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Abstract

The inverse dynamics for a �exible manipulator can be formulated as a
di�erential-algebraic equation (DAE). The the inverse dynamics is, e.g.,
used for feedforward control. This work investigates di�erent methods for
analyzing and solving these equations.
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Abstract

The inverse dynamics for a �exible manipulator can be formulated as
a di�erential-algebraic equation (DAE). The the inverse dynamics is, e.g.,
used for feedforward control. This work investigates di�erent methods for
analyzing and solving these equations.

1 Introduction

Most publications concerning robot manipulators only consider elasticity in the
rotational direction. If gear elasticity is considered we get the �exible joint
model, and if link deformation restricted to a plane perpendicular to the preced-
ing joint is included we get the �exible link model. These restricted models are
useful for many purposes and simplify the control design but limits, of course,
the accuracy if used for simulation, and the performance if used for control.

In Moberg and Hanssen (2007), a general serial-link elastic manipulator
model called the extended �exible joint model was presented, and the inverse
dynamics of this model was formulated as a DAE.

2 The Extended Flexible Joint Model

The model consists of a serial kinematic chain of rigid bodies. The rigid bod-
ies are connected by multidimensional spring-damper pairs, representing both
translational and rotational de�ection. If two rigid bodies are joined by a motor
and a gearbox, we get an actuated joint represented by one spring-damper pair,
modeling the rotational de�ection of the gearbox. The other spring-damper
pairs represents non-actuated joints, modeling, e.g., elasticity of bearings, foun-
dation, tool, and load as well as bending and torsion of the links. One example
of this model is illustrated in Figure 1. This model consist of three motors,
three links, four rigid bodies, and �ve spring-damper pairs. Thus, the model
has three actuated joints, two non-actuated joints, and eight degrees-of-freedom
(DOF).

Generally, if the number of added non-actuated joints is M and the number
of actuated joints is N , the system has 2N +M degrees-of-freedom. The model
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Figure 1: An extended �exible joint dynamic model with 8 degrees-of-freedom.

equations can then be described as

M(qa)q̈a + c(qa, q̇a) + g(qa) = τa, (1a)

τa =
[
τg
τe

]
, (1b)

qa =
[
qg
qe

]
, (1c)

τg = Kg(qm − qg) +Dg(q̇m − q̇g), (1d)

τe = −Keqe −Deq̇e, (1e)

τm − τg = Mmq̈m + f(q̇m), (1f)

where qg ∈ RN is the actuated joint angular position, qe ∈ RM is the non-
actuated joint angular position, and qm ∈ RN is the motor angular position.

Mm ∈ RN×N is the inertia matrix of the motors andM(qa) ∈ R(N+M)×(N+M)

is the inertia matrix for the joints. The Coriolis and centrifugal torques are de-
scribed by c(qa, q̇a) ∈ RN+M , and g(qa) ∈ RN+M is the gravity torque.

The actuator torque is τm ∈ RN , τg ∈ RN is the actuated joint torque,
and τe ∈ RM is the non-actuated joint torque, i.e., the constraint torque. Kg,
Ke, Dg, and De are the sti�ness- and damping matrices for the actuated and
non-actuated directions, with obvious dimensions.

For a complete model including the position and orientation of the tool, X,
the forward kinematic model of the robot must be added. The kinematic model
is a mapping of qa ∈ RN+M to X ∈ RN . The complete model of the robot is
then described by (1) and

X = Γ(qa). (2)

Note that no inverse kinematics exists. This is a fact that makes the control
problem considerably harder.

2



The equations of motion can be derived by computing the linear and angular
momentum. By using Kane's method (Kane and Levinson, 1985) the projected
equations of motion can be derived to yield a system of ordinary di�erential
equations (ODE) with minimum number of DOF. One alternative way of deriv-
ing the equations of motion is to compute the potential and kinetic energy and
to use Lagranges equation, see, e.g., Goldstein (1980) or Shabana (1998).

3 Inverse Dynamics for the Extended Flexible

Joint Model

With the following states

x =


qg
qe
qm
q̇g
q̇e
q̇m

 =


x1

x2

x3

x4

x5

x6

 ,

(1) and (2) can be written as

M11(x1)ẋ4 +M12(x1)ẋ5 + γ1(x1, x2, x3, x4, x5, x6) = 0, (3a)

M21(x1)ẋ4 +M22(x1)ẋ5 + γ2(x1, x2, x3, x4, x5, x6) = 0, (3b)

Mmẋ6 + γ3(x1, x3, x4, x6)− u = 0, (3c)

ẋ1 − x4 = 0, (3d)

ẋ2 − x5 = 0, (3e)

ẋ3 − x6 = 0, (3f)

Γ(x1, x2)− θ(t) = 0, (3g)

or

F (t, x, ẋ, u) = F (t, x1, x2, x3, x4, x5, x6, ẋ1, ẋ2, ẋ3, ẋ4, ẋ5, ẋ6, u) = 0. (4)

The system hasN input variables1 u, i.e., the motor torque τm, andN controlled
output variables with a desired reference θ(t), i.e., the position and orientation of
the tool, X. The gravity torque, speed dependent inertia torque, and the torque
from the spring-damper pairs are contained in γi. Note that the spring-damper
torque also can be de�ned as nonlinear, see, e.g., Moberg et al. (2008).

The inverse dynamics solution for the model is obtained if θ(t) is regarded as
the input signal and u and x are solved for. This means that the DAE (3) must
be solved. In Moberg and Hanssen (2007) this is performed using a constant
step size 1-step backward di�erentiation formula (BDF) applied on the original
system equations. Using this method, systems with 12 DOF were solved with
good accuracy. Two conclusions concerning step size could be drawn:

1. Short step size is required to obtain an accurate solution

2. If the step size is to small, we loose numerical solvability

1The torque control is assumed to be ideal.
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Some commercially available software packages (Dymola, Maple) were also tried
on the same systems, but none was able to solve these equations if the number
of DOF exceeded 5. Numerical problems could also be seen for the cases where
a solution was found. Clearly, this system must be further analyzed in order to
improve the solver, which is one of the objectives of this work.

One important restriction in this work is that we only consider causal solu-
tions and that the desired trajectory θ(t) must be followed perfectly. Hence, to
obtain a bounded solution we must require hat the system must has a stable
zero dynamics (Isidori, 1995), e.g., to be minimum phase.

4 DAE Theory

4.1 DAE Basics and the Di�erential Index

As the name implies, a DAE consists of di�erential and algebraic equations. A
DAE can generally be expressed by

F (t, x, ẋ) = 0, (5)

where x ∈ Rn is the state vector and F : R2n+1 → Rm. If Fẋ = ∂F/∂ẋ
is nonsingular, (5) represents an implicit ODE as ẋ, by the implicit function
theorem, can be solved from x and t. Otherwise it represents a DAE which
in general is considerably harder to solve than an ODE. The di�erential index,
ν, of a DAE provides a measure of the singularity of the DAE. Generally, the
higher the index, the harder the DAE is to solve. An ODE has ν = 0, and
a DAE with ν > 1 is denoted a high-index DAE. The di�erential index can
somewhat simpli�ed be de�ned according to Brenan et al. (1996):

De�nition 1 The minimum number of times that all or part of (5) must be
di�erentiated with respect to t in order to determine ẋ as a continuous function
of t, x is the (di�erential) index of the DAE (5).

A semi-explicit DAE is a special case of (5) described as

ẋ = F (x, y), (6a)

0 = G(x, y), (6b)

where the non-di�erentiated variables are denoted y. Di�erentiation of (6b)
w.r.t. time yields

0 = Gy(x, y)ẏ +Gx(x, y)ẋ, (7)

and if Gy is nonsingular it is possible to solve for ẏ and ν = 1. Further on, by
the implicit function theorem, it is also possible (at least numerically) to solve
for y = φ(x). A straightforward method for solving this DAE is, e.g., Forward
Euler according to

1. Compute xt+1 = xt + hF (xt, yt)

2. Solve yt+1 from G(xt+1, yt+1) = 0
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where h is the step length. For the implicit DAE

F (t, x, ẋ, y) = 0, (8)

we can solve for

z =
[
ẋ
y

]
(9)

if Fz is non-singular. In this case, ν = 1, and the DAE can be solved with
implicit methods.

For the analysis of a nonlinear DAE (5), the derivative array plays an central
part. The derivative array Fl is de�ned according to (Brenan et al., 1996; Kunkel
and Mehrmann, 2006)

Fl(t, x, ẋ, . . . , x(l+1)) =


F (t, x, ẋ)
d
dtF (t, x, ẋ)

...
( ddt )

lF (t, x, ẋ)

 . (10)

Using the derivative array the di�erential index can be de�ned according to
(Brenan et al., 1996)

De�nition 2 The (di�erential) index of (5) is the smallest ν such that Fν
uniquely determines the variable ẋ as a continuous function of t, x.

4.2 DAE Analysis and the Strangeness Index

The di�erential index is a measure of the distance from the DAE to an ordinary
di�erential equation (ODE). In Kunkel and Mehrmann (2006), it is argued that,
a better measure would be the distance to a decoupled system of ODEs and
purely algebraic equations. This measure is the strangeness index µ. This
section is based on Kunkel and Mehrmann (2006) and covers the case where
m = n, i.e., the number of equations in (5) equals the number of unknowns.
The strangeness index µ is de�ned by the following hypothesis:

Hypothesis 1 There exist integers µ, a, and d such that the set

Lµ = {(t, x, ẋ, . . . , x(µ+1)) ∈ R(µ+2)n+1|Fl(t, x, ẋ, . . . , x(µ+1)) = 0} (11)

associated with F is nonempty and such that for every (t, x0, ẋ0, . . . , x
(µ+1)
0 ) ∈

Lµ, there exists a (su�ciently small) neighborhood in which the following prop-
erties hold:

1. We have rank Mµ(t, x, ẋ, . . . , x(µ+1)) = (µ+ 1)n−a on Lµ such that there
exists a smooth matrix function Z2 of size (µ + 1)n × a and pointwise
maximal rank, satisfying ZT2 = 0 on Lµ.

2. We have rank Â2(t, x, ẋ, . . . , x(µ+1)) = a, where Â2 = ZT2 Fµ;x such that
there exists a smoot matrix function T2 of size n × d, d = n − a, and
pointwise maximal rank, satisfying Â2T2 = 0.

3. We have rank Fẋ (t, x, ẋ)T2(t, x, ẋ, . . . , x(µ+1)) = d such that there exists
a smooth matrix function Z1 of size n × d and pointwise maximal rank,
satisfying rank ZT1 FẋT2 = d.
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The Jacobian Mµ is de�ned according to

Mµ(t, x, ẋ, . . . , x(µ+1)) = Fµ;ẋ ,...,xµ+1 (t, x, ẋ, . . . , x(µ+1)). (12)

The strangeness index can then be de�ned according to

De�nition 3 Given a di�erential-algebraic equation as in (5), the smallest
value of µ such that F satis�es Hypothesis 1 is called the strangeness index of
(5). If µ = 0, then the di�erential-algebraic equation is called strangeness-free.

An algebraic equation and an ODE have both µ = 0. Moreover, (5) can be
expressed as the reduced DAE

F̂ (t, x, ẋ) =
[
ZT1 F
ZT2 Fµ

]
=
[
F̂1(t, x, ẋ)
F̂2(t, x)

]
. (13)

If x ∈ Rn is divided into the di�erential variables x1 ∈ Rd and the algebraic
variables x2 ∈ Ra, the reduced DAE can (in principle) be expressed as the
decoupled system

ẋ1 = Ĝ1(t, x1), x2 = Ĝ2(t, x1), (14)

5 Analysis Extended Flexible Joint Model Inverse

Dynamics

The inverse dynamics problem described in Section 3 will now be analyzed using
the theory from Section 4. Note that the problem (3) can be expressed on the
implicit DAE form (5) if u is added to the state vector x and θ(t) is included
in F (·). Clearly, for (3), the di�erential index ν ≥ 1 since u̇ is missing in the
equation.

The index of this DAE can be reduced one step by discarding the equation
for the motor torque balance (Moberg and Hanssen, 2007). The control signal
u can then be computed from the solution x of the resulting DAE. The reduced
system is

M11(x1)ẋ4 +M12(x1)ẋ5 + γ1(x1, x2, x3, x4, x5, x6) = 0, (15a)

M21(x1)ẋ4 +M22(x1)ẋ5 + γ2(x1, x2, x3, x4, x5, x6) = 0, (15b)

ẋ1 − x4 = 0, (15c)

ẋ2 − x5 = 0, (15d)

ẋ3 − x6 = 0, (15e)

Γ(x1, x2)− θ(t) = 0, (15f)

5.1 E1 - A Model with 2 DOF

We start with the simplest possible model of this form. The model is illustrated
in Figure 2 and consists of one actuated joint, two rigid bodies, and one unac-
tuated joint connecting the two bodies. The actuated joint is actuated directly
by a torque u, i.e., we have a direct-drive robot without gearbox. Each rigid
body have length li, mass mi, center of mass ξi, and inertia tensor ji. The non-
actuated joint has spring constant k and damping d. Note that the tool position
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Figure 2: An extended �exible joint dynamic model with 2 degrees-of-freedom.
Note that the spring representing the non-actuated joint is not shown.

of this robot has two DOF, i.e., x and z but since we only have one actuated
joint, we can only control one DOF. In this example, the control objective is to
control the z coordinate of the tool.

5.1.1 Simpli�ed E1

In this model, the nonlinear rigid body dynamics (i.e., the Coriolis, centripetal
and gravity torques) is neglected. Moreover, the inertia matrix is assumed
constant. The DAE to solve is then

J11ẋ3 + J12ẋ4 − kx2 − dx4 − u = 0, (16a)

J12ẋ3 + J22ẋ4 + kx2 + dx4 = 0, (16b)

ẋ1 − x3 = 0, (16c)

ẋ2 − x4 = 0, (16d)

l1 sin(x1) + l2 sin(x1 + x2)− θ(t) = 0, (16e)

where 
x1

x2

x3

x4

 =


q1
q2
q̇1
q̇2

 .
After removal of (16a), the resulting DAE is F (t, x, ẋ) = 0 with

F =


J12ẋ3 + J22ẋ4 + kx2 + dx4

ẋ1 − x3

ẋ2 − x4

l1 sin(x1) + l2 sin(x1 + x2)− θ(t)

 . (17)

E1 will now be analyzed using Hypothesis 1 described in Section 4.2. The
symbolic computations are performed using Maple.

The hypothesis is not ful�lled for µ = 0 (computations not shown).
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Next, we analyze F for µ = 1. The derivative array is

F1 =



J12ẋ3 + J22ẋ4 + kx2 + dx4

ẋ1 − x3

ẋ2 − x4

l1 sin(x1) + l2 sin(x1 + x2)− θ(t)
J12ẍ3 + J22ẍ4 + kẋ2 + dẋ4

ẍ1 − ẋ3

ẍ2 − ẋ4

l1 cos(x1)ẋ1 + l2 cos(x1 + x2)(ẋ1 + ẋ2)− θ̇(t)


. (18)

The Jacobian of F1 w.r.t.
[
ẋ ẍ

]
, M1, is then

M1 =



0 0 J12 J22 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 k 0 d 0 0 J12 J22

0 0 −1 0 1 0 0 0
0 0 0 −1 0 1 0 0

l1 cos(x1) + l2 cos(x1 + x2) l2 cos(x1 + x2) 0 0 0 0 0 0


,

and rank M1 = 6 which means that a = 2. By computing the nullspace of MT
1

we get a full-rank matrix Z2 with transpose

ZT
2 =

[
0 0 0 1 0 0 0 0
0 −l1 cos(x1)− l2 cos(x1 + x2) −l2 cos(x1 + x2) 0 0 0 0 1

]
,

satisfying ZT2 M1 = 0. The next step is to compute the Jacobian of F1 w.r.t. x,

F1 ;x =



0 k 0 d
0 0 −1 0
0 0 0 −1

l1 cos(x1) + l2 cos(x1 + x2) l2 cos(x1 + x2) 0 0
0 k 0 0
0 k 0 0
0 k 0 0

−l1 sin(x1)ẋ1 − l2 sin(x1 + x2)(ẋ1 + ẋ2) −l2 sin(x1 + x2)(ẋ1 + ẋ2) 0 0


.

Â2 is then

Â2 = ZT
2 F1 ;x =


l1 cos(x1) + l2 cos(x1 + x2) −l1 sin(x1)ẋ1 − l2 sin(x1 + x2)(ẋ1 + ẋ2)

l2 cos(x1 + x2) −l2 sin(x1 + x2)(ẋ1 + ẋ2)
0 l1 cos(x1) + l2 cos(x1 + x2)
0 l2 cos(x1 + x2)


T

,

with rank a = 2 as expected2. T2 is now computed as the nullspace of Â2 which
yields

T2 =


1 0

−l1 cos(x1)−l2 cos(x1+x2)
l2 cos(x1+x2)

0

0 1
l1(− sin(x1+x2)ẋ1 cos(x1)−sin(x1+x2)ẋ2 cos(x1)+cos(x1+x2) sin(x1)ẋ1)

l2 cos(x1+x2)2
− l1 cos(x1)+l2 cos(x1+x2)

l2 cos(x1+x2)

 ,

and has full rank. The last step in the hypothesis is now to check the rank of
FẋT2. With

Fẋ =


0 0 J12 J22

1 0 0 0
0 1 0 0
0 0 0 0

 ,
2Â2 has not full rank for all numerical values of

[
x ẋ

]
but is considered full-rank in this

analysis.
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we get

FẋT2 =


∗ J12 − J22

l1 cos(x1)+l2 cos(x1+x2)
l2 cos(x1+x2)

1 0
−l1 cos(x1)−l2 cos(x1+x2)

l2 cos(x1+x2)
0

0 0

 ,

where ∗ is
J22

l1(− sin(x1 + x2)ẋ1 cos(x1)− sin(x1 + x2)ẋ2 cos(x1) + cos(x1 + x2) sin(x1)ẋ1)

l2 cos(x1 + x2)2
.

The rank of FẋT2 is 2, i.e., d = 2. ZT1 can now be chosen as

ZT
1 =

[
1 0 0 0
0 1 0 0

]
.

The system has µ = 1, a = 2, and d = 2, i.e., the system has strangeness

index 1, 2 di�erential, and 2 algebraic variables. Note that the rank
computations are probably not valid for all values on the solution manifold L.
For a numerical solution, the rank computations must be performed along the
solution and, possibly, di�erent choices for Z1, Z2, and Â2 made.

The reduced system can now be computed as F̂1 = ZT1 F and F̂2 = ZT2 F1 and
is

F̂1 =
[

ẋ1 − x3

J12ẋ3 + J22ẋ4 + kx2 + dx4,

]
(19a)

F̂2 =
[

l1 sin(x1) + l2 sin(x1 + x2)− θ
l1 cos(x1)x3 + l2 cos(x1 + x2)x3 + l2 cos(x1 + x2)x4 − θ̇

]
. (19b)

Clearly, x2 is algebraic and since F̂2;x2,xi is non-singular, the second algebraic
variable can be chosen freely, e.g., as x4. If x2 and x4 from (19b) are solved we
get the algebraic equations

x2 = −x1 + arcsin((−l1 sin(x1) + θ)/l2), (20a)

x4 =
l1 cos(x1)x3 + l2 cos(arcsin((−l1 sin(x1) + θ)/l2))x3 − θ̇

l2 cos(arcsin((−l1 sin(x1) + θ)/l2))
, (20b)

and if these (derivatives included) are inserted in (19a) we get the (implicit)
di�erential equations

0 = ẋ1 − x3, (21a)

0 = J12ẋ3 + J22((l1 sin(x1)ẋ1x3 − l1 cos(x1)ẋ3 + (−l1 sin(x1) + θ)

(−l1 cos(x1)ẋ1 + θ̇)x3/r2 − r2ẋ3 + θ̈)/r2 + (−l1 cos(x1)x3 − r2
x3 + θ̇)(−l1 sin(x1) + θ)(−l1 cos(x1)ẋ1 + θ̇)/

((l2)3(r1)3/2)) + k(−x1 + arcsin((−l1 sin(x1) + θ)/l2))+

d(−l1 cos(x1)x3 − r2x3 + θ̇)/r2 (21b)

where

r1 = 1−
[
−l1 sin(x1)+θ

l2

]2
r2 = l2

√
r1.
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Hence, we have explicitly shown that E1 can be reduced to the decoupled
strangeness-free system (µ = 0)

0 = Ĝ1(t, xd, ẋd),
xa = G2(t, xd),

where

xd =
[
x1

x3

]
,

xa =
[
x2

x4

]
.

Note that the existence of this system is guaranteed by the implicit function
theorem and that this analytic decoupling cannot be performed for a general
nonlinear system.

The di�erential index is obtained by di�erentiating the algebraic constraint
of (17) until ẋ can be solved for. After two di�erentiations, we get

F (t, x, ẋ) =


J12ẋ3 + J22ẋ4 + kx2 + dx4

ẋ1 − x3

ẋ2 − x4

−l1 sin(x1)x2
3 − l2 sin(x1 + x2)(x3 + x4)2 + . . .

. . . l1 cos(x1)ẋ3 + l2 cos(x1 + x2)(ẋ3 + ẋ4)− θ̈(t)

 ,
and the Jacobian is

Fẋ =


0 0 J12 J22

1 0 0 0
0 1 0 0
0 0 l1 cos(x1) + l2 cos(x1 + x2) l2 cos(x1 + x2)

 ,
which is non-singular for most values of x. The conclusion is that, the di�erential
index, ν = 2. In general, the strangeness index, µ = max(ν − 1, 0).

5.1.2 Complete E1

In this model, the nonlinear rigid body dynamics (i.e., the Coriolis, centripetal
and gravity torques) is included. Note that some signs are changed compared
to the simpli�ed model as the z-axis in Figure 2 is pointing upwards for the
complete model3. The inverse dynamics is given by the solution to

M(x)
[
ẋ3

ẋ4

]
+ Ω(x) +G(x) +K

[
x1

x2

]
+D

[
x3

x4

]
+
[
−u
0

]
= 0

ẋ1 − x3 = 0,
ẋ2 − x4 = 0,

l1 sin(x1) + l2 sin(x1 + x2)− θ(t) = 0,

3The authors disagree in this respect.
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where

M(x) =
[
j1 + j2 +m1ξ

2
1 +m2(2l1ξ2 cos(x2) + ξ22 + l21) j2 +m2(l1ξ2 cos(x2) + ξ22)

j2 +m2(l1ξ2 cos(x2) + ξ22) j2 +m2ξ
2
2

]
,

Ω(x) =
[
−m2l2ξ2 sin(x2)(2x3x4 + x2

4)
m2l1ξ2 sin(x2)x2

3

]
,

G(x) =
[
−g(m1ξ1 cos(x1) +m2ξ2 cos(x1 + x2) +m2l1 cos(x1))

−g(m2ξ2 cos(x1 + x2)

]
,

K =
[
0 0
0 k

]
,

D =
[
0 0
0 d

]
.

Performing the analysis on the reduced system (torque balance equation for the
�rst link removed) according to Hypothesis 1 results in two algebraic variables
and two di�erential variables and a strangeness index, µ = 1. The reduced
system is

F̂1 =
[

ẋ1 − x3

M21(x)ẋ3 +M22(x)ẋ4 + Ω2(x) +G2(x) +K22x2 +D22x4

]
(27a)

=

 ẋ1 − x3

m2(ẋ3ξ2 cos(x2)l1 + ẋ4ξ
2
2 + ẋ3ξ

2
2) . . .

· · ·+ j2(ẋ3 + ẋ4) +m2x
2
3ξ2l1 sin(x2)− gm2ξ2 cos(x1 + x2) + kx2 + dx4

 ,
F̂2 =

[
− sin(x1)l1 − sin(x1 + x2)l2 − θ(t)

− cos(x1)l1x3 − cos(x1 + x2)l2(x3 + x4)− θ̇(t)

]
, (27b)

and this system can be further reformulated to one algebraic equation xa =
Ĝ1(t, xd) and one implicit ordinary di�erential equation Ĝ2(t, xd, ẋd), where
xa and xd are chosen in the same way as for the simpli�ed model. Note that
the reduced system also can be derived by di�erentiating the algebraic equation,
choosing ẋ2 = x̂2 as a dummy derivative, and then removing the equation where
the dummy derivative appears. This can also be seen as a reduced minimal
extension of the system. These methods of index reduction are described further
in Section 6.2.
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5.2 E12 - A Model with 5 DOF

The model is illustrated in Figures 3-4 and is a planar model with linear elas-
ticity, constrained to work in the xz-plane. The model has two links, three rigid
bodies, two actuated joints and one non-actuated joint, i.e., N = 2 and M = 1.
The model has 5 DOF and the inverse dynamics is generally described by

M11(X1)Ẋ4 +M12(X1)Ẋ5 + γ1(X1, X2, X3, X4, X5, X6) = 0, (28a)

M21(X1)Ẋ4 +M22(X1)Ẋ5 + γ2(X1, X2, X3, X4, X5, X6) = 0, (28b)

MmẊ6 + γ3(X1, X3, X4, X6)− u = 0, (28c)

Ẋ1 −X4 = 0, (28d)

Ẋ2 −X5 = 0, (28e)

Ẋ3 −X6 = 0, (28f)

Γ(X1, X2)− θ(t) = 0, (28g)

where

x =


X1

X2

X3

X4

X5

X6

 =



qg1
qg2
qe1
qm1

qm2

q̇g1
q̇g2
q̇e1
q̇m1

q̇m2


=



q1
q2
q3
q4
q5
q̇1
q̇2
q̇3
q̇4
q̇5


=



x1

x2

x3

x4

x5

x6

x7

x8

x9

x10


.

Figure 3: An extended �exible joint dynamic model with 5 degrees-of-freedom.
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The inertia matrices M and Mm are de�ned and computed as4

Mm =
[
J1
m 0
0 J2

m

]
,

M11 =
[
M11

11 M12
11

M21
11 M22

11

]
,

M12 =
[
M11

12

M21
12

]
,

M21 =
[
M11

21 M12
21

]
,

M22 =
[
M11

22

]
,

M11
11 = (ξ1x)2m1 + (s2y)2(l1x)2m2 − (−c2yl1x − ξ2x)m2(c2yl

1
x

+ ξ2x) + j1yy − (s3yc
2
yl

1
x + s3yl

2
x + c3ys

2
yl

1
x)m3(−s3yc2y

l1x − c3ys2yl1x − s3yl2x) + j2yy − (−ξ3x + s3ys
2
yl

1
x − c3yc2yl1x

− c3yl2x)m3(c3yc
2
yl

1
x + c3yl

2
x − s3ys2yl1x + ξ3x) + j3yy,

M12
11 = j3yy + j2yy − (−c2yl1x − ξ2x)m2ξ

2
x + (s3yc

2
yl

1
x + s3yl

2
x

+ c3ys
2
yl

1
x)m3s

3
yl

2
x − (−ξ3x + s3ys

2
yl

1
x − c3yc2yl1x−

c3yl
2
x)m3(c3yl

2
x + ξ3x),

M11
12 = j3yy − (−ξ3x + s3ys

2
yl

1
x − c3yc2yl1x − c3yl2x)m3ξ

3
x,

M21
11 = ξ2xm2(c2yl

1
x + ξ2x)− s3yl2xm3(−s3yc2yl1x − c3ys2yl1x

− s3yl2x)− (−ξ3x − c3yl2x)m3(c3yc
2
yl

1
x + c3yl

2
x − s3ys2yl1x

+ ξ3x) + j2yy + j3yy,

M22
11 = (ξ2x)2m2 − (−ξ3x − c3yl2x)m3(c3yl

2
x + ξ3x) + j2yy

+ (s3y)2(l2x)2m3 + j3yy,

M21
12 = j3yy − (−ξ3x − c3yl2x)m3ξ

3
x,

M11
21 = ξ3xm3(c3yc

2
yl

1
x + c3yl

2
x − s3ys2yl1x + ξ3x) + j3yy,

M12
21 = ξ3xm3(c3yl

2
x + ξ3x) + j3yy,

M11
22 = (ξ3x)2m3 + j3yy.

The kinematics is computed as:

Γ =
[
x
z

]
=
[
x = l1xc

1
y + l2xc

12
y + l3xc

123
y

z = −l1xs1y − l2xs12y − l3xs123y .

]
4The following shorthand notation is used: s1y = sin(q1), c1y = cos(q1), s12y = sin(q1 + q2),

c123y = cos(q1 + q2 + q3) etc.
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Finally, the position and speed dependent terms are computed as:

γ11 = −(s2yl
1
xm2((q̇2)2ξ2x + c2y(q̇1)2l1x + 2q̇1q̇2ξ2x + (q̇1)2ξ2x)

+ (−c2yl1x − ξ2x)m2s
2
y(q̇1)2l1x + (s3yc

2
yl

1
x + s3yl

2
x

+ c3ys
2
yl

1
x)m3(2q̇1q̇2ξ3x + 2q̇3q̇1ξ3x + (q̇1)2ξ3x + (q̇3)2ξ3x

+ 2q̇3q̇2ξ3x − s3ys2y(q̇1)2l1x + 2c3y q̇1q̇2l
2
x + c3y(q̇2)2l2x

+ (q̇2)2ξ3x + c3y(q̇1)2l2x + c3yc
2
y(q̇1)2l1x) + (−ξ3x

+ s3ys
2
yl

1
x − c3yc2yl1x − c3yl2x)m3(c3ys

2
y(q̇1)2l1x

+ s3yc
2
y(q̇1)2l1x + 2s3y q̇1q̇2l

2
x + s3y(q̇2)2l2x + s3y(q̇1)2l2x)

+ ξ1xc
1
ym1g − s2yl1x(−s1yc2y − c1ys2y)m2g − (−c2yl1x − ξ2x)

(c1yc
2
y − s1ys2y)m2g − (s3yc

2
yl

1
x + s3yl

2
x + c3ys

2
yl

1
x)((−s1yc2y

− c1ys2y)c3y − (c1yc
2
y − s1ys2y)s3y)m3g − (−ξ3x + s3ys

2
yl

1
x

− c3yc2yl1x − c3yl2x)((−s1yc2y − c1ys2y)s3y + (c1yc
2
y − s1ys2y)c3y)

m3g − k1
y(q1 − q4)− d1

y(q̇1 − q̇4)),

γ12 = −(−ξ2xm2s
2
y(q̇1)2l1x + s3yl

2
xm3(2q̇1q̇2ξ3x + 2q̇3q̇1ξ3x

+ (q̇1)2ξ3x + (q̇3)2ξ3x + 2q̇3q̇2ξ3x − s3ys2y(q̇1)2

l1x + 2c3y q̇1q̇2l
2
x + c3y(q̇2)2l2x + (q̇2)2ξ3x + c3y(q̇1)2

l2x + c3yc
2
y(q̇1)2l1x) + (−ξ3x − c3yl2x)m3(c3ys

2
y(q̇1)2l1x

+ s3yc
2
y(q̇1)2l1x + 2s3y q̇1q̇2l

2
x + s3y(q̇2)2l2x + s3y(q̇1)2l2x)

+ ξ2x(c1yc
2
y − s1ys2y)m2g − s3yl2x((−s1yc2y − c1ys2y)c3y

− (c1yc
2
y − s1ys2y)s3y)m3g − (−ξ3x − c3yl2x)((−s1yc2y

− c1ys2y)s3y + (c1yc
2
y − s1ys2y)c3y)m3g

− k2
y(q2 − q5)− d2

y(q̇2 − q̇5)),

γ21 = −(−ξ3xm3(c3ys
2
y(q̇1)2l1x + s3yc

2
y(q̇1)2l1x + 2s3y q̇1q̇2l

2
x

+ s3y(q̇2)2l2x + s3y(q̇1)2l2x) + ξ3x((−s1yc2y − c1ys2y)s3y
+ (c1yc

2
y − s1ys2y)c3y)m3g − k3

yq3 − d3
y q̇3),

γ31 = −(k1
y(q1 − q4) + d1

y(q̇1 − q̇4)),

γ31 = −(k2
y(q2 − q5) + d2

y(q̇2 − q̇5)).
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Figure 4: An extended �exible joint dynamic model with 5 degrees-of-freedom.
Note that the spring representing the non-actuated joint is not shown.

5.2.1 Analysis using the Kunkel and Mehrmann hypothesis

For the analysis, the system dynamics was linearized and the gravity set to zero.
The algebraic constraint was not simpli�ed, i.e., we have a nonlinear constraint.
The torque balance for the motor, (28c) was removed to reduce the index one
step. The linearized and reduced system is

J11ẋ6 + J12ẋ7 + J13ẋ8 + k1
y(x1 − x4) + d1

y(x6 − x9), (31a)

J21ẋ6 + J22ẋ7 + J23ẋ8 + k2
y(x2 − x5) + d2

y(x7 − x10), (31b)

J31ẋ6 + J32ẋ7 + J33ẋ8 + k3
yx3 + d3

yx8, (31c)

ẋ1 − x6, (31d)

ẋ2 − x7, (31e)

ẋ3 − x8, (31f)

ẋ4 − x9, (31g)

ẋ5 − x10, (31h)

l1x cos(x1) + l2x cos(x1 + x2) + l3x cos(x1 + x2 + x3)− θx(t), (31i)

l1x sin(x1) + l2x sin(x1 + x2) + l3x sin(x1 + x2 + x3) + θz(t), (31j)

where the inertias Jij are computed for the selected con�guration. Analysis of
the resulting system using the Hypothesis 1 showed that there are 6 algebraic
variables, 4 di�erential variables, and that the strangeness index is 2. Thus

a = 6, d = 4, and µ = 2.
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5.2.2 Analysis by di�erentiation

Starting with the same system as above, the algebraic constraint was di�erenti-
ated and the higher order derivatives substituted. After three di�erentiations,
the Jacobian Fẋ has (structurally) full rank. The di�erential index, ν, is 3 as
expected.

5.2.3 Analysis by di�erentiation and introduction of independent

variables

The reduced system (equation (28c) removed) is

M11(X1)Ẋ4 +M12(X1)Ẋ5 + γ1(X1, X2, X3, X4, X5, X6) = 0, (32a)

M21(X1)Ẋ4 +M22(X1)Ẋ5 + γ2(X1, X2, X3, X4, X5, X6) = 0, (32b)

Ẋ1 −X4 = 0, (32c)

Ẋ2 −X5 = 0, (32d)

Ẋ3 −X6 = 0, (32e)

Γ(X1, X2)− θ(t) = 0. (32f)

If the algebraic constraint is di�erentiated and added to the system we can add
independent variables, e.g., X̂1 = Ẋ1 to get a determined system. By inspecting
the system, we can see that the equations involving X̂1 can be removed. The
resulting system is

M11(X1)Ẋ4 +M12(X1)Ẋ5 + γ1(X1, X2, X3, X4, X5, X6) = 0, (33a)

M21(X1)Ẋ4 +M22(X1)Ẋ5 + γ2(X1, X2, X3, X4, X5, X6) = 0, (33b)

Ẋ2 −X5 = 0, (33c)

Ẋ3 −X6 = 0, (33d)

Γ(X1, X2)− θ(t) = 0, (33e)

Γ̇(X1, X2, X4, X5)− θ̇(t) = 0. (33f)

By di�erentiating once more and adding independent variables X̂4 = Ẋ4 we get
the determined system

M11(X1)X̂4 +M12(X1)Ẋ5 + γ1(X1, X2, X3, X4, X5, X6) = 0, (34a)

M21(X1)X̂4 +M22(X1)Ẋ5 + γ2(X1, X2, X3, X4, X5, X6) = 0, (34b)

Ẋ2 −X5 = 0, (34c)

Ẋ3 −X6 = 0, (34d)

Γ(X1, X2)− θ(t) = 0, (34e)

Γ̇(X1, X2, X4, X5)− θ̇(t) = 0, (34f)

Γ̈(X1, X2, X4, X5, X̂4, Ẋ5)− θ̈(t) = 0. (34g)

By carrying out this procedure for the simpli�ed (31) and computing the
Jacobian w.r.t. the highest order derivatives, we see that the original system
(32) and the one time di�erentiated system (33) have singular Jacobians, and
that the two times di�erentiated system (34) has (structurally) full rank. This
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analysis also show that the (structural) di�erential index ν, is 3. We also se
that x1, x2, x6, x7, x9, and x10 can be chosen as algebraic variables and that
x3, x4, x5, and x8 can be chosen as di�erential variables. Thus, a = 6 and d = 4,
the same result as the Kunkel and Mehrmann analysis, but in this way, we
can also determine which variables are algebraic. This analysis by introducing
independent variables, will be further described in Section 6.2.

6 Methods for Numerical Solution of DAEs

Common numerical method for solving DAEs are Runge-Kutta methods and
BDF methods (backwards di�erentiation formulas). In this section we will con-
centrate on the k-step BDF methods where the derivative is approximated ac-
cording to

ẋ(ti) ≈ Dhxi =
1
h

k∑
l=0

αlxi−l, (35)

and h = ti − ti−1 is the stepsize. BDF are stable for 1 ≤ k ≤ 6 and has the
following coe�cients (see, e.g., Kunkel and Mehrmann, 2006):

k α0 α1 α2 α3 α4 α5 α6

1 1 −1
2 3/2 −2 1/2
3 11/6 −3 3/2 −1/3
4 25/12 −4 3 −4/3 1/4
5 137/60 −5 5 −10/3 5/4 −1/5
6 147/60 −6 15/2 −20/3 15/4 −6/5 1/6

One widely used solver for DAEs is called DASSL. DASSL is a variable-order
variable-stepsize method (Brenan et al., 1996). In this section some common
approaches for solving the equations by k-step BDF will be brie�y described. In
Section 7, these methods will be evaluated on the extended �exible joint inverse
dynamics problem.

6.1 Solving the Original High-Index DAE

If the BDF approximation is inserted in the original DAE (5) we get

F (ti, xi, Dhxi) = 0, (36)

which is a system of nonlinear equations that must be solved w.r.t. xi. The
solvability of this system can be analyzed by computing the Jacobian

Fxi =
α0

h
Fẋ + Fx (37)

which is ill-conditioned for small stepsizes as Fẋ is singular. This means that the
solution may be erroneous or that we might not get any solution at all. However,
the k-step BDF method converges for some classes of high-index DAEs, and the
equations can be scaled to improve the conditioning of the problem (Lötstedt
and Petzold, 1986; Petzold and Lötstedt, 1986).
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6.2 Index Reduction and Dummy Derivatives

This method is based on index reduction by di�erentiation. Pantelides's al-
gorithm (Pantelides, 1988) is often used to determine which equations to dif-
ferentiate and a Block Lower Triangular (BLT) form (Du� et al., 1986) of the
di�erentiated problem can be used to check that the system is non-singular
w.r.t. the highest order derivatives. Some problems occur when solving the
di�erentiated problem. If all equations are kept, the resulting overdetermined
system is not determined and if only the di�erentiated equations are kept, the
resulting system with di�erential index ν = 1 or ν = 0 is well-determined but
when the system is discretized and solved, a problem denoted as drift o� often
occurs. This means that the solution drifts o� from the solution manifold as the
original algebraic constraints have been removed and replaced by di�erentiated
constraints. Techniques for dealing with this are called constraint-stabilization
techniques and are described in, e.g., Brenan et al. (1996).

In Mattson and Söderlind (1993) a new method for dealing with these prob-
lems is suggested. For each di�erentiated equation, one di�erentiated variable
is selected as a new independent variable, a so-called dummy derivative. In this
way, the original constraints are kept, and a determined system is guaranteed.
This method can be applied to large systems and is generally used in the numeri-
cal solvers of object-oriented simulation languages like Modelica (Fritzon, 2004).
In Kunkel and Mehrmann (2004) a modi�ed dummy derivative method called
minimal extension is suggested. Minimal extension utilizes the structure of the
problem to obtain a minimal system where a new independent variable have
been introduced for each di�erentiated equation, i.e., the method is very similar
to the dummy derivative method. The motivation is that the original dummy
derivative method cannot handle all problems and that it generally results in
an unnecessarily large system.

The �nal numerical solution of the index-reduced system is normally solved
with a k-step BDF method as described above.

6.3 Numerical Solution based on Kunkel and Mehrmanns

Hypothesis

In Kunkel and Mehrmann (1998) a method for numerical solution based on
Hypothesis 1 in Section 4.2 is suggested. The system to solve is

Fµ(ti, xi, yi) = 0, (38a)

Z̃T1 F (ti, xi, Dhxi) = 0, (38b)

where yi = [ẋ, . . . , x(µ+1)] are regarded as independent algebraic variables. This
underdetermined system the same solution as the original high-index DAE. Due
to Hypothesis 1, the dependence of yi can be neglected such that (38) only
depends on xi. Z̃1 is an approximation to Z1 at the desired solution.
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7 Numerical Solution of the Inverse Dynamics

7.1 Initial Conditions and the Trajectory Polynomial

An ODE solution is well-de�ned for any initial conditions. The solution to
a DAE is restricted to a space with dimension less than n, by the algebraic
constraint and its derivatives up to order ν − 1, i.e., the implicit constraints.
Consistent initial conditions w.r.t. all explicit and implicit constraints must
be given to avoid initial transients. For the inverse dynamics problem (4), the
initial position for all DOF (x10, x20, x30) and the initial control signal (u0)
must be chosen such that we get a steady-state solution with initial speed (x40,
x50, x60) and all derivatives equal to zero, i.e., we must solve

F (0, x10, x20, x30, 0, 0, 0, 0, 0, 0, 0, 0, 0, u0) = 0.

If no gravity is present, u0 = 0. Note that the trajectory reference θ(t) is im-
plicitly included in F and that the �rst ν derivatives of the algebraic constraint
must be zero for t = 0. Moreover, θ(t) must be su�ciently smooth to obtain a
continuous control signal u(t) as it is (implicitly) di�erentiated when the DAE
is solved. The smoothness requirement is that θ(t) is ν0 times di�erentiable,
where ν0 is the di�erential index of the original (unreduced) inverse dynamics
problem (4). This is accomplished by using a polynomial reference

θ(t) = a0 + a6t
6 + a7t

7 + a8t
8 + a9t

9 + a10t
10 + a11t

11,

which has θ̇(0) = 0, . . . , θ(5)(0) = 0. The �rst coe�cient a0 = θstart, and the
other coe�cients are computed as the solution of

θ(tend) = θend,

θ̇(tend) = 0,

θ̈(tend) = 0,

θ(3)(tend) = 0,

θ(4)(tend) = 0,

θ(5)(tend) = 0.

One example of trajectory and its �rst �ve derivatives5 is shown in �gure 5.

7.2 Numerical Solution of the simpli�ed E1 inverse dy-

namics

7.2.1 Solving the high-index DAE using BDF - HI

The method of solving the high-index DAE using BDF is described in Section
6.1. The original DAE with di�erential index, ν = 3, is reduced to ν = 2,
according to (17)

F (t, x, ẋ) =


J12ẋ3 + J22ẋ4 + kx2 + dx4

ẋ1 − x3

ẋ2 − x4

l1 sin(x1) + l2 sin(x1 + x2)− θ(t)

 = 0. (40)

5The 4th, 5th, and 6th derivatives of position are sometimes denoted snap, crackle, and
pop. Other suggestions also exist.
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Figure 5: One example trajectory θ(t).

The Jacobian
Fxi =

α0

h
Fẋ + Fx, (41)

is ill-conditioned for small stepsizes, h. This can be improvemed by scaling the
algebraic equation with 1/h.

7.2.2 Solving the index-reduced DAE using BDF - DD

If the algebraic constraint is di�erentiated once we get, after substituting the
higher order derivatives,

F (t, x, ẋ) =


J12ẋ3 + J22ẋ4 + kx2 + dx4

ẋ1 − x3

ẋ2 − x4

l1 sin(x1) + l2 sin(x1 + x2)− θ(t)
l1 cos(x1)x3 + l2 cos(x1 + x2)(x3 + x4)− θ̇(t)

 = 0, (42)

and by setting ẋ1 = x̂1 we get system

F (t, x, ẋ) =


J12ẋ3 + J22ẋ4 + kx2 + dx4

x̂1 − x3

ẋ2 − x4

l1 sin(x1) + l2 sin(x1 + x2)− θ(t)
l1 cos(x1)x3 + l2 cos(x1 + x2)(x3 + x4)− θ̇(t)

 = 0. (43)
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If the second equation is removed, we get

F (t, x, ẋ) =


J12ẋ3 + J22ẋ4 + kx2 + dx4

ẋ2 − x4

l1 sin(x1) + l2 sin(x1 + x2)− θ(t)
l1 cos(x1)x3 + l2 cos(x1 + x2)(x3 + x4)− θ̇(t)

 = 0. (44)

Equation (44) can be solved for

z =


x1

ẋ2

ẋ3

ẋ4

 (45)

if

Fz =


0 0 J12 J22

0 1 0 0
l1 cos(x1) + l2 cos(x1 + x2) 0 0 0

−l1 sin(x1)x3 − l2 sin(x1 + x2)(x3 + x4) 0 0 0

 (46)

is non-singular, which is not the case. Note that if ẋ2 is chosen as dummy
derivative instead, i.e., ẋ2 = x̂2, we get the same reduced system as when using
Hypothesis 1, i.e., equation (19).

Di�erentiating the algebraic constraint of (42) once more yields

F (t, x, ẋ) =



J12ẋ3 + J22ẋ4 + kx2 + dx4

ẋ1 − x3

ẋ2 − x4

l1 sin(x1) + l2 sin(x1 + x2)− θ(t)
l1 cos(x1)x3 + l2 cos(x1 + x2)(x3 + x4)− θ̇(t)
−l1 sin(x1)x2

3 − l2 sin(x1 + x2)(x3 + x4)2 + . . .

. . . l1 cos(x1)ẋ3 + l2 cos(x1 + x2)(ẋ3 + ẋ4)− θ̈(t)


= 0. (47)

If two dummy derivatives are used, ẋ1 = x̂1 and ẋ2 = x̂2, and the second and
third equation of (47) removed (along with the dummy derivatives), we get

F (t, x, ẋ) =


J12ẋ3 + J22ẋ4 + kx2 + dx4

l1 sin(x1) + l2 sin(x1 + x2)− θ(t)
l1 cos(x1)x3 + l2 cos(x1 + x2)(x3 + x4)− θ̇(t)
−l1 sin(x1)x2

3 − l2 sin(x1 + x2)(x3 + x4)2 + . . .

. . . l1 cos(x1)ẋ3 + l2 cos(x1 + x2)(ẋ3 + ẋ4)− θ̈(t)

 = 0, (48)

with algebraic variables x1, x2, and di�erential variables x3, x4. The Jacobian
Fz w.r.t. the highest order derivatives is non-singular. Equation (47) can also be
reduced by removing the �fth equation (the di�erentiated constraint equation)
and setting ẋ1 = x̂1, and then removing the second equation. This yields

F (t, x, ẋ) =


J12ẋ3 + J22ẋ4 + kx2 + dx4

ẋ2 − x4

l1 sin(x1) + l2 sin(x1 + x2)− θ(t)
−l1 sin(x1)x2

3 − l2 sin(x1 + x2)(x3 + x4)2 + . . .

. . . l1 cos(x1)ẋ3 + l2 cos(x1 + x2)(ẋ3 + ẋ4)− θ̈(t)

 = 0, (49)

and the Jacobian Fz w.r.t. the highest order derivatives is nonsingular.
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7.2.3 Solving the underdetermined system resulting from K-M Hy-

pothesis - KM

The system is solved as described in Section 6.3 using (19a) and (18).

7.2.4 Solving the decoupled system - DC

The system is solved by �rst solving the ODE (20), and then solving the alge-
braic equation (21).

7.2.5 Results of numerical solution

The described methods

• HI_k_h - High Index DAE

• DD_k_h-(eqno) - Index Reduced DAE with Dummy Derivatives using
equation (43), (44), (48), or (49).

• KM_k_h - Kunkel-Mehrmann based on the Hypothesis

• DC_k_h - Decoupled System

were implemented in a solver with a constant-stepsize of h ms using a k-step
BDF. The solver was implemented in Matlab. The algebraic equations were
solved using lsqnonlin or fsolve. The order of the BDF can be chosen from 1 to
6. This general solver is time-consuming due to its pure Matlab implementation,
but adequate for comparing the di�erent approaches. As a reference, the DD
equation was also solved using the index-1 Matlab solver ode15i, which is a
BDF solver with some similarities to DASSL, but more suited to medium-sized
problems, and with an improved computation of initial conditions (Shampine,
2002). The parameter values were chosen as

l1 l2 k d
1m 1m 1E6Nm/rad 1000Nm·s/rad

J11 J12 J22

1000 kg·m2 700 kg·m2 600 kg·m2

and the reference θ(t) is a movement from z = 1414mm to z = 1514mm
performed in 0.1 s. The initial positions are x1 = π/4 rad and x2 = 0 rad.
The initial speeds are zero, i.e., x3 = x4 = 0.

Figure 6 show the stepsize along the solution for the reference solver ode15i.
In Figures 7 - 9 the results for ode15i, DD_1_10-(44) and DD_1_1-(44) are
shown. Clearly, the stepsize has to be small for the 1-step BDF. If the stepsize
is to large, simulations shows that an undesired vibration in the controlled
direction (Z) occurs when the computed control signal u is used as a feedforward
torque input to a simulation model as shown in Figure 10. The correct solution
has small vibrations in the uncontrolled direction (X). Some snapshots from an
animation is shown Figure 11.
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Figure 6: Stepsize for ode15i.
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Figure 7: Variables and control signal for ode15i (solid), DD_1_10 (solid thin),
and DD_1_1 (dashed).
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Figure 8: X and Z for ode15i (black), DD_1_10 (solid thin), and DD_1_1
(dashed).
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Figure 9: X and Z (zoomed in) for ode15i (solid), DD_1_10 (solid thin), and
DD_1_1 (dashed).

24



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
1400

1450

1500

1550
Z simulated

Z
 [m

m
]

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
1200

1300

1400

1500
X simulated

X
 [m

m
]

Time [s]

Figure 10: X and Z of simulated model using the computed torque from ode15i
solution (solid) and DD_1_10 solution (solid thin).
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Figure 11: Snapshots from an animation of the movement. Start and end
positions solid

The following execution times were measured:

6-step BDF and h = 5ms
Method T ime[s]
HI 3.8
DD 3.3
KM 21.7
DC 6.8
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3-step BDF and h = 3ms
Method T ime[s]
HI 6.0
DD 5.1
KM 36
DC 7.7

With ode15i and DD the execution time is 0.3ms. Almost identical solu-
tions were obtained with the di�erent methods. Equation (44) gave the fastest
solution when DD was used and (48) gave no solution at all. Clearly, an analy-
sis based on the Jacobian Fz, where z is the highest order derivatives does not
show the numerical solvability. The Jacobian Fxi must be used to do a proper
analysis.

7.3 Numerical Solution of the complete E1 inverse dy-

namics

The reduced system for the complete E1 (27) was solved using ode15i. In this
case the sti�ness of the model was changed to get a more elastic system. The
length of the second link had to be decreased to obtain a system with stable zero-
dynamics (minimum phase). The result is shown in Figures 12 - 13 where the
complete E1 is compared to the simpli�ed E1. The di�erences are quite small
in this case which was expected since the movement is short (inertia matrix
approximately constant), the speeds are small (speed dependent inertia small)
and the gravity constant, g, set to zero.
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Figure 12: Solutions for complete E1 (solid) and simpli�ed E1 (dashed).
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Figure 13: X and Z for complete E1 (solid) and simpli�ed E1 (dashed).

7.4 Numerical Solution of the E12 inverse dynamics

The values of the physical parameters are shown in Table 1.

Table 1: Parameters of the model E12

rb1 rb2 rb3

mi 100 100 200
ξix 0.5 0.5 0.1
lix 1 1 0.2
jiyy 5 5 50
kiy 1E5 1E5 1E5
diy 50 50 50
J im 100 100 NA

The numerical solver is, as in the previous section, based on a k-step BDF
with constant stepsize. The algebraic equations are scaled with (1/h)p to im-
prove the condition number of the Jacobians. The constant p is empirically
tuned in the interval 1-3. The following systems were solved.

• I3 - Original DAE. Index ν = 3. Equation (32)

• I2 - One time di�erentiated DAE. Index ν = 2. Equation (33)

• I1 - Two times di�erentiated DAE. Index ν = 1. Equation (34)

The Jacobian w.r.t. xi was computed for the three systems above, when dis-
cretized with a BDF formula. All Jacobians were full-rank, which shows that
the discretized system can be solvable, although the continuous system is not. A
solver based on Kunkel and Mehrmann Hypothesis, where the underdetermined
system (38) is solved, was also implemented. However, this solver did not give
an accurate solution in this implementation. An attempt to solve the index 1
system with the Matlab solver ode15i was made. However, this solver failed.
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Figure 14: Snapshots from an animation of the movement. The reference path
is shown as a dotted line. The direction is indicated by an arrow.

The E12 model has two DOF for the tool (x and z) and two actuated joints.
Thus, we have functional controllability and we can control both the x and
the z positions of the tool. The reference trajectory is a straight line from[
x z

]
=
[
2146 −345

]
mm to

[
x z

]
=
[
1146 1645

]
mm, performed in 0.3 s.

An extremely challenging trajectory for this elastic manipulator with its lowest
eigenfrequency around 2.5Hz. Some snapshots from a simulation is shown in
Figure 14. The system were linearized and analyzed along the solution trajec-
tory. As expected, the system was minimum-phase at all points. The system
was solved using both the linearized dynamics and the nonlinear dynamics. The
following execution times were measured:

Linearized Dynamics, 3-step BDF and h = 3ms
Method T ime[s]
I3 33
I2 31
I1 37

Nonlinear Dynamics, 3-step BDF and h = 3ms
Method T ime[s]
I3 38
I2 34
I1 43
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Nonlinear Dynamics, 6-step BDF and h = 1ms
Method T ime[s]
I3 152
I2 134
I1 136

For a given BDF order and stepsize, the solutions for the di�erent systems were
almost identical. The solutions for the states and control signals are shown in
Figures 15 - 16. The computed control signal was input to a simulation model
for veri�cation of the inverse dynamics solution. In Figures 17 - 18 the result is
shown. The vibrations in the simulated robot tool are small. The drift is due to
the lack of a stabilizing feedback controller. For accurate solutions, the stepsize
have to be small. An increase of the stepsize will increase the tool vibrations.
A 6-step BDF and 5 ms stepsize is adequate in this case.

Finally, the parameters of the manipulator was changed to yield a system
with unstable zero-dynamics. This was veri�ed by checking the zeros of the
linearized system. The resulting control signals oscillate with high amplitude as
shown in Figure 19.
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Figure 15: The state solution for 6-step BDF and 1ms stepsize.
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Figure 16: The control signal for 6-step BDF and 1ms stepsize.
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8 Conclusions

The following conclusions can be drawn:

• The inverse dynamics of the extended �exible joint model can be solved
with a constant-stepsize constant-order BDF.

• The di�erence between solving the original high-index DAE and DAE's
with reduced index is small.

• Solutions based on Kunkel and Mehrmann's analysis and index reduction
did work on the E1 model with strangeness index 1 although the execution
time was long. For the E12 model with strangeness index 2, no solution
was found using this method.

• Scaling of the algebraic equations and their derivatives are important.
This should be further investigated (scaling of both equations and vari-
ables).

• Increasing the damping of the system improves the solvability. This can
be understood as the index increases one step if the damping is zero.

• The time for solving the nonlinear dynamics does not increase proportional
to the equation size. This indicates that the nonlinear terms in some way
improves the solvability of the system.

• A jump in the solution was seen for the linearized system at one occasion
(instantaneously from "elbow up" to "elbow down" con�guration). This
caused extremely high control signals and must be avoided.

• No commercially solver that can solve these systems has yet been found,
even if the index reduction is done manually. The solvers tried are all
variable-stepsize variable-order solvers.

9 Future Work

The limitation of this method is that the system must be minimum phase.
Since the model structure presented can become non-minimum phase, methods
for dealing with this is of greatest importance. Furthermore, the control sig-
nal must be constrained to avoid unrealistic solutions, and the singularities of
the manipulator dynamics must be handled in a proper way. Solution methods
for the original high-index system should also be developed further since di�er-
entiations of the constraint equations for a multi-axes manipulator should be
avoided, if possible.
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