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Abstract

In this thesis we investigate different algorithms for dynamic resource allocation in
wireless networks. We introduce a general framework for modeling systems which
is applicable to many scenarios. We also analyze a specific scenario with adaptive
beamforming and show how it fits into the proposed framework. We then study two
different resource allocation problems: Quality-of-Service (QoS) constrained user
scheduling and sum-rate maximization. For user scheduling, we select some “good”
set of users that is allowed to use a specific resource. We investigate different
algorithms with varying complexities. For the sum-rate maximization we find the
global optimum through an algorithm that takes advantage of the structure of
the problem by reformulating it as a D.C. program, i.e., a minimization over a
difference of convex functions. We validate this approach by showing that it is
more efficient than an exhaustive search at exploring the space of solutions. The
algorithm provides a good benchmark for more suboptimal algorithms to compare
with. The framework in which we construct the algorithm, apart from being very
general, is also very flexible and can be used to implement other low complexity
but suboptimal algorithms.
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Chapter 1

Introduction

This thesis has been a research oriented work performed at the division of Com-
munication Systems at Linköping University. The goal has been to contribute to
the current research on resource allocation in wireless systems. With this as the
starting point we will first introduce the mathematical framework that is used in
this report and in the current research in this field. The idea is to work within a
very general framework and construct algorithms for finding a good or optimal re-
source allocation with respect to different criteria. This thesis will look at mainly
two different scenarios in which we want to find a good resource allocation.

Resource allocation Resource allocation is the process of deciding how some
set of resources should be used. In our scenario of wireless systems - see Figure
1.1 for an example - the available resources are time, frequency, and space. By
using these resources we mean that a wireless terminal (or user) is transmitting
some signal over that resource. Resource allocation thus is the process of selecting
which users are to transmit when, at what frequency, and where. The resources
are however not mutually exclusive as we can allocate a single resource to several
users. For example we can have several users transmitting at the same time at the
same frequency and at the same place. This will yield interference between the
different users at the receiver. This interference will reduce the data rate of the
individual users but the overall performance is usually increased if we allow several
users to share a resource. The interference can also be mitigated by employing
some strategy at the receiver and/or at the transmitter. One approach is what
is referred to as beamforming where the receiving station has several antennas
separated in space and by estimating channel conditions, can use this information
to reduce the interference. Knowing the channel makes it possible to tune the
directional sensitivity of the antennas to each user.

This process of resource allocation is complicated further by the random nature
of the wireless channel. As mobile users and other objects move and conditions
change the conditions of the wireless channel can change rapidly. This means that
a resource allocation that is good at some time might become very bad very fast.
Thus a wireless system must be able to respond quickly to changing conditions

1



2 Introduction

which gives rise to the need for algorithms of low complexity.

Figure 1.1. A standard wireless communication scenario: a central base station com-
municating with several mobile terminals.

User scheduling User scheduling is the process of choosing some good set of
users to be allowed to transmit given some channel conditions and some con-
straints. More specifically, given some quality of service (QoS) constraints in the
form of lower bounds on the signal-to-interference-and-noise ratios (SINR), we
want to find a set of as many users as possible, that when allowed to transmit, all
experience the required QoS. Since the number of combinations involved are rather
high we are forced to look at suboptimal solutions. We compare some alternative
schemes with varying complexity and performance.

Sum-rate maximization Finally we investigate sum-rate maximization where
we want to allocate powers to a set of users giving the highest total data rate in
the system. We present an algorithm for finding the global optimum. The problem
has been well studied from different approaches both in special cases [10, 11, 6]
and in the general case [12]. We take advantage of the D.C. properties [7] of the
sum-rate maximization problem to find an efficient globally optimal algorithm.



Chapter 2

System Model

2.1 Notations

A Bold capital letter denotes a matrix.

a Bold lower case letter denotes a column vector.

[A]
i

Denotes the ith column of the matrix A.

[A]j Denotes the jth row of the matrix A.

[A]
i

j Denotes the element at row j and column i of the matrix A.

[a]i Denotes the ith element of the vector a.

AT Denotes the transpose of the matrix A.

AH Denotes the hermitian transpose of the matrix A.

‖a‖1 Denotes the 1-norm of the vector a i.e., the sum of its elements.

‖a‖2 Denotes the 2-norm of the vector a i.e., the Euclidean length.

diag {a} The matrix with the vector a as its diagonal, and zero elsewhere.

z∗ Denotes the complex conjugate of the scalar z.

E {X} The expected value of the stochastic variable X.

2.2 Power allocation and interference functions

First we consider the general problem of power allocation. Consider a set of Nr
resources. These can be almost anything for example some frequency bands, anten-
nas, or time slots which can be accessed by allocating some power to it. Consider
also a set of K users that can access these resources freely and simultaneously.
By a power allocation we mean that we have associated each pair of users and
resource with some power. This will give us an Nr by K table of powers. See
Figure 2.1 for an illustration.

3
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Figure 2.1. An illustrative example of a power allocation table with five resources and
five users. For example: user 3 has allocated 0.7 Watt to resource 2.

A system with Nr resources and K antennas will correspond to L = K × Nr
resource pairs. We will refer to such a user, resource pair as a link. This makes
sense in the context of wireless systems as each user communicates with some
receiver over each resource i.e., he has Nr links to the receiver. Let P represent
the power allocation where [P ]

k

n is the power allocated by user k for resource n.
We introduce the power allocation p for the L = K ∗Nr through

p =
[

[P ]
1
1 , . . . , [P ]

K

1 , . . . , [P ]
1
Nr
, . . . , [P ]

K

Nr

]T

. (2.1)

Thus we have constrained ourselves to looking at resource allocation in terms
of power allocation. Our next step is to introduce the concept of interference.
First let us begin with a simple example of how interference can occur. We will
look at a more intricate example in Section 2.3.

Assume that we have a single resource system with two users that tries to trans-
mit signals over non-orthogonal links, i.e. the user signals will interfere with each
other. Further assume that they suffer from noise, see Figure 2.2. We will assume
that we are working in complex baseband i.e., all quantities will be complex.

Let s1(t) and s2(t) be complex valued stochastic processes with zero mean
corresponding to user 1 and 2 respectively. Let g11 be the complex gain on the
connection between s1(t) to s̄1(t) and g12, g21, and g22 the links for the other
connections. Let ñ1 and ñ2 be the additive complex white Gaussian noise with
zero mean and power σ2.
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s1(t)

s2(t)

ñ1(t)

ñ2(t)

s̄1(t)

s̄2(t)

g11

g12

g21

g22

Figure 2.2. The system model for our first simple example.

We can write the received signals as

s̄1(t) = g11s1(t) + g21s2(t) + ñ1(t) (2.2)

s̄2(t) = g12s1(t) + g22s2(t) + ñ2(t). (2.3)

The power of a stochastic complex valued signal s(t) is defined as E {s(t)s∗(t)}.
Let p1 and p2 be the power of s1(t) and s2(t) respectively and p̄1 and p̄2 for s̄1(t)
and s̄2(t) in the same way. Since we are looking at stochastic processes, we must
specify the statistical dependencies between the signals. We will assume that
all processes are mutually uncorrelated. This will imply that E

{
si(t)s

∗
j (t)

}
=

E {si(t)}E
{
s∗j (t)

}
= 0 if i 6= j since they both have zero mean. This will also

hold for the noise components. Using these properties we can get an expression
for p̄1 through

p̄1 = E {s̄1(t)s̄∗1(t)}

= E
{

(g11s1(t) + g21s2(t) + ñ1(t)) (g11s1(t) + g21s2(t) + ñ1(t))
∗}

= E {g11g
∗
11s1(t)s∗1(t)}+ E {g11g

∗
21s1(t)s∗2(t)}

+ E {g11s1(t)ñ∗1(t)}+ E {g21g
∗
11s2(t)s∗1(t)}

+ E {g21g
∗
21s2(t)s∗2(t)}+ E {g21s2(t)ñ∗1(t)}

+ E {g∗11ñ1(t)s∗1(t)}+ E {g∗21ñ1(t)s∗2(t)}

+ E {ñ1(t)ñ∗1(t)}

Now due to the mutual uncorrelation all cross terms cancel to zero and we get

p̄1 = |g11|
2p1 + |g21|

2p2 + σ2, (2.4)

and since the expression for p̄2 is symmetric,

p̄2 = |g12|
2p1 + |g22|

2p2 + σ2, (2.5)
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where we can clearly see how the power p2 appears as interference at s̄1(t) and
correspondingly for p1 at s̄2(t). Continuing we can now define the signal-to-
interference-and-noise ratios SINR1(p1, p2) and SINR2(p1, p2) which measures the
quality of the received signal for each of the two users

SINR1(p1, p2) =
|g11|

2p1
|g21|2p2 + σ2

(2.6)

SINR2(p1, p2) =
|g22|

2p2
|g12|2p1 + σ2

. (2.7)

With this simple scenario in mind we can move on to the general framework
we will work in. The problems we will investigate will all start by considering the
signal-to-interference-and-noise ratio for each user. Thus the idea arises that if we
could have a general expression for these ratios that is applicable to a variety of
scenarios we could decouple our problem from the underlying scenario in a nice way.
The channel gains gij usually requires perfect knowledge of the channel conditions
or perfect channel state information (CSI). This is usually not feasible in practice
where you instead rely on estimating the channel resulting in an approximate
model. Still it is useful to simplify the problem and assume that perfect CSI is
available which is the approach we will take in this report.

Our approach to finding a general expression for the SINR is based on an
observation that for many systems, the SINR of the l:th link can be expressed in
the form

SINRl =
[p]l

Il(p, σ2)
. (2.8)

Where p is the power allocated in the L links, and Il(p, σ
2) is the interference and

noise power.
We will think of the arguments of Il(p, σ

2) as sources of interference with more
power being equivalent to stronger interference. The standard approach that was
first suggested in [13] and examined in amongst others [1, 3, 2], is to assume that
the functions Il(p, σ

2) are so called interference functions, a class of functions with
certain properties which are common for most systems. In our current setting we
say that a function Il(p, σ

2) belongs to the class of interference functions if it
satisfies the following three axioms

A1 I(p, σ2) ≥ 0
A2 I(αp, ασ2) = αI(p, σ2) for α > 0
A3 I(p, σ′2) ≥ I(p′, σ′2) if p ≥ p′ ∧ σ ≥ σ′

(2.9)

A1 is not really an axiom since we have assumed that we are looking at powers
which are naturally positive. A2 captures the property that the interference does
not depend on the relative sizes of the powers, only on the “direction” of p and
σ2. A3 states that the interference function is monotonic in each of the powers.
This may not be obvious but consider the implications of this not being true, that
would imply that there exists some scenario where one interferer would become
stronger whereas the total interference would be reduced.
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We also introduce the convention that instead of Il(p, σ
2) we simply write Il(p)

where we have made the dependence on the noise implicit. This is motivated by
the fact that it simplifies the notation and that the noise power is usually constant
and out of our control.

The axioms A1-A3 (2.9) are standard axioms that are applicable in a large
number of scenarios. For this thesis we will also assume a fourth axiom

A4 I(p, σ2) is concave, see Appendix C. (2.10)

Assuming A1-A4 in the context of wireless communications allows us to make some
further assumptions. We notice that systems will often implement some method
for mitigating the interference, for example beamforming or combining methods.
To model this concept we introduce the concept of receive strategies and model the
interference as a minimization over all possible receive strategies. This scenario
together with the axioms A1-A4 was studied in [2, 3] where it was shown that we
can assume a specific form of the interference functions

Il(p) = min
zl∈Zl

[Ψ(z1, . . . ,zN )p+ n(z1, . . . ,zN )]l , (2.11)

where Zl is a set of possible receive strategies that are available, Ψ(z1, . . . ,zN )
is a matrix that depends on the receive strategies which will describe how the
different links are coupled, and n(z1, . . . ,zN ) will represent the noise power after
the receive strategy has been applied.

We assume that the l:th rows of Ψ and n only depends on the l:th receive
strategy which is somewhat obvious since we assume decoupled receive strategies
where the strategy for one link does not affect the others. Based on this we choose
to remove the dependencies to the other strategies in the expression and simply
write

Il(p) = min
zl∈Zl

[Ψ(zl)p+ n(zl)]l . (2.12)

Later we will also be interested in the gradients and subgradients of these inter-
ference functions and interestingly enough we can find these in the general case if
we assume the form (2.12). In Appendix A.3 it is shown that the subgradients are
given by

∇Il(p) = [Ψ(zl)]l





zl=ẑl

, (2.13)

where ẑl is any minimizer to (2.12).
To conclude, the point of introducing this interference function framework we

can, as far as we are concerned, specify the behavior of our system by specifying
the interference functions through the sets of receive strategies, the matrix Ψ, and
the vector n.

2.3 Main example

Before proceeding to the actual work we will go through a thorough example
giving a better understanding of how a more specific model fits into the abstract
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framework of interference functions. This will also be the scenario we use in our
simulations later on.

Consider a scenario where K users are trying to communicate with a base
station over a set of Nr orthogonal subcarriers1 which will represent the differ-
ent resources. We index the users by an integer in the range 1, . . . ,K and the
subcarriers by an integer in the range 1, . . . , Nr. To make it feasible for several
users to transmit on the same subcarrier we will assume that the base station
makes use of spatial diversity by using several antennas together with adaptive
receive beamforming, where the choice of beamformers will represent the different
receive strategies. The beamforming will not be able to reduce the interference
completely, at least if the number of users are large compared to the number of
antennas, so we will still experience interference at each link.

2.3.1 Single-carrier system

Since the subcarriers are assumed to be orthogonal all the properties of the multi-
carrier system can be related to the behavior of a single-carrier system where we
assume that Nr = 1. So consider a system where K users are transmitting to a
base station equipped with Na antennas through a wireless channel as illustrated
in Figure 2.3.

H W

[x]1

[x]Na

[s]1

[s]K

[ŝ]1

[ŝ]K

[n]1

[n]Na

Figure 2.3. A single carrier system with K single antenna users and a base station with
Na antennas employing beamforming to separate the individual users.

Let s(t) = [s1(t), . . . , sK(t)]
T

be a vector valued stochastic processes describing
the signals that are actually sent. As is common practice we will assume that we
are working in complex baseband i.e., the stochastic processes sk(t) are complex
valued. We model the channel gain for each link between a user k and an antenna
n as a complex number describing the attenuation and the phase shift imposed
on sk(t) through that link. We assume perfect CSI, i.e., these channel gains are
known by the receiver. Since there is a link from each transmitter antenna to
every receiver antenna we can describe the channel through an Na ×K complex
matrix

H =
[
h1 · · · hK

]
, (2.14)

1A subcarrier is just a specific frequency over which to transmit. That the subcarriers are
orthogonal means that the signals does not interfer with each other.
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where hk are the columns of H as Na-dimensional vectors. Using this we can
write the Na inputs to the beamforming block x(t) = [x1(t), . . . , xNa(t)]

T
as

x =Hs+ ñ. (2.15)

We assume additive complex white Gaussian noise through the stochastic vector
process ñ(t) with zero mean and variance σ2.

The beamforming is achieved through a linear transformation of x which can
be described through an Na ×K matrix

W =
[
w1 · · · wK

]
, (2.16)

where wk are the rows ofW as Na dimensional vectors. The actual beamforming
is performed as in Figure 2.4 and we can see that we have defined the columns
of W to be the complex conjugate of the actual beamforming coefficients. This
is just for ease of notation allowing us to avoid mixing transposes and hermitian
transposes in the same expressions.

∑

[x]1

[x]Na

[wk]
∗
1

[wk]
∗
Na

[ŝ]k

Figure 2.4. Figure of the beamforming procedure for the k:th user.

Now we can write the estimated signals ŝ(t) = [ŝ1(t), . . . , ŝK(t)]
T

through

ŝ(t) =WHx(t) =WHHs(t) +WHñ(t). (2.17)

The relation (2.17) relates the actual signals, but in our analysis we will want to
look at the power content p̂ of ŝ(t). To do this we first reformulate (2.17) into an
element-wise relation

[ŝ(t)]k =
[

WHHs(t) +WHñ(t)
]

k
(2.18)

=
[

WHHs(t)
]

k
+
[

WHñ(t)
]

k
(2.19)

=
[

WH
]

k
Hs(t) +

[

WH
]

k
ñ(t) (2.20)

=

K∑

i=1

[

WH
]

k
[H]

i
si(t) +

[

WH
]

k
ñ(t) (2.21)

=
K∑

i=1

wHk hisi(t) +wHk ñ(t). (2.22)



10 System Model

Now let p be the powers of the transmitted signal i.e., [p]k = E {s∗k(t)sk(t)}. The
powers of the estimated signals are given by the vector p̂ through

[p̂]k = E {ŝk(t)ŝ
∗
k(t)} . (2.23)

To analyze this we must make some assumption about the statistical properties of
our signals. More specifically we will assume that all components of s(t) and ñ(t)
are mutually uncorrelated and have mean zero. This yields that E

{
si(t)s

∗
j (t)

}
= 0

and E
{

[ñ(t)]i [ñ(t)]
∗
j

}

= 0 for all i 6= j as well as E
{
si(t) [ñ(t)]

∗
i

}
= 0 for all i.

Under this assumption we get

[p̂]k = E {ŝk(t)ŝ
∗
k(t)}

= E

{[
K∑

i=1

wHk hisi(t) +wHk ñ(t)

][
K∑

i=1

s∗i (t)h
H
i wk + ñH(t)wk

]}

= E

{[
K∑

i=1

wHk hisi(t)

][
K∑

i=1

s∗i (t)h
H
i wk

]

+

[
K∑

i=1

wHk hisi(t)

]

ñH(t)wk

+ wHk ñ(t)

[
K∑

i=1

s∗i (t)h
H
i wk

]

+wHk ñ(t)ñH(t)wk

}

= E











K∑

i=1

K∑

j=1

wHk hisi(t)s
∗
j (t)h

H
j wk



+

[
K∑

i=1

wHk hisi(t)ñ
H(t)wk

]

+

[
K∑

i=1

wHk ñ(t)s∗i (t)h
H
i wk

]

+wHk ñ(t)ñH(t)wk

}

=





K∑

i=1

K∑

j=1

wHk hiE
{
si(t)s

∗
j (t)

}
hHj wk



+

[
K∑

i=1

wHk hiE
{
si(t)ñ

H(t)
}
wk

]

+

[
K∑

i=1

wHk E {ñ(t)s∗i (t)}h
H
i wk

]

+wHk E
{
ñ(t)ñH(t)

}
wk,

which due to the mutual uncorrelation between the signals and noise reduces nicely
to

[p̂]k =

[
K∑

i=1

wHk hi [p]i h
H
i wk

]

+wHk σ
2Iwk

=

[
K∑

i=1

wHk hih
H
i wk [p]i

]

+ σ2wHk wk. (2.24)

Now we can identify the useful power and the unwanted power, i.e. the interference
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and noise,

wHk hkh
H
k wk [p]k

︸ ︷︷ ︸

Useful power

+
∑

i6=k

wHk hih
H
i wk [p]i + σ2wHk wk

︸ ︷︷ ︸

Unwanted power

.

Using this we can write the SINR as in (2.8)

SINRk(p,wk) =
wHk hkh

H
k wk [p]k

∑

i6=kw
H
k hih

H
i wk [p]i + σ2wHk wk

, (2.25)

from where we can identify the expression for the interference functions

Ik(p,wk) =

∑

i6=kw
H
k hih

H
i wk [p]k + σ2wHk wk

wHk hkh
H
k wk

. (2.26)

We will also be interested in the cross-correlation Rxx matrix of x (the input to
the beamforming block)

Rxx = E
{
xxH

}

= E
{

[Hs+ ñ] [Hs+ ñ]
H
}

= E
{

[Hs+ ñ]
[

sHHH + ñH
]}

= E
{

HssHHH + ñsHHH +HsñH + ññH
}

= HE
{
ssH

}
HH + E

{
ñsH

}
HH +HE

{
sñH

}
+ E

{
ññH

}

= Hdiag {p}HH + σ2I

=

K∑

k=1

hkh
H
k pk + σ2I. (2.27)

Before we can show that (2.26) satisfies the axioms A1-A4, we elaborate on how
to choose the beamformersW . We would like to write the interference in the form
(2.12) where the beamformers will be our receive strategies. First we notice that
the interference Ik(p,wk) is undefined for all zero beamformers and second that
it is invariant with respect to the beamformer norm which we can see through
adding a real constant α before the beamformers in (2.26) and assuming that the
beamformers wk are normalized.

Ik(p, αwk) =

∑

i6=k αw
H
k hih

H
i αwk + σ2αwHk αwk

αwHk hkh
H
k αwk

=
α2

α2

∑

i6=kw
H
k hih

H
i wk + σ2wHk wk

wHk hkh
H
k wk

= Ik(p,wk).



12 System Model

So with respect to minimizing the interference functions we can restrict ourselves
to look at normalized beamformers. Thus we can get an expression for the inter-
ference functions with adaptive receive beamforming in the form (2.12) through

Ik(p) = min
‖wk‖2=1

[Ψ(wk)p+ n(wk)]k . (2.28)

Keep in mind that the k:th row only depends on wk. The elements of Ψ and n can
be identified from (2.26) if we realize that the terms in the sum will correspond to
the rows of Ψ. We get

[Ψ]
j

i =

{
wHi hjh

H
j wi

wH
i

hih
H
i

wi
if i 6= j

0 if i = j
(2.29)

and

[n]i =
σ2wHi wi

wHi hih
H
i wi
. (2.30)

From (2.29) and (2.30) we see that each row indeed only depends on the beam-
former for the corresponding user. We can also express the interference function
in terms of Rxx through

Ik(p) = min
‖wk‖2=1

wHk

(

Rxx − hkh
H
k [p]k

)

wk (2.31)

Now we want to find a choice of beamformers that minimizes the interference. In
Appendix A.1 we show that we should choose our beamformers as

ŵk =
R−1
xxhi

√

hHi R
−2
xxhi

. (2.32)

It remains to show that the interference functions that we derive indeed satis-
fies the axioms A1-A3 (2.9). The concavity (A4) follows from the fact that the
interferences are a minimization over affine functions.

Lemma 2.1 The interference functions (2.26) satisfies A1-A3

Proof A1 We wish to show that the interference is positive for all beamformers. This
is obvious from the rewriting of (2.26) as

Ik(p) = min
‖wk‖2=1

∑

i6=k
wHk hih

H

i wk [p]
k

+ σ2wHk wk

wH
k
hkh

H

k wk

= min
‖wk‖2=1

∑

i6=k
|wHk hi|

2 [p]
k

+ σ2

|wH
k
hk|2

≥ 0

since all quantities are positive. �
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Proof A2 We wish to show that scaling the powers and noise by a factor α gives equally
scaled interference (where we recall that the noise must be scaled as well).

Ik(αp, ασ
2) = min

‖wk‖2=1

∑

i6=k
wHk hih

H

i wkα [p]
k

+ ασ2wHk wk

wH
k
hkh

H

k wk

= α min
‖wk‖2=1

∑

i6=k
wHk hih

H

i wk [p]
k

+ σ2wHk wk

wH
k
hkh

H

k wk

= αIk(p, σ
2).

�

Proof A3 Let ∆p = p−p′ and we wish to show that Ik(p)−Ik(p
′) ≥ 0 if [∆p]

k
≥ 0 ∀k

Ik(p)− Ik(p
′) = min

‖wk‖2=1

∑

i6=k
wHk hih

H

i wk [p]
k

+ σ2wHk wk

wH
k
hkh

H

k wk

− min
‖wk‖2=1

∑

i6=k
wHk hih

H

i wk [p′]
k

+ σ2wHk wk

wH
k
hkh

H

k wk

≥

∑

i6=k
ŵHk hih

H

i ŵk [p]
k

+ σ2ŵHk ŵk

ŵHk hkh
H

k ŵk

−

∑

i6=k
ŵHk hih

H

i ŵk [p′]
k

+ σ2ŵHk ŵk

ŵHk hkh
H

k ŵk

where ŵ is the minimizer associated with Ik(p) and where the inequality stems from the
fact that we are using possibly suboptimal beamformers for Ik(p

′). Continuing we get

Ik(p)− Ik(p
′) ≥

∑

i6=k
ŵHk hih

H

i ŵk
(
[p]
k
− [p′]

k

)
+ σ2ŵHk ŵk

ŵHk hkh
H

k ŵk

=

∑

i6=k
ŵHk hih

H

i ŵk [∆p]
k

+ σ2ŵHk ŵk

ŵHk hkh
H

k ŵk

which is positive since ∆p is positive and we already proved that the axiom A1 holds.

Thus we conclude that Ik(p)− Ik(p
′) > 0. �

2.3.2 Multi-carrier system

For the multi-carrier system we can consider Nr single-carrier systems as described
in Section 2.3.1 in parallel. But as we mentioned in Section 2.2 it will be useful
to look at a flattened system where the links are decoupled from the users. Let
H1, . . . ,HNr be the channels for the individual subcarriers. We can then create
an equivalent flat system with the channel matrix

H =






H1 0
. . .

0 HNr




 . (2.33)

This flat system can then be analyzed in the same way as a single-carrier system.





Chapter 3

User Scheduling

3.1 Problem formulation

The work presented in this chapter is motivated by the idea that for some scenarios
our system may be forced to provide some minimal quality of service (QoS) for
each user. It is obvious that the quality of service is decreased as the number of
users trying to make use of the same resource increase. Thus given a per user QoS
constraint, a total set of users K = {1, . . . ,K} and a power constraint set P we
can identify all subsets of K for which there exists a power allocation p that gives
all the active users a QoS within the constraint. We will take a simple approach
and look at a scenario where we have a single resource (Nr = 1) and where we
assume that the power constraint set is given by a total power constraint,

P =

{

p :
K∑

i=1

[p]i = pmax

}

(3.1)

and a QoS constraint in the form of a minimal SINR constraint γ > 0, common
for each user. Thus we say that a set κ ⊆ K is feasible if

∃p ∈ P s.t.
[p]i
Ii(p)

≥ γ ∀i ∈ κ, where [p]j = 0 if j /∈ κ. (3.2)

Our goal will be to find a scheduling of as many users as possible while still being
able to provide the required QoS for all active users. This will involve not only
choosing some set of active users but also to allocate some power to each active
user. We will however not attempt some kind of joint optimization but decouple
the two and consider the problem of allocating the powers for a fixed set of active
users κ. First we will look at how, in this scenario, the power allocation affects the
SINR and how we can find a power allocation that satisfies the QoS constraints
or determine that no such power allocation exists.

We will assume that the interference functions are of the form (2.12) i.e.,

Ik(p) = min
zk∈Zk

[Ψ(zk)p+ n(zk)]k .

15
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3.1.1 Power allocation

Given a subset κ of K we are free to choose a power allocation pκ ∈ P where
[pκ]k = 0 if k /∈ κ. We have two objectives for the choice of power allocation.
First we want to know if there exists some pκ such that the SINR for all active
users are above the threshold γ. Once we conclude that such a power allocation
exists we can optimize the performance further by choosing some good power
allocation. Both of these objectives are attained if we consider the problem of
maximizing the minimum SINR for the active users. Formally

max min
pκ∈P, k∈κ

[pκ]k
Ik(pκ)

(3.3)

where P is the power constraint set as in (3.1) where pmax is the maximum al-
lowed total power. If we solve this problem and the minimal SINR is above γ,
we can conclude that all active users satisfy the QoS constraint. The max min
SINR problem has been studied extensively and was found to be equivalent to
an eigenvalue problem [8] where the target SINRs, γ, are achieved with equality.
The solution will involve an iterative algorithm which at each iteration finds the
optimal power allocation to a problem similar to (3.3) but where we assume that
the receive strategy is fixed. Let Ik(pκ,zk) be the interference functions without
the minimization i.e.,

Ik(p,zk) = [Ψ(zk)p+ n(zk)]k (3.4)

We can now formulate a new problem

max min
pκ∈P, k∈κ

[pκ]k
Ik(pκ,zk)

(3.5)

where zk is some fixed receive strategy. This can be reformulated as a eigenvalue
problem, the math is provided in Appendix A.2. Here we are satisfied with knowing
that we have a process for finding the optimal power allocation for (3.5) which
allows us to incorporate it into an algorithm for solving the joint problem (3.3).

The joint problem (3.3) is solved by starting with some power allocation and
successively finding a new power allocation by first finding the optimal receive
strategy and than solving (3.5) to find a new power allocation. The pseudocode
is given in Algorithm 1.

The Algorithm 1 converges to a global optimum, see [9]. The complexity is
quite difficult to analyze. However in simulations it consistently found an optimal
solution within approximately 3− 5 iterations for reasonable systems.

With this algorithm we have a procedure for making a decision which of two
sets of active users κ1 and κ2 is better in the sense described before. Let Υ(κi) be
the maximal minimal SINR that we find by Algorithm 1. We then say that κ1 is
better then or equally good to κ2 if the following logical statement is true

|κ1| > |κ2| ∨ (|κ1| = |κ2| ∧Υ(κ1) ≥ Υ(κ2)) . (3.6)

Our objective is now to compare some algorithms for finding good subsets κ.
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Algorithm 1 Iterative joint optimization of power allocation and beamformers
giving maximal minimal SINR subject to a total-power constraint.

1: Let κ be the set of active users taken from the set K.

2:
[
p(0)

]

k
=

{ pmax

|κ| k ∈ κ

0 otherwise
3: n = 0
4: repeat

5: n = n+ 1
6: z

(n)
i = arg minzk

Il(p
(n),zk) ∀i

7: Solve (3.5) to find p(n)

8: until

∣
∣
∣min SINR

(n)
i −min SINR

(n−1)
i

∣
∣
∣ ≤ ε

3.2 Algorithms

As an exhaustive search is often impractical we would like to suggest some faster
but perhaps suboptimal algorithms for solving the problem.

3.2.1 Greedy algorithm

A standard approach is a greedy algorithm. It starts out with the user with the
individually largest channel gain. Then successively tries to add another user that,
when added to the set of active users, yields the smallest decrease in SINR. This
continues until the SINR is below the threshold γ. By SINR we mean the SINR
obtained when maximizing the minimal SINR. The pseudocode is presented in
algorithm 2.

Algorithm 2 Greedy user scheduling.

1: Start with the user with largest channel power ‖hl‖
2.

2: repeat

3: Add the user that gives the smallest decrease in SINR.
4: until The threshold γ is breached.
5: Remove the last added user, that breached the threshold.

Complexity

Since an exact complexity analysis is difficult and our main objective is to just
compare the different algorithms we settle for finding the complexity in terms of
how many times it solves the max-min SINR problem (3.3). We also assume that
we know the number of users that are active in the optimum M = |κ∗| where κ∗

is the solution that our algorithm produces. This gives a complexity

M∑

i=0

(K − i) =MK −
M(M − 1)

2
.
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3.2.2 Sort-Greedy algorithm

We would also like to find a algorithm with less complexity than the greedy algo-
rithm that still produce relatively good results. The greedy algorithm starts from
a single users then successively adds a single user. If we instead start with several
users we can use this as a starting point for a variant of the greedy algorithm
yielding lower complexity.

We first sort the users by the power available in their respective channel and
then add users in increasing order, with respect to channel power, until the SINR
threshold is breached. Next, try removing each user to see what combination of
one less user gives the largest increase in SINR. Then we add the user that gives
the lowest decrease in SINR. This is also repeated once to make sure we have as
many users as possible. The pseudocode is presented in Algorithm 3.

Algorithm 3 Sort-greedy user scheduling.

1: Sort users by channel power ‖hl‖
2.

2: Start with the user with most power and successively add the others until the
threshold γ is breached.

3: Remove the user which when removed causes the largest increase in SINR.
4: Add the user which gives the highest SINR without breaking the threshold.
5: If a user was added in the previous step repeat it one last time.

Complexity

Using the same variables as in section 3.2.1 the sort-greedy algorithm will have a
complexity in given by

2(M − 1) +M = 3M − 2

3.2.3 Greedy-branch algorithm

Additionally we also would like to find a more complex algorithm yielding better
results. The one presented here is based on the same idea as the greedy algorithm
but instead of simply choosing the best user it keeps track of the two best users
in each step and thus checks more alternatives. The pseudocode is presented in
Algorithm 4.

Complexity

This will basically do twice the work that the greedy algorithm does. Again, using
the variables from section 3.2.1, the complexity is given by

2

M∑

i=0

(K − i) = 2MK −M(M − 1)
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Algorithm 4 Greedy-branch user scheduling.

1: Start with two branches B1 and B2 using the two users with the largest channel
power ‖hl‖

2.
2: repeat

3: Find the two users b11 and b12 that yields the highest SINR when added to
B1 and correspondingly b21 and b22 for B2. This will yield four new branches
B11, B12, B21, and B22.

4: Keep the two branches among B11, B12, B21, and B22 that has the highest
SINR.

5: until Until both branches breaches the threshold γ.
6: Return the best branch in terms of SINR.

3.2.4 Exhaustive search

The optimal solution is found by checking all combinations ofK users. This can be
optimized via a binary search over the number of active users since, for example,
if we know that no combination of seven users can satisfy the QoS constraint we
conclude that no combination of eight or more users will be feasible.

Complexity

On average every step of the binary search will run 2K

K
times and this will be

executed an order log2(K) times. This gives an approximation of the complexity
as

⌊
2K

K
log2(K)⌋

3.3 Simulation results

We would now like to test the performance of the different algorithms on several
different channels and compare the results. We will run the simulations using the
model for a single-carrier system given in Section 2.3. In Table 3.1 the results of
running the different algorithms on a hundred different channels with the same
parameters are shown. The parameters are Nr = 1, Na = 4, K = 12, pmax = 10,
ε = 10−3, and σ = 0.1.

From Table 3.1 we can conclude that all algorithms find the same number of
active users in all cases. There is not much significant difference in the result-
ing SINR which might imply that the sort-greedy algorithm might be preferable
because of its lower complexity.
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γ [dB] Algorithm Mean SINR M Complexity Exec. time [s]
0 Sort-greedy 1.3069 7 23 0.2046

Greedy 1.3087 7 57 0.2771
Greedy-branch 1.3097 7 113 0.5874
Exhaustive search 1.3104 7 2432 20.7640

5 Sort-greedy 3.7933 5 25 0.1563
Greedy 3.7976 5 46 0.1769
Greedy-branch 3.8096 5 91 0.4165
Exhaustive search 3.8391 5 1937 11.6609

10 Sort-greedy 134.3023 4 26 0.1106
Greedy 138.2662 4 39 0.1264
Greedy-branch 146.2949 4 77 0.2477
Exhaustive search 153.8785 4 2432 13.3377

Table 3.1. Performance/complexity for different algorithms when tested on 100 different
channels. M is the number of active users.



Chapter 4

Sum-Rate Maximization

4.1 Problem formulation

We consider the problem of sum-rate maximization with respect to a total power
constraint. Before we can introduce the sum rate we must first introduce the rate.
Rate, just like SINR, is a QoS measure that in some scenarios can be connected
to the bit rate or capacity of the system. Given a SINR the rate is defined as

Rl(p) = log2(1 +
[p]l
Il(p)

) (4.1)

where l = 1, . . . , L indicates the link and Il(p) is the interference functions de-
scribing the behavior of that link. With this we define the sum rate as

SR(p) =
L∑

l=1

Rl(p) (4.2)

which is the quantity we wish to optimize. Optimizing this will give the best overall
performance but does not take into consideration the QoS of the individual links.
Still in many scenarios the overall performance is the most important measure,
and we must remember that a single user may be associated with several links.

Our optimization problem can now be expressed as

max
p∈P

L∑

l=1

Rl(p). (4.3)

where we assume that P takes the form of a total power constraint i.e.,

P =

{
L∑

l=1

[p]l ≤ pmax

}

(4.4)

where pmax is some maximal allowed total power. We can however simplify the
power constraint set using the properties of our interference functions and the sum

21
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rate. It is clear that the all zero power allocation should never be the optimum
since at least a single user could be allowed to transmit without suffering from
interference. In fact it can be shown, see Appendix A.4, that in the optimum all
the available power is used i.e. for an optimal power allocation p̂, we have

L∑

l=1

[p̂]k = pmax.

This allows us to reformulate our power constraint to

P =

{

p :

L∑

l=1

[p]l = pmax

}

(4.5)

which is the form of P we assume from now on.

4.2 D.C. programming

The next step is to make an approach at solving (4.3) by taking advantage of
some of the structure inherent in the problem. Our idea will be to reformulate the
problem (4.3) as a D.C. (difference of convex functions) programming problem. A
D.C. programming problem is a minimization of a D.C. function over a convex
set. A function is a D.C. function if it can be written as a difference of two convex
functions, i.e. a function h(p) will be a D.C. function if there exists two convex
functions f(p) and g(p) such that

h(p) = f(p)− g(p).

For a discussion on convex functions see Appendix C.

So the first step is to rewrite (4.3) as a minimization problem

min
p∈P
−
L∑

l=1

Rl(p). (4.6)

where the objective function is the negated sum rate. We choose to deal with the
negated sum rate in order to keep the notation consistent with the framework of
D.C. programming. Thus we introduce

NSR(p) = −
L∑

l=1

Rl(p) (4.7)

for which we have to remember that when we construct our optimization algo-
rithms smaller values of the objective functions will be better. The next step is
to show that the negated sum rate (4.7) can indeed be written as a D.C. function
which we show in Lemma 4.1.
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Lemma 4.1 The negated sum rate (4.7) can be rewritten as a D.C. function
through two convex functions f(p) and g(p) such that

NSR(p) = f(p)− g(p) (4.8)

where

f(p) = −
L∑

l=1

log2 (Il(p) + [p]l) , g(p) = −
L∑

l=1

log2 (Il(p)) .

Proof The negated sum rate (4.7) can be rewritten as

−

L∑

l=1

log
2

(

1 +
[p]
l

Il(p)

)

= −

L∑

l=1

log
2

(
Il(p)

Il(p)
+

[p]
l

Il(p)

)

= −

L∑

l=1

[
log

2

(
Il(p) + [p]

l

)
− log

2
(Il(p))

]

= −

L∑

l=1

log
2

(
Il(p) + [p]

l

)
+

L∑

l=1

log
2

(Il(p))

from which we identify two functions

f(p) = −

L∑

l=1

log
2

(
Il(p) + [p]

l

)
, g(p) = −

L∑

l=1

log
2

(Il(p)) .

whose difference will yield the negated sum rate i.e.,

NSR(p) = f(p)− g(p)

The convexity of f(p) and g(p) comes from the concavity of Il(p) that we assume through

A4. �

We can now formulate a D.C. programming problem

min
p∈P
f(p)− g(p) (4.9)

which will be the basis for our algorithm.

4.3 Globally optimal approach

Our goal is to construct an algorithm that can find the global optimum to (4.3)
or rather the D.C. program (4.9). Since the sum rate is non-convex, this is a
quite hard problem. Our approach will be based on [7] where a general D.C. pro-
gramming problem is solved with respect to a general convex constraint. We will
however restrict ourselves somewhat and also present a variation of the algorithm.
The idea in [7] is to make use of the D.C. structure of the problem to find linear
approximations of f(p) and g(p) making use of their convexity. The algorithm
then uses a branch and bound approach where the constraint set P is successively
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partitioned into finer and finer partitions. For each subset in the partition a lower
bound of the objective function is calculated. Here we must be careful and re-
member that we are dealing with the negated sum rate as a lower bound of the
negated sum rate translates into a upper bound of the sum rate. By doing this
and improving the linear approximations of f(p) and g(p) for each partitioning we
can achieve more and more accurate lower bounds. Throughout the partitioning
the algorithm also keeps track of the best point found so far. This allows us to
stop the algorithm when the lowest lower bound is within some threshold of the
best point found so far. This will guarantee that the global optimum is within
this threshold of the sum rate at the resulting power allocation. The procedure is
presented in a more structured form in Algorithm 5. The procedure will be made
more exact when we present the individual algorithms.

Algorithm 5 Procedure for finding global optimum.

1: Start with some partitioning of P.
2: repeat

3: Take the subset, of the current partitioning, with the lowest lower bound
and partition it further. Replace the initial subset with the partitioning
yielding a finer partition.

4: Calculate lower bounds for the new subsets (these will be more accurate
since the partition is finer).

5: Remember some points (power allocations) produced in the partitioning and
keep track of the best point so far.

6: until The best point found so far is within some threshold of the lowest lower
bound.

The key to the efficiency is the rule to always only look at the subset with the
lowest lower bound. The fact that the subset has the lowest lower bound does not
prove that it contains the optimum but it still indicates that it contain good points.
This allows the algorithm to produce a finer partitioning around parts of the space
with low negated sum rates (or high sum rates) and a coarser partitioning around
parts with high negated sum rates (or low sum rates).

The key thing to understand is that the algorithm is constituted by two prin-
cipal operations, partitioning P, and finding lower bounds of NSR(p). In the
following subsections we describe the idea behind these two operations.

4.3.1 Partitioning

Here we try to describe the concept of partitioning and how we apply it in the
algorithms. A partition of a set A is a set of subsets A1, . . . , AN ⊆ A which are
collectively exhaustive i.e.,

∪iAi = A

and mutually exclusive i.e.,
∪iAi = ∅.

For our application where we successively partition the original set into finer and
finer partitions we have to consider the behavior of the partitioning scheme in the
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limit. In order to guarantee that we explore the entire space we will require that
every sequence of subsets P ⊇ B1 ⊃ B2 ⊃ B3 · · · that appear in our partitioning
scheme will, in the limit, converge to a point. This property is referred to as
exhaustive but not in the same sense as collectively exhaustive that we introduced
before and is a property of the partition not the partitioning scheme. Formally we
can write that for every sequence of partitions P ⊇ B1 ⊃ B2 ⊃ B3 · · · it should
hold that

lim
i→∞
Bi = pB where pB ∈ P (4.10)

With this in mind we can move on to describing the partitioning scheme we use
to partition P.

Partitioning scheme

The process of partitioning will rely heavily on a geometrical structure called a
simplex which is described in appendix B.

We assume that we start out with a partition of P into a set of simplices. That
the partitions are simplices will be critical to the lower bound operation later and
also, as we will see, the partitioning becomes straightforward if we only consider
simplices. It also turns out that our assumed power constraint set (4.5) is already
in the form of a (L− 1)-simplex through the points

[pmax, 0, . . . , 0]T ,
[0, pmax, 0, . . . , 0]T ,
...,
[0, . . . , 0, pmax]T .

(4.11)

Remember that a (L− 1)-simplex i defined by L points (the corners).
With the assumption that we only consider simplices our partitioning can be

reduced to a rule for partitioning a single simplex into two or more subsimplices
as long as they are collectively exhaustive, mutually exclusive and gives rise to
a exhaustive partitioning scheme. We can now make use of the fact that our
partitions are simplices for which a very simple partitioning rule can be applied.
It can be shown that for any simplex S, of dimension L − 1, any point pr ∈ S
gives rise to a partitioning of S into a number of subsimplices, depending on what
point we choose. Assume pr ∈ S, this yields L subsimplices by replacing one of
the corners of S with pr. An example is presented in figure 4.1.

This will generate L subsimplices only if pr lies strictly inside S. If this is not
the case i.e., if pr lies on the boundary of S some of these combinations of points
will contain dependent points and thus not generate a simplex. In this case we
will get some less than L number of simplices and in fact if we choose pr as one of
the corners of S we will only get one simplex (in the case where pr replaces itself)
and since we require two or more simplices this is not a viable option.

We conclude that using this property of simplices, our partitioning rule can
be further reduced to, given a simplex, choosing a point inside the simplex. This
will give us collectively exhaustive and mutually exclusive partitions. However, we
must still take care to make sure that (4.10) holds. We choose a standard procedure
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pr

(a) Partitioning induced by a point pr
in the interior.

pr
(b) Partitioning induced by a point pr
at the edge.

Figure 4.1. Partition of a 2-simplex through a point.

suggested in [7] where the the simplex S defined by the points p1, . . . ,pL is split
in two by choosing pr as the middle of the longest edge. Formally we choose

pr =
pi + pj

2
, where (i, j) = arg max

i,j

‖pi − pj‖2. (4.12)

This produces two simplices S1, S2 ⊂ S defined by the points

p1, . . . ,pi−1,pr,pi+1, . . . ,pL,

and
p1, . . . ,pj−1,pr,pj+1, . . . ,pL,

respectively. It can be shown that this yields an exhaustive subdivisioning process
[7].

4.3.2 Lower bounds

We start by a simplex S ⊆ P over which we want to find a lower bound of the
negated sum rate. We consider the form f(p)− g(p) as in (4.9). The trick we will
employ is that if we could find two functions f̃(p) and g̃(p) such that f̃(p) ≤ f(p)
and g̃(p) ≥ g(p) we conclude that

f̃(p)− g̃(p) ≤ f(p)− g(p)

and thus that
min
p∈S
f̃(p)− g̃(p) ≤ min

p∈S
f(p)− g(p). (4.13)

So, the point is that if we can find two simple functions f̃(p) and g̃(p) for which
we have an effective method of calculating the minimum we can use this as a lower
bound of our actual objective function. Both f(p) and g(p) are convex but we
have to find an upper bound on g(p) and a lower bound for f(p) the procedures
becomes quite different. For g(p) we settle for the simplest solution where we
simply take a L-dimensional hyperplane spanning the L corners of g(S). This
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hyperplane is always unique which is a consequence of the fact that we are looking
at the graph over a (L − 1)-simplex which will give us L corners which gives us
a unique L dimensional hyperplane. In Figure 4.2 we show the 1-simplex case
showing f(p) and the hyperplane given by g̃(p) while also illustrating how a finer
partition improves the approximation.

S
S1 S2

pr

f(p)f(p)

g(p)g(p)

g̃(p)
g̃1(p) g̃2(p)

Figure 4.2. An illustration of the lower bound operation to the left and of the effect of
subdivisioning to the right. t is a dummy variable representing the values taken by f(p)
and g(p)

For f̃(p) there are several alternatives. For example in the convex programming
approach presented later we simply set f̃(p) = f(p) which makes the minimization
into a convex program. In the linear programming approach we will use the tangent
planes (or tangent spaces) to f(p) to produce a linear approximation. This gives
us linear programs when calculating the lower bounds, following the lines of [7].

4.3.3 Linear programming approach

The Linear Programming Approach (LPA) is our first approach to the global
maximization of the sum rate. Here we employ linear approximations of all non-
linear parts of the problem which allows us to find the optimal power allocation
using only linear programs.

Linear approximations

Consider the function f(p). We concluded in Section 4.3.2 that we are interested
in finding a function f̃(p) such that f̃(p) ≤ f(p). For a convex function, this is a
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natural property of the tangent spaces of f(p). Given a point p0 we know that

f(p) ≥ f(p0) +∇f(p0)(p− p0) (4.14)

where ∇f(p0) is a subgradient of f(p) at p0. A subgradient is defined as any
vector ∇f(p0) for which the relation (4.14) holds. For the case where a function
is differentiable and convex the gradient is the unique subgradient at each point.
Given a set of points p1, . . . ,pM , we can also produce a function below f(p) using
the maximum of the tangents

f(p) ≥ max
i=1,...,M

[f(pi) +∇f(pi)(p− pi)] (4.15)

which will hold for any dimension. And thus we can write

f̃(p) = max
i=1,...,M

[f(pi) +∇f(pi)(p− pi)] . (4.16)

The set of points associated with f̃(p) with will be successively updated by adding
new points as we partition the feasible set. This will make our lower bounds
successively more accurate. The same scenario as in Figure 4.2 is shown in Figure
4.3 but with the linear approximations included.

S
S1 S2

pr

p∗

f(p)f(p)

g(p)g(p)

g̃(p)
g̃1(p) g̃2(p)

Figure 4.3. The lower bound operation to the left and of the effect of subdivisioning
to the right. The linear approximations are updated by adding the point p∗ in the left
figure.

We notice that we would like to find an expression for the subgradients of f(p)
which is defined as

f(p) = −

L∑

l=1

log2 (Il(p) + [p]l) . (4.17)
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The subgradient is simply a vector of the the partial subdifferentials, which we
can get through

∂f(p)

∂ [p]i
= −

1

ln 2

[
L∑

l=1

1

Il(p) + pl

∂Il(p)

∂ [p]i

]

−
1

ln 2

1

Ii(p) + [p]i
(4.18)

Since we know that f(p) is convex and we know the subgradients of the concave
interference functions, see Appendix A.3, we get

∂Il(p)

∂ [p]i
= [Ψ]il (4.19)

and

∂f(p)

∂ [p]i
= −

1

ln 2

[
L∑

l=1

[Ψ]il
Il(p) + pl

]

−
1

ln 2

1

Ii(p) + [p]i
(4.20)

Observe that subgradients for concave functions are defined differently than for
convex functions.

Lower bounds using linear programming

From Figure 4.3 it is obvious that the lower bounding operation can be performed
using a linear program. It is however not so obvious how we can formulate it in a
standard form. Let S be the (L − 1)-simplex over which we want to find a lower
bound and let p1, . . ., pL be the corners of the simplex. To describe S as a set of
linear constraints, we make use of the definition of the convex hull of the points
p1, . . ., pL which will also give us the simplex S. The convex hull is defined by
introducing variables λ1, . . ., λL with which we can write

S =

{
L∑

i=1

λipi : λi ≥ 0,

L∑

i=1

λi = 1

}

. (4.21)

Using this idea we can write any power allocation p inside S as a linear combina-
tions of some λ1, . . ., λL through

p =
L∑

l=1

λlpl. (4.22)

With (4.22), instead of optimizing over the powers restricted to S, we can optimize
over the lambdas restricted by the relations

λl ≥ 0, (4.23)
L∑

l=1

λl = 1. (4.24)

We now have to find a way to describe g̃(p) and f̃(p) in terms of the new

variables λl. We defined g̃(p) as the hyperplane spanning the points
[
pT1 , g(p1)

]T
,
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. . .,
[
pTL, g(pL)

]T
. This will actually be the same thing as a simplex spanning the

same points. This allows us to again reuse the variables λl and write

[
pT , g̃(p)

]T
=

L∑

l=1

λl
[
pTl , g(pl)

]T
(4.25)

where λl are the coordinates for the point p just as in the expression (4.22). Since
we are not actually interested in the points but only the value of g̃(p) we need
only look at the last component of the points in the expression (4.25) which yields

g̃(p) =
L∑

l=1

λlg(pl). (4.26)

For f̃(p) we can just replace p in the expression (4.16) which for each tangent
space will yield

f(p̃m) +∇f(p̃m)(p− p̃m) = f(p̃m) +∇f(p̃m)(

(
L∑

l=1

λl pl

)

− p̃m). (4.27)

Now to avoid the maximization over the tangents, we introduce a slack variable t
and write our optimization problem (4.13) as

min
t,λ1,...,λL

t−

L∑

l=1

λlg(pl)

s.t. f(p̃m) +∇f(p̃m)(

(
L∑

l=1

λl pl

)

− p̃m) ≤ t, m = 1, . . . ,M,

L∑

l=1

λl = 1,

λl ≥ 0

(4.28)

where the expressions (4.27) has been added as linear constraints. This is now a
minimization over a linear objective function subject to linear constraints i.e. a
linear program. Solving such a linear program will yield optimizers t∗, λ∗1, . . . , λ

∗
L

which gives us a lower bound t∗ −
∑L
l=1 λ

∗
l g(pl) and a corresponding power allo-

cation p∗ =
∑

l λ
∗
l pl.

Procedure

We have already presented a general procedure in Algorithm 5. Here we give a
more specific description for LPA. Let Qi be the points that gives us f̃(p) through
(4.15) at iteration i. We will successively add new points which solve (4.13). These
will usually be good points for improving the approximation since they are located
at the intersections. Let Ri be the set of simplices that partitions P at iteration i.
Let p̂ be the best point found so far and α the corresponding value of the objective
function i.e., the negated sum rate. The pseudocode is given in Algorithm 6.
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Algorithm 6 Linear programming approach (LPA) for finding the global opti-
mum.

1: i = 0
2: Let R0 = {P} (we showed that P is a simplex)
3: Find a lower bound for the initial subset in R0.

4: Let Q0 =
{
pmax

L
[1, . . . , 1]

T
}

.

5: Let p̂ = pmax

L
[1, . . . , 1]

T
and α the corresponding negated sum rate.

6: repeat

7: Let Smin be the subset in Ri with the lowest lower bound and partition it
using the procedure described in Section 4.3.1 yielding two subset S1, S2

and a splitting point pr.
8: Ri+1 = (Ri \ Smin) ∪ {S1,S2}
9: Replace the old value of p̂ with pr, if pr yields a lower negated sum rate

and update α accordingly.
10: Calculate lower bounds using (4.28) for the new subsets yielding two points

p∗1, p∗2 where the lower bounds are attained.
11: Qi+1 = Qi ∪ {p

∗
1,p
∗
2}

12: i = i+ 1
13: until α is within some threshold of the lowest lower bound.

This procedure can be optimized slightly if we instead of saving the points
pq ∈ Q keep track of the corresponding quantities f(pq) and ∇f(pq) which we
note from the form of the linear programs (4.28) is what we will actually need.
We can also save the values of g(pr) since these will also be needed in the linear
programs (4.28). Using this we can reduce the number of times that we evaluate
the functions f(p), g(p), ∇f(p) which for some scenarios might be quite time
consuming. Still for most scenarios the majority of time should be spent solving
linear programs so these might be unnecessary optimizations.

4.3.4 Convex programming approach

Here we present the Convex Programming Approach (CPA). In Section 4.3.3 we in-
troduced a procedure that uses linear programming to calculate the lower bounds,
which is also the approach in [7]. And indeed linear programming is a stable and
mature technology and the solver always finds the exact optimum for each lower
bound. In our setting however, for larger systems the number of points required
for the linear approximation to be accurate enough becomes very large and the
linear programming solver becomes very slow. In fact in some ways it seems we are
eventually solving a convex program using a very complex linear program, since
if we set f̃(p) = f(p) the lower bound problem becomes a convex programming
problem.

min
p∈S
f(p)− g̃(p) (4.29)

Thus we can consider skipping the linear approximation part and simply use a
general convex solver for finding the lower bounds. Thus we can avoid the growing
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complexity as the convex programs should have the same order of complexity for
each operation. The procedure for this approach is presented in Algorithm 7.

Algorithm 7 Convex programming approach for finding the global optimum.

1: i = 0
2: Let R0 = {P}.
3: Find a lower bound for the initial subset in R0.
4: Let p̂ = pmax

L
[1, . . . , 1]

T
and α the corresponding negated sum rate.

5: repeat

6: Let Smin be the subset in Ri with the lowest lower bound and partition it
using the procedure described in Section 4.3.1 yielding two subsets S1, S2

and a splitting point pr.
7: Ri+1 = (Ri \ Smin) ∪ {S1,S2}
8: Replace the old value of p̂ with pr, if pr yields a lower negated sum rate

and update α accordingly.
9: Calculate lower bounds for the new subsets using (4.29).

10: i = i+ 1
11: until α is within some threshold ε of the lowest lower bound.

4.4 Simulations

Using the system model in Section 2.3.1 we can run some simulations testing the
performance of these algorithms. We will run our simulations using the single-
carrier system with adaptive beamforming presented in Section 2.3 as the system
model. Running an exhaustive search seems in order to confirm that we indeed
find the global optimum. An approach that is often used in practice is to simply
divide the power equally between the users. This “dumb” approach, which only
requires knowledge of how many users that are active, is to divide the available
power equally. Another suboptimal solution that just as the proposed algorithm
makes use of the D.C. properties of the sum-rate is presented in [12]. Still another
approach is presented in [10] which only works for a special case but which can
be adapted to the example system we use for the simulations. Finally we can also
consider the case where we are not constrained to using linear beamforming. If we
remove this constraint we can calculate a theoretical upper bound of the sum rate
with respect to the channel using iterative waterfilling. The results for these five
approaches can be seen in Figure 4.4 where we have used LPA but since both LPA
and CPA both yield the optimum it is not really important. What is important
however is to notice that we get the same result as an exhaustive search.

Since the alternative method to our proposed algorithm would be to run an
exhaustive search over the powers, it is critical to confirm that our approach ac-
tually gives an improvement, with respect to complexity, in comparison. We can
actually keep track of all the points that we use as candidates for the best point.
This will yield some distribution of points which we can compare to an exhaustive
search. In Figure 4.5 we see such a distribution for a small system and it is obvious
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that is more efficient than an exhaustive search at exploring the space. We must
still take into account the added complexity of calculating lower bounds at each
iteration.

0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

[p]1

[p
] 2

Figure 4.5. Power distribution for a system with parameters σ2 = 0.2, Nr = 1, Na = 2,
K = 3, and pmax = 1. The points are located on a 2-simplex since we only consider
points where

∑

k
[p]
k

= pmax. The optimum is located at [0.501, 0.499, 0]T (the third
dimension is not shown). The plot was generated using LPA.

To further show the behavior of the algorithm we also plot the convergence
behavior of the highest upper bound on the sum-rate and the best sum rate each
iteration in Figure 4.6.

We can see from the convergence plot in Figure 4.6 that the best point at
each iteration converges quite fast to the global optimum. This indicates that an
efficient approach might be to terminate the algorithm after some fixed number of
iterations.
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4.5 Conclusions and future work

The globally optimal algorithm provides a benchmark for other suboptimal algo-
rithms to compare with which in the current research has been achieved through
exhaustive search [12]. The D.C. structure is also very general and can provide
a good starting point for a variety of algorithm which then can be applied to a
large set of scenarios. The subject also lends itself to much further work. Given
the time frame, this report was not able to fully analyze the different possibilities
for the lower bounds. One important idea that should be more efficient would be
to approximate both g(p) and f(p) using a single linear constraint. There is also
room for analyzing other power constraints apart from a total power constraint
consider here. The idea to terminate the algorithm, at a fixed number of itera-
tions, also seems very promising and it would be interesting to further analyze the
performance of such a scheme.



Publications

This work has also resulted in a scientific paper [5] together with my supervisor
Dr. Shuying Shi and Prof. Erik G. Larsson at Linköping University as well as
Dr. Nikola Vucic and Dr. Martin Shubert at Fraunhofer German-Sino Lab for
Mobile Communications. The paper was submitted to Global Communications
Conference, Exhibition and Industry forum (Globecom) taking place in December
2010. The paper is under review.
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Appendix A

Proofs

A.1 Beamformer for minimal interference-and-noise

We wish to deduce a expression for beamformers that minimize the interference
functions Ik(p) for a single-carrier system with K users.

Using the fact that for fixed beamformers the interference can be expressed as

Ik(p,wk) = wHk

(

Rxx − pkhkh
H
k

)

wk.

We can write down the gradient for this expression as

∇Ik(p,wk) = Rxxwk − pkhkh
H
k wk.

Setting this to zero yields

Rxxwk = pkhkh
H
k wk

⇔

wk =
(

pkh
H
k wk

)

R−1
xxhk.

Normalizing this yields the expression for the optimal beamformers

ŵk =
R−1
xxhk

√

hHk R
−2
xxhk

.

A.2 Optimal power allocation for max min SINR

We wish to find a solution to the problem of maximizing the minimal SINR in a
single resource system with K users, i.e.

max min
p,k=1,...,K

SINRk,

s.t.

K∑

k=1

[p]k ≤ pmax.
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The idea relies on the fact that in the optimum we will have

K∑

k=1

pk = pmax

and
SINR1(p) = . . . = SINRK(p).

We first show that scaling the power vector will always improve the SINR thus
showing that

∑K
k=1 [p]k = pmax. Assume that a power vector p gives SINRs

SINR1(p), . . . ,SINRK(p) now take p′ = αp where α > 1. And let SINR′k(p) be
the SINR for user k. Now

SINR′k(p) = αpk
wHk hkh

H
k wk

αwHk

(
∑

j 6=k pjhjh
H
j + σ2

nI
)

wk

= pk
wHk hkh

H
k wk

wHk

(
∑

j 6=k pjhjh
H
j +

σ2
n

α
I
)

wk

> SINRk(p).

For the next part we notice that if for some power allocation p it holds for some β
that SINRβ > SINRk ∀k 6= β, since the SINR is strictly monotonically increasing
in pk and strictly monotonically decreasing in pj j 6= k, decreasing pβ will increase
all the SINR for all users except β. Thus we can always decrease the maximal
SINR and reallocate the remaining power using the scaling presented above.

This yields the result that in optimum all power will be used and all users will
be given equal SINR.

First let

Λ =





Ψ n

1
pmax

1TΨ 1
pmax

1Tn



 . (A.1)

Next we see that by multiplying the vector

[
p

1

]

with Λ we get





Ψ n

1
pmax

1TΨ 1
pmax

1Tn





[
p

1

]

=








p1

SINR1

...
pK

SINRK
1
pmax

∑K
k=1

pk
SINRk







.

And finally by the fact that SINR(p) = SINR1(p) = . . . = SINRK(p) and
∑K
k=1 [p]k = pmax we get










[p]
1

SINR1(p)
...

[p]
K

SINRK(p)
1
pmax

∑K
k=1

[p]
k

SINRk(p)










=
1

SINR(p)

[
p

1

]

.
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Thus we can formulate this as an eigensystem through

Λ

[
p

1

]

=
1

SINR(p)

[
p

1

]

. (A.2)

Now the optimal solution is given as the eigenvector with positive components
corresponding to the biggest of the positive eigenvalues. It can be shown that the
system will only have exactly one balanced solution and it will correspond to the
maximal eigenvalue. So we conclude that the optimal power allocation is given by
upper part of the eigenvector corresponding to the largest eigenvalue scaled such
that its sum is pmax.

A.3 Subgradient of interference functions

Assume the interference function is defined as in (2.12) i.e.,

Il(p) = min
zl∈Zl

[Ψ(zl)p+ n(zl)]l . (A.3)

We want to show that [Ψ]
T

k satisfies the criterion for the subgradient at p0

Il(p)− Il(p0) ≤ ∇Il(p0)(p− p0), ∀p

Let ẑl be a minimizer to (A.3) for p = p0 i.e.,

Il(p0) = [Ψ(ẑl)p0 + n(ẑl)]l

Then we have

Il(p)− Il(p0) = min
zl∈Zl

[Ψ(zl)p+ n(zl)]l − [Ψ(ẑl)p0 + n(ẑl)]l

≤ [Ψ(ẑl)p+ n(ẑl)]l − [Ψ(ẑl)p0 + n(ẑl)]l
= [Ψ(ẑl)(p− p0)]l

where the inequality stem from the fact that ẑ might not be the optimal receive
strategy for p.

Thus we see that the lth row of Ψ evaluated at the optimal receive strategy
satisfies the definition of a subgradient of Il(p) at p = p0.

A.4 Total power constraint under sum-rate max-

imization

We show that under sum-rate maximization the optimal power allocation will
always use all available power i.e. for a maximizer p̂, in an L link system, it holds
that

L∑

l=1

[p̂]l = pmax.
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Suppose that for an optimal point p̂ we have
∑L
l=1 [p̂]l < pmax. Then there exists

µ > 1 such that
∑L
l=1 [µp̂]l = pmax. Now from A2 and A3 we can conclude that

for all interference functions it holds that Il(µp̂) < µIl(p̂) this yields that the
following holds for the SINR of all links

[p̂]l
Il(p̂)

=
µ [p̂]l
µIl(p̂)

<
[p̂]l
Il(µp̂)

(A.4)

Following this we can conclude that the following holds for the sum rate

L∑

l=1

log2

(

1 +
[p̂]l
Il(p̂)

)

<

L∑

l=1

log2

(

1 +
µ [p̂]l
Il(µp̂)

)

. (A.5)

In other words a higher sum rate is achieved with the powers µp̂ which contradicts
the assumption that p̂ is a maximizer and thus proves that any maximizer must
use all the available power.



Appendix B

The simplex

A simplex is a generalization of a triangle to higher dimensions. With general-
ization we mean that we want to take some of the properties of a triangle and
construct higher dimensional shapes that still have these properties. A trian-
gle is basically a polygon spanned by three independent points which yields a
2-dimensional shape no matter what space the three points are embedded in. The
key property of the triangle that we want to keep is that it is the simplest 2-
dimensional shape in the sense that it has the minimal number of points required
to span a 2-dimensional shape. To create a 3-dimensional shape we will require 4
independent points which will span a pyramid if we consider the polyhedron with
four corners. We can continue like this and make a 4-dimensional shape with 5
independent points and so on. A n-dimensional such shape is referred to as an
n-simplex. Thus a triangle is a 2-simplex whereas a 1-simplex is a line and a
3-simplex is a tetrahedron, see Figure B.1 for some illustrations.
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(a) A 1-simplex or line. (b) A 2-simplex or triangle.

(c) A 3-simplex or tetrahedron.

Figure B.1. Illustrations of a few simplices of different dimensions.



Appendix C

Convex optimization

For a thorough explanation of convex optimization see [4].

C.1 Convex sets

A set of points U is a convex set if the following relation holds for any two points
u1,u2 ∈ U that

λu1 + (1− λ)u2 ∈ U, 0 ≤ λ ≤ 1.

This basically says that every line between any two points inside the set U should
be completely contained in U . The idea is illustrated in Figure C.1.

(a) A convex set. (b) A non-convex set.

Figure C.1. A convex and non-convex set. The drawn lines illustrates the property that
all lines between two points inside a convex set should be completely contained inside
the set.
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C.2 Convex functions

A function f(x) is a convex function, if the domain domf is convex and of for all
x, y ∈ domf , and θ with 0 ≤ θ ≤ 1, we have

f(θx+ (1− θ)y) ≤ θf(x) + (1− θ)f(y) (C.1)

A function f(x) is concave if −f(x) is convex. Example of convex, concave, and
non-convex functions are shown in Figure C.2.

(a) A convex function. (b) A concave function.

(c) A function that is neither convex or
concave.

Figure C.2. Three plots of one-dimensional functions showing the three different con-
vexity properties a function can possess: convex, concave, and neither.

C.3 Convex programming

A optimization problem is a convex program if it can be written as a minimization
of a convex function with respect to a convex constraint set. Thus for a convex
function h(x) and a convex constraint set X , the following problem is a convex
program.

min
x∈X
h(x)
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These programs are interesting because it holds that any local optimum is also
a global optimum which is a very powerful property and allows for efficient algo-
rithms to be developed.


