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Chapter 1

Introduction

1.1 Background

A human gardener is very perceptive for the condition of a plant, e.g. determine
if it needs water or nutrition. The gardener combines observations of the plants
color, the shape of the leaves, knowledge of the growing condition etc. to determine
the condition of the plant.

If a robot were to observe a plant and determine its condition, it would need
several different senses to do this in a robust way. One of these senses could be
studying the spectral reflectance of the plant’s leaves. This sense differs from the
human visual system in means of that it is possible to disintegrate different colors
to their spectral components and thereby not having the problem of metamerism1.
The robot gardener could use this spectral sense alone or together with other senses
to learn from a human gardener how to determine the condition of a plant.

This thesis is closely related to the EU research project GARNICS, GARdeN-
Ing with a Cognitive system, which aims at developing techniques for a robot
gardener that can learn how to treat and cultivate large sets of plants. The robot
gardener will be equipped with a set of sensors which it will use to sense the con-
dition of a plant and from this information plan a treatment for the plant. One of
these senses is a spectrometer and in this thesis the potential for measuring plant
condition from spectral reflectance will be investigated.

More information about the GARNICS project can be found at its website2.
As the plants used in GARNICS is tobacco plants, the plants that have been

used in this thesis are also tobacco plants. An example of how tobacco plants of
different ages can look like can be seen in figure 1.1.

1Metameric colors are different spectral reflectance functions that for a human appears to be
the same under a given illumination.

2http://www.garnics.eu/

1
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2 Introduction

Figure 1.1: Tobacco plants of different ages

1.2 Objectives

The main objective of this thesis is to investigate the potential of measuring plant
condition from spectral reflectance data of the plants. To do this, a spectral
subspace that describes the plant condition will be calculated from reflectance data
from a set of plants. The subspace will consist of basis vectors (spectrums) that
describe the plant condition, where each basis vectors describes specific conditions
or linear combinations of the conditions. Several techniques for calculating these
spectral subspaces will be compared as the subspaces can be optimized in different
ways.

As this thesis concludes a Master of Science in Applied Physics and Electrical
Engineering the analysis will be focused on finding patterns in the measured spec-
trum with tools of statistical signal analysis. Less focus will lie on discussing and
investigating the biological processes that may lie behind and affect the spectrum.
Because of this, the plant condition for which the subspace shall be calculated
will not be the actual condition but the treatment the plants have been given.
Motivation for using the treatment as indicator of the plant condition is that it
is easily measured and controlled and that it will affect the plant condition. The
treatment will consist of nutrition and watering treatment.

The GARNICS project will among else study plants in the beginning of their
life cycle and this thesis will investigate tobacco plants up to the age of about 5
weeks.
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1.3 Approach

The approach to derive a subspace that describes the plant nutrition water-state is
to grow plants with different watering and different amount of nutrition provided
and, with some delay after the treatments have started, measuring the color spectra
of the plants. Plants with different combinations of the treatments have been
grown to provide ground to the statistical analysis. An example of the treatment
groups of a plant set is shown in table 1.1.

Nutrition

Water
Too little Normal Too much

Too much x x x
Normal x x x

Too little x x x

Table 1.1: Example of plant condition groups

To get some redundancy against failure in cultivation and to be able to experiment
some with the treatment, four sets of plants was grown one week apart. These
plant sets have had different amount of individuals and have been treated different,
but the same basic idea as in table 1.1 have been the principle for the treatment
in all plant sets.

Figure 1.2: Measurement setup with the hyperspectral
camera SOC700 and the 3D range measurement device
Ruler E

Hyperspectral images
of every plant have been
acquired about two and a
half weeks after the treat-
ment had started. Some
plant sets have been fol-
lowed during their devel-
opment to enable anal-
ysis of spectral patters
that originate from plant
age. 3D range images
have also been acquired
to enable BRDF (Bidi-
rectional reflectance dis-
tribution function) anal-
ysis of the data. The
hyperspectral camera and
the range measurement
device will be setup so that they easily can be calibrated against each other.
The setup of the devices in a measurement situation can be seen in figure 1.2.

The approach for calculating the subspaces have been to use linear statisti-
cal methods such as canonical correlation analysis, multivariate linear regression,
partial least squares and principal component analysis.
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1.4 Related research
Some related research has been done in the field of measuring plant condition from
leaves reflectance spectrum by changing parameters such as water and nitrogen
supply. In a study by Scheepers [19] it is studied how plants reflectance spectrum
is affected by nitrogen and water stress. He concludes that measuring the ratio
between the reflectance for the wavelengths 550 nm and 850 nm ( R(550nm)

R(850nm) ) is a
good measure of nitrogen status in the plants.

Rascher uses the very same hyperspectral camera as I have used in a study
about effects of dehydration and light adaptation of leaves on the reflectance spec-
trum [18]. He observes an increase of reflectance in the visible spectrum as a effect
to dehydration, especially in the 560 nm band.

Carter observes in a study, where he stresses plant in different ways, that the
reflectance changes (increases) in the spectral bands around 550 nm and 710 nm
regardless of the stress agent and species of the plant[6].

Maracci et. al. concludes that a clear correlation of water stress and reflectance
spectrum is hard to find. They find however a decrease in the 750 - 850 nm region
when leaves have wilted, but still are green.

Several different narrow-band indices were used as indicators for water and
nitrogen stress in a study by Peñuelas et. al.[17]. Their results showed among
else a correlation of NPCI and chlorophyll content in the investigated plants.
NPCI, Normalized Pigments Chlorophyll ratio Index, is defined as: NPCI =
R(680nm)−R(430nm)
R(680nm)+R(430nm) . They also observed that the red edge (see figure 1.3) started
at a bit lower wavelength for nitrogen stressed plants than for their control plants.

Red edge

Figure 1.3: Typical plant spectrum with the red edge marked out

In the area of subspace mapping, Borga has investigated similarities between prin-
cipal component analysis, partial least squares, multivariate linear regression and
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canonical correlation analysis and showed that all these can be written as special
cases of finding critical points in the generalized rayleigh quotient[1, 2].

In color science, Lenz has developed a statistical method for mapping a set of
spectra to a subspace of conical coordinates that describes the intensity, hue and
saturation of the color signal[11, 12, 13]. The approach is to do a PCA mapping
of the second moment matrix3 of the set of spectra and normalize the second and
third pca vectors with the first. The first coordinate then describes the intensity
along the approximate mean of the data set. The second and third direction
describes the chromaticy deviation from this which can be divided into hue and
saturation. Figure 1.4 shows this mapping in three dimensions.

This method is related to the assumptions of light intensity Horprasert does
when he in [9] presents a method for shadow removal in RGB image sequences.

Spectrum sample

1:st PCA direction

Unit disc spanned by normalized 
2:nd and 3:rd PCA directions

Spectrum sample projected on
unit disc

Figure 1.4: Example of spectrum samples in 3 dimensions that is projected onto
conical coordinates according to Lenz method.

3The second moment matrix is the ’autocovariance’ matrix of a non mean centered variable.





Chapter 2

Subspace mapping

Subspace mapping is way of representing high dimensional data in a lower dimen-
sional space. This is sometimes called embedding data. The choice of basis for the
subspace depends on what information in the high dimensional data space that is
wanted.

In this section some linear methods to find a subspace that optimizes different
criterions will be presented. The methods is PCA that maximizes variance in
a data set, PLS that maximizes covariance between two data sets, MLR that is
minimizing the error when approximating one data set from another and CCA that
is maximizing correlation between two data sets. Similarities between the methods
PLS, MLR and CCA will be shown and it will be presented how to approximate
one data set from another in a general sense.

PCA stands out from the other methods because it is doing its analysis in
only one data space. Hence it is not suited for regression from one data set onto
another, but it can be very valuable when one is examining what are the most
dominant tendencies in a data set.

All these methods can be calculated by solving certain eigenvalue problems.
However, eigenvalue decomposition suffers from sensitivity for numerical errors
and it will thereby be shown how to solve all these methods with singular value
decomposition which is more numerical stable[7].

In the derivations of the methods it will frequently be used derivatives of a
constant with respect to vectors. There is some ambiguity about if the derivative
of a constant with respect to a column vector should be a column vector or a row
vector[4, 5], but the notation where the derivative of a constant with respect to a
column vector is a column vector will consequently be used.

The calculations will assume that the data matrices are randomly distributed
variables with covariance matrices defined by:

Cxy = E{(X− E{X})(Y− E{Y})T } = E{xyT} (2.1)

7
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2.1 PCA - Principal Component Analysis
PCA aims at finding the directions of maximum variance in a data set, i.e. the
directions ŵx that maximizes the variance of the mapping ŵT

x X, where X is the
data set.

It can be thought of as a method revealing internal patterns in the data, in
means of finding the directions where the data changes most.

The directions found in PCA are all orthogonal against each other. The first
direction is the direction of maximum variance in the data, the second is the
direction of maximum variance in the remaining directions and so on. One can see
it as after finding the first direction, the data is projected at the hyperplane that
the first direction is normal vector to. The second direction is then the direction of
maximum variance in this subspace. This process then iterates until all directions
are found. The orthogonality can be explained by after finding the first direction
of maximum variance, all variance in that direction is taken account of and hence
must the subsequent directions be orthogonal against the first one. Figure 2.1
depicts an example of the PCA directions in a two dimensional set of normally
distributed random data.

2 4 6 8

2

0

2

4

6

PCA directions

Figure 2.1: PCA directions in a set of random data. The PCA vectors are scaled
with the standard deviation along their respective direction.

Mapping of data onto the n first directions of maximum variance is the same as of
minimizing the mean square error when approximating the data with n parameters.
This because approximating the data along the directions of maximum variance
yields minimum variance away from those directions and thereby minimum squared
error of the approximation. Consider a real valued data matrix X where the
columns are samples of a signal. Let the new variable x be the mean centered
version of X. x = X− µx, where µx = E{X} is the empirical mean of X.

The first direction ŵx1 along maximum variance is then:
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ŵ1 = arg max
ŵx

Var{ŵT
x X} = arg max

ŵx

E{(ŵT
x X− E{ŵT

x X})2} =

arg max
ŵx

E{ŵT
x (X− E{X})2} = arg max

ŵx

E{(ŵT
x x)2} =

arg max
ŵx

E{ŵT
x xxTŵx} = arg max

ŵx

ŵT
x E{xxT}ŵx =

arg max
ŵx

ŵT
x Cxxŵx = arg max

ŵx

ρ, ‖ŵx‖ = 1 (2.2)

As the value of the variance, ρ, in equation 2.2 does not change if we replace ŵx
by ŵ = wx

‖wx‖ = wx√
wT

x wx
and maximizes the variance with respect to wx, we can

maximize ρ by setting the derivative ∂ρ
∂wx

to zero and substituting wx, which then
gives ŵx:

∂ρ
∂wx

= ∂
∂wx

(
wT

x Cxxwx
wT

x wx

)
= 2Cxxwx · 1

wT
x wx

+ wT
x Cxxwx ·

(
− 2wx

(wT
x wx)2

)
=

2√
wT

x wx
(Cxxŵx − ρŵx) = 0

⇒ Cxxŵx = ρŵx (2.3)

This is recognized as an eigenvalue problem. ŵx is an eigenvector of Cxx and ρ is
its corresponding eigenvalue. This yields that to find ŵx that maximizes ρ, ŵx is
the eigenvector of Cxx with the largest eigenvalue.

The subsequent pca directions is the eigenvectors of Cxx with second largest
eigenvalue, third largest eigenvalue etc.

2.1.1 PCA with SVD
The eigenvalue decomposition of the symmetric matrix xxT can according to the
spectral theorem be written as:

xxT = WEWT (2.4)

Now consider the singular value decomposition (SVD) of x:

x = USVT (2.5)

By defenition of SVD, U and V are unitary and S diagonal. This yields that:

xxT = USVTVSTUT = US2UT (2.6)

The left singular basis matrix U spans the same space as the eigenvalue basis W.
The eigenvector in W with the largest eigenvalue is the same as the vector in
U with the largest squared singular value, the eigenvector in W with the second
largest eigenvalue is the same as the vector in U with the second largest squared
singular value etc.[20] This means that, since Cxx can be estimated by xxT

n−1 , the
singular value decomposition of x also solves the PCA problem. The direction
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with largest variance is the left singular vector of x with the largest corresponding
singular value. The variance in this direction is its singular value squared and
divided by the number of samples in the data matrix minus 1.

2.2 PLS - Partial Least Squares

The goal of PLS is to find the directions of maximum covariance between two data
sets. It can be thought of as a method revealing directions in the two data sets
that are related to each other with respect to variance.

The directions in each space are all orthogonal against each other. The first
pair of directions are the directions of maximum covariance between the data sets,
the second are the direction of maximum covariance in the remaining orthogonal
directions etc.

Figure 2.2 depicts an example of the PLS directions in two sets of two dimen-
sional randomly distributed data where half of the samples have a linear relation
plus some noise.

0 2 4 6 8
4

2

0

2

4

6

PLS directions - X space

20 40 60 80 100

20

40

60

80

100

120

PLS directions - Y space

Figure 2.2: PLS directions in a set of randomly distributed data. The green
samples are linearly correlated to each other between the X and Y spaces while
the blue samples are uncorrelated between the data spaces. The vectors length
are proportional to the covariance along the directions.

The two datasets are often interpreted as a input space and a output space where
you want to find relations between the input and the output of a system.

Consider the real valued data matrices X and Y where the columns are samples
of two signals. Let X and Y be centered so that we acquire the new variables
x = X − µx,y = Y − µy, where µx and µy are the empirical means of X and Y
respectively.
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The first directions ŵx1 and ŵy1 along maximum covariance is then:

(ŵx1, ŵy1) = arg max
ŵx,ŵy

Cov
{
ŵT

x X, ŵT
y Y
}

=

arg max
ŵx,ŵy

E{(ŵT
x X− E{ŵT

x X})(ŵT
y Y− E{ŵT

y Y})T } = arg max
ŵx,ŵy

E{ŵT
x xyTŵy} =

arg max
ŵx,ŵy

ŵT
x E{xyT}ŵy = arg max

ŵx,ŵy

ŵT
x Cxyŵy = arg max

ŵx,ŵy

ρ, ‖ŵx‖ = ‖ŵy‖ = 1

(2.7)
As the value of the covariance, ρ, in equation 2.7 does not change if we maximizes
it along arbitrarily scaled vectors that is normalized inside the expression, we can
maximize ρ by setting the derivatives ∂ρ

∂wx
and ∂ρ

∂wy
to zero:

∂ρ
∂wx

= ∂
∂wx

(
wT

x Cxywy√
wT

x wxwT
y wy

)
=

Cxywy · 1√
wT

x wxwT
y wy

+ wT
x Cxywy ·

(
− wx

wT
x wx
√

wT
x wxwT

y wy

)
=

1√
wT

x wx

(
Cxy

wy√
wT

y wy
− ρ wx√

wT
x wx

)
= 1
‖wx‖ (Cxyŵy − ρŵx) = 0

∂ρ
∂wy

= ∂
∂wy

(
ŵT

x Cxyŵy√
wT

x wxwT
y wy

)
=

(wT
x Cxy)T · 1√

wT
x wxwT

y wy
+ wT

x Cxywy ·
(
− wy

wT
y wy
√

wT
x wxwT

y wy

)
=

1√
wT

y wy

(
CT

xy
wx√
wT

x wx
− ρ wy√

wT
y wy

)
= 1
‖wy‖ (Cyxŵx − ρŵy) = 0

⇒
{

Cxyŵy = ρŵx
Cyxŵx = ρŵy

(2.8)

Solving this equation system with respect to wx and wy yields:{
CxyCyxŵx = ρ2ŵx
CyxCxyŵy = ρ2ŵy

(2.9)

This is recognised as two eigenvalue problems. ρ and either ŵx or ŵy can be
calculated from one of these eigenvalue equations. The remaining ŵx or ŵy can
then be calculated from equation 2.8.

The direction pair ŵx1 and ŵy1 with maximum covariance ρ is the directions
that corresponds to the largest eigenvalue. The second direction pair of PLS is
the directions corresponding to the second largest eigenvalue etc.

As the two eigenvalue problems in equation 2.9 is eigenvalue problems of sym-
metric matrices, they can be solved with singular value decomposition analogous
to the reasoning in section 2.1.1 - PCA with SVD. When choosing which eigenvalue
problem to solve in equation 2.9 one should consider the sizes of the matrices and
solve the one which has the smallest matrix to spare calculation burden.
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2.3 MLR - Multivariate Linear Regression
In MLR the goal is to find a mapping in one dataset that best approximates
another dataset in a mean square sense. The data that shall be mapped can be
seen as the input to a system and the data that the input shall approximate can
be seen as the output of that system. The mapping then explains the output
parameters with a minimum square error.

Where PLS finds directions in two datasets that explains relations in variance
between the two data sets, MLR aims to find directions that in a mean square
sense approximates one data set onto another. The directions from MLR are not
orthogonal in the input data space.

One can define a low rank approximation of MLR where one also finds direc-
tions in the output data space[2]. These directions are orthogonal against each
other and if using the full set of them they span the same space as the original data
directions. A benefit of using the low rank approximation is that the directions in
output data space explain how the output data is best approximated by the input
data. One can easily get the directions in the input data space that would be
found if not using the low rank approximation approach, just by using the inverse
mapping of the directions in the output data space. In that sense the low rank
approximation of MLR is more general than ordinary MLR because we can do
additional interpretation of the data set regarding to which directions is found in
the output data set. Let us call the low rank approximation of MLR LrMLR.

The low rank approximation of MLR will be explained in this section. Figure
2.3 depicts an example of the LrMLR directions in two sets of two dimensional
randomly distributed data where half of the samples have a linear relation plus
some noise. Figure 2.4 shows the optimal approximation of the Y samples from
the X samples using LrMLR.

Consider the real valued data matrices X and Y where the columns are samples
of two signals. Let X and Y be centered so that we acquire the new variables
x = X − µx,y = Y − µy, where µx = E{X} and µy = E{Y} are the empirical
means of X and Y respectively. X is here the data that shall be mapped to
approxiamte Y.

The first directions ŵx1 and ŵy1 that enables a minimum square error ap-
proximation of the data is found by minimizing the square error with respect to
these directions and finding a constant α and a scaling factor β (the regression
coefficient) for the optimal linear regression:

(ŵx1, ŵy1, α1, β1) = arg min
ŵx,ŵy,α,β

ε2 = arg min
ŵx,ŵy,α,β

E
{∥∥Y− (βŵT

x Xŵy + αŵy)
∥∥2} =

arg min
ŵx,ŵy,α,β

E{YYT − 2βŵT
x XYTŵy − 2αŵT

y Y + β2ŵT
x XXTŵx+

+ 2αβŵT
x X + α2} = arg min

ŵx,ŵy,α,β
(E{YYT} − 2βŵT

x E{XYT}ŵy − 2αŵT
y E{Y}+

+ β2ŵT
x E{XXT}ŵx + 2αβŵT

x E{X}+ α2}), ‖ŵx‖ = ‖ŵy‖ = 1 (2.10)
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Figure 2.3: MLR directions in a set of randomly distributed data. The green
samples are linearly correlated to each other between the X and Y spaces while
the blue samples are uncorrelated between the data spaces. The vectors lengths
are inversely proportional to the square error along the directions.
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Figure 2.4: Optimal reconstruction of Y samples from X samples using LrMLR.
The samples used is the same as in figure 2.3. Standard deviation of the recon-
struction is 3.1.
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To find the minimum we set the partial derivatives of the variables to zero. We
start with α:

∂ε2

∂α
= −2ŵT

y E{Y}+ 2βŵT
x E{X}+ 2α

⇒ α = ŵT
y µy − βŵT

x µx (2.11)

By inserting this expression of α into equation 2.10 we see that α takes care of the
offset in the variables X and Y in equation 2.10:

ε2 = E{
∥∥Y− (βŵT

x Xŵy + αŵy)
∥∥2} =

E{
∥∥y + µy − (βŵT

x xŵy + βŵT
x µxŵy + (ŵT

y µy − βŵT
x µx)ŵy)

∥∥2} =

E{
∥∥y− βŵT

x xŵy
∥∥2} = Cyy − 2βŵT

x Cxyŵy + β2ŵT
x Cxxŵx (2.12)

Now we set the partial derivative with respect to β to zero:

∂ε2

∂β
= −2ŵT

x Cxyŵy + 2βŵT
x Cxxŵx = 0⇒ β = ŵT

x Cxyŵy

ŵT
x Cxxŵx

(2.13)

We insert this expression of β into equation 2.12 to get a expression of ε2 without
α and β:

ε2 = Cyy −
(ŵT

x Cxyŵy)2

ŵT
x Cxxŵx

(2.14)

To minimize this, we can maximize the rightmost term (ŵT
x Cxyŵy)2

ŵT
x Cxxŵx

as ε2 cannot be
negative. As the directions of minimum square error are not dependant on the sign,
i.e. a negation of either one or both of ŵx and ŵy gives the same square error1,
it is sufficient to maximize (ŵT

x Cxyŵy)2

ŵT
x Cxxŵx

only for its positive root, i.e. maximize:

ρ = ŵT
x Cxyŵy√

ŵT
x Cxxŵx

(2.15)

Similarly as in the derivations of PCA and PLS we replace the normalized vectors
ŵx and ŵy by non-normalized vectors wx and wy, ŵ = w

‖w‖ = w√
wTw

and sets the
partial derivatives with respect to wx and wy to zero. The maximization problem
in equation 2.10 is not affected by this modification.

∂ρ
∂wx

= ∂
∂wx

(
wT

x Cxywy√
wT

x CxxwxwT
y wy

)
=

Cxywy · 1√
wT

x CxxwxwT
y wy

+ wT
x Cxywy ·

(
− Cxxwx

wT
x Cxxwx

√
wT

x CxxwxwT
y wy

)
=

1This can be seen by negating one (or both) of ŵx and ŵy in equation 2.13 and equation
2.10.
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1√
wT

x Cxxwx

(
Cxy

wy√
wT

y wy
− wT

x Cxywy
√

wT
x wx

wT
x Cxxwx

√
wT

y wy
· Cxxwx√

wT
x wx

)
=

1√
wT

x Cxxwx
(Cxyŵy − βCxxŵx) = 0

∂ρ
∂wy

= ∂
∂wy

(
wT

x Cxywy√
wT

x CxxwxwT
y wy

)
=

(wT
x Cxy)T · 1√

wT
x CxxwxwT

y wy
+ wT

x Cxywy ·
(
− wy

wT
y wy
√

wT
x CxxwxwT

y wy

)
=

√
wT

x wx√
wT

x CxxwxwT
y wy

(
CT

xy
wx√
wT

x wx
− wT

x Cxywy√
wT

x wxwT
y wy

wy√
wT

y wy

)
=

√
wT

x wx√
wT

x CxxwxwT
y wy

(
Cyxŵx − ρ2

β ŵy

)
= 0

⇒

{
Cxyŵy = βCxxŵx

Cyxŵx = ρ2

β ŵy
(2.16)

Solving this equation system with respect to ŵx and ŵy yields if Cxx is invertible:{
C−1

xx CxyCyxŵx = ρ2ŵx
CyxC−1

xx Cxyŵy = ρ2ŵy
(2.17)

An alternative solution if Cxx is not invertible is derived later in this section
(section 2.3.1 - Handling a rank deficient Cxx).

Equation 2.17 is recognised as two eigenvalue problems. ρ and either ŵx or ŵy
can be calculated from one of these eigenvalue equations. The remaining ŵx or
ŵy can then be calculated from equation 2.16. Note that the eigenvalue problem
for ŵy is symmetric and can thereby be solved by SVD.

The direction pair ŵx1 and ŵy1 with maximum ρ is the direction that corre-
sponds to minumum square error ε2 of the approximation β1XTŵx1ŵy1+α1ŵy1 =
Y + error . The second direction pair of LrMLR is the directions corresponding to
the second largest eigenvalues. These directions corresponds to the mapping that
minimizes the square error in the subspace of y that is left when the direction
ŵy1 is not considered. ŵy1 is not considered for the second direction pair because
when the error has been minimized in that direction, the error is already minimal
along that direction.

The square error of the solution of LrMLR is invariant to linear transformations
on x. Let us see this by applying a non-singular linear transformation A to x and
changing the direction ŵx accordingly in equation 2.14:

ε2 = Cyy −
(ŵ′Tx E{AxyT}ŵy)2

ŵ′Tx E{AxxTAT}ŵ′x
= Cyy −

(ŵ′Tx AE{xyT}ŵy)2

ŵ′Tx AE{xxT}ATŵ′x
=

Cyy −
(ŵT

x Cxyŵy)2

ŵT
x Cxxŵx

, ŵx = ATŵ′x (2.18)
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We see that if we change the direction ŵ′x so that ŵ′x = (AT)−1ŵx we get the
same square error of the solution as if no transformation had been applied onto
x. The things that changes if solving MLR in a linearly transformed input space
is thereby only that the direction ŵx and the regression coefficient β changes.

In fact, the square error of the solution is invariant to affine transformations
on X aswell because any translation on X ends up in α.

This is an important property because it implies that affine transformations
on X will only change the result of LrMLR in the way that the directions ŵx and
the constants α and β will change according to the transformation.

2.3.1 Handling a rank deficient Cxx

In certain cases Cxx might be rank deficient and thereby not invertible. For ex-
ample when the data matrix x has more dimensions than samples. Cxx will then
be rank deficient because Cxx can be estimated by xxT

n−1 and the rank of Cxx is
rank(xxT) = rank(x). If x is aNdim×Nsamp matrix, rank(x) = min(Ndim, Nsamp).
I.e. the lowest of number of dimensions or number of samples. The size of xxT is
Ndim×Ndim and to have full rank its rank thereby has to be Ndim, which implies
that Nsamp must be larger than or equal to Ndim.

Cxx can be rank deficient also when x has more or equal number of samples
as dimensions if x does not have at least Ndim linearly independent samples.

To avoid the problem of having a rank deficient Cxx, one can project x onto
its column space to get the new variable x′.

x = UΣVT (2.19)
x′ = UT

r x (2.20)
Equation 2.19 is the singular value decomposition of x. Ur in equation 2.20 is the
first r columns in U that has a non zero singular value.

Figure 2.5 depicts the matrices of an SVD decomposition of a matrix and their
meaning to the matrix the SVD is performed onto.

X = USV  =
T

s1

sr

0

0

0

0

u1 ur ur+1 um

vT
1

vT
r

vT
r+1

vT
n

col(X) null(X )T

row(X)

null(X)

Figure 2.5: Singular value decomposition of the matrix X

Because x′ is the projection of x onto its column space, x can be fully reconstructed
from x′ so no information is lost in the transformation.

x = Urx′ (2.21)
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The purpose of projecting x onto its column space is that x′ has less than or equal
to the number of dimensions as samples. C′xx that can be estimated by x′x′T

n−1 will
have full rank and will thereby be invertible.

So when calculating the LrMLR, one starts with the transformation x′ = UT
r x,

then calculates LrMLR as normal. When the directions w′x is calculated, the
directions in the original data space is acquired by the transformation:

wx = Urw′x (2.22)

The regression coefficient β is not affected by the change of basis for x since:

β′ =
ŵ′Tx C′xyŵy

ŵ′Tx C′xxŵ′x
= ŵT

x UrUT
r Cxyŵy

ŵT
x UrUT

r CxxUrUT
r ŵx

= ŵT
x Cxyŵy

ŵT
x Cxxŵx

= β (2.23)

As x always can be fully reconstructed from x′ the transformation of x onto its
column space and the inverse transformation of the calculated directions could be
integrated to the calculation of LrMLR as a standard component to make it robust
against rank deficient autocovariance matrices of the input data set.

Another important result of the transformation of x onto its column space is
that C′xx not only will become invertible, it will become diagonal and thereby
trivial to invert. Equation 2.24 below shows how this is possible.

Let all matrices with subscript r be the matrices that has its last r columns
set to 0 (or removed) in the same way as Ur in equation 2.20:

x′ = UT
r x = UT

r UΣVT = IrΣVT = ΣrVT
r

⇒ x′x′T = ΣrVT
r VrΣT

r = ΣrΣT
r = Σ2

r (2.24)

As C′xx can be estimated by x′x′T

n−1 and Σr is diagonal with full rank, C′−1
xx is

calculated by just inverting its diagonal entries.

2.4 CCA - Canonical Correlation Analysis
CCA aims at finding directions in two datasets that maximizes the correlation
between these datasets. In other words it can be explained as a method reveal-
ing directions in the two datasets that are related to each other with respect to
correlation.

The first pair of directions ŵx1 and ŵy1 is the directions that maximizes the
correlation between the mappings ŵT

x1X and ŵT
y1Y where X and Y are the data

sets analyzed. The second pair of directions, ŵx2 and ŵy2, are the directions that
maximizes the correlation of the mappings ŵT

x2X and ŵT
y2Y with the constraint

that ŵx2 and ŵy2 are uncorrelated to ŵx1 and ŵy1 respectively. This process is
then iterated until all CCA-directions are found.

The method has similarities to PLS, which aims at maximizing covariation
between two datasets, in the meaning that correlation is a kind of normalized
covariation.
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Corr {x,y} = Cov {x,y}
σxσy

I.e. CCA aims at finding the directions that maximizes the covariance between
two datasets while making all directions equal worth with respect to variance.
Because of this normalization constraint with respect to the variance along that
direction, the directions found for CCA does not necessary need to be orthogonal
as they must in PLS.

Figure 2.6 depicts an example of the CCA directions in two sets of two dimen-
sional randomly distributed data where half of the samples have a linear relation
plus some noise.
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Figure 2.6: CCA directions in a set of randomly distributed data. The green
samples are linearly correlated to each other between the X and Y spaces while
the blue samples are uncorrelated between the data spaces. The vectors length
are proportional to the correlation between the direction pairs between the data
spaces.

Consider the real valued data matrices X and Y where the columns are samples
of two signals. Let X and Y be centered so that we acquire the new variables
x = X − µx,y = Y − µy, where µx = E{X} and µy = E{Y} are the empirical
means of X and Y respectively.

The first directions ŵx1 and ŵy1 along maximum correlation is then:

(ŵx1, ŵy1) = arg max
ŵx,ŵy

Corr
{
ŵT

x X, ŵT
y X
}

=

arg max
ŵx,ŵy

E{(ŵT
x X− E{ŵT

x X})(ŵT
y Y− E{ŵT

y Y})T }√
E{(ŵT

x X− E{ŵT
x X})2}E{(ŵT

y Y− E{ŵT
y Y})2}

=
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arg max
ŵx,ŵy

E{ŵT
x xyTŵy}√

E{ŵT
x xxTŵx}E{ŵT

y yyTŵy}
=

arg max
ŵx,ŵy

ŵT
x E{xyT}ŵy√

ŵT
x E{xxT}ŵxŵT

y E{yyT}ŵy

=

arg max
ŵx,ŵy

ŵT
x Cxyŵy√

ŵT
x CxxŵxŵT

y Cyyŵy

= arg max
ŵx,ŵy

ρ, ‖ŵx‖ = ‖ŵy‖ = 1 (2.25)

As the value of the correlation, ρ, in equation 2.25 does not change if we maximizes
it along arbitrarily scaled vectors that is normalized inside the expression, we can
maximize ρ by setting the derivatives ∂ρ

∂wx
and ∂ρ

∂wy
to zero:

∂ρ
∂wx

= ∂
∂wx

(
wT

x Cxywy√
wT

x CxxwxwT
y Cyywy

)
=

Cxywy · 1√
wT

x CxxwxwT
y Cyywy

+ wT
x Cxywy ·

(
− Cxxwx

wT
x Cxxwx

√
wT

x CxxwxwT
y Cyywy

)
=

√
wT

y wy√
wT

x CxxwxwT
y Cyywy

(
Cxy

wy√
wT

y wy
− wT

x Cxywy
√

wT
x wx

wT
x Cxxwx

√
wT

y wy
·Cxx

wx√
wT

x wx

)
=

‖wy‖√
wT

x CxxwxwT
y Cyywy

(
Cxyŵy − ŵT

x Cxyŵy
ŵT

x Cxxŵx
·Cxxŵx

)
=

‖wy‖√
wT

x CxxwxwT
y Cyywy

(
Cxyŵy − ŵT

x Cxyŵy√
ŵT

x CxxŵxŵT
y Cyyŵy

·
√

ŵT
y Cyyŵy√

ŵT
x Cxxŵx

·Cxxŵx

)
=

‖wy‖√
wT

x CxxwxwT
y Cyywy

(Cxyŵy − ρλCxxŵx) = 0

∂ρ
∂wy

= ∂
∂wy

(
wT

x Cxywy√
wT

x CxxwxwT
y Cyywy

)
=

/ Since wT
x Cxywy is a scalar it is equal to wT

y Cyxwx. The rest of the expression
is symmetric and thereby the solution for ∂ρ

∂wx
can be used with x and y

switched. / =

‖wx‖√
wT

x CxxwxwT
y Cyywy

(
Cxyŵy − ρ 1

λCyyŵy
)

= 0

⇒
{

Cxyŵy = ρλCxxŵx
Cyxŵx = ρ 1

λCyyŵy
(2.26)

Solving this equation system with respect to ŵx and ŵy yields if Cxx and Cyy is
invertible: {

C−1
xx CxyC−1

yy Cyxŵx = ρ2ŵx
C−1

yy CyxC−1
xx Cxyŵy = ρ2ŵy

(2.27)



20 Subspace mapping

If one of or both of Cxx or Cyy are not invertible, the calculations of CCA shall
be done in the column spaces of x and/or y analogous to the reasoning in section
2.3.1 - Handling a rank deficient Cxx. To make the calculations of CCA robust
against rank deficient autocovariance matrices of x and/or y, the calculation of
CCA could include the these calculations as a standard component.

Equation 2.27 is recognized as two eigenvalue problems where ρ and either ŵx
or ŵy can be calculated from one of them. The remaining ŵx or ŵy can then
be calculated from equation 2.26. When choosing which eigenvalue problem to
solve, one should consider the sizes of the matrices and solve the one which has
the smallest matrix to spare calculation burden.

The direction pair ŵx1 and ŵy1 with maximum correlation ρ is the directions
that corresponds to the largest eigenvalue. The second direction pair of CCA is
the directions corresponding to the second largest eigenvalues etc.

The correlation ρ of the solution of CCA is invariant to affine transformations
on both X and Y. Translations of X and Y disappear immediately from the
definition of correlation in equation 2.25. The linear transformation invariance can
be seen by applying a non-singular linear transformation A to x, a non-singular
linear transformation B to y and changing the directions ŵx and ŵy accordingly
in equation 2.25:

ρ =
ŵ′Tx E{AxyTBT}ŵ′y√

ŵ′Tx E{AxxTAT}ŵ′xŵ′Ty E{ByyTBT}ŵ′y
=

ŵ′Tx AE{xyT}BTŵ′y√
ŵ′Tx AE{xxT}ATŵ′xŵ′Ty BE{yyT}BTŵ′y

=

ŵT
x Cxyŵy√

ŵT
x CxxŵxŵT

y Cyyŵy

, ŵx = ATŵ′x, ŵy = BTŵ′y (2.28)

We see that if we change the directions ŵ′x and ŵ′y so that ŵ′x = (AT)−1ŵx and
ŵ′y = (BT)−1ŵy we get the same ρ of the solution as if no transformation had
been applied onto x and y.

This means that affine transformations on X and/or Y will only change the
result of CCA in the way that the directions ŵx and/or ŵy will change according
to the transformation.

2.4.1 CCA with SVD
The eigenvalue problems of equation 2.27 can be solved with SVD if one (or both)
of the following basis changes is made:

ŵ′x = C1/2
xx ŵx

ŵ′y = C1/2
yy ŵy

(2.29)

For example, if C−1
yy CyxC−1

xx Cxyŵy = ρ2ŵy should be calculated with SVD:
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• Perform the basis change ŵ′y = C1/2
yy ŵy.

• C−1
yy CyxC−1

xx Cxyŵy = ρ2ŵy ⇔
C−1/2

yy CyxC−1
xx CxyC−1/2

yy ŵ′y = ρ2ŵ′y

• The above eigenvalue problem is an eigenvalue problem of a symmetric ma-
trix and can thereby be solved with SVD.

• The direction ŵy is acquired by the inverse basis change ŵy = C−1/2
yy ŵ′y

• ŵx is then calculated from equation 2.26

If one also uses the calculations of CCA in the column space of the variable that
the basis change is subject to, the autocovariance matrix of the mapped data is
diagonal and thereby the calculation of the square root of this matrix is trivial.

2.5 Max covariance under different constraints
The methods PLS, LrMLR and CCA do all have different approaches on how to
find their directions. PLS finds the directions of maximum covariance between two
data sets, LrMLR finds the directions that minimizes the square error when ap-
proximating one data set from another and CCA finds the directions of maximum
correlation between two data sets.

One common criterion for these three approaches is that the norm of the di-
rections is 1. If this constraint is set differently, without impact on the original
problem formulation, the three methods can all be seen as optimization problems
where the covariance between two data sets shall be maximized under different
constraints on the norm of the directions.

PLS is obvious. The problem formulation is to find directions that maximizes
the covariation of two data sets under the constraint that the directions shall have
norm 1.

ρ
P LS

= arg max
ρ

P LS

Cov{wT
x x,wT

y y}

subject to: wT
x wx = 1,wT

y wy = 1 (2.30)

The LrMLR problem can be expressed as to find the maximum of the expression:

ρ
LrMLR

= ŵT
x Cxyŵy√

ŵT
x Cxxŵx

=
Cov{ŵT

x x, ŵT
y y}

σŵT
x x

=
Cov{wT

x x, ŵT
y y}

σwT
x x

(2.31)

Note that the rightmost expression does not have a normalized wx. The norm
of wT

x can be set to any value without changing the solution to the optimization
problem.

If we now sets norm of wx so that the standard deviation along wT
x x becomes

1 the optimization problem of LrMLR becomes:
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ρ
LrMLR

= arg max
ρ

LrMLR

Cov{wT
x x,wT

y y}

subject to: σwT
x x = wT

x Cxxwx = 1,wT
y wy = 1 (2.32)

The CCA problem of finding maximum correlation does also accept arbitrary
norms of the directions without changing the solution:

ρ
CCA

= ŵT
x Cxyŵy√

ŵT
x CxxŵxŵT

y Cyyŵy

=
Cov{ŵT

x x, ŵT
y y}

σŵT
x xσŵT

y y
=

Cov{wT
x x,wT

y y}
σwT

x xσwT
y y

(2.33)
If we sets norm of wx and wy so that the standard deviation along wT

x x and wT
y y

becomes 1 the optimization problem of CCA becomes:

ρ
CCA

= arg max
ρ

CCA

Cov{wT
x x,wT

y y}

subject to: σwT
x x = wT

x Cxxwx = 1, σwT
y y = wT

y Cyywy = 1 (2.34)
We have now three methods that are maximizing the covariance between the map-
pings wT

x x and wT
y y with different constraints on the magnitude of wx and wy.

To complete these sets of methods we could introduce a fourth that is normalizing
the standard deviation in wT

y y. This would be the same as LrMLR if one switches
X and Y. But if one still interpret X as the input to a system and Y as the
output from it, this new method, let’s call it BLR - Backward Linear Regression,
would try to approximate the input from the output in a mean square sense. The
directions found could be said to explain which directions in the output that is
most easily estimated from the input.

Table 2.1 gives an overview of the different methods and their optimization
problems.

Method Optimization problem Criterion on ‖wx‖ Criterion on ‖wy‖
PLS max Cov{wT

x x,wT
y y} wT

x wx = 1 wT
y wy = 1

LrMLR max Cov{wT
x x,wT

y y} wT
x Cxxwx = 1 wT

y wy = 1
BLR max Cov{wT

x x,wT
y y} wT

x wx = 1 wT
y Cyywy = 1

CCA max Cov{wT
x x,wT

y y} wT
x Cxxwx = 1 wT

y Cyywy = 1

Table 2.1: The optimization problems of PLS, LrMLR, BLR and CCA

The criterions on the norms can be interpreted as when the norm of a direction
has to be 1, the magnitude of this direction and its direction affects the result.
When the criterion on the norm is that the variance along that direction should
be 1 then only the direction, not the magnitude, affects the solution. As derived
in the sections 2.3 - MLR and 2.4 - CCA, the solution will be invariant to affine
transformations on the data spaces where the directions have the criterion that
the variance along that direction should be 1.
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One specific affine transformation to these data spaces is in particular inter-
esting. Pre-withening (multiply by C−1/2

xx ) the data space orthogonalizes the di-
rections found in this space. Let us take LrMLR as example:

ŵ′x = C1/2
xx ŵx

⇒ Cov{wT
x X,wT

y Y} = Cov{w′Tx C−1/2
xx X,wT

y Y} = Cov{w′Tx χ,wT
y Y},

wT
x Cxxwx = 1,wT

y wy = 1⇒ w′Tx C−1/2
xx CxxC−1/2

xx w′x = w′Tx w′x = 1,wT
y wy = 1

(2.35)
This is the PLS problem for χ and Y where χ is the pre-whitened X, χ = C−1/2

xx X.
The directions w′ix and wiy will be orthogonal in each data space. To get the
LrMLR solution the inverse basis change should be performed on w′ix.

Analogous basis changes and calculation as PLS (SVD on the covariance ma-
trix) and then inverse basis changes can be applied to BLR and CCA as well.

2.6 Regression
Subspace mappings could be used to estimate parameters in one space from data
in another space. E.g. estimate output from a system just from having the input
data. To make something useful of it the subspace mapping must be optimized in a
way that finds relations between the two data spaces. Since PCA finds a mapping
that is optimized in one data space, no meaningful regression can be done directly
from these directions to another data space. PLS, LrMLR and CCA do however
all find their directions based on relational information between two data spaces
and are thereby all well suited for regression between these data spaces.

Consider the regression of ŵT
x X onto ŵT

y Y if the directions already are decided.
What is left is to add a magnitude, the regression coefficient, and a offset to one
of the directions. The regression coefficient β and the offset α is calculated to
minimize the square error of the regression. If we try to estimate ŵT

y Y from
ŵT

x X, we add the magnitude β and the offset α to ŵT
x X.

(α, β) = arg min
α,β

ε2 = arg min
α,β

E
{∥∥ŵT

y Y− (βŵT
x X + α)

∥∥2} =

arg min
α,β

E
{∥∥Y− (βŵT

x Xŵy + αŵy)
∥∥2}

, ‖ŵx‖ = ‖ŵy‖ = 1 (2.36)

This is the same equation as equation 2.10 and the solution for α and β is:

α = ŵT
y µy − βŵT

x µx,

{
µx = E{X}
µy = E{Y} (2.37)

β = ŵT
x Cxyŵy

ŵT
x Cxxŵx

,

{
Cxy = E{(X− E{X})(Y− E{Y})T }
Cxx = E{(X− E{X})2} (2.38)

The above equations is valid for any choice of ŵx and ŵy. So the PCA directions
or any random directions could be used for the regression, but then the question
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is how to interpret that regression and how to choose directions in the other data
space.

If the regression shall be done in the way that we from the directions ŵx
and ŵy shall try to approximate Y from X, we need at least NRank(Y ) linearly
independant ŵiy if we shall have any chance at all to make a perfect regression.
Consider the basis matrices WyN and WxN where N tells how many basis vectors
ŵyi resp. ŵxi the matrices are composed of. The regression coefficients βi for the
regression of each pair of basis vectors ŵyi and ŵxi (i = 1. . .N) are composed to a
diagonal matrix BN. The corresponding offsets αi are composed to a matrix AN
where the row j holds αj in all its entries.

The approximation of Y from X can then be written:

BNWT
xNX + AN = WT

yNY (2.39)

To substitute Y from this equation we solve it with the pseudoinverse to get the
best solution:

(WT
yN)†(BNWT

xNX + AN) = Y (2.40)

If N = NRank(Y ) and WyN have N linearly independent basis vectors (columns),
this equation system has an exact solution and the psudoinverse can be replaced
by a ordinary inverse.

If N > NRank(Y ) and WyN have more than N linearly independent basis
vectors the psudoinverse in equation 2.40 solves the equation system in a best
mean square sense.

If N < NRank(Y ) and/or WyN have less than N linearly independent basis
vectors the pseudoinverse in equation 2.40 gives the closest solution available.
Obviously, if we do not have enough data to represent Y the best approximation
we can do is to minimize the distance to any of the linear combinations of Y that
WyN spans.



Chapter 3

Experimental setup

3.1 Plant sets and treatment groups
The plants used were Nicotiana Tabacum (samsuu, wildtype). The reason this
species was used is that it grows fast, it has a smooth surface on the leaves and
they are well known to the scientific community. This species is also used in the
GARNICS project.

Four sets of plants were grown one week apart with different number of individ-
uals and treatments. PS1 (Plant Set 1) with 90 plants and moderately different
treatment, PS2 with 15 plants and extreme treatment regarding nutrition, PS3
with 15 plants and extreme treatment regarding watering, PS4 with 45 plants and
more extreme treatment than PS1 but not as hard as PS2 and PS3.

All plants were assigned a unique plant ID so that each plant could be followed
in its growth and in the measurements. The different treatment configurations
can be seen in table 3.1. The treatment groups are named V*N* where the *
marks numbers that explains which treatment regarding watering (V) or nutrition
(N) the plants have got. In the sections 3.1.1 - Watering treatment and 3.1.2 -
Nutrition treatment these treatment groups are explained in more detail.

3.1.1 Watering treatment

The watering treatment was based upon the soil capacity. The soil capacity was
measured by first measuring the weight of a pot with dry soil, then place it in a
bath with water so that the soil was saturated with water. The pot was placed
on a grid under 24 hours to let the excess water flow off. Then the weight was
measured again. The difference in weight of dry weight and wet weight is the soil
capacity.

The soil capacity was measured to be 2.05 [g water / g dry soil] for the soil
used.

The plants had a controlled amount (regarding mass) of soil every time they
were replanted. The soil that was used was lightly moist soil from the soil bag.

25
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Plant set Treatment group Plant ID
PS1 V1N1 101-110
PS1 V1N2 131-140
PS1 V1N3 161-170
PS1 V2N1 111-120
PS1 V2N2 141-150
PS1 V2N3 171-180
PS1 V3N1 121-130
PS1 V3N2 151-160
PS1 V3N3 181-190
PS2 V05N1 207-209
PS2 V05N4 201-203
PS2 V2N2 213-215
PS2 V4N1 210-212
PS2 V4N4 204-206
PS3 V-N2 304-306
PS3 V2N2 301-303
PS3 V5N2 307-309
PS3 V2N35 313-315
PS3 V2N1 310-312
PS4 V0N1 401-405
PS4 V0N2 406-410
PS4 V0N35 411-415
PS4 V2N1 416-420
PS4 V2N2 421-425
PS4 V2N35 426-430
PS4 V5N1 431-435
PS4 V5N2 436-440
PS4 V5N35 441-445

Table 3.1: Plant set configuration

This moist soil was weighted and dried and weighted again to measure how much
dry soil it corresponded to.

100 g moist soil was measured to correspond to 46.8 g dry soil.
From this a total weight with the soil watered up to its treatment planned

fraction of soil capacity was calculated. Further, some of the pots was made of
ceramic and also absorbed some water, so a addition to the total weight was done
dependent of the soil capacity fraction (0 g for low watering and just under the
pots maximum absorbance, 57 g, for high watering). The reason that a variable
addition of the ceramic pots water absorbance capacity was chosen was that the soil
is assumed to absorb the main part of the water while it is not close to saturated,
while absorbing around the same when the soil is close to be saturated. The exact
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calculation can be followed in appendix B.
The plants were watered up to this calculated total weight once a day.
Here follows a table of the total weights of the pots with watered soil.

Watering treat-
ment

Soil capacity
fraction

Total weight
plastic pots

Total weight ce-
ramic pots

V- 0.00 - (24 g) - (530 g)
V0 0.34 40 g 720 g
V05 0.45 45 g 750 g
V1 0.60 52 g 800 g
V2 0.77 60 g 880 g
V3 0.92 67 g 940 g
V4 1.00 70 g 960 g
V5 1.51 94 g 1120 g

Table 3.2: Total weight of pots and soil for the different watering treatment groups

In the table 3.2 one can see the chosen watering treatment groups and to what
weight the plants were watered every day. The V- treatment has 0.00 in soil
capacity fraction and was thereby never watered after this treatment had started.
The V5 treatment has 1.51 in soil capacity fraction and the plants with this
treatment thereby had a lot of excess water that the soil couldn’t absorb. The
pots that were used with this treatment had the soil in a plastic bag to prevent
the excess water from flowing off.

Figure 3.1 shows some plants that is about to be watered.

Figure 3.1: Each plant was weighted every time it was watered so that the exact
amount of water in the soil could be controlled.
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3.1.2 Nutrition treatment
The nutrition treatment was based upon nutrition solution in the water the plants
were given. Each plant was once a day watered to its total weight according to the
watering treatment group and the water used was water with nutrition solution
according to the plant’s nutrition treatment group.

The nutrition used was NPK-10-4-61 and the water was deionized water.
Here follows a table of the mixture of nutrition solutions and water for the

different nutrition treatment groups.

Nutrition treatment ml NPK-10-4-6 per liter water
N1 0.0
N2 0.6
N3 2.4
N35 6.0
N4 12.0

Table 3.3: Nutrition solutions for the different nutrition treatment groups

3.2 Cultivation
For each plant set about 200 - 400 seeds were sown in a box under identical
conditions (treatment V2N1, no extra nutrition, 77% soil capacity fraction). When
the plants had grown up to seedlings (after two weeks), enough plants to fill
the treatment groups were isolated to small 5x5 cm2 plastic pots. The plants
were chosen from the seedlings with most uniform quality to ensure all treatment
groups got the same starting conditions. The pots were marked with a plant ID
and a treatment group to be able to keep track on the individuals and was placed
randomly, regarding treatment group, in the greenhouse to minimize systematic
errors that could arise from e.g. if one specific treatment group was grown closer
to the window and was affected by the slightly different temperature and light
conditions etc.

The two first days after the isolation the plants was treated as treatment group
V2N1 to not stress the plants while they were rooting in the new soil. After that,
the treatment of their specific treatment groups was applied.2

One week after the isolation, the plants were replanted in bigger pots (13cm
diameter ceramic pots) to allow the roots to expand more.3 The reason that the
plants was not planted in these bigger pots directly was to let them expand their
leaves and body a bit more. If they were planted directly in the bigger pots they
would favor their roots instead.

1NPK-10-4-6 means that the fertilizer contains 10% nitrogen, 4% phosphorus and 6% potas-
sium.

2Treatment V-N2 was applied later, to not kill the plants from drought before they were
measured.

3Plant set 2 and 3 was not replanted in bigger pots due to limits in time.
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The plants were grown in a greenhouse with about 30◦C daytime temperature
and about 18◦C night-time temperature. The light flux (PAR4) they received was
about 1.1 - 1.3 cd/m2 16 h/day and they were watered once a day according to
their treatment group. The soil used was "Hasselfors Garden - Såjord", a lightly
fertilized planting soil.

The cultivation calendar is appended in in appendix A where one can see the
dates of potting, measurements etc. for the different plant sets.

Figure 3.2 shows some images of plants in the greenhouse.

Figure 3.2: Tobacco plants in the greenhouse.

3.3 Measurements
To measure the spectral reflectance distribution of the plants, hyperspectral images
of the plants were acquired. Because reflectance and/or incoming light flux might
be dependent on viewing angle for the measurement setup, 3D range images was
also acquired to enable BRDF analysis of the data.

Hyperspectral images were acquired with the hyperspectral camera SOC700
and range measurements were performed with the laser triangulation scanner Ruler

4PAR, photosynthetically active radiation, is the spectral band of light from 400 to 700 nm
that is used in photosynthesis.
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E. More on these devices in sections 3.3.1 and 3.3.2.
The measurement of a plant was conducted with acquisition of a hyperspectral

image first and directly after a scanning with the Ruler E. The time between the
spectral data acquisition and the range data acquisition was about 30 seconds, so
movements caused by inner turgor etc. in the plants can be dismissed.

The measurement room had covered windows so that the illumination should be
as even as possible between the different measurement occasions and as well during
each measurement occasion. Three 500 Watt halogen construction lamps were
directed to the ceiling of the measurement room to provide a diffuse illumination.
Halogen lamps does have a evenly spread power distribution over the spectral
range in interest5 which is good for making the SNR uniform in the range.

For each measurement occasion a subset of the plants (or all plants) were
collected from the greenhouse. The time these plants arrived to the measurement
room as well as the time each plant was measured was noted to keep track of the
time each plant had been in the measurement room’s different environment. The
time when the plants were last watered before the measurement was also noted.

The measurement was setup so that both the range and the spectral data where
seen from about the same angle. “The same angle” is defined by the laser line from
the range measurement device and the optical axis from the hyperspectral camera.
See figure 3.3 for the measurement setup in action.

The table that the pots was standing on was covered by a black paper to min-
imize effects of light transcending through the leaves to the background, reflecting
there and going back through the leaves again to be wrongly measured as reflected
light from the leaves.

A measurement occasion will be referred to as PS*M*, for example PS2M4
which means plant set 2, measurement occasion 4. In all measurement occasions
except PS1M4 the plants was imaged in their pots. In PS1M4 the plants had
grown too much to be fully imaged in the measurement setup so the biggest leaf
of every plant was cut off and imaged. The Leaf was cut off precisely before the
measurement so no effects from e.g. dehydration can be expected to affect the
reflectance spectrum.

3.3.1 Spectral Measurements
The spectral data was acquired by the hyperspectral camera SOC700-V manu-
factured by Surface Optics Corporation6. The SOC700 is a line scanner with a
rotating mirror that provides scanning of spatially-2D images with spectral data.
The camera measures wavelengths in the range 395 - 891 nm which covers the vi-
sual spectrum and a little of the near infrared part. The camera acquires spectral
data in 120 spectral bands that is about 4 nm apart from each other. The spatial
resolution of the camera is 640 x 640 pixels.

The SOC700 was set to 85 000 µs exposure time and with gain activated.

5The spectral range of interest is the range of the hyperspectral camera used for the spectral
measurements, i.e. 395 - 891 nm

6http://www.surfaceoptics.com/

http://www.surfaceoptics.com/
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Figure 3.3: Meaurement setup. A: The hyperspectral camera, B: The range mea-
surement device, C: A tobacco plant

Calibration

The raw hyperspectral images represent measured light intensity at different wave-
lengths. To get the reflectance values, the measured light intensity must be com-
pared with a reflectance standard with known spectral reflectance distribution
that has been imaged under the same illumination. This step is referred to as
calibration of the hyperspectral images. A linear offset and gain calibration was
performed on every image.

Darkframes (offset calibration data) and hyperspectral white references were
acquired with about 30 - 60 minutes intervals. For every hyperspectral image a
white reference and a darkframe was interpolated from between the two in time
most close darkframes resp. white references.

Darkframes was acquired by turning the scanning mirror to a position where
the imaging line viewed inwards the camera to picture a black line. The sample
values of this dark line were considered as an offset that should be subtracted. For
each darkframe 25 lines was acquired and averaged. In some cases two darkframes
was acquired and averaged which yielded an average of 50 lines instead.

A reference disk with known spectral reflectance distribution was used as “white
reference”. Actually this was more a “gray reference” as it had almost flat spectral
reflectance of ∼50%. However, images was acquired of this disk and then the
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area with pixels containing the disk was automatically extracted with the k-means
algorithm[15, 14] and averaged to compose a white reference spectrum. The k-
means algorithm could be used on all 120 spectral bands but would then be awfully
slow. To speed up the algorithm only the spectral band of 589.17 nm was used.
This band held enough information to successfully cluster the reference disk and
the background (see figure 3.4a and 3.4b).
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Figure 3.4: Classification of pixels belonging to white reference standard using
K-mean clustering. In (c) and (d) are red pixels classified as white reference, blue
as background

The image of the reference disk at 589.17 nm was passed to the K-means algorithm
and two groups were clustered. The seeds of these two groups to the K-mean
algorithm was randomly chosen and could thereby, if unluckily chosen, make the
algorithm get stuck in a local minimum. To avoid this problem, 20 passes of the
algorithm was executed and the pass with lowest distortion was returned as the
result.

When the 20 passes were done, the resulting classes were sorted so that the class
with most pixels in was considered as white reference pixels. This was determined
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from á priori knowledge that the image was dominated by the white reference. To
filter noise and incorrect classification (small objects, bits of soil for example, that
could possibly be wrongly classified), a morphological dilation followed by a more
heavy morphological erosion was performed. A K-mean classification of a white
reference and the morphological actions to it can be seen in figure 3.4.

After the classification was done, the darkframe offset was subtracted from
the white references pixels (the darkframe was chosen as the darkframe acquired
closest in time to the white reference image). Then all pixels classified as white
reference pixels were averaged to compose a white reference spectrum.

When all darkframes and white reference spectrums was calculated for a mea-
surement occasion a specific darkframe and white reference spectrum was interpo-
lated for each image. The darkframe was subtracted from the image and the result
was divided by the white reference and multiplied by the true reflectance value of
the reference disk. The true reflectance value was provided with the reference disk
and was a almost flat linear function (equation 3.1).

Rwhite_ref (λ) = 0.4529 + 7.3458 · 10−5λ (3.1)

The calibration procedure is summarized in algorithm 1.

Algorithm 1 Calibration of a hyperspectral image I
Require: Rwhite_ref (λ) = 0.4529 + 7.3458 · 10−5λ
1: Average the lines in all darkframes. (all in the measurement occasion)
2: Classify white reference pixels in all white reference images with the K-means

algorithm. (all in the measurement occasion)
3: Perform noise filtering morphological dilation and erosion to classified pixels

for all white reference images.
4: Subtract darkframe for all white reference images.
5: FOR EACH White reference image DO:

Average the classified white reference pixels to compose a white reference spec-
trum.

6: Interpolate a specific darkframe Dint and a specific white reference Wint for
the image I. Use linear interpolation with respect to the acquisition time.

7: FOR ALL columns c, rows r, spectral bands b in I DO:
I[r, c, b] = I[r, c, b]−Dint[r, b]

8: FOR ALL columns c, rows r, spectral bands b in I DO:
I[r, c, b] = I[r,c,b]

Wint[b] ·Rwhite_ref [b]

Step 1 to 5 needs only to be done once if many images in the same measurement
occasion shall be calibrated.
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3.3.2 Range Measurements
The range data was acquired with a laser triangulation line scanner, Ruler E,
manufactured by SICK IVP7. The Ruler E was mounted on a linear stage to
enable scanning of the object of interest. The depth resolution of Ruler E is 0.2
mm and the spatial resolution over the same area as the SOC700 was monitoring
was about 660 x 380 pixels for the measurement setup.

The Ruler E has its laser at the wavelength 660 nm, precisely where plants
reflect least, so the reflectance from the laser was poor on the plants. To avoid
problems with the range data caused by this, the room light had to be turned off
each time the Ruler E was scanning to lower the noise level at this wavelength.

7http://www.sickivp.com

http://www.sickivp.com
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Results

4.1 Overview
The first step of the analysis of the hyperspectral images was to mask out the
leaf pixels so they could be integrated to compose a (one) spectrum representing
each plant. These spectrums together with info about the plants’ treatment were
then used in the statistical methods to calculate and evaluate spectral subspaces
describing the treatment.

As a full BRDF analysis with the depth data wasn’t possible to perform in the
time frame of the thesis, some other methods to take care of uneven illumination
utilizing only the hyperspectral images were examined.

The different combinations of illumination intensity normalizations and sub-
space methods was then compared numerically. The numerical comparison was in
short performed by calculating a subspace from a model set of plants and validat-
ing this subspace basis against a validation set of plants. The model set and the
validation set were randomly chosen and several iterations were done to calculate
a performance value for each method.

4.2 Leaf pixel classification
The hyperspectral images consists of the plants and some background such as soil,
the pot, the black paper that the pots was standing on and some markings on
the paper (see left image of figure 4.1). To classify the pixels as either leaf pixels
or non-leaf pixels the approach was first to use a threshold on the NDVI value of
the pixels. NDVI, Normalized Difference Vegetation Index, is defined as NDV I =
RNIR−RRed

RNIR+RRed
. NDVI is biologically explained by that leaves normally absorbs much

more light energy in RRed than in RNIR. This because the chlorophyll pigments
have an absorption maxima situated in the red area and that no photosynthetic
pigments have any particular absorption in the NIR area[16]. This method to
segment leaf pixels from background pixels was used in [18] and works well when
the only biological material present is the leaves. In the image set used are however

35
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wet soil present which can contain algae or moss that gives a relative high NDVI
value. To come around this problem, every pixels spectrum was also matched
against a reference plant spectrum and only pixels that both had a high NDVI
value and a spectrum that resembled the reference spectrum was considered a leaf
pixel. Figure 4.1 depicts a image of a plant and the classification of leaf pixels in
it.
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Figure 4.1: A RGB representation of a hyperspectral image of plant 214 (left
image) and the classified leaf pixels (right image). The leaf pixels are colored red
and the non-leaf pixels are blue.

The reason that not only the spectrum matching was used was that this method
also gave false positives in some situations. To make the leaf pixel classification
robust against false positives, both NDVI thresholding and spectrum matching
was used for the classification. In figure 4.2 two different cases can be seen where
NDVI misclassifies to many pixels in one case and spectrum matching misclassifies
to many pixels in the other case. In both cases the intersection of the classifications
yields a better classification.

4.2.1 NDVI thresholding
Normalized Difference Vegetation Index is defined as:

NDV I = RNIR −RRed
RNIR +RRed

(4.1)

The wavelengths that was used to define RNIR and RRed was RNIR = R(783nm)
and RRed = R(668nm).

The NDVI value ranges from -1 to 1 and the typical NDVI value of a plant
spectrum is around 0.7 to 0.9. Figure 4.3 depicts a typical plant spectrum and the
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Figure 4.2: Two different plants classified by NDVI threshold (2:nd column), spec-
trum matching (3:rd column) and the intersection of these methods (4:th column).
In the upper case (plant 214) some soil pixels is misclassified as leaf pixels by the
NDVI thresholding, but not by the spectrum matching. In the lower case (plant
410) some pixels is misclassified in the spectrum matching, but not in the NDVI
thresholding. In both cases the intersection of the classifications of NDVI thresh-
olding and spectrum matching yields good results.

Red

NIR

Figure 4.3: A typical leaf spectrum with the wavelengths used as Red and NIR
for calculation of NDVI marked out.
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wavelengths that NDVI is calculated from. The low reflectance value around 670
nm is due to the chlorophyll pigments high light absorbance in this region. This
together with leaves relatively low absorbance in the NIR region makes NDVI a
good method for detecting leaf spectrums.

Figure 4.4 shows three plants and their respective NDVI images. Note that
the soil has relatively high NDVI value at some places. This is probably because
algae or moss has started to grow in the soil and while having photosynthesis with
chlorophyll, also having a quite high NDVI value.
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Figure 4.4: Three plants and their respective NDVI images.

To choose a good threshold for the leaf classification with NDVI thresholding the
value distribution of some plants was examined. Figure 4.5 shows the NDVI value
distributions of two different plant images. The plant image of plant 159 contains
only the black background paper and one leaf from plant 159. We see two gaussian-
like distributions where the one with values around -0.15 to 0.3 is representing the
black background while the pointier gaussian centered around 0.8 is representing
the leaf pixels. Here a threshold chosen anywhere between 0.4 to 0.7 would give a
quite good classification. In the NDVI value distribution of plant 420 where some
soil also is present, the choice of threshold is not quite that straightforward. Here
we can see a gaussian distribution centered around 0.55 that represents some of
the soil. This distribution blends in with the leaf distribution and renders a perfect
classification impossible. Empirically, the threshold level of 0.6 was found to be
acceptable. This level produced some false positive classifications of leaf pixels
but not many false negative. This was preferred because the NDVI thresholding
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was complemented by spectrum matching in the way that only the pixels that was
classified as leaf pixels from both methods was considered as leaf pixels.
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Figure 4.5: NDVI value distributions of two plant images. The plants RGB images
can be seen in figure 4.4

4.2.2 Spectrum matching
The spectrum matching method for classification of leaf pixels compares the spec-
trums with a leaf reference spectrum and gives a value of how alike the spectrums
are. The comparison is performed with a weighted distance measure. The weight-
ing is motivated by that different parts of the spectrum contains different amount
of noise and are thereby differently trustworthy to make a classification from. The
classification is performed by thresholding the weighted spectral distance between
the spectrum in interest and the reference spectrum.

The equation to calculate this weighted spectral distance is:

D =
√

(WT(S− Sref ))2

D : The weighted spectral distance between S and Sref
Sref : The reference spectrum (column vector)
S : The examined spectrum (column vector)
W : The weight vector (column vector)

(4.2)

The reference spectrum was acquired by calculating the mean spectrum of all
pixels classified as leaf pixels in PS1M4 by NDVI thresholding. In PS1M4 the
plants was too big to be fully imaged in the measurement set up, so the biggest
leaf from every plant was cut off and imaged. Because there were only leaves and
the black background paper in these images NDVI thresholding yielded a good
classification.
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The weight vector was acquired by calculating the mean of all white reference
spectrums acquired in PS1M4 and finally normalize this mean so it ranged up to
a max value of 1.0. The white reference spectrum is the camera response of the
illumination multiplied by the white reference reflectance (which is flat) multiplied
by the camera sensor sensitivity. The noise in the calibrated hyperspectral images
can be expected to be inversely proportional to this spectrum and a weighting with
this spectrum is thereby the same as a whitening of the noise in the hyperspectral
images.

The reference spectrum and weight vector (spectrum) can be seen in figure 4.7.
A figure that depicts three plants and their respective weighted spectral distance
images is available in figure 4.6.
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Figure 4.6: Three plants and their respective weighted spectral distance images.

Figure 4.7: The reference and weight spectrums used in the spectrum matching
classification
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4.3 Illumination intensity normalization
The measurement set up aimed to give the plants as much diffuse illumination
as possible with no specific specular angle. A perfect unidirectional diffuse illu-
mination is however hard to achieve and is not probable to be the case in a real
world scenario in a greenhouse. This gives different parts of the leaves different
amount of incoming light to reflect and thereby different overall intensity in the
hyperspectral images.

As the hyperspectral camera was mounted right above the plants, shadows are
not likely to play a big role in the source for a non uniform illumination intensity
distribution. Viewing angle, however, does affect the illumination intensity because
the leaves reflect away incoming light more and more the larger the viewing angle
is. This because the leafs cannot be modeled entirely as lambertian surfaces,
they also have a (most probably wavelength dependant) bi-directional reflectance
distribution function (BRDF).[3, 8, 10]

When the leaf pixels have been classified in a hyperspectral image of a plant,
the next step in the algorithm is to integrate these leaf pixels to one mean spectrum
that represents the plant. If the illumination intensity has been differently strong
in different parts of the plant an error can integrate into the mean spectrum.

Figure 4.8 show an image of a plant and the mean spectrums of two regions
with different illumination intensity.
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Figure 4.8: Spectrums of a two regions with different illumination intensity.

Five different methods to normalize the illumination intensity before the plant
spectrums should be integrated was examined and will be presented in this section.

4.3.1 PCA on 2nd order moment matrix
This method was briefly described in section 1.4 - Related Research. The approach
is to do a PCA mapping of the second moment matrix of the set of spectra and
consider the first PCA-direction as the light intensity direction. The remaining
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directions are considered describing the chromaticity. The intensity normalization
is performed by normalizing both the intensity direction and the chromaticity
directions with the magnitude of the intensity direction and then reconstructing
the image.

Let E and λ be the eigenvectors and eigenvalues of the second moment matrix
of a set of data. A data point Xi can then be described by a linear combination
of the eigenvectors:

EλE−1 = XXT

Xi = αi1E1 + αi2E2 + ...+ αinEn (4.3)

The eigenvector E1 is the eigenvector with the largest eigenvalue. The normaliza-
tion is then performed by:

X′i = E1 + αi2
αi1

Ei2 + ...+ αin
αi1

En (4.4)

To get a magnitude of X′i closer to the empirical mean of X, X′i is multiplied with
the mean of αj1, j = 1...n:

X′′i = µα1X′i (4.5)

Figure 4.9 shows the result of preprocessing the spectrums with this method for
the two areas shown in figure 4.8.
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Figure 4.9: Spectrums before and after treatment method “PCA on 2nd order
moment matrix”.

4.3.2 Derivative of logarithm
The absorbance of a object is defined as A = log( I0

Id
) where I0 is the incident

light and Id is the light not being absorbed. In the case of a reflecting object Id
is very hard to measure as the object is probably reflecting hemispherically and
probably not all reflected light will be measured. In the case of leaves, they are
also transmitting light. If we however anyway consider our measured reflected
light fraction as Id

I0
we get a measure of the absorbance spectrum of the leaves as:

A = log(I0

Id
) = log( 1

R
) (4.6)
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One advantageous property of the logarithm is that we map multiplicative rela-
tionships to additive ones. Therefore, deriving the logarithm will cancel out these
relationships.

As different illumination intensity levels manifest itself mainly as a multiplica-
tive change to reflective data, we get a fairly good illumination intensity normal-
ization by making the transform:

A′(λ) = ∂

∂λ
log( 1

R(λ) ) (4.7)

In the ideal case the reflectance spectrum only contains positive values as negative
reflectance does not exist. In the practical case where we calibrate our measured
raw spectrums with a offset and a gain correction, noise can produce negative
values in the calibrated spectrum due to the offset correction and low reflectance
values. This will be a problem because the logarithm isn’t defined for negative
values. To get around this problem, only the wavelengths of the spectrum that
have reflectance and noise levels composed properly to not produce negative values
in the calibrated spectrums could be used in this method. The wavelengths that
could be used in this method (with this measurement set up) were 470 - 900
nm. As some negative values still could be introduced at these wavelengths, the
integration of all leaf pixels to a single spectrum was performed with median
calculation instead of mean calculation. The mean of a data set that have some
unconstrained values is not defined whereas the median of such data set is properly
defined (if the median does not turn out to be unconstrained).

Figure 4.10 shows the result of preprocessing the spectrums with this method
for the two areas shown in figure 4.8. The blue spectrum has missing values for
λ < 460nm. This is because the median values of these wavelengths are infinite
and thereby undefined.
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Figure 4.10: Spectrums before and after treatment method “Derivative of loga-
rithm”.

4.3.3 Normalization of spectrums
A relative straightforward way to normalize the spectrums to equal intensity is
to set the norm of all spectrums to the same value. In this implementation the
norm is set to 1. If all intensity variations are purely multiplicative, this kind of
normalization would be sufficient for intensity normalization.
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Figure 4.11 shows the result of preprocessing the spectrums with this method
for the two areas shown in figure 4.8.
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Figure 4.11: Spectrums before and after treatment method “Normalization of
spectrums”.

4.3.4 Weighted normalization of spectrums
If the noise is extreme in some parts of the spectrum, this will affect the norm
quite much and therefore a normalization of the spectrums could amplify noise.
To lower the risk of amplifying noise in the normalization, a weight function can
be introduced to whiten the noise spectrum before performing the normalization.
The same approach and the same weight function as in section 4.2.2 - Spectrum
matching was used in this method.

The method can be summarized as:

• Multiply the spectrums with a weight spectrum inversely proportional to the
noise figure.

• Normalize all spectrums to a common norm.

• Divide the spectrum with the (non-zero) weight spectrum to restore the
shape of the spectrums.

Figure 4.12 shows the result of preprocessing the spectrums with this method for
the two areas shown in figure 4.8. Note that the two treated spectrums lies closer
to each other at regions with high weight values compared with (non-weighted)
“Normalization of spectrums” and more separated at region with low weight values.
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Figure 4.12: Spectrums before and after treatment method “Weighted normaliza-
tion of spectrums”.

4.3.5 Middle norm integration
The middle norm method is close to just calculating the median spectrum of the
spectrum set. As it is the intensity that should be normalized and that a higher
intensity most often yields a higher norm of the spectrum and vice versa, the
median is calculated from the norms of the spectrum. The spectrum corresponding
to the median norm could be used but to reduce noise the 250 spectrums with
norms closest to the median norm was averaged in this method. This is a non-
linear method closely related to normalization of spectrums but less sensitive to
outliers caused by misclassification of leaf pixels.

Figure 4.13 shows the result of preprocessing the spectrums of the leaf pixels
in the image of figure 4.8 and the mean spectrums of the two areas shown in the
figure.
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Figure 4.13: Mean spectrums of two regions (blue, red) and the integrated spec-
trum calculated by the “Middle norm integration” method (green).

4.4 Trends in the data
This section will present an overview of what patterns that was seen in the data
utilizing the linear subspace methods PCA, PLS, LrMLR, BLR and CCA. The
noise figure of the hyperspectral images will also be analyzed to motivate which
wavelengths that could be used in the analysis.
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4.4.1 Noise figure
The hyperspectral images contain noise which can disturb the analysis of the data.
Figure 4.14 shows a histogram image over the value distribution of leaf pixels in
a plant. Much of the variation can be explained by uneven illumination intensity
but at especially low wavelengths, 400 - 450 nm, most of the variation stem from
noise that is unevenly amplified by the calibration of the hyperspectral images.
Here we see that there are a lot of pixels that have negative reflectance values
at low wavelengths due to the noise which isn’t physically possible and can cause
problems in certain analysis steps.

Figure 4.14: Histogram image over value distribution of leaf pixels in plant 420.
Each column in the image is a histogram at the current wavelength. The his-
tograms is normed so that the color value represents the fraction of pixels belonging
to that histogram value.

To determine the noise figure of the measurement set up the pixel values of a
white reference was studied. Figure 4.15 shows a plot of the standard deviation of
the white references pixels of a hyperspectral image of a white reference. As the
physical reflectance values of the white reference standard used can be assumed
to fairly even, the variation shown in the plot can be considered as pure noise.
The noise figure shows high noise on the low wavelengths and a rise in the high
wavelengths. This is probably because the sensor in the camera isn’t as sensitive
on the low and high wavelengths as on the wavelengths in the middle of its spectral
range.

To avoid problems of having pixels with negative reflectance values and to keep
the noise at a quite even level, only the wavelengths in the range 470 - 830 nm
was used in the subspace analysis.
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Figure 4.15: Standard deviation of reflectance values of a white reference.

4.4.2 Subspace from only input data
To calculate a subspace from only input data can reveal major trends in the data.
The trends do not need to be related to the output data as the output is not
considered. With PCA we get the directions in the data space that explains the
largest variation in an optimal way. As the plants have been grown under equal
conditions, a PCA would cluster the plants into their different treatment groups
if the treatments have affected the spectrum strongly.

Figure 4.16 shows a mapping of PS4M1’s spectrum samples on its first and
second PCA directions. There is a visible relation of direction 2 and the treatment
of the plants. Both nutrition and watering treatment follows this direction. This
is probably partially explained by that the nuitrition treatment was controlled by
nutrition concentration in the water and not by an absolute amount of nutrition.
The variance along direction 1 cannot be explained by the treatment so the most
dominant factor affecting the spectrums in this plant set is not the treatment. Note
that this plot is calculated on spectrums that have not undergone any illumination
intensity normalization, so different mean illumination intensity of the pixels in
each hyperspectral image could well play a big role in the variation between the
samples. Figure 4.17 shows the three most dominant PCA directions and the
variance for the seven first PCA directions of this data set.

Figure 4.18 shows a eqvivalent mapping as figure 4.16 with the difference that
these spectrum samples have been calculated with the illumination intensity nor-
malization method “Derivative of logarithm” (see section 4.3.2 - Derivative of
logarithm). Here we see a clearer relationship of the directions and treatment. We
still do not have a perfect relationship so there is still some strong factors other
than the treatment that have affected the spectrums.

The previous two plots PCA mappings depicted mapping of samples from plant
set 4 which was treated quite aggressively on both watering and nuitrition. Figure
4.19 shows a PCA mapping of plant set 1 that was treated a bit more modest.
Here we see no clear relationship between the treatment and the most dominant
PCA directions.
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Figure 4.16: Mapping of PS4M1 on its most dominant PCA directions.
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Figure 4.17: (Left) The three most dominant PCA directions of PS1M4. (Right)
Variance of the first PCA directions of PS1M4.
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Figure 4.18: Mapping of PS4M1 preprocessed with the “Derivative of logarithm”-
method on its most dominant PCA directions.

0.15 0.10 0.05 0.00 0.05 0.10 0.15
Dir 1

0.10

0.05

0.00

0.05

0.10

D
ir

 2

PCA mapping of PS1M4, vectors 1 and 2

V1N1
V2N1
V3N1
V1N2
V2N2
V3N2
V1N3
V2N3
V3N3

Figure 4.19: Mapping of PS1M4 on its most dominant PCA directions.
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4.4.3 Subspace from input and output data
By taking consideration of both the input and output of a system when calculating
a subspace enables the methods to find directions in the input data space that
corresponds to directions in the output data space in optimal ways.

Figure 4.20 shows a regression of all samples of PS4M1 onto linear combinations
of the two most dominant directions of the methods PLS, MLR, BLR and CCA.
As the number of dimensions is greater than the number of samples (45 samples,
87 dimensions) there exists a subspace that maps the samples to any wanted con-
figuration provided the samples are linearly independent. The method MLR will
find a subspace configuration that satisfies this because its problem formulation is
to minimize the regression error when approximating one data set from another
data set. CCA can be formulated as a mean square minimization problem as well
where the regression error is defined in both data spaces[2] and will therefore also
find this subspace. BLR however have its regression error defined in the output
data space (which has only 2 dimensions) and is thereby not guaranteed to find
a subspace that is optimal in the input data space. PLS aims to maximize the
covariation of directions in the input and in the output data space, not to min-
imize a regression in the input or output data space and is therefore not either
guaranteed to find this mapping.
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Figure 4.20: Regression of PS4M1 samples to optimal subspaces calculated with
PLS, LrMLR, BLR and CCA.

Figure 4.21 shows the input data space directions of the subspaces in figure 4.20.
The directions of MLR and CCA looks somewhat spiky and is the result of over-
fitting. We have a problem which can be solved with any linearly independent
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Figure 4.21: Most dominant directions for regression of PS4M1 samples to optimal
subspaces calculated with PLS, LrMLR, BLR and CCA.

input samples and noise in these can well be the major source of both the linear
independency and the directions found.

The mapping in figure 4.20 depicts a subspace mapping where all samples of
the dataset are used to calculate the subspace basis. This can be interesting if
we are interested in looking at the subspace basis, but we cannot evaluate the
quality of the mapping. If we want to evaluate the methods we have to create the
subspace from one set of samples, a model set, and then validate this subspace
with another set of samples, a validation set. Figure 4.22 shows a regression of a
validation set of randomly chosen samples onto subspaces calculated with another
set of samples. As each treatment group in PS4M1 contains 5 samples, 2 samples
from each group were randomly chosen to be model samples and the remaining
three was the validation samples that can be seen in the figure. Compare this figure
with figure 4.20 and note that even if the samples used to create the subspace in
figure 4.20 aligns perfectly to the treatment values with the methods MLR and
CCA all four methods performs quite evenly when we look at the mapping of the
validation samples in the figures 4.22 and 4.23. Figure 4.24 shows the placement
of treatment values (output data space) corresponding to the samples in figure
4.22 and a legend placing each marker in its treatment group.

Figure 4.25 shows a regression of validation samples onto a subspace created
with model samples in a similar way with the method PLS. The samples have
been calculated with the preprocessing methods for illumination intensity nor-
malization. What we can see is that there is no big difference but a numerical
comparison of this instance of model samples and validation samples with the
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methods showed that the weighted normalization of spectrums method (wnorm)
gave the best regression with respect to the distance from the “true” treatment
values. A legend and treatment value placement for the samples can be found in
figure 4.24.

The figures 4.26, 4.27, and 4.28 shows the equivalent figures as 4.22, 4.24, and
4.25 but for PS1M4 instead. Here we see that the validation samples lies in a
mess. With some good will there can be seen some pattern that tries to explain
the treatment, but much weaker than in PS4M1. The difference between PS1M4
and PS4M1 in treatment is that PS1M4 has been treated more modest with the
watering and nutrition.
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Figure 4.22: Regression of validation samples onto a subspace calculated with a
model set of the data.
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Figure 4.23: Regression of validation samples onto a subspace calculated with a
model set of the data. The preprocessing method “Weighted normalization” has
been used.
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Figure 4.24: Legend for the markers in figure 4.22 and their output data space
values (treatment values).
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Figure 4.25: Regression of validation samples onto a subspace calculated with a
model set of the data. Six different approaches to perform illumination intensity
normalization have been performed. “spect”: No normalization, “difflog”: Deriva-
tive of logarithm, “2mm”: PCA on 2nd order moment matrix, “wnorm”: Weighted
normalization, “norm”: Normalization, “med”: Middle norm integration.
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Figure 4.26: Regression of validation samples onto a subspace calculated with a
model set of the data.
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Figure 4.27: Legend for the markers in figure 4.26 and their output data space
values (treatment values).
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Figure 4.28: Regression of validation samples onto a subspace calculated with a
model set of the data. Six different approaches to perform illumination intensity
normalization have been performed. “spect”: No normalization, “difflog”: Deriva-
tive of logarithm, “2mm”: PCA on 2nd order moment matrix, “wnorm”: Weighted
normalization, “norm”: Normalization, “med”: Middle norm integration.
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4.5 Subspace from non-linear indicators
Some related studies use non linear indicators calculated from the reflectance spec-
trum as input to their analysis. These non linear indicators are chosen from á priori
knowledge of the biological behavior of plants, for example NDVI that shows rel-
atively high values for plants and could thereby provide good data for further
statistical analysis.

The following indicators will be used:

• RelGNIR - Relative value of Green and NIR, R(550nm)
R(850nm)

• NDVI - Normalized Difference Vegetation Index, R(783nm)−R(668nm)
R(783nm)+R(668nm)

• PRI - Photochemical reflectance index, R(531nm)−R(570nm)
R(531nm)+R(570nm)

• PRI2 - Physiological reflectance index, R(530nm)−R(550nm)
R(530nm)+R(550nm)

• NPCI - Normalized Pigments Chlorophyll ratio Index, R(680nm)−R(430nm)
R(680nm)+R(430nm)

• dg - Minimum derivative of R(λ) in the range 550 - 585 nm (green)

• dG - Maximum derivative of R(λ) in the range 490 - 530 nm (green)

• GGFN - Normalized difference between dG and dg, dG−dgdG+dg

• dRE - Maximum derivative of R(λ) in the range 670 - 730 nm (red edge)

• WRE - Position in nm of dRE (red edge)

• EGFN - Normalized difference between dRE and dG, dRE−dGdRE+dG

• ddg - Minimum of second order derivative of R(λ) in the range 515 - 545 nm
(green)

• ddRE - Maximum of second order derivative of R(λ) in the range 670 - 730
nm (red edge)

The indicators have been found in the articles [17, 18, 19]. As PRI has been defined
slightly differently in the articles [17] and [18], two different PRI indicators have
been used.

The same analysis with PCA, PLS, MLR etc. can be done on these indicators.
The input data will consist of a vector with the indicators instead of the reflectance
value at different wavelengths.

As some of the indicators have drastically different magnitude and standard
deviation, e.g. WRE that is the wavelength of the red edge in nm with a typ-
ical value of 690 - 700 nm and NDVI that typically lies around 0.65-0.75, each
indicator is normalized with its standard deviation with respect to all plants in
each measurement occasion. This normalization is not necessary for the methods
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MLR and CCA but PLS and BLR will behave poorly if the indicators have very
different standard deviation.

Figure 4.29 shows a subspace mapping of samples from PS4M1 with a model
set and a validation set. The result is fairly equal to the results utilizing the
reflectance spectrum (see figure 4.22). Figure 4.30 shows the analogous mapping
with PS1M4.
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Figure 4.29: Regression of validation samples onto a subspace calculated with a
model set of the data. The samples consists of non linear indicators calculated
from the spectrum of each sampel.
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Figure 4.30: Regression of validation samples onto a subspace calculated with a
model set of the data. The samples consists of non linear indicators calculated
from the spectrum of each sampel.

4.6 Comparison of methods
To compare the different methods that have been presented, a performance matrix
for each measurement occasion has been calculated. The performance matrix has
performance values for combinations of subspace mapping methods, e.g. “CCA”
or “PLS”, and input data types, e.g. “weighted normalization of spectrums pre-
processed” or “non linear indicators”.

For each measurement occasion 250 iterations of subspace mappings have been
performed. In each iteration a model set for calculation of the subspace have been
randomly chosen and the rest of the samples have been used as for validation.
A performance value for each method - input data combination has then been



60 Results

calculated for the instance of model and validation samples. The performance
value has been calculated in three ways; nutrition-water combined, only nutrition
and only water. After the 250 iterations the mean performance values have been
calculated.

The model set has been used to calculate a regression for the methods and
outputs the subspace basis, the regression coefficients and the regression offsets.
These have been applied to the validation samples and the the performance value
has been calculated as the weighted distance of the validation samples subspace co-
ordinates to their treatment coordinates (the treatment coordinates are the plants
true treatment and the subspace coordinates are the measured treatment). The
distance has been weighted so that for each measurement occasion has the distance
between maximum nutrition and minimum nutrition been set to 1 and the same
for the watering dimension. This for making a combined distance of both watering
and nutrition equal for the two dimensions.

The performance values of the measurement occasions PS1M4 and PS4M1 can
be seen in table 4.2 and 4.3. A full result summary of all measurement occasions
is available in appendix C.

The number of random samples that has been used for model and validation
set for the different measurement occasions can be seen in table 4.1.

PS1M1-4 PS2M1-4 PS3M1 PS4M1
Model samples 80 12 12 40
Validation samples 10 3 3 5
Total number of samples 90 15 15 45

Table 4.1: Number of model and validation samples for each measurement occasion

In the tables 4.2 and 4.3 we can see that the best scores was acquired with the
methods MLR and CCA and that the non linear indicators was the best input
data for PS1M4 and the spectrums preprocessed with the weighted normalization
for PS4M1. MLR and CCA perform quite evenly and this is because they do both
whiten the input data space. The whitening of the output space by CCA does
not affect the solution any much because this space consists of evenly situated
samples with no noise (as their values have been manually determined). The same
reasoning holds analogous for PLS and BLR who both do not whiten the input
data space.

For PS1M4 PLS and BLR performs better than MLR and CCA for all input
data types except the non linear indicators. For PS4M1 MLR and CCA have
a quite better overall performance than PLS and BLR. The problems CCA and
MLR encounters for PS1M4 is probably caused by that MLR and CCA finds
patterns that is the result of overfitting. This because there may be only very
weak relationships between the spectrum and the treatment for this plant set. As
PLS and MLR does not whiten the input data space they may be more robust to
noise when having weak relationships and many more dimensions than samples.
PS4M1 that has a more aggressive treatment (as well as PS2M4, see appendix C)
shows better results with MLR and CCA and probably has a stronger relationship
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NW PLS MLR BLR CCA
Raw 0.2088 0.5416 0.2087 0.5416
2mm 0.2140 0.4052 0.2143 0.4052
Dlog 0.2089 0.6654 0.2087 0.6654
Norm 0.2156 0.5816 0.2154 0.5816
Wnorm 0.2141 0.6341 0.2141 0.6341
Med 0.2087 0.5411 0.2078 0.5411
NL 0.2075 0.2023 0.2079 0.2023
N PLS MLR BLR CCA
Raw 0.1477 0.4287 0.1474 0.4287
2mm 0.1487 0.2852 0.1505 0.2852
Dlog 0.1478 0.4704 0.1475 0.4704
Norm 0.1494 0.3693 0.1504 0.3693
Wnorm 0.1494 0.4986 0.1502 0.4986
Med 0.1482 0.2735 0.1474 0.2735
NL 0.1452 0.1329 0.1452 0.1329
W PLS MLR BLR CCA
Raw 0.1461 0.3244 0.1463 0.3244
2mm 0.1524 0.2823 0.1509 0.2823
Dlog 0.1461 0.4619 0.1463 0.4619
Norm 0.1540 0.4424 0.1528 0.4424
Wnorm 0.1520 0.3814 0.1511 0.3814
Med 0.1452 0.4635 0.1450 0.4635
NL 0.1467 0.1493 0.1472 0.1493

Table 4.2: Performance matrices for PS1M4 with performance value calulated
with respect to (top) both nutrition and watering treatment approximation, (mid-
dle) nutrition treatment approximation and (bottom) watering treatment approx-
imation. “Raw”: Unpreproccessed spectrums, “2mm”: PCA on 2nd order mo-
ment matrix, “Dlog”: Derivative of logarithm, “Norm”: Normalization, “Wnorm”:
Weighted normalization, “Med”: Middle norm integration, “NL”: Non linear indi-
cators.

between the spectrum and the treatment.
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NW PLS MLR BLR CCA
Raw 0.2138 0.1758 0.2126 0.1758
2mm 0.2119 0.2205 0.2232 0.2205
Dlog 0.2132 0.1665 0.2120 0.1665
Norm 0.2068 0.1628 0.2087 0.1628
Wnorm 0.2023 0.1595 0.2036 0.1595
Med 0.2240 0.3367 0.2229 0.3367
NL 0.1983 0.1881 0.2046 0.1881
N PLS MLR BLR CCA
Raw 0.1536 0.1421 0.1511 0.1421
2mm 0.1594 0.1608 0.1674 0.1608
Dlog 0.1539 0.1232 0.1514 0.1232
Norm 0.1441 0.1285 0.1501 0.1285
Wnorm 0.1442 0.1217 0.1491 0.1217
Med 0.1591 0.2469 0.1571 0.2469
NL 0.1529 0.1519 0.1585 0.1519
W PLS MLR BLR CCA
Raw 0.1457 0.0985 0.1462 0.0985
2mm 0.1375 0.1474 0.1454 0.1474
Dlog 0.1445 0.1077 0.1450 0.1077
Norm 0.1418 0.0945 0.1417 0.0945
Wnorm 0.1349 0.0979 0.1351 0.0979
Med 0.1549 0.2236 0.1552 0.2236
NL 0.1207 0.1034 0.1244 0.1034

Table 4.3: Performance matrices for PS4M1 with performance value calulated
with respect to (top) both nutrition and watering treatment approximation, (mid-
dle) nutrition treatment approximation and (bottom) watering treatment approx-
imation. “Raw”: Unpreproccessed spectrums, “2mm”: PCA on 2nd order mo-
ment matrix, “Dlog”: Derivative of logarithm, “Norm”: Normalization, “Wnorm”:
Weighted normalization, “Med”: Middle norm integration, “NL”: Non linear indi-
cators.
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Conclusion

The result section has only presented results from PS1M4 and PS4M1 as these are
the most complete measurements. Complete in means of that the plants have been
measured at the age of about 5 weeks. PS2M4 and PS3M4 have also been measured
when the plants has been about 5 weeks old, but these plant sets have been
experimental and contained only 15 individuals each which is not much ground
for a statistical analysis. The treatment of PS1 has been quite modest while PS4
have been treated more extreme on both nutrition and watering.

When looking at the mappings of validation samples onto subspaces for PS1M4
(see figure 4.26) it can be seen that the subspace basis calculated for PS1M4 cannot
be used to differ the different treatments in PS1. The approach to calculate a
subspace that can be used to approximate the treatment given to the plants from
spectral data has failed here and the reason may be either that the plants has been
treated too modest on too short time, only 5 weeks, or that the treatment values
does not relate good to how the plants has been affected by the treatment.

When looking at the mappings of validation samples onto subspaces for PS4M1
(see figure 4.22) we see a clear relationship between the treatment and the spec-
trum. The way the validation samples have mapped to the Nutrition-Watering
space seems to give away that the nutrition and watering treatments have likewise
spectral responses. A clear example of this can be seen in the upper right sub im-
age (difflog) of figure 4.25 - here samples are kind of aligned to a diagonal line. As
the N-treatment given gets lower, the approximated W-treatment value also gets
lower. This might be explained by that if the plants have been given more water
they might also have absorbed more nutrition and the treatments does thereby
affect each other. The subspace basis vectors calculated with the different meth-
ods looks very different for on the one side CCA and MLR and on the other side
PLS and BLR (see figure 4.21). The basis vectors calculated with PLS/BLR looks
much more physically sound as one can expect the spectral response of different
pigments in the plants to have fairly smooth spectral reflectance distributions. But
on the other hand did MLR and CCA perform better on the numerical compar-
ison. So the spiky basis vectors of these methods does work even if they do not
look so physically sound.
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5.1 Potential of the approach
Much care has been taken to produce high quality spectral measurements and the
hyperspectral images are probably of high quality. The same illumination has been
used in all measurements and the plants has been treated equivalently according to
the treatment plan. However, the plants are individuals and may have responded
differently to the treatment or the soil used may have been inhomogeneous with
respect to nutrients and minerals. The treatment values assigned to each plant
and used as output data for the subspace mappings do only reflect what treatment
has been given to the plant - not how the plant have responded to the treatment.
If the plants for various reasons have responded differently on the treatment, the
regression has tried to map the plants onto an output space that does not describe
what we want to analyze.

The plants were as oldest 5 weeks old and had then had 3 weeks of different
treatments. This short exposure to the treatment may be the reason that only the
plant sets treated more extreme gave useful results.

5.2 Proposed methods
As the only useful result was given by PS4M1, only this method is considered
for the conclusion of the proposed methods. The performance matrix for PS4M1
gave best points to the method combination MLR/CCA and the spectrums pre-
processed with the illumination intensity normalization method “Weighted nor-
malization of spectrums”. CCA does whiten the output data space and this can
be advantageous if having unevenly spread samples in the output data space (as
wasn’t the case with PS4M1). Therefore the proposed method/preprocessing com-
bination for statistical analysis of hyperspectral data from experiments such as the
one in this thesis is CCA and “Weighted normalization of spectrums”.

5.3 Further work
A different approach of how to determine the plant condition than the treatment
will possibly provide better output data for the analysis.

It could be interesting to examine plants that have been treated for a longer
time than three weeks. Maybe then a weak treatment would also give effects in
the spectrum.

A full BRDF analysis with the range data could provide a better illumination
intensity normalization. The light sources of the measurement room could be
modelled and together with the leaves BRDF be used to perform the illumination
intensity normalization.

The analysis has been done at the spectral range 470 - 830 nm. A broader
spectrum may provide information that can describe the plant condition better.
Chemical analysis on the plants to reveal their nitrogen content for example or
other ways to tell the true condition of the plants might be investigated to provide
the output data.



Bibliography

[1] M. Borga, T. Landelius, and H. Knutsson. A unified approach to PCA, PLS,
MLR and CCA. 1992.

[2] Magnus Borga. Learning Multidimensional Signal Processing. PhD thesis,
Department of Electrical Engineering, Linköping University, 1998.

[3] L. Bousquet, S. Lachérade, S. Jacquemoud, and I. Moya. Leaf BRDF measure-
ments and model for specular and diffuse components differentiation. Remote
Sensing of Environment, 98(2-3):201–211, 2005.

[4] M. Brookes. The matrix reference manual.
http://www.ee.ic.ac.uk/hp/staff/dmb/matrix/intro.html, 2005. Down-
loaded 2010-06-09.

[5] Carlos A. Felippa. Introduction to Finite Element
Methods, Appendix D - Matrix Calculus Summary.
http://www.colorado.edu/engineering/cas/courses.d/IFEM.d/, 2004. Down-
loaded 2010-06-09.

[6] Gregory A. Carter. Responses of leaf spectral reflectance to plant stress.
American Journal of Botany, 80(3):239–243, 1993.

[7] Cleve B. Moler. Numerical Computing with MATLAB, chapter 10. SIAM,
2004.

[8] D. Combes, L. Bousquet, S. Jacquemoud, H. Sinoquet, C. Varlet-Grancher,
and I. Moya. A new spectrogoniophotometer to measure leaf spectral and
directional optical properties. Remote Sensing of Environment, 109(1):107–
117, 2007.

[9] T. Horprasert, D. Harwood, and L.S. Davis. A statistical approach for real-
time robust background subtraction and shadow detection. In IEEE ICCV.
Citeseer, 1999.

[10] S. Jacquemoud and S.L. Ustin. Leaf optical properties: A state of the art.
In 8th International Symposium of Physical Measurements & Signatures in
Remote Sensing, pages 223–332. Citeseer, 2001.

65



66 Bibliography

[11] R. Lenz. Spectral color spaces: Their structure and transformations. Ad-
vances in imaging and electron physics, 138:1–69, 2005.

[12] R. Lenz and T.H. Bui. Statistical properties of color-signal spaces. Journal
of the Optical Society of America A, 22(5):820–827, 2005.

[13] R. Lenz, T. Hai Bui, and J. Hernández-Andrés. Group theoretical structure of
spectral spaces. Journal of Mathematical Imaging and Vision, 23(3):297–313,
2005.

[14] S. Lloyd. Least squares quantization in PCM. IEEE Transactions on Infor-
mation Theory, 28(2):129–137, 1982.

[15] J. MacQueen. Some Methods For Classification And Analysis Of Multivariate
Observations. In Proceedings of the Fifth Berkeley Symposium on Mathemat-
ical Statistics and Probability, page 281. University of California Press, 1967.

[16] Michael J. Farabee. An On-Line Biology book, chapter 13 Photosyntesis.
http://www.emc.maricopa.edu/faculty/farabee/biobk/biobookps.html, 2001.
Downloaded 2010-06-30.

[17] J. Peñuelas, J. A. Gamon, A. L. Fredeen, J. Merino, and C. B. Field. Re-
flectance indices associated with physiological changes in nitrogen- and water-
limited sunflower leaves. Remote Sensing of Environment, 48(2):135–146,
1994.

[18] Uwe Rascher, Caroline J. Nichol, Christopher Small, and Leif Hendricks.
Monitoring spatio-temporal dynamics of photosynthesis with a portable hy-
perspectral imaging system. Photogrammetric Engineering and Remote Sens-
ing, 1(73):45–56, 2007.

[19] J. S. Schepers. Transmittance and reflectance measurements of corn leaves
from plants with different nitrogen and water supply. Journal of Plant Phys-
iology, 148(5):523–529, 1996.

[20] J. Shlens. A tutorial on Principal Component Analysis. Systems Neurobiology
Laboratory, Salk Institute for Biological Studies, 2005.



67



68 Cultivation calendar

Appendix A

Cultivation calendar
Date Week Weekday Plant set 1 Plant set 2 Plant set 3 Plant set 4

22-feb 8 Mon Seeding

23-feb Tue

24-feb Wed

25-feb Thu

26-feb Fri

27-feb Sat

28-feb Sun Seeding

01-mar 9 Mon

02-mar Tue

03-mar Wed

04-mar Thu

05-mar Fri

06-mar Sat

07-mar Sun

08-mar 10 Mon Isolate Seeding

09-mar Tue

10-mar Wed Treat. start

11-mar Thu

12-mar Fri Measure

13-mar Sat

14-mar Sun

15-mar 11 Mon Potting Isolate Seeding

16-mar Tue

17-mar Wed Measure Treat. start

18-mar Thu

19-mar Fri Measure

20-mar Sat

21-mar Sun

22-mar 12 Mon Isolate

23-mar Tue Measure Measure

24-mar Wed Treat1. start*

25-mar Thu

26-mar Fri

27-mar Sat

28-mar Sun

29-mar 13 Mon Measure Measure Treat2. start**

30-mar Tue Isolate

31-mar Wed Treat. start

01-apr Thu

02-apr Fri Measure

03-apr Sat

04-apr Sun

05-apr 14 Mon Potting

06-apr Tue

07-apr Wed

08-apr Thu

09-apr Fri Measure

10-apr Sat

11-apr Sun

12-apr 15 Mon

13-apr Tue

14-apr Wed

15-apr Thu * V-N2 have V2N2

16-apr Fri Measure ** V-N2 have V-N2



Appendix B

Total pot weights calculation

Three small plastic pots and three large ceramic pots with soil was used in the
measurements and the measured variables are the mean of those when applicable.

Measured variables
Small plastic pot: mpp = 2.0 g

Dry ceramic pot: mdcp = 470.0 g

Water saturated ceramic pot: mwcp = 522.7 g

100.0 g moist soil: mms = 100.0 g

Dried 100.0 g moist soil: mds = 46.8 g

Dry ceramic pot with moist soil (from soil bag): mmscp = 784.6 g

Water saturated ceramic pot and soil: mwscp = 971.4 g

Constants
Moist soil to be added to small plastic pot: mms2pp = 48.0 g

Moist soil to be added to large ceramic pot: mms2cp = 315.0 g

V- soil capacity fraction: CV − = 0.00
V0 soil capacity fraction: CV 0 = 0.34
V05 soil capacity fraction:CV 05 = 0.45
V1 soil capacity fraction: CV 1 = 0.60
V2 soil capacity fraction: CV 2 = 0.77
V3 soil capacity fraction: CV 3 = 0.92
V4 soil capacity fraction: CV 4 = 1.00
V5 soil capacity fraction: CV 5 = 1.51

Calculation of total weights
Moist soil to dry soil factor: Fm2d = mds

mms

Soil capacity: S = (mwscp−mwcp)−(mmscp−mcp)∗Fm2d

(mmscp−mcp)∗Fm2d

Total weight V- ceramic pot = (1 + CV − ∗ S) ∗ mms2cp ∗ Fm2d + mdcp + (mwcp − mdcp) ∗ 0
Total weight V- plastic pot = (1 + CV − ∗ S) ∗ mms2pp ∗ Fm2d + mpp

Total weight V0 ceramic pot = (1 + CV 0 ∗ S) ∗ mms2cp ∗ Fm2d + mdcp + (mwcp − mdcp) ∗ 0
Total weight V0 plastic pot = (1 + CV 0 ∗ S) ∗ mms2pp ∗ Fm2d + mpp

Total weight V05 ceramic pot = (1 + CV 05 ∗ S) ∗ mms2cp ∗ Fm2d + mdcp + (mwcp − mdcp) ∗ 0
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70 Total pot weights calculation

Total weight V05 plastic pot = (1 + CV 05 ∗ S) ∗ mms2pp ∗ Fm2d + mpp

Total weight V1 ceramic pot = (1 + CV 1 ∗ S) ∗ mms2cp ∗ Fm2d + mdcp + (mwcp − mdcp) ∗ 0.1
Total weight V1 plastic pot = (1 + CV 1 ∗ S) ∗ mms2pp ∗ Fm2d + mpp

Total weight V2 ceramic pot = (1 + CV 2 ∗ S) ∗ mms2cp ∗ Fm2d + mdcp + (mwcp − mdcp) ∗ 0.6
Total weight V2 plastic pot = (1 + CV 2 ∗ S) ∗ mms2pp ∗ Fm2d + mpp

Total weight V3 ceramic pot = (1 + CV 3 ∗ S) ∗ mms2cp ∗ Fm2d + mdcp + (mwcp − mdcp) ∗ 0.85
Total weight V3 plastic pot = (1 + CV 3 ∗ S) ∗ mms2pp ∗ Fm2d + mpp

Total weight V4 ceramic pot = (1 + CV 4 ∗ S) ∗ mms2cp ∗ Fm2d + mdcp + (mwcp − mdcp) ∗ 0.9
Total weight V4 plastic pot = (1 + CV 4 ∗ S) ∗ mms2pp ∗ Fm2d + mpp

Total weight V5 ceramic pot = (1 + CV 5 ∗ S) ∗ mms2cp ∗ Fm2d + mdcp + (mwcp − mdcp) ∗ 0.95
Total weight V5 plastic pot = (1 + CV 5 ∗ S) ∗ mms2pp ∗ Fm2d + mpp



Appendix C

Performance matrices

Lower value is better. The abbreviations used are:

• “Raw”: Unpreproccessed spectrums

• “2mm”: PCA on 2nd order moment matrix

• “Dlog”: Derivative of logarithm

• “Norm”: Normalization

• “Wnorm”: Weighted normalization

• “Med”: Middle norm integration

• “NL”: Non linear indicators
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72 Performance matrices

PS1M1

NW PLS MLR BLR CCA
Raw 0.1834 0.5233 0.1824 0.5233
2mm 0.1924 0.9303 0.1911 0.9303
Dlog 0.1831 0.4612 0.1817 0.4612
Norm 0.1943 0.6236 0.1927 0.6236
Wnorm 0.1952 0.6142 0.1938 0.6142
Med 0.1848 0.5220 0.1841 0.5220
NL 0.1924 0.1726 0.1907 0.1726
N PLS MLR BLR CCA
Raw 0.1349 0.4671 0.1347 0.4671
2mm 0.1371 0.8008 0.1360 0.8008
Dlog 0.1348 0.3833 0.1344 0.3833
Norm 0.1416 0.4948 0.1448 0.4948
Wnorm 0.1419 0.4917 0.1447 0.4917
Med 0.1330 0.4451 0.1333 0.4451
NL 0.1361 0.1282 0.1367 0.1282
W PLS MLR BLR CCA
Raw 0.1221 0.2248 0.1212 0.2248
2mm 0.1337 0.4490 0.1329 0.4490
Dlog 0.1219 0.2484 0.1204 0.2484
Norm 0.1310 0.3682 0.1253 0.3682
Wnorm 0.1319 0.3575 0.1271 0.3575
Med 0.1263 0.2609 0.1252 0.2609
NL 0.1338 0.1123 0.1310 0.1123
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PS1M2

NW PLS MLR BLR CCA
Raw 0.1780 0.6693 0.1792 0.6693
2mm 0.1940 0.6262 0.1929 0.6262
Dlog 0.1779 0.5377 0.1791 0.5377
Norm 0.1796 0.4853 0.1815 0.4853
Wnorm 0.1795 0.5286 0.1817 0.5286
Med 0.1804 0.7141 0.1831 0.7141
NL 0.1868 0.1814 0.1815 0.1814
N PLS MLR BLR CCA
Raw 0.1304 0.5313 0.1311 0.5313
2mm 0.1392 0.5542 0.1403 0.5542
Dlog 0.1304 0.4248 0.1311 0.4248
Norm 0.1358 0.4047 0.1400 0.4047
Wnorm 0.1359 0.4194 0.1403 0.4194
Med 0.1334 0.6440 0.1347 0.6440
NL 0.1345 0.1392 0.1363 0.1392
W PLS MLR BLR CCA
Raw 0.1196 0.3931 0.1205 0.3931
2mm 0.1336 0.2801 0.1311 0.2801
Dlog 0.1194 0.3211 0.1203 0.3211
Norm 0.1156 0.2605 0.1136 0.2605
Wnorm 0.1152 0.3131 0.1136 0.3131
Med 0.1199 0.2990 0.1224 0.2990
NL 0.1268 0.1139 0.1183 0.1139



74 Performance matrices

PS1M3

NW PLS MLR BLR CCA
Raw 0.1859 0.2893 0.1858 0.2893
2mm 0.1892 0.5019 0.1888 0.5019
Dlog 0.1859 0.2729 0.1859 0.2729
Norm 0.1661 0.2578 0.1746 0.2578
Wnorm 0.1628 0.2438 0.1712 0.2438
Med 0.1888 0.4630 0.1884 0.4630
NL 0.1762 0.1521 0.1760 0.1521
N PLS MLR BLR CCA
Raw 0.1348 0.2197 0.1352 0.2197
2mm 0.1297 0.3806 0.1299 0.3806
Dlog 0.1348 0.2312 0.1353 0.2312
Norm 0.1299 0.2264 0.1342 0.2264
Wnorm 0.1297 0.1950 0.1337 0.1950
Med 0.1364 0.4204 0.1366 0.4204
NL 0.1302 0.1175 0.1309 0.1175
W PLS MLR BLR CCA
Raw 0.1263 0.1836 0.1257 0.1836
2mm 0.1359 0.3197 0.1352 0.3197
Dlog 0.1264 0.1393 0.1258 0.1393
Norm 0.1010 0.1191 0.1099 0.1191
Wnorm 0.0957 0.1416 0.1048 0.1416
Med 0.1291 0.1864 0.1282 0.1864
NL 0.1164 0.0949 0.1154 0.0949
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PS1M4

NW PLS MLR BLR CCA
Raw 0.2088 0.5416 0.2087 0.5416
2mm 0.2140 0.4052 0.2143 0.4052
Dlog 0.2089 0.6654 0.2087 0.6654
Norm 0.2156 0.5816 0.2154 0.5816
Wnorm 0.2141 0.6341 0.2141 0.6341
Med 0.2087 0.5411 0.2078 0.5411
NL 0.2075 0.2023 0.2079 0.2023
N PLS MLR BLR CCA
Raw 0.1477 0.4287 0.1474 0.4287
2mm 0.1487 0.2852 0.1505 0.2852
Dlog 0.1478 0.4704 0.1475 0.4704
Norm 0.1494 0.3693 0.1504 0.3693
Wnorm 0.1494 0.4986 0.1502 0.4986
Med 0.1482 0.2735 0.1474 0.2735
NL 0.1452 0.1329 0.1452 0.1329
W PLS MLR BLR CCA
Raw 0.1461 0.3244 0.1463 0.3244
2mm 0.1524 0.2823 0.1509 0.2823
Dlog 0.1461 0.4619 0.1463 0.4619
Norm 0.1540 0.4424 0.1528 0.4424
Wnorm 0.1520 0.3814 0.1511 0.3814
Med 0.1452 0.4635 0.1450 0.4635
NL 0.1467 0.1493 0.1472 0.1493



76 Performance matrices

PS2M1

NW PLS MLR BLR CCA
Raw 0.3686 0.4270 0.3711 0.4270
2mm 0.4343 0.4288 0.3951 0.4288
Dlog 0.3694 0.4253 0.3699 0.4253
Norm 0.4090 0.4497 0.3060 0.4497
Wnorm 0.4136 0.4281 0.3200 0.4281
Med 0.3753 0.4676 0.3787 0.4676
NL 0.3761 0.7496 0.3381 0.7496
N PLS MLR BLR CCA
Raw 0.3418 0.4059 0.3468 0.4059
2mm 0.3581 0.4111 0.3608 0.4111
Dlog 0.3421 0.4030 0.3465 0.4030
Norm 0.3144 0.4235 0.2877 0.4235
Wnorm 0.3156 0.4024 0.3019 0.4024
Med 0.3445 0.4403 0.3490 0.4403
NL 0.3322 0.5005 0.3068 0.5005
W PLS MLR BLR CCA
Raw 0.1230 0.1157 0.1238 0.1157
2mm 0.2278 0.1001 0.1514 0.1001
Dlog 0.1233 0.1200 0.1215 0.1200
Norm 0.2499 0.1395 0.0981 0.1395
Wnorm 0.2541 0.1358 0.1003 0.1358
Med 0.1351 0.1530 0.1380 0.1530
NL 0.1657 0.5023 0.1304 0.5023
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PS2M2

NW PLS MLR BLR CCA
Raw 0.4044 0.4117 0.3943 0.4117
2mm 0.4134 0.4452 0.4191 0.4452
Dlog 0.4031 0.3958 0.3932 0.3958
Norm 0.3848 0.4077 0.3911 0.4077
Wnorm 0.3605 0.3152 0.3765 0.3152
Med 0.3800 0.5078 0.3861 0.5078
NL 0.3977 0.9219 0.4233 0.9219
N PLS MLR BLR CCA
Raw 0.2965 0.2780 0.2970 0.2780
2mm 0.2948 0.3548 0.3476 0.3548
Dlog 0.2943 0.2836 0.2953 0.2836
Norm 0.2463 0.2972 0.2919 0.2972
Wnorm 0.2448 0.2131 0.2850 0.2131
Med 0.2660 0.4252 0.2715 0.4252
NL 0.2426 0.5966 0.2925 0.5966
W PLS MLR BLR CCA
Raw 0.2631 0.2922 0.2483 0.2922
2mm 0.2669 0.2599 0.2259 0.2599
Dlog 0.2636 0.2652 0.2487 0.2652
Norm 0.2767 0.2692 0.2506 0.2692
Wnorm 0.2451 0.2212 0.2353 0.2212
Med 0.2599 0.2705 0.2610 0.2705
NL 0.3034 0.6010 0.2989 0.6010



78 Performance matrices

PS2M3

NW PLS MLR BLR CCA
Raw 0.3797 0.3663 0.3769 0.3663
2mm 0.2982 0.2857 0.3008 0.2857
Dlog 0.3791 0.3659 0.3762 0.3659
Norm 0.2476 0.3188 0.2508 0.3188
Wnorm 0.2606 0.3194 0.2629 0.3194
Med 0.3783 0.2950 0.3761 0.2950
NL 0.3087 1.4295 0.3064 1.4295
N PLS MLR BLR CCA
Raw 0.1599 0.2266 0.1563 0.2266
2mm 0.1406 0.1962 0.1470 0.1962
Dlog 0.1596 0.2405 0.1561 0.2405
Norm 0.1296 0.2066 0.1401 0.2066
Wnorm 0.1274 0.1785 0.1369 0.1785
Med 0.1580 0.1586 0.1551 0.1586
NL 0.1480 0.8592 0.1531 0.8592
W PLS MLR BLR CCA
Raw 0.3369 0.2727 0.3354 0.2727
2mm 0.2500 0.1917 0.2478 0.1917
Dlog 0.3359 0.2573 0.3343 0.2573
Norm 0.1995 0.2201 0.1953 0.2201
Wnorm 0.2160 0.2544 0.2118 0.2544
Med 0.3373 0.2330 0.3361 0.2330
NL 0.2618 1.1222 0.2562 1.1222
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PS2M4

NW PLS MLR BLR CCA
Raw 0.3395 0.2707 0.3363 0.2707
2mm 0.2855 0.1925 0.2876 0.1925
Dlog 0.3370 0.2574 0.3339 0.2574
Norm 0.3002 0.2729 0.2876 0.2729
Wnorm 0.2981 0.2449 0.2847 0.2449
Med 0.3665 0.3186 0.3589 0.3186
NL 0.2699 0.2336 0.2658 0.2336
N PLS MLR BLR CCA
Raw 0.1486 0.0798 0.1464 0.0798
2mm 0.1039 0.0856 0.1075 0.0856
Dlog 0.1468 0.0760 0.1448 0.0760
Norm 0.1470 0.0883 0.1243 0.0883
Wnorm 0.1487 0.0852 0.1257 0.0852
Med 0.1619 0.0903 0.1547 0.0903
NL 0.1140 0.1104 0.1111 0.1104
W PLS MLR BLR CCA
Raw 0.3010 0.2528 0.2984 0.2528
2mm 0.2629 0.1661 0.2641 0.1661
Dlog 0.2992 0.2410 0.2966 0.2410
Norm 0.2574 0.2563 0.2543 0.2563
Wnorm 0.2540 0.2226 0.2504 0.2226
Med 0.3244 0.3021 0.3190 0.3021
NL 0.2395 0.1941 0.2371 0.1941



80 Performance matrices

PS3M1

NW PLS MLR BLR CCA
Raw 0.4929 0.4139 0.4986 0.4139
2mm 0.5026 0.3680 0.5057 0.3680
Dlog 0.4989 0.5022 0.5029 0.5022
Norm 0.5217 0.5147 0.5056 0.5147
Wnorm 0.5558 0.4096 0.5350 0.4096
Med 0.4884 0.3696 0.4957 0.3696
NL 0.4643 1.3912 0.4706 1.3912
N PLS MLR BLR CCA
Raw 0.2751 0.2262 0.2838 0.2262
2mm 0.2613 0.2405 0.2774 0.2405
Dlog 0.2746 0.2802 0.2811 0.2802
Norm 0.2787 0.2804 0.2650 0.2804
Wnorm 0.2993 0.2267 0.2929 0.2267
Med 0.2610 0.2072 0.2767 0.2072
NL 0.2233 0.2560 0.2416 0.2560
W PLS MLR BLR CCA
Raw 0.3286 0.3354 0.3331 0.3354
2mm 0.3324 0.2674 0.3345 0.2674
Dlog 0.3380 0.4003 0.3411 0.4003
Norm 0.3673 0.4066 0.3600 0.4066
Wnorm 0.3938 0.3193 0.3724 0.3193
Med 0.3404 0.2492 0.3448 0.2492
NL 0.3424 1.3629 0.3404 1.3629



81

PS4M1

NW PLS MLR BLR CCA
Raw 0.2138 0.1758 0.2126 0.1758
2mm 0.2119 0.2205 0.2232 0.2205
Dlog 0.2132 0.1665 0.2120 0.1665
Norm 0.2068 0.1628 0.2087 0.1628
Wnorm 0.2023 0.1595 0.2036 0.1595
Med 0.2240 0.3367 0.2229 0.3367
NL 0.1983 0.1881 0.2046 0.1881
N PLS MLR BLR CCA
Raw 0.1536 0.1421 0.1511 0.1421
2mm 0.1594 0.1608 0.1674 0.1608
Dlog 0.1539 0.1232 0.1514 0.1232
Norm 0.1441 0.1285 0.1501 0.1285
Wnorm 0.1442 0.1217 0.1491 0.1217
Med 0.1591 0.2469 0.1571 0.2469
NL 0.1529 0.1519 0.1585 0.1519
W PLS MLR BLR CCA
Raw 0.1457 0.0985 0.1462 0.0985
2mm 0.1375 0.1474 0.1454 0.1474
Dlog 0.1445 0.1077 0.1450 0.1077
Norm 0.1418 0.0945 0.1417 0.0945
Wnorm 0.1349 0.0979 0.1351 0.0979
Med 0.1549 0.2236 0.1552 0.2236
NL 0.1207 0.1034 0.1244 0.1034
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