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Abstract
Methods for index reduction of general nonlinear differential-algebraic
equations are generally difficult to implement due to the recurring use
of functions defined only via the implicit function theorem. By adding
structure to the equations, these implicit funcitons may become possi-
ble to implement. In particular, this is so for the quasilinear and linear
time-invariant (LTI) structures, and it turns out that there exists an al-
gorithm for the quasilinear form that is a generalization of the shuffle
algorithm for the LTI form in the sense that, when applied to the LTI
form, it reduces to the shuffle algorithm. For this reason, the more gen-
eral algorithm is referred to as a quasilinear shuffle algorithm. One can
then say that the LTI form is invariant under the quasilinear shuffle al-
gorithm, and it is expected that the algorithm can be fruitfully tailored to
take care of the structural information in any such invariant form.
In this paper a class of forms ranging from quasilinear to LTI DAE is
searched for forms that are invariant under the quasilinear shuffle al-
gorithm, and it is suggested that this kind of survey be extended to a
more complete mapping between index reduction algorithms and their
invariant forms.

Keywords: Differential-algebraic, Quasilinear, Shuffle algorithm, In-
variant
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Abstract
Methods for index reduction of general nonlinear differential-algebraic equa-

tions are generally difficult to implement due to the recurring use of functions
defined only via the implicit function theorem. By adding structure to the equa-
tions, these implicit funcitons may become possible to implement. In particular,
this is so for the quasilinear and linear time-invariant (LTI) structures, and it turns
out that there exists an algorithm for the quasilinear form that is a generalization
of the shuffle algorithm for the LTI form in the sense that, when applied to the LTI

form, it reduces to the shuffle algorithm. For this reason, the more general algo-
rithm is referred to as a quasilinear shuffle algorithm. One can then say that the
LTI form is invariant under the quasilinear shuffle algorithm, and it is expected that
the algorithm can be fruitfully tailored to take care of the structural information in
any such invariant form.

In this paper a class of forms ranging from quasilinear to LTI DAE is searched
for forms that are invariant under the quasilinear shuffle algorithm, and it is sug-
gested that this kind of survey be extended to a more complete mapping between
index reduction algorithms and their invariant forms.

Keywords: Differential-algebraic, Quasilinear, Shuffle algorithm, Invariant

1 Introduction
Nonlinear differential-algebraic equations is the natural outcome of component-based
modeling of complex dynamic systems. Often, there is some known structure to the
equations, and here it will be assumed that they emerge in quasilinear form,

E( x(t), t ) ẋ(t) + A( x(t), t ) != 0 (1)

Sometimes, when the modeling follows certain patterns, the resulting equations
may be of known index, where the index is a analysis-method dependent value telling
something about the difficulty to reveal from the equations the underlying ordinary dif-
ferential equation on a manifold. It may then be possible to design special-purpose
solvers that handle the corresponding initial-value problems. For equations of un-
known, higher index, all existing approaches to numerical solution of the initial-value
problem that we know of perform index reduction so that one obtains equations of low
index (typically 0 or 1), which can then be fed to one of the many available solvers for
such equations. The index reduction algorithm used in this paper (described below)
deals with the differential index. See Campbell and Gear [1995] for a survey of various
index definitions.

Index reduction for general non-linear DAE, that is, in the form

f( ẋ(t), x(t), t ) != 0 (2)
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was described in Rouchon et al. [1995], with references back to Li and Feng [1987].
The method therein is generally not possible to implement, since the recurring use
of the implicit function theorem often leave the user with functions whose existence
is given by the theorem, but whose implementation is very involved (to the author’s
knowledge, there are to date no available implementations serving this need). How-
ever, it is possible to implement for the quasilinear form, as was done, for instance, us-
ing Gauss-Bareiss elimination[Bareiss, 1968] in Visconti [1999], or outlined in Stein-
brecher [2006].

Even though algorithms for quasilinear DAE exist, the results they produce may be
computationally demanding, partly because the problems they apply to are still very
general. This should be compared with the linear, time-invariant (LTI) case,

E ẋ(t) + A x(t) + Av v(t) != 0 (3)

to which the very simple and certainly tractable shuffle algorithm[Luenberger, 1978]
applies. Interestingly, the algorithm for quasilinear DAE described in Visconti [1999] is
using the same idea, and it generalizes the shuffle algorithm in the sense that, when ap-
plied to the LTI form, it reduces to the shuffle algorithm. For this reason, the algorithm
in Visconti [1999] is referred to as a quasilinear shuffle algorithm.1

This paper aims to shed some light on the question of what forms that, besides the
LTI form, are invariant under the quasilinear shuffle algorithm. The feature of such
forms is that it is expected that the algorithm can be tailored to take advantage of the
structural information in the form. (For example, the shuffle algorithm for the LTI
form is so simple it can even be implemented easily in MATLAB.) To this end, a class
of candidate forms ranging from the LTI to the quasilinear form will be defined and
searched for invariants.

Further, while it is well known and often claimed in the literature that the quasi-
linear form covers a very wide range of applications, if our search reveals that simpler
invariant forms are hard to find, this adds also a pragmatic argument for the develop-
ment of theory and algorithms for the quasilinear form in its full generality.

Notation. In accordance with most literature on this subject, equations not involv-
ing differentiated variables are denoted algebraic equations, although non-differential
equations would be a better notation from a mathematical point of view. The matrix-
valued function E in (1) will be referred to as the leading matrix, while the function A
will be referred to as the algebraic term.2

2 Background
Although assumed that the reader is familiar with Gaussian elimination, in this section
some aspects of particular interest for the proposed algorithm will be discussed.

The proposed algorithm makes use of row reduction. The most well known row
reduction method is perhaps Gaussian elimination, and although infamous for its nu-
merical properties, it is sufficiently simple to be a realistic choice for implementations.
In fact, the proposed algorithm makes this particular choice, and among the many varia-
tions of Gaussian elimination, a fraction-free scheme is used. This technique for taking

1Note that it is not referred to as the quasilinear shuffle algorithm, since there are many options regarding
how to do the generalization. There are also some variations on the theme of the LTI shuffle algorithm,
leading to slightly different generalizations.

2By this definition, the algebraic term with reversed sign is sometimes referred to as the right hand side
of the quasilinear DAE.
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a matrix to row echelon form3 uses only addition and multiplication operations. In con-
trast, a fraction producing scheme involves also division. The difference is explained
by example. Consider performing row reduction on a matrix of integers of the same
order of magnitude: (

5 7
3 −4

)
A fraction-free scheme will produce a new matrix of integers,(

5 7
5 · 3− 3 · 5 5 · (−4)− 3 · 7

)
=
(

5 7
0 −41

)
while a fraction producing scheme generally will produce a matrix of rational numbers,(

5 7
3− (3/5) · 5 (−4)− (3/5) · 7

)
=
(

5 7
0 −(41/5)

)
The fraction-free scheme thus has the advantage that it is able to preserve the integer

structure present in the original matrix. On the other hand, if the original matrix is a
matrix of rational numbers, both schemes generally produce a new matrix of rational
numbers, so there is no advantage in using the fraction-free scheme. Note that it is
necessary not to allow the introduction of new integer elements in order to keep the
distinction clear, since any matrix of rational numbers can otherwise be converted to a
matrix of integers. Further, introducing non-integer scalars would destroy the integer
structure. The two schemes should also be compared by the numbers they produce. The
number −41 in comparison with the original numbers is a sign of the typical blowup
of elements caused by the fraction-free scheme. The number −(41/5) = −8.2 does
not indicate the same tendency.

When the matrix is interpreted as the coefficients of a linear system of equations
to be solved in the floating point domain, the blowup of elements implies bad numeric
condition, which in turn has negative implications for the quality of the computed solu-
tion. Unfortunately, this is not the only drawback of the fraction-free scheme, since the
operations involved in the row reduction are ill-conditioned themselves. This means
that there may be poor correspondence between the original equations and the row
reduced equations, even before attempting to solve them.

Fraction-free Gaussian elimination can also be applied to a matrix of polynomials,
and will then preserve the polynomial structure. However, the structure is not destroyed
if the introduction of new scalars is allowed. This can be used locally to drastically
improve the numerical properties of the reduction scheme by making it approximately
the same as those of the fraction producing scheme. That is, multiplication by scalars is
used to locally make the pivot polynomial approximately equal to 1, and then fraction-
free operations are used to eliminate below the pivot as usual.

Finally, recall that Gaussian elimination also takes different flavors in the pivoting
dimension. However, only a particular choice will be analyzed, see below.

3A matrix is said to be in row echelon form if each non-zero row has more leading zeros than the previous
row. Actually, in order to account for the outcome when full pivoting is used, one should really say that the
matrix is in row echelon form after suitable reordering of variables. In the current setting of elimination
where it makes sense to speak of structural zeros, the reference to reordering of variables can be avoided by
saying that the reduced matrix is such that each non-zero row has more structural zeros than the previous
row.
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3 The reduction algorithm
The reduction algorithm used here does not exactly correspond to any of those that the
author have seen in the literature, but is clearly a combination of previously described
algorithms. The reason to do it in the following particular way is that it is simple
enough to make the analysis easy, and also that it does not rule out some of the candi-
date forms already in the row reduction step by producing a leading matrix outside the
form (see the highlighted part of the algorithm description below).

An index reduction algorithm is typically run repeatedly until a low index is ob-
tained. Here, only one iteration is described, but this is sufficient since the algorithm
output is in the same form as the algorithm input was assumed to be.

3.1 Algorithm
Following up the previous discussion on fraction producing versus fraction-free row
reduction schemes, the proposed algorithm uses a fraction-free scheme for two reasons.
Most importantly in this paper, it does so in order to hold more invariant forms. Of
subordinate importance is that it can be seen as a heuristics for producing simpler
expressions.

The reduction algorithm performs the following three steps, assuming that the lead-
ing matrix is singular (when the leading matrix is non-singular, the index is 0 and index
reduction is neither needed nor possible):

1. Select a set of independent rows in E( x(t), t ).4

2. Perform fraction-free row reduction of the equations such that exactly the rows
that were not selected in the previous step are zeroed. The produced algebraic
terms corresponding to the zero rows in the leading matrix, define algebraic
equations restricting the solution manifold.

3. Differentiate the newly found algebraic equations with respect to time, and join
the resulting equations with the ones selected in the first step to obtain the output
of the index reduction step.

Although there are choices regarding how to perform the fraction-free row re-
duction, a conservative approach is taken by not assuming anything more fancy than
fraction-free Gaussian elimination, with pivoting used only when so required and done
the most naïve way. This way, it is ensured that the tailoring of the reduction algorithms
is really just a tailoring rather than something requiring elaborate extension.

3.2 Example
Here, the algorithm is applied once to the following quasilinear DAE:x1(t)x2(t) sin(t) 0

ex3(t) x1(t) 0
t 1 0

 ẋ1(t)
ẋ2(t)
ẋ3(t)

+

x2(t)3

cos(t)
4

 != 0

The leading matrix is clearly singular, and has rank 2.

4It would be of no consequence for the analysis below to require that the set of equations chosen in the
first step always include the equations selected in the previous iteration, as is done in Rouchon et al. [1995].
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For the first step in the algorithm, there’s freedom to pick any two rows as the
independent ones. For instance, the rows { 1, 3 } are chosen. The remaining row can
then be eliminated using the following series of fraction-free row operations. First:x1(t) x2(t)− t sin(t) 0 0

ex3(t) − t x1(t) 0 0
t 1 0

 ẋ1(t)
ẋ2(t)
ẋ3(t)

+

x2(t)3 − 4 sin(t)
cos(t)− 4 x1(t)

4

 != 0

Then:x1(t) x2(t)− t sin(t) 0 0
0 0 0
t 1 0

 ẋ1(t)
ẋ2(t)
ẋ3(t)

+

x2(t)3 − 4 sin(t)
e( x(t), t )

4

 != 0

where the algebraic equation discovered is given by

e( x, t ) =
(

x1 x2 − t sin(t)
)(

cos(t)− 4 x1

)
−
(

ex3 − t x1

)(
x3

2 − 4 sin(t)
)

Differentiating the derived equation with respect to time yields a new equation with
residual in the form

(
a1( x(t), t ) a2( x(t), t ) a3(x(t), t )

) ẋ1(t)
ẋ2(t)
ẋ3(t)

 + b( x(t), t )

where
a1( x, t ) = x2 ( cos(t)− 4 x1 )

− 4 ( x1 x2 − t sin(t) )

+ t
(
x3

2 − 4 sin(t)
)

a2( x, t ) = x1 ( cos(t)− 4 x1 )

− 3 x2
2 ( ex3 − t x1 )

a3( x, t ) = −ex3
(
x3

2 − 4 sin(t)
)

b( x, t ) = − ( sin(t) + t cos(t) ) ( cos(t)− 4 x1 )
− sin(t) ( x1 x2 − t sin(t) )

+ x1

(
x3

2 − 4 sin(t)
)

+ 4 cos(t) ( ex3 − t x1 )

Joining the new equation with the ones previously selected yields the following
output from the algorithm (dropping some notation for brevity):x1(t)x2(t) sin(t) 0

t 1 0
a1 a2 a3

 ẋ1(t)
ẋ2(t)
ẋ3(t)

+

x2(t)3

4
b

 != 0

Unfortunately, the expression swell seen in this example is typical for the investi-
gated algorithm.
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4 The class of candidate forms
The aim of this section is to define a class of candidate forms. In order to be able to ob-
tain a comprehensive result of the forthcoming investigation of this set, it is necessary
that the set can be defined concisely. For instance, an enumeration of all the elements
in the set would not be a concise definition. Rather, the class should be defined by a
small set of generating rules. Given that the most general form in the class shall be the
quasilinear form (1), the rules concern the structure of the two components E and A,
the former evaluating to a matrix and the latter to a vector.

Since the quasilinear form allows the two components to be arbitrary nonlinear
functions (we do not consider requirements on differentiability or solvability in this
paper), it is natural to include the following generating rule:

GR1 The class shall contain analogous variations for the two components E and A.
This said, all other generating rules shall be formulated so that they apply to
either of the two components.

The following rule includes the quasilinear form in the class (by the last option):5

GR2 A component, G, evaluated at ( x, t ) may depend jointly on x and t in one of
the following ways:

– Dependence on x only, so it can be written Gx(x ).

– Dependence on t only via a function v where v may be of smaller size than
Gt, and G( x, t ) being linear in v(t). The v after the index reduction step
does not have to be the same v that was the input to the index reduction,
but may only be extended with the derivative of the components of the
incoming v. That is, this form can be written Gv( x ) v(t).

– It can be written as a sum of the two forms above, Gx(x ) + Gv( x ) v(t).

– No particular structure, simply written G( x, t ).

This said, the remaining generating rules shall define the possible structures of
Gx and Gv. For analogous treatment of the two, they shall both be referred to as
Gz in the following rules.

Note that Gv(x ) is a matrix of order 3 when its product with v(t) evaluates to a term
in E( x, t ). That is, it has one element for every selection of: first scalar equation, then
component of x (column in E), and finally component of v.

For the structure of Gz, it is declared such that the LTI form is included (this requires
both constant and linear functions), but to make the story a bit more exciting and to
decrease the complexity gap up to the quasilinear form, a few more forms are included:

GR3 The structures of Gz( x ) considered are the following:

– A constant function, written G0
z .

– A linear function, written Gz x.

– A polynomial of degree at most k, written Gk
z ( x ).

– A polynomial of any degree, written6 G∞
z ( x ).

5This rule obviously excludes many conceivable forms. For instance, joint dependence that can be written
as a product of two functions instead of a sum, is not included.

6The notation is somewhat unfortunate since it would also be the natural notation for polynomials of
infinite degree, such as infinite series expansions.
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– No particular structure, simply written Gz( x ).

These are all the rules. They generate (4 + 4 + 42 + 1)2 = 625 elements (the
squares due to independent selection of two things), but this number is not very much
related to the effort needed to search the class for invariant forms. More important than
the number of elements in the class are the simple rules that define it.

5 Analysis of the candidate forms
To structure the search for invariant forms, a partly constructive approach is taken.
The search is conducted by considering each of the 4 + 4 + 42 + 1 forms of E to
see what forms of A they can be matched with. As was mentioned in connection to
the description of the index reduction algorithm, the algorithm is defined such that the
row reduction step per se does not lead out of the form under consideration. Compare
this with the index reduction used in Visconti [1999], where the upper triangular set
of equations resulting from the row reduction is kept for the next iteration. Then one
would also have to analyze the form of the upper triangular part of the leading matrix
to see that it matches the form under consideration.

Each step in the row reduction process manipulates the expressions of E by taking
linear combinations with coefficients also from E. Hence, at an arbitrary step of the
row reduction, the intermediate leading matrix will have elements that are polynomials
in the original expressions of E. Since each step in the row reduction process also
manipulates the elements of the intermediate A by taking linear combinations with co-
efficients from the intermediate E, it can be concluded that the algebraic constraints
obtained at the end of the row reduction are linear combinations of the original expres-
sions of A with coefficients being polynomials of the original expressions of E. This is
simple observation is the core of the analysis. The rest is just to observe what happens
when the derived algebraic expressions are differentiated with respect to time.

The rest of this section is structured as a systematic search for invariant forms
among all of the candidates. Where invariant forms are found, this will be presented as
an observation. Hence, the forms that are not invariant are exactly those not mentioned
in any observation.

5.1 E( x, t ) depends only on x

In case E(x, t ) is restricted to the general form Ex( x ) in GR3, it is required that dif-
ferentiation with respect to time of the derived constraints does not yield t-dependent
coefficients in front of ẋ. This would, in general, be the case if A( x, t ) would contain
terms that depend on both x and t. Since the algebraic constraints are linear combina-
tions with coefficients that may depend on x (in any non-linear fashion), it leads to the
conclusion that A(x, t ) may not depend on t. Next, it must be investigated which of
the possible further restrictions of Ax that yield invariant forms. However, since time
enters the derived algebraic constraints only through the variables x, the derivative with
respect to time produces only algebraic terms that are zero. Now, zeros match all of the
candidate forms, leading to the following result:

Observation 1. The time-invariant (autonomous) restriction of the quasilinear form,

Ex( x(t) ) ẋ(t) + Ax( x(t) ) != 0 (4)
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is invariant under the index reduction algorithm. Further, but not very interestingly,
any restrictions of Ax generates additional invariant forms.

The case of a constant function, E0
x requires that the terms in the derived algebraic

equations that depend on x be linear in x and independent of t. This will be the case
if and only if the terms in A( x, t ) that depend on x be linear in x and independent
of t. This implies the structure A( x, t ) = Ax x + Av v(t). If there would be no
dependence on x at all there would be no solution to the equations since the output of
the index reduction would have a leading matrix containing only zeros except for the
selected independent rows. No dependence on x in A( x, t ) thus yield an irreducible
form. Clearly, if there would be no dependence on t, that is Av = 0, this yields another
invariant. Conclusion:

Observation 2. The linear time-invariant restriction of the quasilinear form,

Ex ẋ(t) + Ax x(t) + Av v(t) != 0 (5)

is invariant under the index reduction algorithm. Further, the subset of all reducible
candidate forms where E has this form has only one more invariant element, being

Ex ẋ(t) + Ax x(t) != 0 (6)

The case of E(x, t ) being in the form Ex x is not part of any invariant form since
forming polynomials with these expressions and then differentiating will generally lead
to polynomials of higher degree in front of ẋ.

A similar argument rules out the case of E( x, t ) being polynomial with a prede-
termined bound on the degree.

It remains to consider the case of arbitrary polynomials of finite degree. The anal-
ysis of this case is similar to the constant coefficient case, but in this case one cannot
permit dependence on t in A( x, t ) at all:

Observation 3. The polynomial time-invariant restriction of the quasilinear form,

E∞
x ( x(t) ) ẋ(t) + A∞

x (x(t) ) != 0 (7)

is invariant under the index reduction algorithm. Further, the subset of all candidate
forms where E has this form is obtained by taking all possible restrictions of A∞

x .

5.2 E( x, t ) is in the form Ev( x(t) ) v(t) or in the form Ex( x(t) ) +
Ev( x(t) ) v(t)

There are no invariant forms to discover in this section. To see this, note that a polyno-
mial in the expressions of Ev( x(t) ) v(t) typically contains expressions such as v2(t)2.
This requires the full nonlinear form of A in order to cater for the derivative. In turn,
this would require the full nonlinear form of E, which means that any form of this kind
is not invariant.
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5.3 E( x, t ) is general nonlinear
Forming polynomials of the expressions in E( x, t ) and differentiating with respect to
time requires the general quasilinear form in order to cater for the derivative. This is
all there is to the analysis in this section:

Observation 4. The quasilinear form,

E( x(t), t ) ẋ(t) + A( x(t), t ) != 0 (8)

is the only invariant element in the subclass of candidate forms having no restriction
on the form of E.

6 Example
To give a little more life to the arguments in the previous section, the index reduction
algorithm is here applied to one of the forms claimed not to be invariant. Also note
that in connection to the description of the index reduction algorithm considered in this
paper, another example was given. That example was actually an illustration of the fact
that the general quasilinear form is invariant.

Now consider the form (recall that one may think of this simply as the functions
being linear)

E x(t) ẋ(t) + Ax x(t) + Av x(t) v(t) != 0 (9)

instantiated as (
x2(t) 0

1 0

) (
ẋ1(t)
ẋ2(t)

)
+
(

x1(t) v1(t)
x2(t)

)
!= 0

Choosing to keep the first equation and reducing results in(
x2(t) 0

0 0

) (
ẋ1(t)
ẋ2(t)

)
+
(

x1(t) v1(t)
x2(t)2 − x1(t) v1(t)

)
!= 0

Differentiating yields(
x2(t) 0
−v1(t) 2 x2(t)

) (
ẋ1(t)
ẋ2(t)

)
+
(

x1(t) v1(t)
−x1(t) v̇1(t)

)
!= 0

which is not in the form (9) as v1(t) is not allowed in the leading matrix. However, the
algebraic term is in the form of (9).

Note that by extending this example with the variable x3 and, for instance, the
equation

x3(t) ẋ2(t) + x1(t)
!= 0

the same index reduction step could be used, but the resulting leading matrix would still
be singular. After reducing the derived equation, the following algebraic constraint is
revealed:

x1(t) x2(t) x3(t) v1(t)2 − x1(t) x2(t)2 ( 2x2(t) + x3(t) v′1(t) ) != 0

This depends on t in such a way that differentiation will lead to a leading row which is
not linear in x (it even depends on v), and an algebraic term that, although affine in v,
has a coefficient in front of v that is no longer linear in x (as in (9)).
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It is not difficult to construct examples of even higher index in the form (9), which
after repeated index reduction has an algebraic term that is no longer linear in v, and
hence only match the most general form (1). Thus, it is a property of the form (9) that
if the index is sufficiently high, index reduction will, in general, eventually produce
equations in the form (1).

7 Discussion
Before concluding this paper, it is remarked briefly upon the invariant forms found
section 5 (with particular attention to the polynomial case), the example is elaborated,
and some possible ways of extending this work are mentioned.

7.1 Analysis results
All invariant forms found in the class of candidate forms under consideration, were
forms whose invariance under this or similar types of index reduction algorithm have
already been used in the literature. The special methods that apply to polynomial
equations have their own advantages and disadvantages, the main advantage being that
there is plenty of theory on how to reduce the equations into forms that display use-
ful properties or allow index reduction. The main disadvantage is that these methods
are very expensive computationwise. However, it is beyond the scope of this paper to
compare quasilinear shuffle algorithms with other algorithms. Instead, the expectation
that any invariant form would allow for a fruitful tailoring of the algorithm should be
commented upon. Polynomials can be represented by properly structured coefficients,
which means that the algorithm applied to polynomials can be implemented as a com-
putation on such coefficient structures. Further, differentiation of polynomials is also
easily expressed in terms of these structures. Compared to a fullblown implementation
for nonlinear functions, the lightness of such a representation and ease of differentia-
tion would surely lead to improved computation time. In addition, the algorithm would
be relatively easy to implement even without a computer algebra foundation to start
from.

The invariant forms with constant coefficient in front of ẋ are well understood and
efficient implementations for index reduction and numerical solution exist.

The two invariant forms allowing for general non-linear dependence of E( x, t )
on x are distinguished by t being present or not in both parts of the quasilinear form.
In other words, one of these forms is the general quasilinear form, the other being
its autonomous counterpart. However, the autonomous form can cater for the general
form by including the equation

ṡ(t) != 1

with initial condition s(t0) = t0, and then using s in place of t in the equations. Hence,
an algorithm that can handle the autonomous form is just as powerful as an algorithm
for the general form, and therefore it is expected that it makes little sense to discuss
the differences between the two. On the other hand, the s-trick is possible due to the
form being general enough to allow for arbitrary expressions in the states. Compare,
for instance, the case of the polynomial A∞

x . Using this form one would have to resort
to polynomial approximation of both the driving functions and the way such functions
enter the equations. This is a rather limited and inefficient kind of time-dependency,
however, and means that in the considered class of candidate forms, one has to go
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all the way to the quasilinear form (autonomous or not) to find an element which is
more expressive than the LTI form and at the same time in a reasonable way allows for
explicit dependency on time in the equations.

7.2 Complexity — the polynomial case
It has been shown that the form with polynomials of bounded degree is not invariant
due to the degree bound getting violated. It was also seen in the example in section 6
that the increase in expression complexity during index reduction may be substan-
tial. In this section, a more careful analysis of how much the degree of a polynomial
DAE may grow is given. To motivate such an analysis, the degree need be related to
algorithm/expression complexity, which leads to assuming that the algorithm stores
polynomials in expanded form, that is, as the coefficients of the distinct monomials.
However, unless working with differential algebra tools, this is a rather unnatural and
inefficient representation that does not generalize to the hierarchical structure which is
needed to represent general nonlinear expressions.

Now consider reduction to index 0 of a DAE with degree k polynomial leading
matrix and algebraic term, both independent of time, and the leading matrix being 1
short of rank. Further, let the DAE be of index 1, higher indices will be discussed below.

Let the number of equations and variables be n, and assume they are ordered such
that elimination leads to an upper triangular matrix. When the first row is used to
eliminate the first column of the others, the others are replaced by polynomials of order
k + k = 2k, both in the leading matrix and the algebraic term. When the second row
is used to eliminate the second column of the rows below it, the new polynomials will
be of order 2k + 2k = 4k. The procedure will continue to double the degree of the
polynomials, leaving polynomials of degree 2i−1 k on row i. Hence, when it is found
that the last row is completely zeroed, the algebraic term which gets differentiated has
degree 2n−1 k. Differentiation then produces a full row of order 2n−1 k − 1. This is
the degree of the index 0 DAE. This is enough preparation to turn to the higher index
case.

Theorem 1. If the index reduction algorithm is used on an n-variable square DAE,
with leading matrix and algebraic term both being polynomials of degree k, and if the
differential index is ν ≥ 1, the degree of the computed index 0 DAE is bounded by

2n+ν−2 k − ν

This bound is tight for index 1 problems, and off by k for index 2. For higher indices,
it is the limit in the sense

true limit
2n+ν−2 k − ν

↗ 1, n →∞

Proof. Adopt the convention that the degree of the zero polynomial is −∞.
That the bound is tight for index 1 was shown above. To show the bound for higher

indices, two invariants of the DAE of the intermediate steps will be used. First note
that the leading matrix will return to a form in which it can be divided into an upper
part which is in row echelon form, and a lower part which is zeroed except for a full
square block to the right. The only type of excursion from this form is during the steps
following a differentiation, when the lower part, from being a full matrix, is zeroed
column by column from the left until it attains the square form.
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The first invariant is that for each row, the degree bound will be the same wherever
it is not −∞. Further, it will be the same also over the rows in the lower part of the
DAE. Finally, with the exception of the step immediately following a differentiation,
the degree of the algebraic terms will not be −∞. This invariant holds initially as the
degree bound, in all of the leading matrix as well as in the algebraic term, is k. In case
the lower part of the DAE is completely zeroed, differentiation of the corresponding
algebraic terms will not break the invariant. In the immediately following step, the
first row of the whole DAE will be used to eliminate the first column of the lower
part, causing the degree bound of the algebraic terms to become the degree of the
differentiated block plus the degree of the algebraic term of the first equation. Since
the degree of the first equation’s leading row is the same as that of it’s algebraic term,
the same degree bound will obtain for the lower leading matrix when the first column
has been zeroed. For the remaining cases, it may be assumed that the degree bound is
the same in the algebraic term as in the corresponding rows of the leading matrix. In
these cases one row, be it taken from the upper part or be it the first row of the lower
block, is used to eliminate the first non-zero column of the rows that will constitute the
lower part in the next step. All these rows will have the same degree bounds before the
elimination, and after the elimination the degree bound will be the sum of the old bound
and the bound found in the pivot row. This concludes the proof of the first invariant.

The second invariant applies to the intermediate steps where the lower part of the
DAE has the square form in the leading matrix. The proof will therefore consider two
cases, depending on whether lower part is completely zeroed or being square. The
zeroed case will not be considered complete until the square form is reobtained. The
property in question is that after µ ≥ 1 differentiations, the degree in row i is bounded
by

2i+µ−1 k − µ + 1 (10)

Note that once this has been shown for a row that has been made part of the upper
triangular group of independent rows, subsequent increases in µ will not break the
invariant since the bound is increasing with µ (that is, if the bound was good for some µ,
a higher value for µ will also yield an upper bound on the degree) However, the bound
will not be tight when µ has been increased. To show that the invariant holds after the
first differentiation, recall from the calculation in the introduction to this section that
the degree bound is 2i−1 k just before the differentiation (note that this will satisfy (10)
for µ > 1). It remains to study the excursion. Assuming that the first zeroed row was
number i, the algebraic terms to be differentiated will have the degree bound 2i−1 k.
Differentiation yields the bound 2i−1 k − 1 (which proves the theorem for ν = 1), and
the elimination of column j using row j < i will add 2j−1 k to the bound, so once the
square structure is reobtained, the bound will be

2i−1 k − 1 +
i−1∑
j=1

2j−1 k

= 2i−1 k − 1 +
(
2i−1 − 1

)
k = 2i k − 1− k

Using µ = 1, this is k + 1 less than (10) (this gives the special result for index 2).
To see that subsequent row elimination steps maintain the invariant, recall that this
will make the bound in row i + 1 twice that for i, and for µ ≥ 1 it holds that
2 ·
(
2i+µ−1 k − µ + 1

)
< 2(i+1)+µ−1 k − µ + 1. It remains to show that the in-

variant is maintained also after the excursion following differentiation. It is a similar
calculation to the one above, but based on the non-tight bounds of (10) rather than the
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tight 2i−1 k used above. Let µ be the number of differentiations before the current one.
Then the degree bound is computed as

2i+µ−1 k − µ + 1− 1 +
i−1∑
j=1

(
2j+µ−1 k − µ + 1

)
≤ 2i+µ−1 k +

(
2i+µ−1 − 1

)
k − 2µ + 1

≤ 2i+(µ+1)−1 k − (µ + 1) + 1

The general degree bound result now follows by noting that the degree bound for
the index 0 DAE will be obtained by taking µ = ν−1 and maximizing i in the latter in-
variant, since this will give the degree of the algebraic term which will be differentiated
to yield the row that makes the leading matrix full rank.

To see the limit part, note that ν is fixed, so the total relative amount of overesti-
mation can be written as a product of relative over-estimation in the different differ-
entiation excursions times the product of over-estimation coming from the ordinary
elimination steps. By taking n large enough, it can be ensured that the first bφnc,
φ < 1 elimination steps are performed without over-estimation. The overestimation
from ordinary elimination steps can thus be bounded by

n∏
i=bφ nc+1

2(i+1)+µ−1 k − µ + 1
2 · ( 2i+µ−1 k − µ + 1 )

=
n∏

i=bφ nc+1

(
1 +

µ− 1
2 · ( 2i+µ−1 k − µ + 1 )

)

≤

(
1 +

µ− 1
2 ·
(
2bφ nc+1+µ−1 k − µ + 1

) )n−bφ nc

< 1 + ε

For any ε > 0 if n is large enough and φ close enough to 1. Since the number of
differentiation excursions does not increase with n, it only remains to show that the
relative over-estimation in each such excursion can be made small. This basically
follows by noting that the bound computed above will approach relative tightness as
the number of elimination steps (doubling the degree bound) since the last increase in
µ tends to infinity, since most of the error stems from bounds computed for a lower µ
now being overestimated using a larger µ.

Remark 1. Note that the amount of overestimation is not affected by the number of
elimination steps preceding the final differentiation, since there no associated excur-
sion, only a lowering by one. This means that the worst cases for a given ν and n will
always occur when the last two differentiations involve only the last equation. This
makes it possible to directly compute the true worst case for ν = 1 and ν = 2. For
ν = 3, the worst case is still cheap to find by exhaustive search, but this strategy quickly
becomes costly when ν is further increased.

Remark 2. In practice, it is not at all meaningful to talk of asymptotic correctness as
n tends to infinity (even if infinity can be as close as 10), since the resulting polynomial
degrees are of unmanageable orders.
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ν k n Bound True Ratio
1 5 5 79 79 1
2 5 5 158 153 0.96
3 5 5 317 255 0.80
3 5 15 327677 325631 0.99
4 5 5 636 395 0.62
4 5 15 655356 628831 0.96

Table 1. Comparing the degree bounds given by the
theorem with the worst case computed by exhaustive
search. Note that the bound is off by k when ν = 2.

As an example of the theorem and the remark on how to find the true worst case
(in combination with an algorithm that actually computes without approximation), the
bound given in the theorem is compared with the true upper bound for some values of
ν, k, and n. The result is listed in table 1.

7.3 Remarks on the example
The example above showed how a quasilinear DAE that was not in any of the invariant
forms by repeated index reduction would lead to the most general form. Further, other
candidate forms were visited during the index reduction process. This sort of informa-
tion about the various forms can be approximately captured by the graph describing the
partial ordering of all candidate forms. That is, the candidate forms can be placed in a
graph, where there’s an edge from form a to form b if index reduction of a in general
leads to a form which match b but non of the possible restrictions of b (then a is con-
sidered a predecessor of b, which means that b is invariant if and only if it is a maximal
element).

This graph can be used if modeling in a certain application domain is known to lead
to one of the non-invariant forms, a, with a known bound, ν̄ on the required number of
index reduction steps. It then suffices to have (efficient) implementations for the form
a and those that can be reached from a in ν̄ − 1 steps. Note though, that even if b is
a predecessor of a, there may be equations in the form a which are not the result of
performing index reduction on any equations in the form b. Hence, if ν̄ − 1 > 1, this
number of steps may be overestimating how far from a index reduction may lead.

7.4 Extensions
A similar type of study could be conducted based on differential algebra methods
(Gröbner bases, Ritt’s algorithm, and the like) applied to polynomial DAE. However,
due to the fact that these methods have very high computational complexity, the out-
come of such a study would not have as immediate value to implementations designed
for real-world examples.

It would be interesting, though, to see the outcome of a study similar to this one,
but considering a much larger class of candidate systems. Inspired by the polynomial
structure where driving functions would be approximated by polynomials, it would be
interesting to search structures which would match other ways of approximating driv-
ing signals. Would it be meaningful to investigate periodic DAE, searching a structure
that can take advantage of the Fourier series representation of driving signals? It would
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also be interesting to consider both fraction-producing and more elaborate index re-
duction methods. If such a method would be designed for a form not in the class of
candidate forms considered in this paper, this would require extension of this class in a
natural way.

Yet a better option for those who are skilled in mathematics would be to see if
this kind of survey can be conducted in a more abstract framework, not limiting the
results to particular index reduction algorithms. The works by Reinboldt and others
(for instance, [Rheinboldt, 1984]) seem to provide the needed foundation.

8 Conclusion
In this paper, a survey scheme for the relationship between index reduction algorithms
and their invariant forms has been proposed. It has been applied to a particular algo-
rithm, and a small class of candidate forms.

For polynomial DAE, a degree bound on the produced index 0 DAE was computed.
Considering this investigation, it seems that any effort spent developing theory and

algorithms for the quasilinear form (autonomous or not) will be effort spent on tools
that will be applied to a broad class of DAE beyond constant coefficients. However,
the (fully nonlinear) quasilinear form is, after all, not the only natural extension of the
linear time-invariant form.
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