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Abstract

Using the parity-space approach, a residual is formed by applying a projec-
tion to a batch of observed data and this is a well established approach to
fault detection. Based on a stochastic state space model, the parity-space
residual can be put into a stochastic framework where conventional hypoth-
esis tests apply. In an on-line application, the batch of data corresponds to
a sliding window and in this contribution we develop an improved on-line
algorithm that extends the parity-space approach by taking prior informa-
tion from previous observations into account. For detection of faults, the
Generalized Likelihood Ratio (glr) test is used. This framework allows for
including prior information about the initial state, yielding a test statistic
with a signi�cantly higher sensitivity to faults. Another key advantage with
this approach is that it can be extended to nonlinear systems using an ar-
bitrary nonlinear �lter for state estimation, and a linearized model around
a nominal state trajectory in the sliding window. We demonstrate the al-
gorithm on data from an Inertial Measurement Unit (imu), where small
and incipient magnetic disturbances are detected using a nonlinear system
model.

Keywords: fault detection, parity space sensor fusion, inertial sensors, mag-
netometer.
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Abstract

Using the parity-space approach, a residual is formed by applying a projection to a batch of observed data and this is a well
established approach to fault detection. Based on a stochastic state space model, the parity-space residual can be put into a
stochastic framework where conventional hypothesis tests apply. In an on-line application, the batch of data corresponds to
a sliding window and in this contribution we develop an improved on-line algorithm that extends the parity-space approach
by taking prior information from previous observations into account. For detection of faults, the Generalized Likelihood Ratio
(glr) test is used. This framework allows for including prior information about the initial state, yielding a test statistic with
a significantly higher sensitivity to faults. Another key advantage with this approach is that it can be extended to nonlinear
systems using an arbitrary nonlinear filter for state estimation, and a linearized model around a nominal state trajectory in the
sliding window. We demonstrate the algorithm on data from an Inertial Measurement Unit (imu), where small and incipient
magnetic disturbances are detected using a nonlinear system model.

1 Introduction

The parity-space method is a widely used method to find
a residual for fault detection. It was first described in
[4], but is described and used in many publications for
example [2, 5, 7, 8]. The parity-space approach is a well
established approach to fault detection, and one of its
main features is the intuitive geometrical interpretation
of the residual that is obtained by projecting a batch
of observations onto the parity space. The projection
assures that the influence of the unknown initial state in
the data batch as well as external disturbances do not
affect the residual from which diagnosis decisions are
made.

The classical parity-space approach applies to linear de-
terministic models, and has been extended to a statisti-
cal framework [11, 12, 6], which makes it applicable to
stochastic linear state-space models with additive faults.
The performance limits for various noise distributions
have been studied in [13]. Its main limitations are:

• It may have a poor sensitivity to faults, in particular
for short data batches.

Email addresses: tornqvist@isy.liu.se (David
Törnqvist), fredrik@isy.liu.se (Fredrik Gustafsson).

• It cannot handle prior knowledge about the initial
state. For instance, a state estimate may be available
from observations outside the sliding window.

• It is not easily extended to nonlinear systems.

It is the purpose of this contribution to extend the
stochastic parity-space approach to handle these draw-
backs.

The main idea is to incorporate prior information of the
state when forming the residual. In this way, the sensi-
tivity to faults increases automatically. This increased
sensitivity can be used to keep the batch window short
while keeping a sufficient sensitivity to faults and in this
way decrease the delay until detection. The final result
is an algorithm which is related to one of the methods
suggested in [19]. This seminal paper applies the Gener-
alized Likelihood Ratio (glr) test to the same stochastic
state-space model, and to limit the computational com-
plexity, the authors propose an algorithm where faults
are restricted to a sliding time window. The final algo-
rithm consists of two filters from which all relevant test
statistics can be computed.

Further, with a good prior of the initial state and a short
batch window, nonlinear systems can be linearized along
a nominal trajectory and the parity-space residual is ap-
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proximated using the linearized model. The shorter win-
dow, the better approximation. This means that a non-
linear filter, as the Extended Kalman Filter (ekf), the
Unscented Kalman Filter (ukf) or the Particle Filter
(pf), can be run on-line with a time lag corresponding
to the batch window, and the residual is continuously
monitored on this batch window. If a fault is detected,
the filter can be put in simulation mode. The ability to
handle nonlinear models in a natural way is a clear im-
provement to the glr test in [19].

To demonstrate the algorithm, an application of estimat-
ing orientation based on measurements from an Inertial
Measurement Unit (imu) is studied. The unit consists
of accelerometers, gyroscopes and magnetometers. This
is a classical filtering problem, where the state-space
model basically says that the orientation is the integral
of measured gyroscope values. This model is subject to
a drift which evolves linearly in time, and needs external
support. Here, the magnetic field sensors normally func-
tions as a compass and provides a measurement with two
degrees of freedom, and the accelerometer can, if there
is no external acceleration, be used as an inclinometer
providing a measurement relation with three degrees of
freedom.

The outline is as follows. Section 2 defines the models
used. Using these models, various ways of estimating the
initial state in a time window is described in Section 3.
The parity-space approach and its relation to different
initial state estimates is then described in Section 4. Us-
ing the parity-space residuals formed in Section 4, the
glr test in Section 5 can be used for detection. The
framework is applied to detect magnetic disturbances in
Section 6. Finally, conclusions are provided in Section 7.

2 Modeling

This section describes the relation between state-space
modeling and modeling over a sliding window or batch.
An efficient fault parameterization is also introduced.

2.1 System Model

Let us consider a discrete-time dynamical system in the
form

xt+1 = Ftxt +Gut ut +Gft ft +Gvt vt, (1a)

yt = Htxt +Hu
t ut +Hf

t ft + et, (1b)

where xt is the state vector, ut an input signal, ft a scalar
time-varying fault profile, yt a measurement, vt process
noise and et the measurement noise. The fault detection
test can here be stated as testing if ft = 0 or ft 6= 0.

2.2 Batch Model

The batch form is often used in fault detection and di-
agnosis [4, 8, 10]. Stack L signal values to define the

batched signal vectors like Y =
(
yTt−L+1, . . . , y

T
t

)T
, for

all signals. Then, the outputs in that window will be
given by

Y = Otxt−L+1 + H̄u
t U + H̄f

t F + H̄v
t V + E, (2)

with the extended observability matrix

Ot =




Ht−L+1

Ht−L+2Ft−L+1

...

Ht

∏t−L+1
k=t−1 Fk



. (3)

The matrices determining how the remaining signals af-
fect the system are described by

H̄s
t =




Hs
t−L+1 0 · · · 0

Ht−L+2G
s
t−L+1 Hs

t−L+2 · · · 0
...

. . .
...

Ht

∏t−L+2
k=t−1 FkG

s
t−L+1 · · · HtG

s
t−1 H

s
t



,

(4)
where s = {u, f, v}. For simplicity, denote Z = Y−H̄u

t U,
implying that the system (2) can be written as

Z = Otxt−L+1 + H̄f
t F + H̄v

t V + E. (5)

The system is assumed to be observable, that is, Ot has
full column rank and all states will have a unique influ-
ence in the output. However, it is often possible to ob-
serve a subspace of the state space and the system can
therefore be partially observable. In order to handle such
a system, the observable subspace has to be determined.
It is given by the singular value decomposition

Ot = U1ΣV T1 , (6)

where U1 spans the observable subspace. The state x̄ ,
ΣV T1 x (dim(x̄) < dim(x)) is now an observable state.
The system (2) can then be rewritten as

Y = U1x̄+ H̄u
t U + H̄f

t F + H̄v
t V + E. (7)

Now, all methods described in this article can be used
with Ot exchanged for U1. When a prior estimate of the
original estimate is available, as in Section 3.4, the state
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estimate and its covariance have to be transformed as

ˆ̄x(1) = ΣV T1 x̂
(1) (8)

P
(1)
ˆ̄x(1) = ΣV T1 P

(1)V1Σ. (9)

2.3 Fault Model

It is convenient for the analysis to assume that the fault
is constant over time, while in practice a fault is often
increasing or decreasing slowly in magnitude over time.
To include such incipient faults, the fault profile ft can
be modeled with a low dimensional parametrization as

F = ΦT θt ⇒ H̄θ , H̄fΦT . (10)

For the batch model, this model implies that the fault
parameter can be considered constant over the data win-
dow. Thus, a scalar time-varying parameter is replaced
with a constant vector. This facilitates the analysis sig-
nificantly.

In this paper, the Chebyshev polynomial is used as ba-
sis functions, see [1, 17]. An example of the first three
basis functions which are orthogonal Chebyshev polyno-
mials over a window of 10 samples is given in Figure 1(a)
and a parameterized disturbance from a magnetometer
is shown in Figure 1(b).

2.4 Model Summary

Combining the batch data model with the fault model,
the total model that will be studied in the sequel can be
summarized as

Z = Otxt−L+1 + H̄θ
t θt + Nt, (11)

where
Nt , H̄v

t V + E, (12)
and

S , Cov(Nt). (13)

3 State Estimation

There are two unknowns in the data model (11), the ini-
tial state xt−L+1 and the fault profile parameter vector
θt. This section describes different ways to estimate the
initial state that are instrumental for the results in the
next section. Time indices are here omitted for simplic-
ity, e.g., x = xt−L+1.

3.1 Least Squares Estimation

The least squares estimate of the initial state is given by

x̂ = arg min
x

‖Ox− Z‖22, (14)
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Figure 1. The basis functions (a) are used to parameterize
the fault from a magnetic disturbance (b).

which gives the solution

x̂ = O†Z. (15)

Here, O† denotes the Moore-Penrose pseudo inverse of
O (see [9]). This estimate does not account for the noise
covariance S, and is included here because it is closely
related to the original parity-space approach.

This estimate is unbiased in case of no fault, since

E x̂ = EO†Z = E
(
x+O†N

)
= Ex, (16)

and
Cov(x̂) = O†SO†T . (17)

Observe thatO†O = I since the system is assumed to be
observable and henceO has full column rank. In presence
of faults, the expected value would be

E x̂ = EO†Z = x+O†H̄θθ. (18)
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3.2 Minimum Variance State Estimation

The equation systemOx+N = Z is known as the general
Gauss-Markov linear model. If S � 0, the parameters x
can be estimated with minimum variance by solving the
generalized least squares problem

x̂ = arg min
x

(Ox− Z)TS−1(Ox− Z), (19)

see [3]. This can be rewritten as the least squares problem

x̂ = arg min
x

‖S−1/2Ox− S−1/2Z‖22, (20)

which has the solution

x̂ = (S−1/2O)†S−1/2Z. (21)

This estimate is distributed according to

x̂ ∼ N
(
x+ (S−1/2O)†S−1/2H̄θθ, (OTS−1O)−1

)
. (22)

3.3 Filtered Estimate from Past Data

Given that the data before the sliding time window are
not affected by a fault (the fault detection test assumes
a fault in the batch window), a suitable filter can be
applied to the original model (1). For a nonlinear system
a nonlinear filter, e.g., ekf, ukf, or pf, can be applied.
This yields another estimate of the initial state in the
batch window, independent of (21). The distribution for
the initial state can then be approximated by a Gaussian
distribution

x̂ ∼ N(x, P ), (23)

to facilitate the linear framework in the parity-space
methods.

3.4 Smoothed State Estimate

Given the two estimates (22) and (23) based on inde-
pendent data sets, a combined estimate can be formed
similar to smoothing. Combining two independent esti-
mates is often referred to as the sensor fusion problem,
see for instance [10].

Denote the two distributions in (22) and (23)

x̂(i) ∼ N(x, P (i)), i = 1, 2. (24)

Then, the smoothed initial state is estimated by

x̂ = P
(
P (1)−1

x̂(1) + P (2)−1
x̂(2)

)
, (25)

where
P ,

(
P (1)−1

+ P (2)−1
)−1

. (26)

The expected value of this estimate is derived using (22)
and (24)

E x̂ = P (P (1)−1
+ P (2)−1

)︸ ︷︷ ︸
=I

x

+ PP (2)−1
(S−1/2O)†S−1/2H̄θθ

= x+ POTS−1H̄θθ (27)

Note that Cov(x̂) = P � P (2) which means that the co-
variance of the estimate is decreased when prior infor-
mation is used.

4 Fault Detection with Parity Space

The classical parity space uses a projection to construct
a residual insensitive to the initial state. This section
shows that this is equivalent to estimate the initial state
by least squares from data in the batch and substract
the estimated influence. The parity-space framework is
also extended for the use of prior information about the
initial state.

4.1 Classical Parity Space

The parity-space idea is to project the output on a space
that is orthogonal to the influence of the initial state, the
parity space. The space influenced by the initial state is
spanned byO, see (5). Thus, define BO⊥ as an orthonor-
mal basis for R(O⊥). Now, a residual insensitive to the
initial state can be defined as

r = BTO⊥ Z. (28)

The batch model (11) gives an expression for the residual
suitable for analysis as

r = BTO⊥ H̄θθ + BTO⊥ N ∼ N(BTO⊥ H̄θθ,BTO⊥ S BO⊥).
(29)

The normalized residual is then

r̄ = (BTO⊥ S BO⊥)−1/2 BTO⊥︸ ︷︷ ︸
,W̄T

1

Z ∼ N(W̄T
1 H̄

θθ, I). (30)

4.2 Parity Space as Least Squares State Estimation

By inserting the least squares estimate (15) into the
batch model (11), the model error is obtained as

ε = Z−Ox̂ = Z−OO†︸︷︷︸
PO

Z = (I −PO)Z = PO⊥Z. (31)
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Note that PO = OO† is an orthogonal projection onto
the space spanned byO andPO⊥ = I−PO is the orthog-
onal projection onto the complementary to O, denoted
O⊥ [16]. The projector can also be written as

PO⊥ = BO⊥ BTO⊥ , (32)

where BO⊥ is an orthonormal basis for R(O⊥).

Since the model error is computed by a rank deficient
projection, the information in the prediction error can
be represented by a vector of lower dimension. This low-
dimensional vector is here denoted the residual. Note
that BTO⊥ BO⊥ = I due to orthonormality and that the
dimension is the rank of the projection in (32). The resid-
ual can be written as

r = BTO⊥ ε = BTO⊥ BO⊥ BTO⊥ Z = BTO⊥ Z. (33)

This expression equals the residual created by the classi-
cal parity-space method in Section 4.1. That is, we have
shown that a hypothesis test on the model error can be
reduced to a hypothesis test on the residual from the
parity-space approach. Thus, these two approaches co-
incide.

4.3 Parity Space with Smoothing

To construct the test statistic, it is desirable to have the
model error ε as a function of the measurements, Z, and
the state estimate from the previous data, x̂(1). Thus,

ε = Z−Ox̂ = Z−OP
(
P (1)−1

x̂(1) + P (2)−1
x̂(2)

)

=
(
I −OPP (2)−1

(S−1/2O)†S−1/2
)

︸ ︷︷ ︸
,WT

2

Z−OPP (1)−1
x̂(1)

= WT
2 Z−OPP (1)−1

x̂(1) (34)

and the covariance is

Cov(ε) = WT
2 SW2 +O PP (1)−1

P︸ ︷︷ ︸
,Q

OT

=
(
WT

2 O
)(S 0

0 Q

)(
W2

OT

)
. (35)

It is important to note that the matrix WT
2 is time vary-

ing due to the dependence of the covariance from the
filter used on data before the window. However, if a
Kalman filter is used it will become stationary and then
the covariance converges to a matrix which can be com-
puted by solving the Riccati equation.

Lemma 1 Assume that S and Q are both positive defi-
nite matrices, then the matrix in (35) is positive definite.

Proof 1 See Appendix A.

Since Q = PP (1)−1
P where P (1) and P are positive def-

inite matrices, Q is also positive definite. Then, accord-
ing to Lemma 1, the covariance of ε is positive definite
and thus invertible. The normalized residual can there-
fore be expressed as

r̄ = Cov(ε)−1/2ε = Cov(ε)−1/2WT
2︸ ︷︷ ︸

,W̄T
2

Z

− Cov(ε)−1/2OPP (1)−1
x̂(1). (36)

5 GLR Test

Detecting faults is done using the residuals derived in
Section 4. Using the information about the noise distri-
bution of the residuals, a glr test statistic is formed.
To make the decision if a fault is present or not, the test
statistic is compared to a threshold from the chi-square
distribution.

5.1 Test Statistic

Fault detection is here considered as detecting whether
the fault is zero or not. This approach corresponds to
the hypothesis test

H0 : θ = 0 (37a)
H1 : θ 6= 0. (37b)

Using the normalized residuals (30) or (36), the hypoth-
esis test can be written as

H0 : r̄ ∼ N(0, I) (38a)

H1 : r̄ ∼ N(W̄T
i H̄

θθ, I). (38b)

where i ∈ {1, 2} (depending on method). This yields the
log-likelihood ratio

L = sup
θ

2 log
(
p(r̄|H1)
p(r̄|H0)

)

= sup
θ

2 log
e−

1
2‖r̄−W̄T

i H̄
θθ‖22

e−
1
2‖r̄‖22

= sup
θ
−
(
‖r̄ − W̄T

i H̄
θθ‖22 − ‖r̄‖22

)
, (39)

which is maximized for θ = (W̄T
i H̄

θ)†r̄. Then

L = −
(
‖(I − W̄T

i H̄
θ(W̄T

i H̄
θ)†︸ ︷︷ ︸

P
W̄T
i
H̄θ

)r̄‖22 − ‖r̄‖22
)

= r̄TPW̄T
i
H̄θ r̄ (40)
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5.2 Statistics

To choose suitable thresholds for the test statistics
above, it is necessary to compute their distributions.
While having Gaussian noise, the test statistics will be
chi-square distributed variables, see [14]. The normal-
ized residual is distributed as

r̄ ∼ N(W̄T
i H̄

θθ, I), (41)

where θ = 0 under the null hypothesis (38a). The test
statistic is then distributed as the non-central chi-square
distribution

L = r̄TPWT
i
H̄θ r̄ ∼ χ′2ν (λ), (42)

where ν = rank(WT
i H̄

θ) and

λ = (WT
i H̄

θθ)TPWT
i
H̄θW

T
i H̄

θθ = (WT
i H̄

θθ)TWT
i H̄

θθ.

(43)
Observe that λ = 0 in the fault-free case and then the
test statistic is distributed according to the central chi-
square distribution L ∼ χ2

ν . The threshold is then cho-
sen from the chi-square distribution so that the fault-
free hypothesis is rejected erroneously only with a small
probability.

6 Application Example: Detection of Magnetic
Disturbances

In many situations, the orientation of a system is of in-
terest. To estimate the orientation, an imu can be used.
The imu normally contains three dimensional accelerom-
eters and gyroscopes. However, the measurements in this
example are made with an imu from Xsens Technolo-
gies, see [20], which is augmented with a magnetometer
(compass) to enhance the orientation estimation. The
magnetometer measures the weak magnetic field of the
earth and is therefore very sensitive to disturbances from
ferro-magnetic objects or electric fields. The purpose of
this example is to show how these disturbances can be
detected.

6.1 Modeling

To describe the behavior of the imu, two coordinate sys-
tems are used, one fixed to the world and one fixed in
the imu (body). Denote the two coordinate systems with
w and b respectively. The quaternion, qt, is used to de-
scribe the rotation between the two coordinate systems.
For a thorough review of quaternions, see [15]. The fol-
lowing quaternion dynamics was derived in [18]

qt+1 =
(
I4 +

T

2
S(ωbbw,t)

)

︸ ︷︷ ︸
,Ft

qt +
T

2
S′(qt)

︸ ︷︷ ︸
,Gvt

vt, (44)

where

S(ω) =




0 −ωx −ωy −ωz
ωx 0 ωz −ωy
ωy −ωz 0 ωx

ωz ωy −ωx 0



,

S′(qt) =




−q1 −q2 −q3

q0 −q3 q2

q3 q0 −q1

−q2 q1 q0



.

The sensors that are available in the system are gyro-
scopes, accelerometers and magnetometers (compass).
The measurements from the gyroscopes are, as seen
in (44), directly incorporated in the dynamics and are
therefore not described in the measurement equations.

The accelerometers measures the earth gravitational
field described in the b-system. For this example, it is
assumed that the sensor is not accelerated or that the
acceleration is known. The measurement equation can
therefore be written as

ya,t = gb + ea,t = R(qbw)gw︸ ︷︷ ︸
,ha(qbw)

+ea,t, (45)

where the rotation matrix

R(q) =




(q2
0 + q2

1 − q2
2 − q2

3) 2(q1q2 + q0q3) 2(q1q3 − q0q2)

2(q1q2 − q0q3) (q2
0 − q2

1 + q2
2 − q2

3) 2(q2q3 + q0q1)

2(q1q3 + q0q2) 2(q2q3 − q0q1) (q2
0 − q2

1 − q2
2 + q2

3)


 ,

(46)

g is the gravity vector and ea is the measurement noise.

The reading from the magnetometer is a normalized vec-
tor, n̄bnp, given in the b-system and pointing along the
earth magnetic field. Since the earth magnetic field is
very weak, it can easily be disturbed by an electric mo-
tor or ferromagnetic objects such as beams or other iron
constructions. Such a disturbance can be represented by
an unknown vector, here denoted dm,t. The measure-
ment equation can thus be written as

ym,t = n̄bnp,t + dm,t + em,t = R(qbw,t)n̄wnp︸ ︷︷ ︸
,hm(qbw)

+dm,t + em,t,

(47)
where R(?) is the rotation matrix given in (46), n̄np is
the normalized earth magnetic field vector and em,t is
the measurement noise.
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The total measurement equation becomes

yt =

(
ya,t

ym,t

)
= h(qbw,t) +

(
0

I

)

︸︷︷ ︸
,Hd,t

dm,t + et. (48)

6.1.1 Linearization

To estimate the orientation using the ekf and to use
linear theory for fault detection, the system must be
linearized. The dynamic equation (44) is already linear
and time-varying, but the measurement equation (48)
is nonlinear. It is therefore linearized with a first order
Taylor series

yt = h(qt)+et ≈ h(q̂t|t−1)+Ht(qt−q̂t|t−1)+Hd,tdm,t+et,
(49)

where:

Ht =
∂h(q)
∂q

∣∣∣∣∣
q=q̂t|t−1

(50)

To form the linearized system, a new measurement vari-
able is computed with known information as

ỹt , yt − h(q̂t|t−1) +Htq̂t|t−1 = Htqt +Hd,tdm,t + et.
(51)

Then the linearized system can now be written as

qt+1 = Ftqt +Gvt vt (52a)

ỹt =

(
Ha
t

Hm
t

)

︸ ︷︷ ︸
=Ht

qt +

(
0

I

)

︸︷︷ ︸
=Hdt

dm,t + et. (52b)

The batched form discussed in Section 2.2 will have the
following form

Ỹ = Otxt−L+1 + H̄u
t U + H̄d

t D + H̄v
t V + E. (53)

The linearization is done around a predicted trajectory,
that is, given an estimate of the initial state in the win-
dow the trajectory is predicted in the window only using
(52a).

If the fault is parameterized, it is assumed that the profile
of the disturbance is a smooth function with respect to
time. Thus, the disturbance could be parameterized as in
Section 2.3. Each dimension in the disturbance vector is
modeled separately, so H̄di

t denotes the stacked system
matrix for dimension i. This matrix is built up as (4)
but using the i:th column of H̄d

t . The stacked system can

now be written as

Ỹ = Otxt−L+1 +
nd∑

i=1

H̄di

t Di + H̄v
t V + E, (54)

where Di =
(
dit−L+1

T
, . . . , dit

T
)T

. Each component of
the disturbance is then modeled as

dit = φTi,tθi. (55)

The influence of the disturbances can now be described
as

nd∑

i=1

H̄di

t Di

=
(
H̄d1

t · · · H̄dnd
t

)
diag

(
φT1,t · · ·φTnd,t

)

︸ ︷︷ ︸
,H̄θ




θ1

...

θnd




︸ ︷︷ ︸
,Θ

. (56)

In the tests in Section 6.3, a third order basis is chosen
for the fault. A plot of the basis functions are shown in
Figure 1.

6.2 Detection Algorithm

The state estimation filter, including the disturbance
detection, can be described as in Algorithm 1. The fault
parameterization, described above can either be used or
not in step 3.

Algorithm 1. Detection Filter
(1) Time update according to an ekf.
(2) Measurement update using non-disturbed sensors.

This is done according to an ekf, but the measure-
ment equation is limited to the set of non-disturbed
sensors, S. That is

y =




...

hi(qt)
...


 , i ∈ S. (57)

(3) Detection of disturbed sensors. Detection is done
either according to the parity-space method or us-
ing the smoothing approach. The set S is updated
accordingly.
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6.3 Test Results

To show the performance of the disturbance detection al-
gorithms described in previous chapter and to show the
characteristics of the sensors, some measurement data is
collected. The data is collected under different circum-
stances, i.e., when the sensor is at rest, is slowly rotated,
with and without disturbances. All data is collected with
a sampling rate of 100 Hz and the length of the testing
window is 10 samples in all tests. Table 1 presents the
datasets.
Table 1
Data sets collected using the imu.

Data Set Disturbance Movement

UD1 Undisturbed At rest

D1 Magnetometer dist At rest

UD2 Undisturbed Rotated around eb
x

D2 Magnetometer dist Rotated around eb
x

6.3.1 Sensor at Rest

The purpose of the first data set, UD1, is to explore the
noise characteristics of the sensors. The imu is here ly-
ing still at a table and data is collected during 9 sec-
onds. The orientation of the sensor is set so that the ebz-
axis is pointing outwards from the earth along the grav-
ity field (perpendicular to the table). The test statistics
are shown in Figure 2. The average of the test statistic
should equal the degrees of freedom in the residual, see
Section 5.2. This number is plotted as a dotted line in
the figure and corresponds well to the actual outcome.
Note that the fault profile lowers the average of the test
statistic.
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Figure 2. Test statistics for the data set UD1. Theoretical
averages for undisturbed operation is plotted with dotted
line.

The experiment setup for data set D1 is similar to UD1.
The difference is that the magnetometer is disturbed.

The disturbance was caused by a ferro-magnetic object
(a pair of scissors), which was moved towards the sensor.
The closest distance was approximately 30 cm. The com-
ponents of the magnetometer reading are plotted in Fig-
ure 3. The test statistics are shown in Figure 4, where the
disturbance is clearly detected especially when smooth-
ing is used. Note that the average for the test statistic
with fault profile is lower during the undisturbed peri-
ods, but are equal during the disturbance since the fault
profile can describe this smooth type of disturbance.
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Figure 3. The components of the disturbed magnetometer
readings in data set D1.
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Figure 4. Test statistics for data set D1, the disturbance is
clearly visible when smoothing is used. Theoretical averages
for undisturbed operation is plotted with dotted line.

6.3.2 Rotating Sensor

To show the performance of detection when the sensor is
rotating, data sets UD2 and D2 are collected when the
imu is rotated around the ebx-axis. The 3-dimensional
magnetometer readings form a circle when it is not dis-
turbed and a disturbance will make it deviate from the
circle. The magnetometer readings are shown in Fig-
ure 5, where a disturbance can be seen to the right hand
side in 5(b).
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Figure 5. Magnetometer readings from data set UD2 (a) and
D2 (b). The light disturbance for D2 is visible as a small
deviation from the circle in (b).

To accurately estimate the orientation of the sensor, the
accelerometer measurements has to be disregarded dur-
ing acceleration of the sensor as described in Section 6.2.
Even though the sensor is just rotated in this example,
the accelerometer show some acceleration since they are
not centered in the sensor unit. The accelerometer is
therefore ignored during most of the circular movement.
Figure 6 shows the test statistics for data set UD2. It
can be seen here that the actual averages are a little bit
higher than the theoretical average. Possible explana-
tions are linearization errors and misalignments in the
sensor configuration. The disturbance in data set D2
is clearly seen in Figure 7 both with parity space and
smoothing.
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Figure 6. Test statistic for data set UD2. Theoretical averages
for undisturbed operation is plotted with dotted line.

7 Conclusions and Discussion

This work started with deriving parity-space residuals
using different estimates of the initial state in a batch
of data. This residual and its stochastic properties were
then used for creating a glr test. This test is highly
related to the glr test in [19]. This test is defined in
terms of the state space model (1) for a step fault at
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Figure 7. Test statistic for data set D2. Theoretical averages
for undisturbed operation is plotted with dotted line.

an unknown time t− L. That is, the change time is un-
known, which leads to a bank of filters, each one matched
to a certain change time t − L. To limit computational
complexity, the authors propose to only consider one fix
change time t−L. The proposed algorithm consists of a
nominal Kalman filter that runs to time t, in contrast to
the Kalman filter with time lag in (23), and a matched
filter that computes both an estimate of the fault and a
state compensation term.

The advantage of parity space with smoothing is the geo-
metrical interpretations and in particular its natural ap-
plication to nonlinear systems. We have further pointed
out how a smooth parameterization of the fault profile
can improve the detection performance. Both simula-
tions on a dc-motor and a real world example on fault
detection on a magnetometer has shown to work well.

A Proof of Lemma 1

If (35) is a positive definite matrix, the following must
hold

xT
(
WT

2 O
)(S 0

0 Q

)(
W2

OT

)
x > 0 ∀x 6= 0. (A.1)

Since it is known that S and Q are positive definite, it
suffices to show that

xT
(
WT

2 O
)
6= 0 ∀x 6= 0. (A.2)

The matrix WT
2 can be written as I −OM where M is

an arbitrary matrix. If x ∈ N (OT ) and x 6= 0 then

xT
(
WT

2 O
)

=
(
xT 0

)
6= 0. (A.3)
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If x /∈ N (OT ) and x 6= 0 then

xT
(
WT

2 O
)

=
(
xT − xTOM xTO

)
6= 0 (A.4)

since at least the second element is nonzero. Thus, we
have shown that there is no x 6= 0 such that (A.2) is
invalidated.

References

[1] Milton Abramowitz and Irene A. Stegun, editors.
Handbook of Mathematical Functions: with Formu-
las, Graphs, and Mathematical Tables. Dover Pub-
lications, 1965.

[2] Michele Basseville and Igor V. Nikiforov. Detection
of Abrupt Changes: Theory and Application. Infor-
mation and system sciences series. Prentice Hall,
Englewood Cliffs, NJ, 1993.
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