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We study the conductivity of a graphene strip taking into account electrostatically induced charge
accumulation on its edges. Using a local dependency of the conductivity on the carrier concentration
we find that the electrostatic size effect in doped graphene strip of the width of 0.5– 3 m can result
in a significant 共about 40%兲 enhancement of the effective conductivity in comparison to the
infinitely wide samples. This effect should be taken into account both in the device simulation as
well as for verification of scattering mechanisms in graphene. © 2010 American Institute of Physics.
关doi:10.1063/1.3486178兴
Description of the electron transport in wide graphene
sheets is usually based on the Boltzmann approach under the
assumption of a homogeneous distribution of the electron
density, see Refs. 1–3 for a review. In the opposite limit of
ultranarrow strips 共nanoribbons兲 the transport is described
within the Landauer–Buttiker approach. With increase of the
width of the strip, w, the quasiclassical size-dependent effect,
when both in-plane and edge scattering mechanisms are essential, takes place. In a typical sample, this regime can be
realized at w ⬃ lmfp ⱗ 0.1 m; here lmfp is the mean free
path. Further increase of the width, when w becomes comparable to the thickness of a dielectric layer, d, results in an
electrostatically induced size-dependent modifications of
longitudinal transport caused by a redistribution of the inplane density near edges of the strip. Such the redistribution
takes place in any capacitor under the applied gate voltage Vg
and is illustrated in Fig. 1 for different aspect ratios d / w
共Ref. 4兲 Recently, it has been demonstrated that a pronounced charge accumulation takes place at the edges of a
graphene strip.5 It is, therefore, important to investigate how
this charge accumulation affects the conductivity of realistic
graphene samples.
In this paper, we calculate the low-temperature conductivity of a graphene strip within the local approximation
when the mean free path lmfp is less than the scale of the
concentration inhomogeneity on the boundary 共which is ⬃d兲.
For the sake of simplicity we restrict ourselves to the case of
the uniform dielectric permittivity, ⑀, i.e., we consider a
structure with cup layer 共the effect should increase for the
SiO2-graphene structure, see Ref. 5兲. A current of the density
J flows in the 0Y-direction, see Fig. 1共a兲. Because of the
redistribution of the in-plane density along 0X-direction near
the edges as discussed above, the local conductivity and the
electric field are dependent on the transverse coordinate such
that J = 共x兲E共x兲. Since J = const due to the continuity equation J / x = 0, we obtain the average electric field
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Introducing the relation between J and 具E典 through the effective conductivity, ef f , we obtain
a兲
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Below we calculate ef f using the concentration distribution
for a capacitor4 关see Fig. 1共b兲 and Ref. 4 for details of calculations兴 and the local quasiclassical conductivity 共x兲
which depends on the density nx parametrically.
For the zero-temperature case, the local conductivity
共x兲 can be written through the x-dependent Fermi momentum, px = ប冑nx, as follows 共see Refs. 1–3, 6, and 7 for details兲:

共x兲 = 0

 px
,
共px兲

0 =

e2
.
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Here  ⯝ 108 cm/ s, −1
0 ⯝ 12.9 k⍀, and 共p兲 is the momentum relaxation rate. In order to check a sensitivity of the
size effect under consideration to scattering details, we consider here the momentum relaxation rates caused by: 共I兲
Gaussian and short-range disorder potentials,6,7 with the total
relaxation rate G共p兲 + S共p兲, and 共II兲 Coulomb and shortrange disorder potentials,3 with the total rate C共p兲 + S共p兲.
The Gaussian disorder is described by the potential Wx with
the Gaussian correlation function 具WxWx⬘典 = W̄2 exp关−共x

− x⬘兲2 / 2l2c 兴, where W̄ is the averaged energy and lc is the
correlation length. Within the Born approximation, the correspondent relaxation rate reads G共p兲 = 共d p / ប兲⌿共plc / ប兲
where we have introduced the dimensionless function ⌿共z兲

FIG. 1. 共Color online兲 共a兲 Cross-section 共X0Z-plane兲 graphene strip of
width w placed at the distance d over a gate. Dashed arrows show the field
distribution under the applied gate voltage Vg. 共b兲 Planar distribution of the
carrier concentration, nx, normalized to the concentration n⬁ 共n⬁ is the concentration induced by Vg in an infinite homogeneous structure, w → ⬁兲. For
the parameters used 共d = 300 nm and ⑀ = 3.9 appropriate for SiO2 substrate兲
here n⬁ = ␣Vg, with ␣ = 7.2⫻ 1010 cm−2 / V. Ratios d / w are marked.
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FIG. 2. 共Color online兲 Effective conductivity of the graphene strip vs gate
voltage for the case I 共scattering by finite-and short-range disorder potentials
characterized by d and 0, respectively兲 for d /  = 0.3 and: 共a兲 lc = 6 nm and
0 /  = 0.02, 共b兲 lc = 9 nm and 0 /  = 0.01. Ratios d / w = 0 共1兲, 0.1 共2兲, 0.3 共3兲,
0.5 共4兲, and 0.8 共5兲 are marked.
2

= e−z I1共z2兲 / z2 with the first-order Bessel function of an
imaginary argument I1共z兲 and the characteristic velocity d
= 共W̄lc / ប兲2 / 共2兲. The relaxation rate due to the short-range
disorder potential within the Born approximation has a similar 共if lc → 0兲 dependence S共p兲 = 0 p / ប, with an explicit expression for the characteristic velocity 0 given in Refs. 6
and 7. Note that in the present study we limit ourselves to the
case of weak short-range scattering, as opposed to the case of
strong resonant short-range scattering where S共p兲 has a different functional dependence and cannot be described within
the Born approximation 共Refs. 6 and 7兲. Since our aim is to
demonstrate that the size-effect under consideration is generic for graphene strips and takes place for different
scattering conditions, a comparative discussion of scattering
mechanisms is beyond the scope of this work. The momentum relaxation rate due to scattering by charged Coulomb
impurities of concentration nim is given by3 C共p兲
= nim共e2 / ⑀兲2 / 共ប p兲, where the screening effect is omitted
共screening reduces C but does not change the relation C
⬀ p−1兲.
Using these relaxation rates in Eq. 共3兲 we obtain for the
local conductivity for the cases 共I兲 and 共II兲,

共x兲 = 0

再

关⌿共冑lcnx兲 + 0兴−1 , 共I兲
共⌫nim/nx + 0兲−1 ,

共II兲

冎

FIG. 3. 共Color online兲 The same as in Fig. 2 for the case II 共scattering by
charge impurities and short-range disorder兲 for: 共a兲 nim = 3 ⫻ 1011 cm−2 and
0 /  = 0.05, 共b兲 nim = 1011 cm−2 and 0 /  = 0.025.

the concentration dependency shown in Fig. 1共b兲. A decrease
of ef f with increase of the width of the strip, w, is shown in
Fig. 4 for the cases presented in Figs. 2 and 3 for different
Vg. For w ⬇ d the effective conductivity can exceed the corresponding conductivity for the infinite sample up to 50%.
For a more narrow strip, ef f shows even stronger increase;
however it is not apparent that the local approximation is
valid in realistic systems when w ⬍ d.
Next, we briefly discuss the reported transport measurements in graphene1–3,8–12 in relation to our results concerning
the electrostatically induced size-dependent modifications of
the longitudinal conductivity. Only in a few cases,10 the condition w Ⰷ d was satisfied and the size effect under consideration was not essential. In some papers,11 a situation is not
clear due to the effect of side gate or/and additional contacts
along a conducting canal. In other measurements, e.g., in

共4兲

where ⌫ = 共e2 / ⑀ប兲2. Further, substituting 共4兲 into Eq. 共2兲
and performing numerical integration we obtain the effective
conductivity ef f versus Vg and w for the cases 共I兲 and 共II兲.
Figure 2 shows the gate voltage dependence for ef f / 0
for the case 共I兲 for different lc, 0 / , and relative widths,
d / w. The ratio d /  = 0.3 is used and these parameters are
correspondent to a sample with maximal resistance per
square ⬃2 k⍀兲. In Fig. 3 the same dependencies are presented for the case 共II兲 for the values of nim and 0 /  corresponding to the maximal resistance ⬃4 k⍀. Since the local
conductivity 共4兲 increases with the carrier concentration 共at
Vg ⬃ 100 V the saturation due to the short-range scattering
takes place兲, ef f / 0 increases with d / w in agreement with

FIG. 4. 共Color online兲 Effective conductivity ef f / 0 vs width w for
Vg = 30 V 共1兲, 50 V 共2兲, and 70 V 共3兲 at conditions used in: 共a兲 Fig. 2共a兲,
共b兲 Fig. 2共b兲, 共c兲 Fig. 3共a兲, and 共d兲 Fig. 3共b兲.
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Ref. 12 the dependency ef f 共Vg兲 is expected to be affected
due to the electrostatic size effect. However, a verification of
a size effect through Vg dependencies is uncertain because
these dependencies are similar for the cases 共I兲 and 共II兲
above. In addition, a microscopic mechanism of scattering in
graphene remains under debate.3,13 Direct measurements of
the size-dependent conductivity can be performed using a set
of samples of different widths made from the same flake 共to
avoid contact effect these samples should be long enough兲 or
with a multicontacted sample formed by fragments of different widths, similar to those used in Ref. 10. Note also a
possibility for direct STM measurements of a lateral charge
distribution. In addition, the quasiclassical magnetotransport
should be modified if d / w ⲏ 0.1.
Let us finally list the assumptions used in our calculations. The local approach is valid when the characteristic
scale of a charge redistribution 共⬃d兲 exceeds the mean free
path 共lmfp ⬃  / ¯, ¯−1 is the relaxation time and lmfp
ⱕ 0.1 m for a typical case; for the non-local regime, at
lmfp ⬃ d, a size dependency should be modified, but not suppressed兲. Here we consider a simple capacitor geometry with
homogeneous ⑀; more complicate calculations are necessary
to account for discontinuity of ⑀ on the dielectric/air interface. Finally, we limited ourselves to the standard regime of
quasiclassical transport 共the Boltzmann equation approach
and no electron/hole puddles formation at low Vg兲 and we do
not consider a temperature dependency of conductivity.
In summary, we have demonstrated that the electrostatic
size effect in doped graphene strips of width 0.5– 3 m results in a visible 共about 40%兲 enhancement of the effective
conductivity. This should be taken into account both for device simulation and for verification of scattering mechanisms
in graphene.
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