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Abstract

In this licentiate thesis the work done in the project KME410 will be presented.
The overall objective of this project is to evaluate and develop tools for designing
against fatigue in single-crystal nickel-base superalloys in gas turbines. Experi-
ments have been done on single-crystal nickel-base superalloy specimens in order
to investigate the mechanical behaviour of the material. The constitutive behaviour
has been modelled and verified by simulations of the experiments. Furthermore,
the microstructural degradation during long-time ageing has been investigated with
respect to the component’s yield limit. The effect has been included in the constitu-
tive model by lowering the resulting yield limit. Finally, the fatigue crack initiation
of a component has been analysed and modelled by using a critical plane approach.

This thesis is divided into three parts. In the first part the theoretical framework,
based upon continuum mechanics, crystal plasticity and the critical plane approach,
is derived. This framework is then used in the second part, which consists of
three included papers. Finally, in the third part, details are presented of the used
numerical procedures.
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Part I

Theory and background





1
Introduction

Due to increasing demands of electricity on the global market, the need for higher
efficiency and larger power supply is strong. This sets pressure on the development
and design of new power generating equipment, e.g. driven by gas turbines. In gas
turbines the operating temperature is very high. The higher the operating temper-
ature is the higher efficiency of the gas turbine is received. The temperature is so
high that, for instance, steels will begin to deteriorate (i.e. by creep and oxidation).
Therefore nickel-based superalloys are often used to manage the high temperatures.

The historical development of superalloys started prior to the 1940s [1], [2], [3].
These superalloys were iron-based and cold wrought. In the 1940s the investment
casting was introduced on cobalt-based superalloys, by which the operating temper-
ature could be raised significantly. These were mainly used in aircraft jet engines
and land turbines. During the 1950s the vacuum melting technique was developed
allowing a fine control of the chemical composition of the superalloys, which in
turn led to a revolution in processing techniques such as directional solidification
of alloys and single-crystal superalloys. In the 1970s powder metallurgy was in-
troduced to develop certain superalloys, leading to improved property uniformity
due to the elimination of microsegregation and the development of fine grains. In
the later part of the 20th century the superalloys had become commonly used for
many applications.

Nickel-base superalloys are commonly used in aircraft and industrial gas turbines
for blades, disks, vanes and combustors. Superalloys are also used in rocket engines,
space vehicles, submarines, nuclear reactors, military electric motors, chemical pro-
cessing vessels, and heat exchanger tubings.

The superalloys treated in this study are single-crystal nickel-base superalloys,
which have even better properties against temperature than their coarse-grained
polycrystal cousins. The thermal efficiency increases with the operating tempera-
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CHAPTER 1. INTRODUCTION

ture of a gas turbine and therefore the temperature is increasing with every new
turbine that is developed. With increasing temperature, the components of the gas
turbine will be more exposed to creep, oxidation and thermomechanical fatigue.
An extra risk with single-crystal materials is that after initiation, a fatigue crack
may propagate through a whole component with much less resistance compared to
conventional polycrystal materials. The designer wants to produce better and more
efficient gas turbines which can manage higher and higher temperatures. This re-
quires that during the development of new gas turbines there are tools and criteria
available which take all of these aspects into consideration.

How do the components of the turbine handle certain temperatures and load cy-
cles? How does the material behave under these loadings? How long is the life of
the components? When will a crack initiate and propagate? These are all ques-
tions that need to be addressed in order to develop and manufacture a gas turbine.
In the initial development phase of a new gas turbine one needs constitutive and
damage models of the superalloy that can handle all of these aspects.

Siemens Industrial Turbomachinery AB in Finsp̊ang, Sweden, develops and man-
ufactures gas turbines for a wide range of applications. Siemens is participating in
a research programme that aims at solving material related problems associated
with the production of electricity based on renewable fuels and at contributing
in the development of new materials for energy systems of the future. This pro-
gramme, called Konsortiet för Materialteknik för termiska Energiprocesser (KME),
was founded in 1997 and presently 7 industrial companies and 18 energy compa-
nies are participating through Elforsk AB in the KME programme [4]. Elforsk AB,
owned jointly by Svensk Energi (Swedenergy) and Svenska Kraftnät (The Swedish
National Grid), started operations in 1993 with the overall aim to coordinate the
industry’s joint research and development and is financially supported through En-
ergimyndigheten (The Swedish Energy Agency).

”Our mission is to promote the development of Sweden’s
energy system so that it will become ecologically and econom-
ically sustainable. This means that energy must be available
at competitive prices and that energy generation must make
the least possible impact on people and the environment.”

Energimyndigheten [5]

The licentiate thesis presented here has been carried out in one of the KME-
projects, namely KME-410 Thermomechanical fatigue of notched components made
of single-crystal nickel-base superalloys. The aims of this project is to describe the
constitutive behaviour of the single-crystal nickel-base superalloy, to study the
thermomechanical behaviour at or near a notch in a critical component, and to
develop life prediction models for gas turbine components. This project is jointly
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2
Applications

2.1 Gas turbines

The function of a gas turbine is to supply electric power or to propel heavy ma-
chinery or transport vessels such as ships and aircraft. A gas turbine basically
consists of a compressor, a combustor and a turbine, see Figure 1. The incoming
air is compressed in the compressor to increase the pressure of the air. The com-
pressed air then enters the combustion chamber, where it is mixed with the fuel
and ignited. These hot gases will then flow through the turbine and by doing so
make the turbine rotate. The temperature of the turbine components can range
from 150◦C and up to 1500◦C [1]. The turbine drives the compressor by a shaft. In
jet engines the hot gases then pass through a nozzle, giving an increase in thrust
as it is returned to normal atmospheric pressure. For stationary power generating
gas turbines there is, instead, a power turbine, which in turn, drives, for instance,
an electric generator.

 !"#$%& '()$'( !"#$% &$#'$()!(*+,(#% -./ 01-1 !"#$%&&!$  !"'(&)!$
*($'+,%
-!.%$ )($'+,%

/+0($% 12 *3% +,)%$+!$ !4 5 &)5)+!,5$6 #!.%$ 0%,%$5)+,0 05& )($'+,%57 '7

/+0($% 82 *3% )3%$"!"%935,+95: 45)+0(% 969:%&; 57 <,=#35&% 5,> '7 ?()=!4=#35&% 1

Figure 1: The interior of a stationary power generating gas turbine. Courtesy of
Siemens.
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CHAPTER 2. APPLICATIONS

Some of the principal advantages of the gas turbine are [6]:

1. For its relatively small size and weight the gas turbine is capable of producing
large amounts of useful power.

2. Its mechanical life is long and the corresponding maintenance cost is relatively
low, since the motion of all its major components involve pure rotation (i.e.
no reciprocating motion as in a piston engine).

3. The gas turbine must be started by some external means (a small external
motor or other source), it can be brought up to peak performance in minutes
in contrast to a steam turbine whose start up time takes hours.

4. Natural gas is commonly used in land-based gas turbines as fuel while light
distillate (kerosene-like) oils power aircraft gas turbines. Diesel oil or specially
treated residual oils can also be used, as well as combustible gases derived
from blast furnaces, and refineries or from the gasification of solid fuels such
as coal, wood chips and bagasse. Hence, a wide variety of fuels can be used.

5. As a basic power supply, the gas turbine requires no coolant (e.g. water).
The usual working fluid is compressed atmospheric air.

2.2 Single-crystal material in gas turbines

In the hottest area, which is the first turbine step, in a gas turbine, it is common to
use single-crystal nickel-base superalloys for the turbine blades, due to their good
mechanical properties at high temperature, mainly their creep resistance.

As the gas temperature plays a significant role for the efficiency of the gas turbine,
it is necessary that the blades contain cooling channels, in which compressed air
from the compressor is flowing, to withstand the hot environment. Furthermore,
cooling holes are positioned at the surface of the blades to generate a film cooling
effect that cools the surface of the blades [7].

To make the blade even more temperature resistant, a so called thermal barrier
coating (TBC) can be applied, see e.g. Eriksson [8]. A thin ceramic layer (top-
coat), typically composed of yttria-stabilized zirconia, is applied to the surface of
the blades. To bind the topcoat to the metallic substrate (blade) a bond coat
is used to account for the adhesion problem between the materials. The ceramic
layer act as insulation against the heat, lowering the blade temperature, and thus
a hotter inlet temperature can be used in the gas turbine, which further yields
a higher efficiency of the gas turbine. The TBC is, e.g., applied by air/vaccum
plasma spraying or by electron beam physical vapor deposition.
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2.3. LOADING CONDITIONS

An example of a single-crystal turbine blade is shown in Figure 2, where one can
see a complex structure with many cooling holes. Single-crystal components are
manufactured by investment casting, where a single grain, chosen by a ”grain-
selector”, is made to grow in the oriented direction of the seed which entered the
grain-selector [1], [3]. This is a very delicate process, hence the production is very
expensive due to failure of wrongly oriented components.

Figure 2: A single-crystal turbine blade. Courtesy of Siemens.

Typically these single-crystal blades are manufactured with their [001]-orientation
along the length direction of the blade, because it is the simplest and cheapest
orientation to manufacture and the [001]-orientation yields lower stresses in notches
than other orientations for a given strain.

2.3 Loading conditions

As the hot gases flow over the turbine stage the turbine will rotate, thus creating
a centrifugal load acting on the turbine components. Considering that the shaft
is rotating at an angular velocity of more than 10000 rpm [3], the centrifugal load
affecting the blades becomes very high as they are positioned on the disk rim. This
leads to high stresses in the attachment at the root of the blades, which contains
notches.

As stated previously the temperature in gas turbines tends to get rather high during
operation and during long time exposure the centrifugal load leads to creep defor-
mation. After long-time cyclic loading (by start-run-stop cycles), small fatigue
cracks may initiate, usually at the surface of the component. As the components
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CHAPTER 2. APPLICATIONS

are further loaded these small cracks will start to propagate in the material and
eventually lead to fatigue failure.

During a normal operation cycle (start-up, steady-state operation and shut-down)
the components in the hot sections of the gas turbine will be affected by different
temperatures, and might experience so called thermomechanical fatigue (TMF).
In this case large temperature changes result in significant thermal expansion and
contraction and therefore significant strain excursions. These strains are enlarged
or countered by the mechanical strains associated with the centrifugal load [9].
The combination of these events may cause TMF. There are two essential types of
TMF cycles: In-phase cycle and Out-of phase cycle.

• In-phase cycle
This is when the strain and the temperature are cycled in phase, see Figure
3a. A typical example is a cold spot in a hotter environment, which at
high temperature will be loaded in tension and at low temperature loaded in
compression.

• Out-of phase cycle
This is when the strain and the temperature are cycled in counterphase, see
Figure 3b. A typical example is a hot spot in a colder environment, which at
low temperature will be loaded in tension and at high temperature loaded in
compression.
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Figure 3: The thermomechanical fatigue cycles, a) In-phase and b) Out-of phase
from a components perspective.

Most turbine blades have a variety of features like holes, interior passages, curves
and notches. These features may raise the local stress level to the point where
plastic flow occurs. As engine rotational speed increases, centrifugal forces may
result in local plastic strains at the attachment surfaces that can lead to low-cycle
fatigue (LCF) damage. LCF is usually characterised by a Coffin-Manson type of
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2.3. LOADING CONDITIONS

expression [10], [11] for determining the fatigue life of a specific component.

Also depending on what kind of fuel is used, different corrosive elements are present
in the hot gases, which affects the components negatively.
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3
Single-crystal nickel-base superalloys

3.1 Basic material composition

A superalloy is an alloy that exhibits excellent mechanical strength and creep re-
sistance at high temperatures. A superalloy might also have very good corrosion
resistance (depending on the chromium wt.%) and oxidation resistance (depending
on the aluminium wt.%). Nickel-base superalloys are alloys which consist mostly
of nickel. Nickel is used as the base material on account of its face-centered cubic
(FCC) crystal lattice structure [12], which is both ductile and tough, and on ac-
count of its moderate cost (compared with other useful materials) and low rates
of thermally activated processes (creep). Nickel is also stable in the FCC form
when heated from room temperature to its melting point, i.e., there are no phase
transformations [3].

There are often more than 10 different alloying elements in a superalloy, each with
their specific enhancing property. The alloying materials reside in different phases,
which for a typical nickel-base superalloy are [1], [3], [13], [14].

1. The γ-phase. This phase exhibits the FCC crystal lattice structure and forms
a matrix phase, in which the other phases reside. Common elements of this
phase are iron, cobalt, chromium, molybdenum, ruthenium and rhenium.
The narrow channels of the matrix phase have a size smaller than 0.1 µm.

2. The γ′-phase. This ordered phase is promoted by additions of aluminium,
titanium, tantalum, niobium and presents a barrier to dislocations. The
role of this phase is to confer strength to the superalloy. γ′ forms cubical
precipitates, whose sides are smaller than 1 µm. It also exhibits a number
of surprising mechanical properties like increase of yield strength with in-
creasing temperature, strong orientation dependence of the yield stress and
tension/compression asymmetry.

3. Carbon and boron acts as grain boundary strengthening elements as they
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CHAPTER 3. SINGLE-CRYSTAL NICKEL-BASE SUPERALLOYS

segregate to the grain boundaries of the γ phase, where they form carbides
and borides.

In Figure 4 one can see the microstructure of a single-crystal nickel-base superal-
loy. The cubical shapes are γ′-particles which are surrounded by a matrix of γ,
thus, constituting a composite structure. Single-crystal superalloys are alloys that
consist of only one grain. They have no grain-boundaries, hence grain boundary
strengtheners like carbon and boron are unnecessary. Grain boundaries are easy
diffusion paths and therefore reduce the creep resistance of the superalloys. Due
to the nonexistence of grain boundaries single-crystal superalloys possess the best
creep properties of all superalloys.

Figure 4: Microstructure of a single-crystal nickel-base superalloy [15].

3.1.1 Crystal structure

With nickel as the base material the superalloy possesses the face-centered cubic
(FCC) crystal lattice structure. The strengthening γ′-particles consists of Ni3Al
with a L12 ordered structure [3], see Figure 5.

The FCC structure is a very close-packed structure with a coordination number
of 12 [12], which is the maximum. The coordination number is the number of
atoms surrounding each particular atom in the structure. Inelastically, the material
deforms primarily along the planes which are most tightly packed, these are called
close-packed planes or discrete slip planes. The FCC structure has four unique
close-packed planes which, in Miller indices, are of the family {111}.

{111}





(111)
(1̄11)
(11̄1)
(1̄1̄1)
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 !"#$% &'  (( )$*+,-. +,$#),#$%

 !"#$% /' 01% 2.-3% !3 ,1% #3!, )%..
$%& &%$&'$ !"#$% 4' 53!, ,$!-3".%(

Figure 5: The L12 ordered structure.

The unit cell of the crystal structure, with plane (111), is seen in Figure 6. The axes
of the unit cell, labelled a1, a2 and a3, define the crystal orientation with respect
to the global coordinate system. It is most likely that the crystal orientation does
not coincide with the global coordinate system of a structure.

 !"#
$!%&'( )* $++ ,'-./0# ./'&,/&'(

a1

a2

a3

$!%&'( 1* 23( 4#05( !5 /3( &5!/ ,(##
26+ +62+72$!%&'( 8* 95!/ /'!05%#(:

Figure 6: The (111) plane in the unit cell.

In each of these planes there are three slip directions, disregarding the negative
directions. These directions are the most close-packed directions in each plane. The
slip directions are of the family 〈110〉 and for this crystal structure they coincide
with the Burger’s vectors [16].

〈110〉





[110] [1̄10]
[101] [1̄01]
[011] [01̄1]

These slip directions, in sets of three, are orthogonal against each one of the slip
planes defined above. Hence, one has 12 slip systems to take into consideration.
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CHAPTER 3. SINGLE-CRYSTAL NICKEL-BASE SUPERALLOYS

3.2 Basic material properties

To get a solid view of the material properties of single-crystal nickel-base superal-
loys, one needs to examine the mechanical behaviour of the material. Some basic
tension and compression tests at room temperature reveals the basic material prop-
erties, see Figure 7.

 !"#$%"&%'()!##$%"
[001][011][1̄11]*+)!##,-.

*+).$" / !"#$% &'( )%*#+,* -$./ ,0% ,%1*!.1 213 4./5$%**!.1 %65%$!/%1,*

0

Figure 7: Results from basic tension and compression tests [17].

We can see a number of special features from the mechanical response in Figure 7:

• Depending on which crystal orientation is parallel with the axis of the test
specimens, different elastic moduli are generated. Thus, the material exhibits
a significant elastic anisotropy.

• The yield limits are different for the respective crystal orientations, hence
plastic anisotropy is observed.

• The material also has different yield limits in tension and compression for the
respective crystal orientation. A tension/compression asymmetry is seen.

• The hardening of the yield curves is negligibly small. Hence, the assumption
of a perfect plasticity behaviour can be motivated.

3.2.1 Elastic anisotropy

When the component is loaded in different crystal orientations it experiences dif-
ferent elastic stiffness responses, i.e. it has different elastic moduli. The different

16



3.2. BASIC MATERIAL PROPERTIES

elastic stiffnesses are correlated to the bonding of the atoms along the different
crystal orientations [18].

3.2.2 Plastic anisotropy

When a single-crystal component is deformed inelastically the deformation will
take place by shearing of the γ′-particles and a sliding motion (dislocation motion)
between the discrete slip planes will be obtained as the composite is distorted, and
eventually persistent slip bands (PSB) [19] will start to appear. This sliding mo-
tion is referred to as slip, which is generated in the direction of the Burger’s vector
[16] on the discrete slip planes, see Figure 6. Depending on the crystal orientation
in the loaded component different yield limits are obtained, as seen in Figure 7
the [001]-orientation experience the lowest yield limit and the [011]-orientation (in
compression) experience the highest.

3.2.3 Tension/Compression asymmetry

In experimental studies, e.g. [17], [20], it has been found that single-crystal nickel-
base superalloys have different yield limits along different loading axes, these yield
limits are also different in tension and compression, which can also be seen in Figure
7. With use of the basic unit triangle from the stereographic projection, shown in
Figure 8, the three major directions of the crystal are studied.

 !"#
$!%&'( )* $++ ,'-./0# ./'&,/&'(

$!%&'( 1* 23( 4#05( !5 /3( &5!/ ,(##
26+ +62+72

[001] [011]

[1̄11]

$!%&'( 8* 95!/ /'!05%#(:Figure 8: The dominating tension and compression yield limit response contra
crystal orientation in the unit triangle [13].

The concluding remarks of the experimental studies showed the following:

• The yield limit in tension for [001] is stronger than in compression.

• The yield limit in compression for [1̄11] is stronger than in tension.

• The yield limit in compression for [011] is much stronger than in tension.
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CHAPTER 3. SINGLE-CRYSTAL NICKEL-BASE SUPERALLOYS

However, the magnitude of this tension/compression asymmetry can vary signifi-
cantly depending on the chemical composition of the alloy [21].

The tension/compression asymmetry is believed to be attributed by the cross-slip
of dislocations from the primary slip plane to the cube slip plane [22]-[26]. When
the dislocations cross-slip to the cube plane so called Kear-Wilsdorf locks [27], [28]
are created, which locally pin the dislocation on the primary slip plane. To be able
to cross-slip the dislocation need to contract its core, when it has cross-slipped it is
able to expand its core on the cube plane, this is known as the ”core width effect”.
This asymmetry is believed to be affected by the shear stresses along different crys-
tallographic directions, see e.g. [13], [14], [20], [29]-[34].

3.3 Microstructural degradation - the rafting phenomena

Superalloys can undergo microstructural degradations when exposed to high tem-
peratures. One such phenomenon is directional coarsening or ”rafting”, which is
a temperature-dependent ageing process, in which the strengthening γ′-particles
become elongated in certain directions. Rafting is governed by the lattice misfit
between the γ- and γ′-phases and by the type of applied stress, see e.g. [35] and
[36]. Additionally, it has been reported that rafting can occur in the absence of an
applied load if a sufficient amount of plastic strain has been induced into the struc-
ture prior to the temperature exposure [37]. Most of the single-crystal superalloys
have negative lattice misfit at the operating temperatures, which means that the
γ′-particles experience internal tensile stresses and that the γ-phase experiences
internal compressive stress prior to deformation, see Figure 9a, cf. [38]. When the
structure is loaded in tension, so that plastic flow occurs, the internal stresses in
the microstructure are affected according to Figure 9b. This leads to an increase
in dislocations along the horizontal channels of the γ phase, due to the increasing
internal compressive stress, which yields the corresponding rafting direction. A
typical rafted microstructure can be seen in Figure 10.

Several aspects of directional coarsening of γ′-precipitates, i.e. rafting, during high
temperature deformation are still under discussion [39]. However, for a wide range
of [001]-oriented nickel-base superalloy specimens, the coalescence results either in
uniaxial rods (or needles) of the γ′-phase oriented parallel to the stress axis, or
in biaxial rafts (or plates) within planes perpendicular to it [40], depending on
whether the applied stress is compressive or tensile, respectively.
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Figure 9: The internal stresses of the microstructure in a) the unrafted condition
and b) the rafted condition (LD = Loading Direction) [38].
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4
Experiment

A number of experiments were made to examine the real material behaviour of
the investigated single-crystal nickel-base superalloy. The investigated material is
MD2, which has very similar properties as CMSX-4. These tests lay the foun-
dation for the development of the models reported in this thesis. The following
experimental tests were carried out:

• Tension and compression tests at room temperature with virgin specimens,
see [17].

• Tension and compression tests at room temperature with degraded speci-
mens, see [15].

• Tension and compression tests at 500◦C with virgin specimens, see [41].

• LCF tests at 500◦C with virgin specimens, smooth geometry at Rε = −1 and
notched geometry at Rε = 0, see [41].

The main testing was conducted at Siemens Industrial Turbomachinery AB in
Finsp̊ang, using an MTS810 servo-hydraulic testing machine, see Figure 11. The
heating of the test specimens was done by an induction coil, which heated the
material very rapidly to the desired temperature. The cooling was performed by
a focused flow of air. A strain gauge applied over the center of the test speci-
men measured the strain in the specimen and controlled the displacement of the
servo-hydraulic testing machine grips so that the correct strain or strain range was
reached. A gauge length of 12 mm was used.

The test specimens used in the experiments were manufactured by investment
casting with the longitudinal axis parallel to the [001], [011] and [1̄11] directions,
respectively. When the test specimens are manufactured it is very hard to get the
crystallographic directions perfectly parallel to the axes of the specimens; due to
this the test specimens experience a small misalignment from the ideal directions.
The misalignments are defined according to Figure 12. These misalignments were
taken into consideration in all the developed models to get a correct compliance
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Figure 11: The MTS810 servo-hydraulic testing machine. Courtesy of Siemens.

with the experimental tests.

 ! "!#$%&'( )*+ ,-. .$-/ -0 .1( 2'34. 5 -'$(/. .$-/ $/  ! .(/4$-/ "! 2-67'(44$-/

[100]

[010]

[001]

φ

θ

#$%&'( ))+ 8(9/$.$-/ -0 .1( 47(2$6(/ -'$(/. .$-/4
:Figure 12: Definition of the specimen orientations, concerning the misalignment.

For the degraded test series the test specimens were first loaded in tension and
compression at room temperate to ∼ 0.7% plastic strain, the specimens were then
placed in a furnace for 1100 h at 1025◦C. After this long temperature exposure
the test specimens were again loaded in tension and compression to see how the
degradation effected the yield limits. To find out how much the test specimens
had degraded/rafted the specimens were cut and analysed with Scanning Electron
Microscopy (SEM). The average distance between the γ-channels were then mea-
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sured of the composite, along three crystal orientations, see Figure 13.

Figure 13: Measured distance between the γ-channels [15].

This average distance was then normalised with the distance found in the unde-
graded state, thus defining a coarsening parameter which are used in the developed
material model.
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5
Modelling

For describing the stress state in a structure, subjected to small deformations, the
following expression is used

σ = Ce :εe (1)

where Ce is the elastic stiffness tensor and εe is the elastic part of the strain.

The total strain is divided into an elastic part and a plastic part as follows

ε = εe + εp (2)

The plastic strain needs an evolution law to be updated correctly.

Now in the single-crystal case, we might experience large deformations when the
structure is loaded. Hence, one cannot use the above stated expressions, instead one
needs to use other stress and strain measures, and the elastic stiffness tensor needs
to be defined such that it can describe the different stiffnesses in the different crystal
orientations (an anisotropic fourth order tensor). To define the large deformation
stress and strain measures, we first have to set up the appropriate kinematics which
they are based upon.

5.1 Kinematics

When a body is deformed its configuration is changed. As seen in Figure 14, the
body undergoes a deformation from the reference configuration (Ω0) to the current
configuration (Ω). Instead of taking the direct way, with the use of the total
deformation gradient F , the other way through the intermediate configuration (Ω̄)
can be taken [42]. The first step is performed by shearing of the lattice, due to the
plastic deformation gradient F p. Finally, the lattice is both elastically stretched
and rotated by the elastic deformation gradient F e.
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Figure 14: Different configurations of a body [42].

The total deformation gradient is thus divided into an elastic part and a plastic
part, through the following multiplicative decomposition [43]

F = F eF p (3)

The velocity gradient can then also be expressed in an elastic part and a plastic
part by insertion of Equation (3)

L = Ḟ F−1 = Ḟ eF e−1

+ F eḞ pF p−1

F e−1

(4)

From Equation (4) the following quantities can be defined

Le = Ḟ eF e−1

(5)

Lp = F eḞ pF p−1

F e−1

(6)

L̄p = Ḟ pF p−1

(7)

where Le, Lp are the elastic and plastic velocity gradient, respectively, defined in
the current configuration (Ω) while L̄p is the plastic velocity gradient defined in
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the intermediate configuration (Ω̄). The velocity gradient can be divided into one
symmetric part and one skew-symmetric part.

L =
1

2

(
L+LT

)
+

1

2

(
L−LT

)
= D +W (8)

where D is the rate of deformation tensor (symmetric) and where W is the spin
tensor (skew-symmetric). These two can each be divided into an elastic part and
a plastic part, according to

D = De +Dp (9)

W = W e +W p (10)

where

De =
1

2

(
Le +Le

T
)
, Dp =

1

2

(
Lp +Lp

T
)

(11)

W e =
1

2

(
Le −LeT

)
, W p =

1

2

(
Lp −LpT

)
(12)

The elastic Green-Lagrange strain tensor Ēe measured relative the intermediate
configuration is defined as

Ēe =
1

2

(
F eTF e − I

)
(13)

The relationship between the elastic rate of deformation tensor De defined in the

current configuration and the elastic Green-Lagrange strain rate tensor ˙̄Ee defined
in the intermediate configuration is given by a push-forward or a pull-back operation
[44]

De = F e−T ˙̄EeF e−1

, ˙̄Ee = F eTDeF e (14)

The second Piola-Kirchhoff stress tensor S̄ defined in the intermediate configura-
tion can be expressed by a pull-back of the Kirchhoff stress tensor τ from the
current configuration

S̄ = F e−1τF e−T ⇒ τ = F eS̄F eT = Jσ (15)

where J = detF e. As can be seen, in order to receive the Cauchy stress tensor
the Kirchhoff stress tensor is scaled by the Jacobian determinant [44].

The internal power P int, when a body is deformed, is defined as

P int =

∫

Ω

σ :DdV (16)
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The internal power can be divided into an elastic part and a plastic part by the
decomposition of D

P int =

∫

Ω

σ :DedV +

∫

Ω

σ :DpdV (17)

The elastic part is transformed by a regular pull-back to the intermediate configu-
ration, according to

∫

Ω

σ :DedV =

∫

Ω̄

S̄ : ˙̄EedV̄ (18)

while the plastic part can be shown to obey the following transformation
∫

Ω

σ :DpdV =

∫

Ω̄

ω

:L̄pdV̄ (19)

where

ω

is the so called Mandel stress tensor, given by the following expression

ω

= F eTF eS̄ (20)

Thus, the Mandel stress tensor is a non-symmetric tensor and it is defined in the
intermediate configuration. The above relation can be further developed with the
insertion of Equation (15), such that it includes the Kirchhoff stress tensor

ω

= F eTτF e−T

(21)

5.2 Elastic behaviour

Nickel-base superalloys are elastically anisotropic when in single-crystal form. Hence,
the elastic stiffness is dependent on the crystal orientation relative the loading direc-
tion, e.g. the stiffness of a [001]-oriented component has the following appearance
in Voight notation [44]

Ce =




C1 C2 C2 0 0 0
C2 C1 C2 0 0 0
C2 C2 C1 0 0 0
0 0 0 C3 0 0
0 0 0 0 C3 0
0 0 0 0 0 C3




(22)

Consequently, components machined from single-crystal specimens in different crys-
tallographic orientations display different elastic behaviours, see e.g. [3]. A way
to describe this elastic anisotropy is to divide the elastic stiffness tensor into an
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isotropic part and an anisotropic part [17], [45], where the latter is described by
using so called structural tensors M 1 and M 2, cf. [46], according to

Ce =λI ⊗ I + µ(I⊗I + I⊗I) + 2η(M 1 ⊗M 1 +M 2 ⊗M 2

+M 1 ⊗M 2 − I ⊗M 1 − I ⊗M 2)MS

(23)

where λ, µ are the Lamé constants, η is an additional third elastic constant and
the subscript MS stands for major symmetrization. The structural tensors are
dependent on the crystallographic orientations in the following way1

M 1 = a1 ⊗ a1 (24)

M 2 = a2 ⊗ a2 (25)

Thus with the above defined stiffness tensor the second Piola-Kirchhoff stress tensor
in the intermediate configuration can be calculated by the following expression

S̄ = Ce :Ēe (26)

Hence, we get different stress components depending on the crystal orientation.

5.3 Basic crystal plasticity

In a tension test of a single-crystal component the axial load that initiates plastic
flow depends on the crystal orientation. In order for this to happen, a sufficiently
large shear stress acting in a slip direction on a slip plane, must be produced by
the axial load. It is this shear stress, called the resolved shear stress (ταpb), that in
the simplest case initiates the plastic deformation. It is expressed by Schmid’s law,
with the Kirchhoff stress tensor in the current configuration, as

ταpb = sα ·τnα (27)

where α denotes the slip system, and where sα and nα denotes the associated slip
direction and normal direction of the slip plane, respectively. Slip occurs on the
slip systems that exhibit the greatest resolved shear stress. If only one slip system
is active, the other slip systems have a smaller resolved shear stress than the initial
critical stress and due to this slip does not occur on these systems.

During deformation of a sample, either in tension or compression, the crystal ori-
entation will rotate. As seen in Figure 15 the normal direction n̄α will rotate away
from the axial axis in tension and towards it in compression [47].

1(a⊗ b)ij = aibj , (A⊗B)ijkl = AijBkl, (A⊗B)ijkl = AikBjl, (A⊗B)ijkl = AilBjk
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Figure 15: Rotation of the crystal orientation in a) tension b) compression [47].

The slip directions may be transformed into the current configuration by

sα = F es̄α (28)

Since the slip direction s̄α and the normal of the slip plane n̄α defined in the
intermediate configuration, cf. Figure 14, are unit vectors and orthogonal to each
other it follows that

n̄α · s̄α = nα · sα = 0 (29)

Hence, the transformation for the normal vector can be defined as

nα = F e−T

n̄α (30)

where sα and nα might no longer be unit vectors. To verify this result, we note
that

nα · sα = F e−T

n̄α · F es̄α = n̄α · F e−1

F es̄α = n̄α · s̄α (31)

As mentioned above, plastic deformation occurs due to slip on the active slip
systems [48], in the current configuration this is expressed as

Lp =
∑

α

γ̇αsα ⊗ nα (32)
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where γ̇α is the inelastic shear strain rate on the slip system α. With the use of
Equation (28) and (30) the plastic deformation can be expressed in the intermediate
configuration as

L̄p =
∑

α

γ̇αs̄α ⊗ n̄α (33)

The plastic part of the internal power in the current configuration can be expressed
with Equation (32), taking into account that dV = J dV̄ , as

∫

Ω

σ :LpdV =

∫

Ω̄

∑

α

γ̇ατ :(sα ⊗ nα) dV̄ =

∫

Ω̄

∑

α

γ̇αταpbdV̄ (34)

or in the intermediate configuration, with Equation (33), as

∫

Ω̄

ω

:L̄pdV̄ =

∫

Ω̄

∑

α

γ̇α

ω

:(s̄α ⊗ n̄α) dV̄ =

∫

Ω̄

∑

α

γ̇αταpbdV̄ (35)

where ταpb is the resolved shear stress. As Equation (34) and (35) yields the same
result, the resolved shear stress can be expressed from both of them, as

ταpb = τ :(sα ⊗ nα) =
ω

:(s̄α ⊗ n̄α) (36)

It can be shown from Equation (36) that the following is true

ταpb = sα ·τnα = s̄α · ωn̄α (37)

which represents the resolved shear stress in both the current- and the intermediate
configuration. One can also see this as a projection of the macroscopic stress state
down onto the slip plane in the slip direction.

5.4 Modelling the mechanical behaviour

As the mechanical behaviour of single-crystal nickel-base superalloys are rather
complex one can not just describe it with Schmid’s law. In order to have a more
realistic description of the material behaviour one also need to take non-Schmid
effects into account (capable of representing e.g. tension/compression asymmetry).
This is done by further projections of the macroscopic stress state, i.e. in other
directions and on other planes than that of the resolved shear stress. In this work
the following non-Schmid stresses have been considered, cf. Equation (37) and
Table 1

ταcb = s̄αb ·

ωdevn̄αc (38)
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ταsb = s̄αb ·

ωdevn̄αs (39)

ταpe = s̄αe ·

ωdevn̄αp (40)

ταse = s̄αe ·

ωdevn̄αs (41)

σαpn = n̄αp ·

ωdevn̄αp (42)

where

ωdev =

ω− 1/3 tr (

ω

) I is the deviatoric part of the Mandel stress tensor.
The motivation of only taking the deviatoric part of the Mandel stress tensor into
account is that we do not want to have a pressure dependant plastic behaviour. The
reason for using these stress components can be found in the discussion regarding
tension/compression asymmetry in Chapter 3.2.3.

Table 1: Crystallographic direction vectors and planes
α ταpb ταcb ταsb ταpe ταse σαpn
1 (111)[011̄] (100)[011̄] (11̄1̄)[011̄] (111)[2̄11] (11̄1̄)[2̄1̄1̄] (111)[111]
2 (111)[1̄01] (010)[1̄01] (1̄11̄)[1̄01] (111)[12̄1] (1̄11̄)[1̄2̄1̄] (111)[111]
3 (111)[11̄0] (001)[11̄0] (1̄1̄1)[11̄0] (111)[112̄] (1̄1̄1)[1̄1̄2̄] (111)[111]
4 (11̄1̄)[01̄1] (100)[01̄1] (111)[01̄1] (11̄1̄)[2̄1̄1̄] (111)[2̄11] (11̄1̄)[11̄1̄]
5 (11̄1̄)[1̄01̄] (01̄0)[1̄01̄] (1̄1̄1)[1̄01̄] (11̄1̄)[121̄] (1̄1̄1)[1̄21] (11̄1̄)[11̄1̄]
6 (11̄1̄)[110] (001̄)[110] (1̄11̄)[110] (11̄1̄)[11̄2] (1̄11̄)[1̄12] (11̄1̄)[11̄1̄]
7 (1̄11̄)[011] (1̄00)[011] (1̄1̄1)[011] (1̄11̄)[211̄] (1̄1̄1)[21̄1] (1̄11̄)[1̄11̄]
8 (1̄11̄)[101̄] (010)[101̄] (111)[101̄] (1̄11̄)[1̄2̄1̄] (111)[12̄1] (1̄11̄)[1̄11̄]
9 (1̄11̄)[1̄1̄0] (001̄)[1̄1̄0] (11̄1̄)[1̄1̄0] (1̄11̄)[1̄12] (11̄1̄)[11̄2] (1̄11̄)[1̄11̄]
10 (1̄1̄1)[01̄1̄] (1̄00)[01̄1̄] (1̄11̄)[01̄1̄] (1̄1̄1)[21̄1] (1̄11̄)[211̄] (1̄1̄1)[1̄1̄1]
11 (1̄1̄1)[101] (01̄0)[101] (11̄1̄)[101] (1̄1̄1)[1̄21] (11̄1̄)[121̄] (1̄1̄1)[1̄1̄1]
12 (1̄1̄1)[1̄10] (001)[1̄10] (111)[1̄10] (1̄1̄1)[1̄1̄2̄] (111)[112̄] (1̄1̄1)[1̄1̄1]

The expansion/contraction of the core of the superpartial is affected by the shear
stresses acting on the primary and the secondary slip planes in the direction of the
edge component of the superpartial (ταpe, τ

α
se), see Figure 16.

When the core of the dislocation fully contracts it may cross-slip on to another slip
plane, usually a cube slip plane. The effect is that the dislocation movement is
hindered on the primary slip plane which the dislocation cross-slipped from, and
allows it to expand its core on the cube slip plane. This cross-slip is likely to be
affected by the shear stress acting on the cube slip plane in the direction of the
Burgers vector, ταcb.

The normal stress (σαpn) on the primary slip plane may make it easier or harder for
the material to undergo slip, depending on its sign. This can readily be seen in
Figure 17, which represents two atomic layers loaded in tension and compression,
respectively, showing the effect of the normal stress. In tension the atomic layers
will ”move apart”, making it easier for sliding, thus increasing the shear strain rate.

32



5.4. MODELLING THE MECHANICAL BEHAVIOUR

τpeτse

a1

a2

a3

 !"#$% &' ()% *)%+$ *,$%**%* +-,!." /. $%*0%-,!1% *2!0 02+.% !. ,)% 3!$%-,!/./4 ,)% %3"% -/50/.%., /4 ,)% 6)/-72%8 0+$,!+2

+9 :9 !"#$% ;' ()% !.,%$.+2 *,$%**%* /4 ,)% 5!-$/*,$#-,#$% !. +9 ,)% #.$+4,%3 -/.<3!,!/. +.3 :9 ,)% $+4,%3 -/.3!,!/.
=

Figure 16: The shear stresses acting on respective slip plane in the direction of the
edge component of the superpartial [17].

In compression the atomic layers will be ”pressed together”, making it harder for
sliding, thus decreasing the shear strain rate. Finally, the shear stress acting on the
secondary slip system in the direction of the Burger’s vector, ταsb, is also included.
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Figure 17: Atomic layers in a) tension and b) compression.

An equivalent stress, influenced from the work of [31]-[34], [49]-[52], was set up to
incorporate all these stresses which describe a specific phenomenon. The following
equivalent stresses were defined for slip systems α = 1, . . . , 12

σαe =
∣∣ταpb
∣∣+ κ1 |ταcb|+ κ2 |ταsb|+ κ3τ

α
pe + κ4τ

α
se + κ5σ

α
pn (43)

In these equivalent stresses we find the resolved shear stress (ταpb) as well as the five
non-Schmid stresses (ταcb, τ

α
sb, τ

α
pe, τ

α
se and σαpn). The κ-values defines how much

each of the non-Schmid stresses affect the equivalent stresses. The κ-values are
determined from experimental yield limits where the deviation in orientation in
the specimens are to be taken into consideration. With the use of these equiva-
lent stresses the model is able to predict the tension/compression asymmetry seen
in the experiments. The first three terms defines the level of the yield curve by
the use of the absolute sign, with the condition that κ1, κ2 > 0, and the three last
terms adjust the level corresponding to the applied load, hence tension/compression
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asymmetry is received, see [17] regarding further details.

The equivalent stresses are used in the following yield functions to determine if the
slip systems are plastically activated

fα = σαe −Gr (44)

where Gr is the slip resistance on the slip planes. As one can see, the slip resistance
act as a type of yield limit for the slip planes.

The following non-associated flow rule is adopted

γ̇α = λ̇α
∂gα

∂ταpb
(45)

with the flow being in the direction of the slip

gα =
∣∣ταpb
∣∣ (46)

Thus, with the flow direction inserted in Equation (45) one gets the following flow
rule

γ̇α = λ̇α sgn
(
ταpb
)

(47)

The size of the flow is finally given by the following viscoplastic relation

λ̇α = γ̇0

〈(
σαe
Gr

)m
− 1

〉
(48)

where γ̇0 and m are regularization parameters that have been given the values
γ̇0 = 0.1 and m = 10.

5.5 Modelling the degradation effect

In order to also include the effect of degradation, and more specifically rafting
(coarsening), a scalar coarsening parameter, x, has been incorporated into the ma-
terial model. Based on how much the specimen has degraded, we can calculate
how this affects our stress/strain state in the component. However, no evolution
law for the coarsening has been developed.

As seen in the paper by Leidermark et al. [15], the long temperature exposure
(rafting) lowers the yield limit of the components. Hence, this motivates as a
first approximation a reduction of the slip resistance by an isotropic degradation
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function fD(x) which is depending on the coarsening parameter. Thus, a modified
viscoplastic relation for the size of the flow is used according to

λ̇α = γ̇0

〈(
σαe

fD(x) Gr

)m
− 1

〉
(49)

The degradation function was determined from experiments before and after the
ageing, cf. Chapter 4, yield limit ratios were then calculated as f ∗D = Rdeg

p0.2/R
vir
p0.2,

and these were subsequently plotted versus the corresponding coarsening param-
eter, see Figure 18. The virgin condition has no reduction in yield limit, hence
fD = 1, and a fully rafted structure has a value of fD = 2/3 [38]. !"#$ %&%'()*+

f∗
D
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Figure 18: Reduction in yield limit versus the coarsening parameter, yielding the
degradation function by curve adaption [15].

A curve fit was made to the points in the figure and the following expression was
found

fD(x) =
2

3
+

1

3
e
−
(
x− 1

2.355

)6.332

(50)

Hence, when analysing a component an estimation of the microstructural state and
thus the value of the coarsening parameter in necessary. Having obtained such a
value, the model lowers the slip resistance according to the degradation function,
thus yielding a lower yield limit.

5.6 Fatigue crack initiation

As previously mentioned, the single-crystal superalloys have an internal structure
of defined crystal planes and slip directions, and the inelastic deformation will pri-
marily take place along these planes and directions, creating so called persistent
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slip bands. It seems then reasonable to assume that a fatigue crack may initiate
along such a persistent slip band, created due to cyclic loading. A way to describe
the fatigue crack initiation is by use of the critical plane approach [53], [54], [55],
which can use the already defined internal structure of slip planes in the material.

From the material model the total shear strain ranges are determined for each
slip plane and slip direction. The maximum total shear strain range is then used
in a fatigue life function, which determines the number of cycles to fatigue crack
initiation, see [41]

∆γtotmax = f (Ni) (51)

The life function follows a Coffin-Manson type of expression [10], [11], which has
the following appearance

f (Ni) = a (Ni)
b (52)

where the parameters a and b were determined from experiments.
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6
Implementation

6.1 Constitutive material model

The constitutive material model has been implemented as a user-defined material
model for the FEM-program LS-DYNA, version 971 [56], and the coding was made
in FORTRAN.

The constitutive material model needs a number of constant material parameters
as input data. The bulk and shear modulus are needed in the LS-DYNA keyword
deck for the user-defined material. They are only needed for calculating an estimate
of the critical time step in an explicit analysis. Furthermore, the Lamé constants
(λ, µ) and the additional elastic parameter η (used to define the elastic stiffness
tensor), the slip resistance Gr, the regularization parameters m and γ̇0 (used in the
viscoplastic relation for the size of the flow) are needed. The crystal orientations a1

and a2 need to be specified so that the analysed component has the correct crystal
orientation relative the global coordinate system used in LS-DYNA. The κ-values
for the equivalent stresses and the coarsening parameter for the degradation are
also input data to the material model. The density of the material is also set in
the input data file but is not used in the material model.

Flowchart of the implemented material model:
Initiating constant material parameters from input deck

Define crystal orientation vectors

Calculate Ce

if degradation/rafting analysis is performed

Calculate fD(x)

Gr = fD(x) Gr

end if
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CHAPTER 6. IMPLEMENTATION

loop, α : 1→ 12

loop, β : 1→ 12

Calculate
δταpb
δγβ

,
δταcb
δγβ

,
δταsb
δγβ

,
δταpe
δγβ

,
δταse
δγβ

and
δσαpn
δγβ

end loop

end loop

Initiating values γn = 0, γi=0
n+1 = 0, F p,i=0

n+1 = F p
n

loop, i : 0→ convergence

F e
n+1 = F n+1F

p,i−1

n+1

Ē
e
n+1 =

1

2
(F eT

n+1F
e
n+1 − I)

S̄n+1 = Ce :Ē
e
n+1

ω

n+1 = F eT

n+1F
e
n+1S̄n+1

ωdev
n+1 =

ω

n+1 −
1

3
tr (

ω

n+1) I

loop, α : 1→ 12

Calculate ταpb,n+1, τ
α
cb,n+1, τ

α
sb,n+1, τ

α
pe,n+1, τ

α
se,n+1 and σαpn,n+1

σαe,n+1 =
∣∣ταpb,n+1

∣∣+ κ1

∣∣ταcb,n+1

∣∣+ κ2

∣∣ταsb,n+1

∣∣+ κ3τ
α
pe,n+1 + κ4τ

α
se,n+1 + κ5σ

α
pn,n+1

fαn+1 = σαe,n+1 −Gr

end loop

Ē
tot
n+1 =

1

2
(F T

n+1F n+1 − I)

γtot,αn+1 = n̄α · Ētot
n+1s̄

α are calculated and stored in the history variables

Determine the number of active slip systems, fαn+1 > 0

if i > 1 or no active slip system

Check convergence R→ 0

Break loop if convergence is reached or if no active slip system are present

end if

Build
∂R
∂A

Solve
∂R
∂A

δA = −R
Update increments

γα,i+1
n+1 = γα,in+1 + δγα,i+1

n+1
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6.2. FATIGUE CRACK INITIATION MODEL

F p,i+1
n+1 =

(
I −

∑

α

∆γα,i+1
n+1 s̄

α ⊗ n̄α
)−1

F p
n

Iteration is updated i = i+ 1

end loop

Final pl. def. grad is stored in history variable F p
n+1 = F p,i+1

n+1

σn+1 =
1

detF e
n+1

F e−T

n+1

ω

n+1F
eT

n+1 is calculated and returned to LS-DYNA

6.2 Fatigue crack initiation model

The fatigue initiation model uses the constitutive material model through LS-
DYNA. The model need two constant input parameters for the fatigue life function
(a, b). This model was also coded in FORTRAN.

Flowchart of the implemented fatigue initiation model:
Pre-processing: input files are defined

LS-DYNA simulations: store total shear strains in history variables

Post-processing: retrieve total shear strains from history variables for a specified
elementlist

loop, i : elementlist

loop, α : 1→ 12

Determine the maximum total shear strain range ∆γtotmax

The element number i is stored for the maximum total shear strain range

end loop

end loop

The fatigue life to initiation is calculated Ni =

(
∆γtotmax
a

)1/b
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7
Simulations and results

7.1 FE-model

In order to have a good correlation with the experimetnally obtained data a realis-
tic FE-model is needed. The developed material model was tested by FE-models of
the test specimens used in the experimental testing. Two FE-models were made in
the software program TrueGrid R© [57], one smooth specimen and one notched spec-
imen. Both models were made with a butterfly mapped mesh of brick elements,
see the included papers for more details regarding the models.

7.2 Simulation basis

In order to handle the non-associated flow rule adopted in Chapter 5.4 the initial
stiffness method [58] is used, the stiffness tensor is never updated. This leads to
that the simulation will take longer time to find equilibrium compared with an
updatable stiffness tensor, but as a big Linux-cluster containing eight quad-core
processors were used the time is of little significance in this matter.

Simulated results of the performed tension and compression tests can be seen in
Figure 19. One can see the resemblance with the experimental results seen in Figure
7, the similar properties as the different stiffness in the different crystal orientations,
the perfect plasticity response, the different yield limits for the different crystal
orientations and the big tension/compression asymmetry in the [011]-direction and
the small in the other directions are all present. For more and other types of
simulated results see the included papers.

To determine the constant values a and b in the fatigue life function, Equation
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Figure 19: Results from the simulated tension and compression tests [17].

(52), a series of smooth test specimens were simulated with a matching setup as in
the experiments. From each of these simulations the ∆γtotmax value was determined
and plotted against the corresponding experimentally obtained number of cycles to
fatigue initiation in a log-log scaled graph. A curve fit was made to approximate
a straight line through the points, thus yielding the wanted constants, for more
details see the third included paper.
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8
Review of included papers

Paper I

Room temperature yield behaviour of a single-crystal nickel-base su-
peralloy with tension/compression asymmetry

In the first paper the yield behaviour of a single-crystal nickel-base superalloy was
analysed and modelled. A series of uniaxial tension and compression tests were
performed at room temperature. These tests showed a large tension/compression
asymmetry for the different tested crystal orientations. To model the mechanical
behaviour a viscoplastic flow function was developed, which takes the elastic and
plastic anisotropy and the tension/compression asymmetry into account. A corre-
sponding series of tests were simulated using LS-DYNA, and the simulated results
correspond well with the experimentally obtained ones1.

Paper II

Tension/compression asymmetry of a single-crystal superalloy in vir-
gin and degraded condition

The microstructural degradation effects on the yield behaviour is investigated in the
second paper. The tested specimens from the first paper were exposed to long time
ageing in a furnace, by which the microstructure became degraded. The test spec-
imens were then retested in tension and compression. The ratio between the yield
limits of the degraded and virgin condition was determined. The test specimens
were cut and analysed with SEM, and a coarsening parameter was determined,

1Note: In the paper the continuum-mechanical notation is somewhat different from the one
used in the thesis and also the elastic stiffness tensor needs a major symmetry (MS) subscript.
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basing on how much the γ′-particles had elongated in the three crystal orienta-
tions. The ratios and the coarsening parameters were used to define an isotropic
degradation function lowering the slip resistance, and, in turn, also the yield limit
of the components. A comparison of the simulations with the experiments shows
a good correlation.

Paper III

Fatigue crack initiation in a notched single-crystal superalloy compo-
nent

In the third paper the fatigue crack initiation behaviour of a single-crystal super-
alloy component was investigated. LCF tests at 500◦C on smooth test specimens
were performed with Rε = −1. From these tests the number of cycles to fatigue
initiation was determined for specific strain ranges. A critical plane model, based
on the total shear strain range, was developed by which a Coffin-Manson type of
expression was fitted to the experimental results. In addition, notched test speci-
mens were loaded in LCF with Rε = 0, also at 500◦C, and simulations were carried
out to determine the number of cycles to fatigue crack initiation2.

2Note: In the paper the notation for the maximum total shear strain range (∆γmax), should
be written with a superscript tot according to ∆γtotmax.
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