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Abstract
In this paper, several recursive Bayesian filtering methods for target tracking are discussed. Performance
for target tracking problems is usually measured using the second-order moment. For nonlinear or non-
Gaussian applications, this measure is not always sufficient. The Kullback divergence is proposed as
an alternative to mean square error analysis, and it is extensively used to compare estimated posterior
distributions for various applications. The important issue of efficient software development, for nonlinear
and non-Gaussian estimation, is also addressed. A new framework in C++ is detailed. Utilizing modern
design techniques an object oriented filtering and simulation framework is provided to allow for easy and
efficient comparisons of different estimators. The software environment is extensively used in several
applications and examples.
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1. INTRODUCTION

Filtering and Performance Evaluation

Performance for target tracking problems is usually mea-
sured using the second-order moment, for instance using
the mean square error (mse). For non-Gaussian pdfs,
for instance due to nonlinear applications, this measure
is not always sufficient. Many classical estimation meth-
ods rely on linearization to handle nonlinear models,
or consider just the first- and second-order moments of
the underlying pdf. The Gaussian noise assumption is
common, too. For instance, the extended Kalman filter
(ekf), [1], [2], [3] has difficulties when higher order mo-
ments, or the full pdf is needed. Multiple model filters
(mmf) [2][4] and more generally the particle filter (pf),
[5], [6], [7], are methods that can be used to overcome
this problem.

In the paper, the Kullback divergence (kd) is exten-
sively used to compare estimated posterior distributions
for various target tracking applications. The Cramér-
Rao lower bound (crlb) and the root mean square error
(rmse) are also used and compared to the kd. The moti-
vation to use the kd, instead of the more common rmse,
is that in many applications the full pdf is needed, for
instance in hypothesis calculations, probability calcula-
tions, for instance percentiles etc., the performance of a
good estimate of the pdf is essential. The kd provides
a general method to compare the performance, without
specifying the exact application. When the rmse is used
to evaluate performance in Monte Carlo simulations, the
true trajectory is compared to the estimated ones, and
the difference is used to calculate the rmse. For the kd
the true pdf is compared to the estimated one. For low
dimensions the true pdf can be obtained by gridding
the state space and the filtering problem can be solved
numerically. In practice, for higher dimensions, the pf
will be used as an estimate of the true pdf, and other
sub-optimal estimators can be evaluated against it.

Several estimation techniques are compared, and meth-
ods with ability to express non-Gaussian posterior dis-
tributions are shown to give superior performance over
classical second-order moment based methods. For in-
stance in evaluating target presence or in hypothesis test-
ing and detection applications, based on [8] and further
extensions.

A General Software Environment for Filtering

The important issue of efficient software development,
for nonlinear and non-Gaussian estimation, is also ad-
dressed. A new framework in c++, [9], is detailed.
Utilizing modern design techniques an object oriented
filtering and simulation framework is provided to allow
for easy and efficient comparisons of different estimators
and algorithms.

Motivating Applications

The c++ software environment developed for general
filtering, have been inspired by several different imple-
mentations, both in Matlab and c/c++ over the last
years. Here, some of these applications will briefly be
described in order to motivate the vast variety of differ-
ent applications which can benefit from a common and
efficient software development environment.

• Surface/underwater map-aided positioning: Combining in-
formation from a digital sea chart with measured radar
returns is used as a global positioning system (gps) free
method for positioning of ships. Depth information from
a database is used together with sonar depth measure-
ments to position an underwater vessel, [10].
• Positioning of an industrial robot: A sensor fusion appli-
cation, where motor angle and angular velocity measure-
ments are fused with accelerometer information, utilizes
modern filtering techniques to improve the positioning
of the manipulator, [11].
• Positioning of an unmanned autonomous vehicle (UAV):
Positioning and control of a UAV, using gps information
and inertial measurement unit (imu) data, [12].
• Automotive target tracking: A collision mitigation sys-
tem based on late braking where measurements are avail-
able from a forward looking radar was developed and
tested in hardware, [13].
• Bearings-only target tracking: When passive sensors are
used, only direction to the unknown target can be mea-
sured. However, by appropriate maneuvering, or by us-
ing multiple-sensors, the range and range rate can be
estimated [14], [15].
• Track before detect: A track before detect system for ex-
tended target estimation was developed in [16].

Common for the applications is that they often (but not
always) rely on a simple discrete-time dynamic system,
which often is linear. The measurement relation is a
nonlinear function, sometimes only given by a database.
In Monte Carlo simulation studies or in field tests various
estimators are compared. Often real-time performance is
needed for the final application to be successful. Hence,
a unifying software development environment where only
the basic models are needed from the user, and that will
handle the filtering, data logging, performance analyzing
part, etc. is highly motivated.

Organization

The paper is divided in three parts; first the filtering and
performance part, and second the software environment
description. In Section 2 recursive Bayesian estimation
is described, mainly utilizing the particle filter, but also
sub-optimal methods are presented. In Section 3 basic
statistic properties such as the Kullback information and
the Cramér-Rao lower bound are defined. In Section 4
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the software development kit for general nonlinear fil-
tering in c++ is presented, with source code examples.
In the third part, Section 5 provides several simulation
studies that connects the first part of the paper with
the second. Finally, in Section 6 concluding remarks are
given.

2. RECURSIVE BAYESIAN ESTIMATION

Consider the discrete state-space model

xt+1 = f(xt, ut, wt), (1a)
yt = h(xt, et), (1b)

with state variables xt ∈ Rn, input signal ut and mea-
surements Yt = {yi}t

i=1, with known pdfs for the pro-
cess noise, pw(w), and measurement noise, pe(e). The
nonlinear prediction density p(xt+1|Yt) and filtering den-
sity p(xt|Yt) for the Bayesian inference, [1], are given by

p(xt+1|Yt) =
∫

Rn

p(xt+1|xt)p(xt|Yt) dxt, (2a)

p(xt|Yt) =
p(yt|xt)p(xt|Yt−1)

p(yt|Yt−1)
. (2b)

For the important special case of linear-Gaussian dy-
namics and linear-Gaussian observations the Kalman fil-
ter (kf), [17], gives a finite dimensional recursive solu-
tion. For nonlinear and/or non-Gaussian systems, the
pdf cannot in general be expressed with a finite num-
ber of parameters. Instead approximate methods must
be used. Usually this is done in one of two ways; either
by approximating the system or by approximating the
posterior pdf. See for instance, [18], [19].

The Extended Kalman Filter

For the special case of linear dynamics, linear measure-
ments and additive Gaussian noise, the Bayesian recur-
sions have a finite dimensional recursive solution, given
by the kf. For many nonlinear problems the noise as-
sumptions and the nonlinearity are such that a linearized
solution will be a good approximation. This is the idea
behind the extended Kalman filter (ekf), [2], [3], [20],
where the model is linearized around the previous esti-
mate. Here the time update and measurement update
for the ekf are presented,{

x̂t+1|t = f(x̂t|t, ut,E wt),
Pt+1|t = FtPt|tF

T
t + GtQtG

T
t ,

(3a)
x̂t|t = x̂t|t−1 + Kt

(
yt − h(x̂t|t−1,E et)

)
,

Pt|t = Pt|t−1 −KtHtPt|t−1,

Kt = Pt|t−1H
T
t (HtPt|t−1H

T
t + Rt)−1,

(3b)

where the linearized matrices are given as

Ft = ∇xf
∣∣
xt=x̂t|t

, Gt = ∇wf
∣∣
xt=x̂t|t

,Ht = ∇xh
∣∣
xt=x̂t|t−1

,

and noise covariances are given by

Qt = cov wt and Rt = cov et.

Grid-Based Approximation

Another way to approximately solve (2) is with a grid
approximation of the integral. The grid-based approxi-
mation of a general integral in Rn is∫

Rn

g(xt) dxt ≈
N∑

i=1

g(x(i)
t )∆n, (4)

using a regular grid, where ∆n represents the volume and
where {x(i)

t }N
i=1 represents the value in a specific grid.

The approximation error depends on the gridding, where
∆ is the length of a side in the grid. In [21], the Bayesian
approach is investigated for a discrete-time nonlinear
system using this approximation. The Bayesian time
update and measurement update are solved using an ap-
proximate numerical method, where the density func-
tions are piecewise constant on regular regions in the
state space. Applying this grid-based integration to the
general Bayesian estimation problem, using the model
with additive noise yields the following approximation

p(x(i)
t+1|Yt) =

N∑
j=1

pwt(x
(i)
t+1|x

(j)
t )p(x(j)

t |Yt)∆n, (5a)

p(x(i)
t |Yt) = γ−1

t pet(yt|x(i)
t )p(x(i)

t |Yt−1), (5b)

where γt is a normalization factor used to make sure the
total probability adds up to one. The minimum variance
estimate (mve) is approximated with

x̂t|t = E xt|Yt ≈
N∑

i=1

x
(i)
t p(x(i)

t |Yt)∆n. (6)

In [22], the nonlinear and non-Gaussian problem is ana-
lyzed using grid-based integration as well as Monte Carlo
integration, described next, for prediction and smooth-
ing. Several nonlinear systems are compared using dif-
ferent techniques. Also [23], discusses the grid-based or
point-mass filter (pmf) approach.

The Particle Filter

This section presents the particle filter (pf) theory ac-
cording to [23], [6], [5], [7]. The pf achieves an approx-
imate solution to the discrete time Bayesian estimation
problem formulated in (2) by updating an approximate
description of the posterior filtering density. The pf ap-
proximates the density p(xt|Yt) by a large set of N sam-
ples (particles), {x(i)

t }N
i=1, where each particle has an as-

signed relative weight, γ
(i)
t , chosen such that all weights

sum to unity. The location and weight of each particle
reflect the value of the density in the region of the state
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space. The pf updates the particle location and the cor-
responding weights recursively with each new observed
measurement. For the common special case of additive
measurement noise the un-normalized weights are given
by

γ
(i)
t = γ

(i)
t−1pe

(
yt − h(x(i)

t )
)
, i = 1, . . . , N. (7)

The most straight forward way to propagate the parti-
cles in time is to just apply the time update function
with independent process noise, but it is also possible
to use other proposal densities than the one implicitly
used in this simple case. Hence, proposing particles in
the update step from

x
(i)
t+1 ∼ q(x(i)

t+1|x
(i)
t ), i = 1, . . . N. (8)

Hence, the weights are calculated recursively as

γ
(i)
t = γ

(i)
t−1

pe

(
yt − h(x(i)

t )
)
p(x(i)

t+1|x
(i)
t )

q(x(i)
t+1|x

(i)
t )

, i = 1, . . . , N,

(9)
where it is assumed that the weights sum to unity.

Using the samples (particles) and the corresponding
weights the Bayesian equations can be approximately
solved. To avoid divergence a resampling step is in-
troduced, [5], which is referred to as sampling impor-
tance resampling (SIR). The pf method is given in Al-
gorithm 1.

Algorithm 1 Generic particle filter (PF)

1: Generate N samples {x(i)
0 }N

i=1 from p(x0).
2: Compute γ

(i)
t = γ

(i)
t−1pe

(
yt − h(x(i)

t )
)

and normalize,
i.e., γ̄

(i)
t = γ

(i)
t /

∑N
j=1 γ

(j)
t , i = 1, . . . , N .

3: Generate a new set {x(i?)
t }N

i=1 by resampling with re-
placement N times from {x(i)

t }N
i=1, with probability

Pr{x(i?)
t = x

(i)
t } = γ̄

(i)
t . Let γ

(i)
t = 1/N .

4: x
(i)
t+1 = f(x(i?)

t , ut, w
(i)
t ), i = 1, . . . , N using different

noise realizations, w
(i)
t .

5: Increase t and continue from step 2.

The estimate for each time, t, is often chosen as the mve,
i.e.,

x̂t = E xt =
∫

Rn

xtp(xt|Yt) dxt ≈
N∑

i=1

γ
(i)
t x

(i)
t . (10)

The pf approximates the posterior pdf, p(xt|Yt), by a
finite number of particles. There exist theoretical limits
[6], that show that the approximated pdf converges to
the true one as the number of particles tends to infinity.

There also exist several extensions and modifications
to the basic pf algorithm, for instance utilizing struc-
ture in the problem studied. The Rao-Blackwellized or
marginalized particle filter (mpf), [24], [25], [26], exploits
linear Gaussian substructures, where the optimal solu-
tion is a clever combination of the pf and the kf. The
auxiliary particle filter (apf), uses a proposal density
based on the next measurement in order to more ef-
ficiently handle for instance heavy-tailed distributions,
[27]. The cost-reference particle filter (crpf), [28], uses
a user-defined cost function instead of a probability as-
sumption on the dynamic model to evaluate the likeli-
hood. For maneuvering targets, it might be efficient to
have a different rate in the state update compared to
the measurements, this is described in the variable rate
particle filter (vrpf), [29]. Another way to try to reduce
the number of particles needed is to assigning a Gaus-
sian distribution around each particle as in the Gaussian
sum particle filter (gspf), [30].

Multiple Model Filtering

By combining multiple models (mm) in a filter it is pos-
sible to obtain a better approximation of the underlying
pdf than with a single linear Gaussian model. The gen-
eral multiple model idea is often based on the Gaussian
sum (gs) approximation, described in [4], [2]. The gs
method approximates the pdf with a sum of Gaussian
densities,

p(xt|Yt) =
N∑

i=1

γ
(i)
t N (x̂(i)

t , P
(i)
t ), (11)

where x
(i)
t and P

(i)
t represent mean and covariance of one

hypothesis, and γ
(i)
t represents the trust in the hypoth-

esis.

The different hypotheses are then handled separately,
usually using a kf to update x

(i)
t and P

(i)
t . The prob-

abilities of the hypotheses γ
(i)
t , that always must add

to unity, is updated based both on the probability of
the system switching between the different modes (a
model feature) and the likelihood of the obtained mea-
surements. Consider hypotheses Hj and Hi, then

γ
(i)
t+1 ∝ p(yt|x(i)

t+1)
∑

j

γ
(j)
t · Pr(go to Hj from Hi). (12)

The mve of the state can then be obtained as

x̂t =
N∑

i=1

γ
(i)
t x̂

(i)
t (13a)

Pt =
N∑

i=1

γ
(i)
t

(
P

(i)
t + (x̂(i)

t − x̂t)(x̂
(i)
t − x̂t)T

)
. (13b)

That is, the estimate is taken as a weighted average of
the estimates under the different hypotheses.
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In order to avoid exponential growth of hypotheses,
pruning or merging techniques must be applied. Two
common merging methods are the generalized pseudo
Bayesian (gpb) method [31], [20] and the interacting
multiple model (imm) method, [32], [31], [33]. Both
methods are filter algorithms for linear discrete-time fil-
ters with Markovian switching coefficients, and they dif-
fer only in when merging is performed.

3. STATISTICAL PROPERTIES

Cramér-Rao Lower Bound (CRLB)

The Cramér-Rao lower bound (crlb), [34], [35], [36],
offers a fundamental performance bound for unbiased
estimators. For instance, the crlb can be used for feasi-
bility tests or to measure filter efficiency in combination
with rmse.

The crlb along a given state trajectory can in principle
be found as

cov(xt − x̂t|t) � Pt|t, (14)

where Pt|t is the crlb, given by the ekf, around the true
state, xt. Here, A � B denotes that A − B is positive
semidefinite. More information about the crlb and its
extensions to dynamic systems can be found in [36], [23],
[6].

Kullback Divergence (KD)

The Kullback-Leibler information (kli) [37], [38] quan-
tifies the difference between two distributions. The kli
is not symmetric in its arguments, and hence not a mea-
sure. If symmetry is needed the Kullback divergence
(kd), constructed as a symmetric sum of two kli [38],
[39], can be used as an alternative.

The kli is defined, for two proper pdfs p and q, as the ex-
pected value of the log likelihood ratio between p and q:

IKL(p, q) = Ep log
p(x)
q(x)

=
∫

p(x) log
p(x)
q(x)

dx, (15a)

when p(x) 6= 0 ⇒ q(x) 6= 0, otherwise IKL(p, q) = +∞.
That is, if x is obtainable from p but not q the existence
of this x makes it possible to with certainty determine
which distribution is true, and therefore the infinite kli
value. It can be shown that IKL(p, q) ≥ 0 for all proper
pdfs p and q and that IKL(p, q) = 0 ⇔ p = q. A small
IKL(p, q) indicates that the distribution p is similar to q.

The kli is additive in independent variables, [38].
That is, for p(x1, x2) = p1(x1)p2(x2) and q(x1, x2) =
q1(x1)q2(x2),

IKL(p, q) = IKL(p1, q1) + IKL(p2, q2).

New independent observations just add to total informa-
tion available.

The symmetric kd is defined as

JK(p, q) = IKL(p, q) + IKL(q, p), (15b)

and the kli properties above hold.

The kli is closely related to other statistical measures,
e.g., Shannon’s information and Akaike’s information
criterion [39]. A connection to Fisher information can
also be found [38], and kli can be used to derive the em-
algorithm [40]. In [41], the use of information bounds for
dynamic systems is discussed in quite general terms, and
the kli is shown to be a special case of the more general
Réyi’s G-divergence.

The kd evaluates any estimated pdf against, for in-
stance, the true posterior pdf. The truth can in sim-
ulations be provided by a grid-based approach, see Sec-
tion 2. This way a measure of the quality of an estimator
can be obtained. Since the true pdf is not available in
most applications it will in practice be used to compare
suboptimal estimators against the pf. If the difference
is small, the estimated pdfs are hard to tell apart.

Examples

In this section the previously described theory is applied
to several examples.

Comparing Gaussian distributions—Assume pi = N (µi,Σi)
(µi and Σi scalar for simplicity), then the kli is:

IKL(p1, p2) = Ep1 log p1
p2

= 1
2

log Σ2
Σ1

− 1
2

+
Σ1+(µ1−µ2)2

2Σ2
. (16)

For a difference in mean only (Σ1 = Σ2 =: Σ) this yields

IKL(p1, p2) = 0 − 1
2

+
Σ+(µ1−µ2)2

2Σ
=

(µ1−µ2)2

2Σ
, (17)

where the only contributing component is the normalized
squared difference in mean. For equal mean, µ1 = µ2,
but different variance

IKL(p1, p2) = 1
2

log Σ2
Σ1

− 1
2

+ Σ1
2Σ2

= 1
2

` Σ1
Σ2

− 1 − log Σ1
Σ2

´
. (18)

Here, only the relative difference in variance, Σ1/Σ2, is
significant. �

Generalized Gaussian Distribution—The generalized Gaus-
sian pdf is given by

p(e; ν, σ) =
νη(ν, σ)
2Γ(ν−1)

e−
(
η(ν,σ)|x|

)ν

, (19)

with
η(ν, σ) = σ−1

√
Γ(3ν−1)/Γ(ν−1),

and Γ the Gamma function [42]. The parameter ν acts
as a shape parameter, and σ2 is the variance of the dis-
tribution. For ν → 0+, the generalized Gaussian is a
Dirac distribution and for ν → +∞ a uniform distribu-
tion, both with variance σ2. This is illustrated in Fig-
ure 1. Two important special cases are; ν = 1 and ν = 2,
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Figure 1. PDF of the generalized Gaussian distribution as a
function of the shape parameter ν.

yielding the Laplacian and the Gaussian distribution, re-
spectively.

The generalized Gaussian pdf provides the mean to
study how small posterior deviations from Gaussianity
affect performance. Figure 2 shows how much the gen-
eralized Gaussian distribution differs, in terms of kd
(numerically evaluated), from the Gaussian distribution
with the same variance as the shape parameter ν varies.
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Figure 2. KD of a generalized Gaussian distribution (19),
parametrized in ν. For ν = 2 the generalized Gaussian coin-
sides with the Gaussian distribution.

4. A C++ FILTERING ENVIRONMENT (F++)
A useful framework for development and evaluation of
estimation algorithms must not only be intuitive and
easy to use, but also numerically efficient. Matlab has
been very successful when is comes to the former objec-

tive, being extremely easy to use especially with the right
toolboxes. The latter objective is better served by com-
piled programming languages, e.g., c/c++ or Fortran,
however without additional support these lack sufficient
ability to express high-level mathematics, thus drawing
attention away from algorithm development and eval-
uation. This paper presents a framework for efficient,
still easy to use, algorithm development in c++. As
will be seen in this section, this has been made possi-
ble through extensive use of the high-level programming
concepts available in c++.

Tools for Scientific Computations

When it comes to doing quick evaluations and prototyp-
ing the predominant software today is Matlab1 [43] and
different clones, e.g., the gnu Octave2 and Scilab3, both
free software. The strength of these tools lies in the inter-
active environment they provide, where many functions
and algorithms are already implemented making it easy
to realize mathematical concepts. Furthermore, many
researchers provide extensions in form av toolboxes to
solve problems they find interesting. The price paid for
this is computational speed — in most cases Matlab,
and similar tools, cannot be compared to more special-
ized software. This may not always be a problem, but
large Monte Carlo simulations is one example where ef-
ficient and fast code is crucial.

For describing and working with model descriptions, the
Modelica [44] language is another way to go. Modelica
handles models described by differential algebraic equa-
tions (dae), an extension to state-space models, where
constraints are incorporated naturally. The dae descrip-
tion comes especially handy when trying to model large
systems. Smaller submodels can then be taken care of
separately and be put together afterwards to form the
complete system, which is then often in the form of a
dae. The Modelica language is implemented in com-
mercial tools, e.g., Dymola4, but there are also free al-
ternatives, e.g., OpenModelica5.

This paper presents an alternative to Matlab for de-
velopment, especially in cases where extensive Monte
Carlo simulations are needed or where the computational
burden is high. By providing an environment designed
for signal processing in c++, where elements commonly
needed are provided, development and testing can be
moved to a faster environment with little extra effort.

1MATLAB: http://www.mathworks.com
2GNU Octave: http://www.gnu.org/software/octave
3Scilab: http://www.scilab.org
4Dymola: http://www.dynasim.com
5OpenModelica:

http://www.ida.liu.se/projects/OpenModelica
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Framework Design

The implemented framework for filtering applications is
designed to be fast, but at the same time flexible enough
to handle most problems directly and to be easy to
use. Fulfilling these objectives are made possible by the
use of the high-level abstractions and software construc-
tions made available in c++. This section discusses the
choices made at a high-level, specific implementation de-
tails are covered elsewhere.

Design Patterns—Modern design patterns have been used
in the development of the software. Design patterns are
general, programming language independent, conceptual
high level solutions to common problems, [45]. Using
well known and studied design patterns allow for faster
development and robust design at a low cost. The used
patterns include:

• Smart pointers — reference counted smart pointers
are used to handle most dynamically allocated objects.
Using the reference counted pointers minimizes the risk
of memory leaks and segmentation faults due to invalid
pointers. At the same time, they make the life easier
for the user that does not have to care about explicitly
destructing allocated resources. All this at a low cost in
terms of increased computational complexity.
• Object factories — mechanisms with the sole purpose
of providing an easy interface to create other objects, are
used to eliminate the use of the two step object creation
process otherwise needed. This is especially useful when
loading objects from file, where it would be necessary
for the user to check for object type and then have full
knowledge of how to read every different kind of object
from the file in order to create it without the help of an
object factory.
• Singletons — object that by design may only exist as
one instance are used both in object factories and for
random number generation. The object factories uses
singletons to hold a call back database for all different
objects it is supposed to handle. Another singleton is
used to provide a reliable random number generator.

Class Design— Object oriented programming (oop) is
a technique used in programming to separate large
projects into separate units that interact only through
well defined interfaces, and that can express relations be-
tween concepts through inheritance. This way it is easy
to develop, test, and change different parts of a large
system independently of the other parts. This is ideal
for an estimation framework where it is often interesting
to try different models, algorithms, etc. In this case the
separation into logical components, classes, is based on
the authors many years of experience of filtering appli-
cations, and on the analysis in for instance [46].

The simulation framework has tree major components
that interacts: noise, models, and estimators. The idea

Figure 3. Illustration of the Estimator interface and its
derived classes.

behind this setup is that by defining what constitutes a
noise, a model, and an estimator, and then enforce it, it
is possible to interchangeably use any implementation of
these. This makes it possible to test new estimators or
models in legacy code without hardly any changes at all.

Numerics— Concrete classes are used to represent and
work with matrices and vectors. There are two reasons
for this. One being that it should be easy to work with
standard mathematical objects and expressions. The
other reason is to ensure good numerical properties of all
computations. The latter is obtained using standard nu-
merical software; The Linear algebra package6 (Lapack,
[47]), which is also the foundation of Matlab, and the
gnu Scientific Library7 (gsl, [48]) in combination with
gsl--8 for a more intuitive interface. Both software pack-
ages are known for their good numerical properties. gsl
also has easy to use random numbers, that can be gen-
erated using various well-known methods.

For convenience of use, the framework also provides a
simple singleton holding for random number generation.
This to assure the availability of independent random
numbers at all time.

External Interaction— The estimation framework is de-
signed to be able to interact with Matlab using the
Matlab file format. This way it is possible to make big
simulations, save the result in a file and then just open it
in Matlab to visualize and/or further analyze the data.
Matlab files can also be used to store objects. The for-
mat used for this is hierarchical and uses structures to
organize the information. As an example, a noise with
Gaussian distribution, zero mean and unit variance is
represented using the following structure (as written in
Matlab):
>> N = s t ru c t ( ’ ID ’ , ’ Noise : : GaussNoise ’ , . . .

’mu ’ , 0 , . . .

6LAPACK: http://www.netlib.org/lapack
7GNU GLS: http://www.gnu.org/software/gsl
8GSL--: http://cholm.home.cern.ch/cholm/misc/gslmm
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’ Sigma ’ , 1)
N =

ID : ’ Noise : : GaussNoise ’
mu: 0

Sigma : 1

This way to store objects has at least two advantages.
First, it is easy to deal with and can be read almost
as plain text. Second, it is easy to create and modify
models using Matlab. To utilize this storage method
Matlab must be present. If Matlab is unavailable,
this will be detected during the installation process and
Matlab based parts of the framework will be disabled.
Generic programming techniques, where it at compile
time is possible to decide what code should be used de-
pending on the situation, are used for this purpose. This
design choice, in combination with the choice of object
representation, makes it easy to implement new file for-
mats. An extensible markup language (xml) file format
is planned for the future to allow for as close to full func-
tionality without the need for Matlab as possible.

A General C++ Filtering Environment: F++

In this section the software environment is presented
highlighting some of its base components. To further
illustrate the code, examples are given with code seg-
ments important to a user.

Estimators—The Estimator class is the interface to all
estimators in the framework. Two important functions it
provides are tUpdate and mUpdate, implementing the
time update phase and measurement update phase of
the filter. Another function is xhat, which provides the
present point estimate. The Estimator class holds a
reference counted pointer to a EstimatorImpl object,
which is the mother of all estimators. Any new estima-
tors must inherit EstimatorImpl and provide some
basic estimator functionality demanded but the imple-
mentation of Estimator. Once that is done, the new
estimator can be used anywhere an estimator is used.

Three estimators have been implemented so far, an ekf
(which also acts as a kf), an imm, and a pf. (See Fig-
ure 3.) Since an estimator is always referred to in terms
of an Estimator object, when a new estimator has
been implemented it can be used in legacy code with-
out hardly any changes at all. At the same time, the
inheritance from the base class EstimatorImpl and
the access only through Estimator provides much of
the standard behavior so that it does not have to be
duplicated.

Below follows an example of how to process a set of data:
for ( s i z e_t i =0; i<Tmax; ++i ) {

f i l t e r . tUpdate (u [ i ] ) ;
f i l t e r . mUpdate (y [ i ] , u [ i ] ) ;
Xhat [ i ] = f i l t e r . xhat ( ) ;

}

Note that filter could be any estimator, for instance
ekf, imm, or pf, in a given implementation. But the
code still remains the same.

Creation of Estimator objects are implemented using
a system of factory objects providing an easy interface
to both direct creation of estimators and to reading an
estimator from disk without exactly knowing its type.

Models— All models used in the simulation framework
are organized in a way similar to that of estimators. The
interface class for models is Model which holds a refer-
ence counted pointer to a ModelImpl object. Based on
ModelImpl it is easy to derive new specialized models
for all needs. A few examples on how to do this is pro-
vided within the framework, including a linear model,
LinModel, a template based model able to handle any
type of model, and a model handling multiple models,
as well as a some standard tracking models. (See Fig-
ure 4.) The code provided below shows what specializa-
tions must be done to implement the model needed for
the simulation in Example I, Section 5:
Model : : vector_t
Model1 : : f ( const vector_t& x ,

const vector_t& w,
const vector_t& u) const

{
double t = x . time ;
vector_type X = x . datum ;
vector_type W = w. datum ;
vector_type nextX ( 1 ) ;
nextX [0 ]= 0 .5∗X[0 ]+25 .0∗X[0 ]/(1+X[ 0 ] ∗X[ 0 ] )

+8.0∗ cos ( 1 . 2∗ t )+W[ 0 ] ;
return vector_t ( nextX , t+T) ;

}

Model : : vector_type
Model1 : : h ( const vector_t& x ,

const vector_t& e ,
const vector_t& u) const

{
vector_type X = x . datum ;
vector_type E = e . datum ;
vector_type Y( 1 ) ;
Y[0 ]=X[ 0 ] ∗X[0 ]/20 .0+E [ 0 ] ;
return vector_t (Y, x . time ) ;

}

To use the ekf a few derivatives must also be written in
a way similar to the functions listed above. Linear mod-
els are easily available by just supplying the appropriate
matrices and noise:

model = createLinModel (F , G, H, W, E) ;

where F, G, and H are matrices, and where W and E are
noise objects.

Noise—The last piece in the framework is a representa-
tion of noise, which is given by the interface class Noise,
holding a reference counted NoiseImpl object repre-
senting the actual noise. The interface includes func-
tions to generate random numbers from the distribution

7



Figure 4. Illustration of the Model interface and its derived
classes.

Figure 5. Illustration of the Noise interface and its derived
classes.

represented by the class, and also a function to com-
pute the likelihood of a certain value. Implementations
of Gaussian noise, Gaussian sum noise, a noise similar
to the Gaussian sums but with any noise as components,
and stacked independent noises are currently available in
the framework, and other distributions are easily added.
(See Figure 5.) The following code shows how to gener-
ate samples from a Gaussian distribution with mean mu
and (co)variance Sigma:

N = createGaussNoise ( Sigma , mu, "GaussDist " ) ;
x = N. random ( ) ;

Simulations— To conduct simulations it is important to
be able to easily generate trajectories and measurements
for Monte Carlo simulations. Trajectories and measure-
ments can be obtained from the model description with
just a few lines of code, and then repeating this gives a
Monte Carlo simulation study analyzed using rmse and
the result is saved to file. This is shown below:
for ( long i =0; i<N_MC; ++i ) {

X = gene ra t e_t ra j e c to ry (model , x0 , U) ;
Y = generate_measurement (model , X, U) ;

// Xhat = . . . . ; // F i l t e r i n g loop

Xs [ i ] = X;

Xhats [ i ] = Xhat ;
}
RMSE = rmse (Xs , Xhats ) ;
wr i t e ( o u t f i l e , "RMSE" , RMSE) ;

It is just as easy to read data from a file using the envi-
ronment, as writing it to file. It is hence not difficult to
work with experimental data or data from simulations
provided from elsewhere, e.g., benchmark problems as
those in [49].

Extensions—The simulation environment provides some
basic noise classes, models, and estimators. However,
in the future these will be extended as more applications
implements new classes. The software is being developed
in Linux, taking full advantage of all the powerful tools
available there: gcc, automake/autoconf, gdb, gprof, etc.
When compiled it provides the user with a library which
makes it easy to interact with other user specific code.
It is the authors ambition to provide both source code
and a precompiled library, hence simplifying the usage.
If possible, precompiled libraries will be provided for Mi-
crosoft Windows, at least for use in the Unix emulator
Cygwin9.

Code Homepage, Download

The development framework f++ discussed in the above
section is available as open source from the f++ home-
page10. This homepage also offers a more complete doc-
umentation of the code and usage, as well as more ad-
vanced examples of the code being used.

5. SIMULATIONS

In the simulation study three different examples are
studied to highlight the performance gain obtained from
estimating the full pdf instead of just first and second
order moments (Example I and II), and to exemplify the
simulation framework on a realistic positioning example
(Example III). Both the pf and the ekf are extensively
used.

In the Monte Carlo simulation studies, the mse is com-
pared to the parametric crlb. Furthermore, the kd,
between the true state distribution (from the fine grid-
ded pmf) and the distributions provided by the filters,
are compared to capture more of the differences not seen
in the second-order moment.

8
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Figure 6. Example I. The RMSE for the one dimensional
nonlinear model using 400 Monte Carlo simulations.
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Figure 7. Example I. The PDF as a function of time for one
realization.

Example I — One Dimensional Nonlinear System

Consider the following nonlinear model from [50], [5]

xt+1 = 0.5xt +
25xt

1 + x2
t

+ 8 cos(1.2t) + wt, (20a)

yt =
x2

t

20
+ et, (20b)

with wt ∼ N (0, 10) and et ∼ (0, 1). In Figure 6 the
rmse for the ekf and the pf are depicted. As seen the
pf outperforms the ekf. This can be explained study-
ing Figure 7, where the pdf shows a quite multi-modal
behavior for several time instances.

In Figure 8 the kd comparing the pf and the ekf solu-
tion to the estimation problem is shown, for one realiza-
tion. To obtain the measure, the particle cloud from the

9CYGWIN: http://www.cygwin.com
10F++: http://www.control.isy.liu.se/resources/f++

0 10 20 30 40 50
0

10

20

30

40

50

60

70

80

J
K

Time

Figure 8. Example I. KD for the one dimensional nonlinear
model using one realization.

particle filter was smoothed with a small Gaussian ker-
nel to get a continuous pdf estimate before the kd was
computed using a sum approximation. When the kd is
small the ekf yields a pdf similar to the pf one, whereas
when the kd is large the difference is more significant.

Example II — Range-Only Measurement

In a range-only measurement application based on [8],
two range sensors are used. The measurements are illus-
trated in Figure 9(a). They provide the relative range
to a single target, with measurement uncertainty, hence,
producing a natural bimodal posterior distribution. The
model used is:

xt+1 = xt + wt (21a)

yt =
(
‖xt − xsensor

1 ‖
‖xt − xsensor

2 ‖

)
+ et, (21b)

with wt ∼ N (0, 0.1I2), et ∼ N (0, 0.1I2), and initial po-
sition knowledge x0 ∼ N (0, 3I2). The model assumes
that the target is moving around according to a random
walk.

A typical state distribution is given in Figure 9(b). Note
the distinct bimodal characteristics of the distribution,
as well as how poorly the ekf approximation describes
the situation.

The mse and kd from 100 Monte Carlo simulations are
given in Figure 10 for an ekf, a pf (N = 20 000 par-
ticles11), and a pmf (regarded as the truth). Here, the
mse performance of the pf is slightly better than for the
ekf, but not as good as the pmf. (Two poor pf esti-
mates have large impact on the mse.) However, the kd
gives a clear indication that the pdf estimated with the

11The number of particles has been chosen excessively large to get an
accurate PDF estimate, with further tuning could be reduced significantly.
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Figure 9. Example II. Scenario and typical PDF.
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Figure 10. Example II. Simulated MSE and KD for the range-
only system.

pf is better than the one from the ekf, as was to be
expected due to the true bimodal pdf. This difference
may be important, as will be shown next.

Using the estimated pdfs, it is also possible to detect if
the tracked target is in the neighborhood of the point
x′ (not affecting the measurements), as illustrated in
Figure 9(a). Assume that it is of interest to detect if
‖x − x′‖2 < R, where x′ = (0, 1) and R = 0.5. The
probability for the target in the critical region, given the
estimates from the different filters is given in Figure 11.
Note that the ekf throughout the whole simulation in-
dicates a much higher probability than is true. Further-
more, the pf reflects the actual situation well. The lack
of descriptive power of the ekf results in an unneces-
sarily high degree of detections, which could be costly.

Example III — Inertial Measurement Unit (IMU)

In this section a positioning simulation study is pre-
sented using an inertial measurement unit (imu) in com-
bination with a gps sensor. This is a rather common
setup in many tracking and positioning applications.
Principally, the imu measures the acceleration using an
accelerometer and angular rates from a gyro, from which
the position and orientation can be derived by integra-
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Figure 11. Example II. Probability of the target belonging
to the critical region given by ‖x − (0, 1)‖2 < 0.5, see Fig-
ure 9(a).

tion. In this paper a point model for the object to
positioning is used. This is a simplification, since the
main objective here is to present the ability for the f++
framework to handle many states at a high data rate. In
reality, for aircraft positioning, a full aircraft model cou-
pling the kinematic part with the orientation part should
be used. Here, using quaternions, q = (q0, q1, q2, q3)T ,
instead of Euler angles to represent the orientation, the
continuous time dynamics for the point target is

ẋ =


ṗ
v̇
ȧ
q̇
ω̇

 =


v

a + u
0

1
2S(ω)q

0

+


0
0
w1

0
w2,

 , (22a)

yt = h(xt) + et, (22b)

where

h(xt) =



(
am

ωm

)
=

(
q(a + g)q?

qωq?

)
, if imu(

p

v

)
, if gps

where the state vector, x ∈ R16, consists of position
(p ∈ R3), velocity (v ∈ R3), acceleration (a ∈ R3),
quaternions (q ∈ R4 and ||q|| = 1), and angular velocity
from the rate gyro (ω ∈ R3), and where the gravitational
force vector is denoted g = (0, 0, 9.82)T . The input sig-
nal u is here fully known acceleration components.

x =
(
p v a q ω

)T
,

and where the acceleration and angular velocity are mea-
sured (am and ωm) by the imu every 0.05 s, and the posi-
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Figure 12. Example III. RMSE from 50 Monte Carlo simu-
lation.

tion (p) and velocity (v) by the gps every 1 s, and where

S(ω) =


0 −ω1 −ω2 −ω3

ω1 0 ω3 −ω2

ω2 −ω3 0 ω1

ω3 ω2 −ω1 0

 .

Note that this is the dynamics for a point object, so
the rotation and position dynamics are completely de-
coupled. In reality, in for instance aircraft positioning,
the point model should be replace by flight dynamics.
In the example the imu is running at 20 Hz, whereas
gps measurements are available at 1 Hz. The quater-
nion complex conjugate is denoted q?. Also note that
in order to represent the orientation a unit quaternion
is assumed, which is achieved by normalizing q in the
filter, to remove possible numerical discrepancies.

In the c++ framework the above continuous time
model is discretized using a simple one-step ahead Eu-
ler method. For the ekf, it is first linearized and then
discretized in order to obtain the system matrix, F .
The continuous process noise is discretized assuming
Qd = TQc. All this is done analytically using the Sym-
bolic Toolbox in Matlab, and then automatically ex-
ported to c-code, which is readily compiled into the sim-
ulation environment.

In Figure 12 the rmse for the ekf and the pf from 50
Monte Carlo simulations are depicted. The filters were
initialized around the true value with a small uncertainty
regions. As input, a deterministic, fully known sinusoidal
acceleration input u was used. The simulation param-
eters are summarized in Table 1. Basically, the meth-
ods give the same rmse. Due to the high dimension of
the example, and that the current pf implementations
uses prior sampling or the transitional density for parti-
cle proposal, this is too inefficient to achieve better rmse
values. In order to improve its performance, better pro-

Table 1. Example III. Parameters for IMU/GPS simulation.
Parameter Value
MC simulations 50
Sample time IMU (T ) 0.05 s
Sample time GPS 1 s
Number of particles 100000
Measurement Noise:
cov p diag(9, 9, 25)
cov v diag(0.04, 0.04, 0.04)
cov am diag(0.0001, 0.0001, 0.0001)
cov ωm diag(9 · 10−8, 9 · 10−8, 9 · 10−8)
Continuous Process Noise:
cov w1 diag(0.0004, 0.0004, 0.0004)
cov w2 diag(1 · 10−8, 1 · 10−8, 1 · 10−8)
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Figure 13. Example III. GPS from a flight-test with the u-
blox GPS. The height coordinate plotted as a function of lon-
gitude and latitude from a small airfield in Linköping, Swe-
den.

posal densities could be one alternative. Probably, the
ekf or a ukf can be used as a more efficient proposal.
Also marginalization or Rao-Blackwellization could be
applied, marginalizing the position and velocity states.

As mentioned, the simple point object dynamic model
should be replaced by flight dynamics. In [12], this is
described for a uav project, where the ekf uses imu
and gps measurements. In Figure 13 the u-blox12 gps
position measurements for the small model aircraft used
in the project, are depicted.

In realistic applications, the model can also be extended
with bias and drift terms.

6. SUMMARY

In extensive Monte Carlo simulations the Kullback di-
vergence (kd) and the mean square error (mse) are
evaluated for different estimators, such as the extended
Kalman filter (ekf) and the particle filter (pf) for dif-
ferent tracking applications. It is shown that the kd is
more relevant than mse as a performance measure, for

12u-blox: http://www.u-blox.com
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instance in determining target presence. The simulations
have been conducted in a newly developed c++ simula-
tion environment, designed to be suitable for nonlinear
non-Gaussian problems. The environment has been pre-
sented in some detail, and the experience is a well func-
tioning and fast development tool. Using modern de-
sign techniques the object oriented framework provides
means for easy and efficient comparisons of different esti-
mators, which is extensively used in several applications
and examples.
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