[11] or [12].

IV. THE HAMILTON-JACOBI EQUATION FOR THE
REDUCED PROBLEM

Our Assumption 2 makes it possible to reduce the optimal
control problem for the descriptor system to an optimal
control problem for a state-space system. Assuming x1 ∈ Ω,
substitution of (2) into (1a) and (4) yields the performance
criterion

J =
∫ ∞

0

L
(
x1, ϕ(x1, u), u

)
dt

and the differential equation

ẋ1 = F1

(
x1, ϕ(x1, u), u

)

The Hamilton-Jacobi equation solving this optimal control
problem is

0 = min
u

(
L(x1, ϕ(x1, u), u)+Vx1(x1)F1(x1, ϕ(x1, u), u)

)
x1 ∈ Ω (6)

where V (x1) is the optimal return function (5).
The first-order necessary condition for optimality of (6)

yields the set of equations

0 = Lu + Vx1F1,u + (Lx2 + Vx1F1,x2)ϕu

0 = L+ Vx1F1

where the quantities in the right hand sides are evaluated at(
x1, ϕ(x1, u), u

)
. Since x2 = ϕ(x1, u) is the unique solution

of (1b), it is also possible to write these equations according
to

0 = Lu + Vx1F1,u − (Lx2 + Vx1F1,x2)F
−1
2,x2

F2,u (8a)

0 = L+ Vx1F1 (8b)
0 = F2 (8c)

where (3) is used and the right hand sides are evaluated
at x1, x2, u. One way of looking at (8) is to regard (8a)
and (8c) as m + n2 equations from which one tries to
solve for u and x2 as functions of x1 and Vx1 . When
these quantities are substituted into (8b) the result is a first
order partial differential equation for V as a function of x1.
When this partial differential equation is solved the result
can be substituted back into the expression for u to give the
feedback law.

V. OPTIMALITY CONDITIONS FOR DESCRIPTOR
SYSTEMS

According to Theorem 3.1 in [8], the optimal control
problem can also be solved by solving the Hamilton-Jacobi-
like equation

0 = min
u

(
L(x1, x2, u) +W1(x1)F1(x1, x2, u)

+W2(x1, x2)F2(x1, x2, u)
)

(9)

for some continuous functions W1(x1) and W2(x1, x2) such
that W1(x1) is a gradient of some continuously differentiable
function V (x1). (We have changed the notation of [8]
slightly so that it is consistent with ours.)

This V (x1) is then the optimal cost (5). Using the first-
order optimality conditions, the control is then defined by
the following set of equations

0 = Lu +W1F1,u +W2F2,u (10a)
0 = L+W1F1 +W2F2 (10b)

From these equations it is not immediately obvious how one
can obtain relation from which W1 can be computed. We can
obtain equations similar to (8) by restricting (10) to points
satisfying F2 = 0. We then get the following system

0 = Lu +W1F1,u +W2F2,u (11a)
0 = L+W1F1 (11b)
0 = F2 (11c)



It should be stressed that in (9), x2 is considered to be
independent of u when differentiating with respect to u.

VI. RELATIONSHIPS AMONG THE SOLUTIONS

The reduced Hamilton-Jacobi equation (6) and the
Hamilton-Jacobi-like equation (9) solve the same underlying
optimal control problem. Below we will investigate the
relations between the functions V , W1 and W2.

Lemma 2: Suppose there is a function V (x1) and a feed-
back u = k(x1) solving (6) on Ω. Then W1(x1) = Vx1(x1),
u = k(x1) solve (9) under the constraint F2(x1, x2, u) = 0.
Moreover, with the choice

W1 = Vx1 , W2 = −
(
Lx2 + Vx1F1,x2

)
F−1

2,x2
(12)

the necessary conditions (11) are satisfied for u = k(x1),
x2 = ϕ

(
x1, k(x1)

)
.

Proof: When F2 = 0 the right hand sides of (9) and (6)
coincide. Comparing (8) and (11) shows that (11) is satisfied
for u = k(x1), x2 = ϕ

(
x1, k(x1)

)
.

The converse relation is given by the following lemma.
Lemma 3: Assume that for x1 ∈ Ω1 it holds that:
• (9) has a solution u = ψ(x1, x2)
• F2

(
x1, x2, ψ(x1, x2)

)
= 0 has a solution x2 = η(x1)

• W1(x1) = Vx1(x1) for some function V (x1)
Then Vx1(x1) and u = k(x1) = ψ

(
x1, η(x1)

)
solve (6) for

x1 ∈ Ω. Moreover W2(x1, x2) in (11) is given by

W2 = −
(
Lx2 +W1F1,x2

)
F−1

2,x2
(13)

for all u and all x1, x2 in N satisfying (11).
Proof: We have

L
(
x1, η(x1), ψ

(
x1, η(x1)

))
+ Vx1(x1)F1

(
x1, η(x1), ψ

(
x1, η(x1)

))
= L

(
x1, ϕ

(
x1, k(x1)

)
, k(x1)

)
+ Vx1(x1)F1

(
x1, ϕ

(
x1, k(x1)

)
, k(x1)

)
= 0

since the minimal value in (9) is attained for u = ψ(x1, x2)
for all x1 ∈ Ω and x2 ∈ Rn2 , and then particularly for
x2 = η(x1). Since x1 ∈ Ω it is also known that η(x1) =
ϕ
(
x1, k(x1)

)
. According to (9) we have

0 ≤ L(x1, x2, u) + Vx1(x1)F1(x1, x2, u)
+W2(x1, x2)F2(x1, x2, u)

for all x1 ∈ Ω, x2 ∈ Rn2 and u ∈ Rm. In particular we have

0 ≤ L(x1, ϕ(x1, u), u) + Vx1(x1)F1

(
x1, ϕ(x1, u), u

)
and (6) is thus satisfied.

Since a u solving (11a) is given by u = ψ(x1, x2), (11b)
and (11c) give

0 = L
(
x1, x2, ψ(x1, x2)

)
+W1(x1)F

(
x1, x2, ψ(x1, x2)

)
0 = F2

(
x1, x2, ψ(x1, x2)

)
1If this Ω is smaller than the Ω defined in Section II, we redefine Ω as

the smaller region.

Differentiating these relations w.r.t. x2 yield

0 = Lx2 +
(
Lu +W1F1,u

)
ψx2 +W1F1,x2 (14a)

0 = F2,x2 + F2,uψx2 (14b)

If (11a) is multiplied from right with ψx2 and after (14) is
inserted the result is that W2 is given by

0 = W1F1,x2 + Lx2 +W2F2,x2

Due to the fact that F2,x2 is nonsingular for all u and all
x1, x2 in N , it follows that

W2 = −
(
Lx2 +W1F1,x2

)
F−1

2,x2
(15)

Hence, for a system with index equal to one, we get one
further necessary condition for the optimal solution, namely
(15).

Remark 2: A special case which yields simple equations
is

ẋ1 = f1(x1, x2) + g1(x1)u (16a)
0 = f2(x1, x2) + g2(x1)u (16b)

and L(x1, x2, u) = l(x1)+ 1
2u

Tu. Then (11a) can be solved
explicitly in u for all x1, x2 since (11a) will become

0 = uT −W1g1 −W2g2 (17)

and from Lemma 3, we have that W2 is given by

W2 = −W1f1,x2f
−1
2,x2

(18)

Note that f2,x2 is nonsingular for all x1, x2 since F2,x2 is
nonsingular for all x1, x2, u and then particularly for u = 0.
Combining (17) and (18) yields

u = −ĝ(x1, x2)TW1(x1)T

and after some manipulation the necessary conditions can be
rewritten as

0 = l(x1) +W1(x1)f̂(x1, x2) (19a)

− 1
2
W1(x1)ĝ(x1, x2)ĝ(x1, x2)TW1(x1)T (19b)

0 = f2(x1, x2) + g2(x1)ĝ(x1, x2)TW1(x1)T (19c)

where

f̂(x1, x2) = f1(x1, x2)

− f1,x2(x1, x2)f2,x2(x1, x2)−1f2(x1, x2)

ĝ(x1, x2) = g1(x1)− f1,x2(x1, x2)f2,x2(x1, x2)−1g2(x1)

VII. EXAMPLE

Consider the simple system

ẋ1 = x2 (20)

0 = u− x3
1 − x2 (21)

with optimality criterion

J =
∫ ∞

0

(x2
1

2
+
u2

2
)
dt (22)



The necessary conditions (8) give

0 = u+ Vx1 · 0 + Vx1 · 1

0 =
x2

1

2
+
u2

2
+ Vx1x2

0 = u− x3
1 − x2

Eliminating u and x1 gives the following equation for Vx1

V 2
x1

+ 2x3
1Vx1 − x2

1 = 0

with the solution

Vx1 = x1(
√

1 + x4
1 − x2

1)

and with the optimal feedback law

u = −Vx1 = −x1(
√

1 + x4
1 − x2

1)

If the problem is instead solved using (10) we get the
equations

0 = u+W1 · 0 +W2 · 1

0 =
x2

1

2
+
u2

2
+W1x2 +W2(u− x3

1 − x2)

Since the last equation holds identically in x2 we get by
differentiating

0 = W1 +W2,x2(u− x3
1 − x2)−W2

which shows that W1 = W2 when the equation u−x3
1−x2 =

0 is satisfied. This gives the same equation for W1 as for Vx1

so the solution is the same.

VIII. CONCLUSIONS

We have shown the connections between the Hamilton-
Jacobi type equation (9) of an optimal control problem for
descriptor systems and the Hamilton-Jacobi equation (9)
wnich is obtained when the problem is reduced to a state
space problem. As a result of these calculations we show that
W1 of (9) is the gradient of the optimal return function V of
the reduced problem, while W2 (restricted to the constraints
of the problem, which is all that is needed) can be calculated
from V . We have also shown that the sets of equations that
have to be solved when actually computing a solution are
essentially the same.

IX. APPENDIX. INDEX REDUCTION

Suppose we start with a DAE model of the form

F̂ (ẋ, x, u) = 0 (23)

where x ∈ Rn and u ∈ Rm.
In a series of papers, [13–15], it has been described how

a rather general class of such systems can be written in the
form

F̄1(ẋ1, ẋ2, x1, x2, u) = 0 (24a)

F̄2(x1, x2, u, u̇, . . . , u
(ν)) = 0 (24b)

Here the variables in the vector x have been grouped into
two vectors x1 ∈ Rn1 and x2 ∈ Rn2 . The variables x1

are described by differential equations and hence form the
dynamical part, while x2 is algebraically connected to x1 and
u. The functions F̄1 and F̄2 are formed from suitable linear
combinations of the rows of F and (possibly) differentiations
of F . An assumption that will be used throughout is that
F̄1 and F̄2 are continuously differentiable. The Jacobian of
F̄2 with respect to x2 is nonsingular, so from the implicit
function theorem x2 can be solved from (24b), at least
locally. Furthermore, in the equation

F̄1(ẋ1,−F̄−1
2,x2

(F̄2,x1 ẋ1 + F̄2,uu̇+ · · ·
+ F̄2,u(ν)u(ν+1)), x1, x2, u) = 0 (25)

obtained by substituting ẋ2 from (24b), it is possible to solve
for ẋ1. Here we will make an assumption that is in practice
not very restrictive, since in many applications F̄1 is actually
affine in ẋ1 and ẋ2.

Assumption ẋ1 can be solved from (25) to give

ẋ1 = F̃1(x1, x2, u, u̇, . . . , u
(ν+1)) (26a)

0 = F̃2(x1, x2, u, u̇, . . . , u
(ν)) (26b)

One complication is the possible presence of derivatives
of the control variable (originating from differentiations of
the equations). For linear systems it is possible to make
transformations removing the input derivatives from the
differential equations. This might not be possible in the
nonlinear case. In that case it could be necessary to redefine
the control signal so that its highest derivative becomes a
new control variable and the lower order derivatives become
state variables. We assume that these operations have been
performed giving a description of the form

REFERENCES

[1] L. Dai, Singular Control Systems, ser. Lecture Notes in Control and
Information Sciences. Berlin, New York: Springer-Verlag, 1989.

[2] F. L. Lewis, “A survey of linear singular systems,” Circ. Syst. Signal
Pr., vol. 5, no. 1, pp. 3–36, 1986.

[3] D. Cobb, “Descriptor variable systems and optimal state regulation,”
IEEE Trans. Automat. Contr., vol. AC-28, no. 5, pp. 601–611, 1983.

[4] D. J. Bender and A. J. Laub, “The linear-quadratic optimal regulator
for descriptor systems,” IEEE Trans. Automat. Contr., vol. AC-32,
no. 8, pp. 672–688, 1987.

[5] V. Mehrmann, “Existence, uniqueness, and stability of solutions to
singular linear quadratic optimal control problems,” Linear Algebra
Appl., vol. 121, pp. 291–331, 1989.

[6] E. A. Jonckheere, “Variational calculus for descriptor systems,” IEEE
Trans. Automat. Contr., vol. AC-33, no. 5, pp. 491–495, 1988.

[7] P. Kosmol and M. Pavon, “Solving optimal control problems by means
of general lagrange functionals,” Automatica, vol. 37, pp. 907–913,
2001.

[8] H. Xu and K. Mizukami, “Hamilton-Jacobi equation for descriptor
systems,” Syst. Control Lett., vol. 21, pp. 321–327, 1993.

[9] ——, “Derivation of a maximum principle for descriptor systems
without an admissible initial condition assumption,” J. Franklin I.,
vol. 332, no. 5, pp. 633–642, sep 1995.

[10] K. E. Brenan, S. Campbell, and L. R. Petzold, Numerical Solution of
Initial-Value Problems in Differential-Algebraic Equations. SIAM,
1996.

[11] A. E. Bryson and Y.-C. Ho, Applied Optimal Control — Optimization,
Estimation and Control. Washington: Hemisphere Pub. Corp., 1975,
rev. pr.

[12] G. Leitmann, The Calculus of Variations and Optimal Control. New
York: Plenum Press, 1981.



[13] P. Kunkel and V. Mehrmann, “Canonical forms for linear differential-
algebraic equations with variable coefficients,” J. Comput Appl. Math.,
vol. 56, no. 3, pp. 225–251, dec 1994.

[14] ——, “Regular solutions of nonlinear differential-algebraic equations
and their numerical determination,” Numer. Math., vol. 79, pp. 581–
600, 1998.

[15] ——, “Analysis of over- and underdetermined nonlinear differential-
algebraic systems with application to nonlinear control problems,”
Math. Control Signal, vol. 14, pp. 233–256, 2001.


