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Abstract

The Tippe Top consist of a small truncated sphere with a peg as a handle. When
it is spun fast enough on its spherical part it starts to turn upside down and ends
up spinning on the peg. This counterintuitive behaviour, called inversion, is a
curious feature of this dynamical system that has been studied for some time,
but obtaining a complete description of the dynamics of inversion has proved to
be a difficult problem.

The existing results are either numerical simulations of the equations of mo-
tion or asymptotic analysis that shows that the inverted position is the only
attractive and stable position under certain conditions.

This thesis will present methods to analyze the equations of motion of the
Tippe Top, which we study in three equivalent forms that each helps us to un-
derstand different aspects of the inversion phenomenon.

Our study of the Tippe Top also focuses on the role of the underlying as-
sumptions in the standard model for the external force, and what consequences
these assumptions have, in particular for the asymptotic cases.

We define two dynamical systems as an aid to understand the dynamics of
the Tippe Top, the gliding heavy symmetric top and the gliding eccentric cylin-
der. The gliding heavy symmetric top is a natural non-integrable generalization
of the well-known heavy symmetric top. Equations of motion and asymptotics
for this system are derived, but we also show that equations for the gliding
heavy symmetric top can be obtained as a limit of the equations for the Tippe
Top.

The equations for the gliding eccentric cylinder can be interpreted as a spe-
cial case of the equations for the Tippe Top, and since it is a simpler system,
properties of the Tippe Top equations are easier to study. In particular, asymp-
totic analysis of the gliding eccentric cylinder reveals that the standard model
seems to have inconsistencies that need to be addressed.
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TT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

5 The Gliding Heavy Symmetric Top 41
5.1 Natural generalization of the HST equations . . . . . . . . . . . . . 41
5.2 Equations of motion for the gliding HST . . . . . . . . . . . . . . . 42
5.3 Equations in Euler angles . . . . . . . . . . . . . . . . . . . . . . . . 44

v



vi Contents

5.4 Asymptotic solutions to gliding HST equations . . . . . . . . . . . 46
5.5 Transformation from TT to gliding HST . . . . . . . . . . . . . . . . 51

6 Gliding eccentric Cylinder 57
6.1 Nongliding limit for the cylinder . . . . . . . . . . . . . . . . . . . . 61

A Transformation of METT 65



1
Introduction

In this thesis we shall analyze dynamical equations modelling the rolling and
glidning Tippe Top (TT). The focus is on answering the question of how the
standard model for the TT is used for explaining the observed dynamics of in-
version of TT.

The existing results on the motion of the TT are based on analysis of stability
for asymptotic solutions of the standard model. These results give reasonable
understanding of how the TT has to be built and what kind of initial conditions
are needed for inversion behaviour of TT. These results say however nothing
about the actual dynamics of inversion.

The only tool to contend that TT has to invert are the conclusions of the
LaSalle theorem about stability and attractivity of asymptotic solutions. This
analysis does not permit us to say how individual trajectories behave but we can
state that for a TT, with 1− α < γ = I1/I3 < 1 + α and with the value of Jellett’s
integral of motion λ above the threshold value

√
mgR3 I3α(1 + α)2/

√
1 + α− γ,

only the inverted spinning solution is an attractive asymptotic state in the attrac-
tive LaSalle set.

The study of dynamics of TT and of other rolling and gliding rigid bodies
is a complicated task. The reason for this is that TT is a non-integrable system
with at least 6 degrees of freedom depending on assumptions made about the
friction force.

Six degrees of freedom is, for a non-integrable system, many and we need
to rely on a variety of techniques in order to derive interesting results for the
rolling and gliding TT.
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2 1 Introduction

In this thesis we will discuss two basic forms of equations of motion: the
vector equations and the equations for the Euler angles. We will simultaneously
study both forms of equations to reconcile conlusions about properties of the
equations in both representations. This allows us to gain deeper insight into the
structure of the equations and into characterization of motions they describe.

We also discuss a third equivalent form of the equations of motion involving
functions related to the TT; Jellett’s integral of motion, Routh’s function and the
modified energy function. These functions are connected by a first order time
dependent ODE which we call the Main Equation for the TT. This equation gives
us a tool to study solutions describing inversion solution of the TT.

As another tool for gaining better understanding of the equations we have
defined two systems which may be understood to be caricatures of the TT sys-
tem. The equations for these system are derived from TT equations and admit a
natural mechanical intrepetation. While the equations are mathematically sim-
pler, they retain certain features of the TT equations, and mathematical analysis
of these simpler equations provides insight into properties of the equations for
TT. They are:

a) Equations for an eccentric rolling and gliding cylinder.

b) Equations for the gliding heavy symmetric top.

The study of these systems in the scope of the standard model for the TT eluci-
dates assumptions taken in this model.

This thesis will provide a critical analysis of the standard model of the TT. It
appears that some core assumptions taken in this model lead to untenable con-
clusions about motion of the gliding cylinder and we have discussed a possible
alternative.



2
Preliminaries

2.1 Rigid Body Motion

In this chapter we shall introduce basic concepts used for describing motion of
rigid bodies. The notation used throughout this thesis will be presented and
the basic example of a rotating rigid body, the Heavy Symmetric Top (HST), is
summarized. Our treatment is similar to the conventions used in Landau and
Lifshitz [10] and Goldstein et al. [8].

A rigid body is defined as a system of particles in R3 such that the distance
between any pair of particles is fixed. A general system of N particles has 6N
degrees of freedom, but the rigidity constraint reduces it to 6 degrees of freedom
([1], page 133). Any movement of the rigid body consists of a translation and a
rotation. To see how this works we fix a coordinate frame in space at the origin
O, which we shall call the inertial frame K0 = (x̂, ŷ, ẑ). We also fix a coordinate
frame K̃ = (1̂, 2̂, 3̂) in the body, and for convenience we let the origin Õ of this
system be located at the center of mass (CM).

We set a third coordinate system K with origin coinciding with the origin of
K̃, and axes parallel to the axes of K0. The movements of a rigid body can be
described as a translation of K̃ w.r.t. K0 and a rotation of K̃ w.r.t. K.

Let s denote the position vector of CM w.r.t. K0. Let r be the vector from
CM to an arbitrary point P in the rigid body (see figure 2.1). The velocity of the
point P w.r.t. K0 can then be written as

v = ṡ + ω× r, (2.1)

where ω = (ω1, ω2, ω3) is the angular velocity of rotation of K̃ w.r.t. K. The
vector ω is directed along the instanteneous axis of rotation. The velocity of the
center of mass ṡ will be called the translational velocity of the body.

3



4 2 Preliminaries

K0

K
K̃

s

r

P

O

Figure 2.1: Reference systems for rigid body motion.

An important point is that the angular velocity is independent of the chosen
body-fixed system. Suppose we let K′ be another coordinate system with its
origin O′ different from CM. Let a be the vector from CM to O′ and let the
velocity of O′ be vO′ . We let ω′ denote the angular velocity in the system K′.
The arbitrary point P will now have position r′ = r− a with respect to O′. Thus
the velocity of the point P w.r.t. K0 becomes

v = ṡ + ω× r = ṡ + ω× a + ω× r′. (2.2)

From equation (2.1) and the definition of vO′ and ω′ we also have v = vO′ +
ω′ × r′. Since the velocity of O′ can be written vO′ = ṡ + ω × a, we then find
that v = ṡ + ω× a + ω′ × r′. This implies that ω× r′ = ω′ × r′, and because r′

is an arbitrary vector we can conclude that ω = ω′. Thus angular velocity does
not change when the body-fixed system is changed.

As explained above, the velocity of an arbitrary point in a rigid body can
be written in terms of the velocity of any other fixed point in the body (for
example the velocity of the CM) and the angular velocity ω. Study of dynamics
of the body splits then into study of dynamics of this fixed point and dynamics
for ω. The dynamics in both cases is governed by Newton’s second law, but
in the second case we need to elaborate how this law can be formulated as a
differential equation for the angular velocity ω(t). This is expressed in terms of
angular momentum.

As before, let s be the position of the CM. The angular momentum about the
CM is defined as

L = ∑
i

miri × vi, (2.3)

where mi, ri and vi denote the mass, position relative to CM and velocity relative
to K0, of the ith particle. From equation (2.1) we see that this expression can be



2.1 Rigid Body Motion 5

written as

L = ∑
i

miri × (ṡ + ω× ri) = ∑
i

mi(ri × ṡ) + ∑
i

miri × (ω× ri). (2.4)

But by the definition of the center of mass, ∑i miri = 0, so only the second sum
remains. We can then define a linear operator acting on a vector u in the body:

Iu = ∑
i

miri × (u× ri). (2.5)

We call I the inertia operator (or inertia tensor). We then write the angular mo-
mentum as

L = Iω. (2.6)

The inertia operator is symmetric and positive. By the spectral theorem, we can
find an ON-basis where I is diagonal. We call the components of I in this basis
the principal moments of inertia and the corresponding basis vectors the principal
axes. For rigid bodies studied in this thesis, we will usually choose axes of the
frame K̃ to be parallel to the principal axes.

The definition of the angular momentum depends on the choice of a reference
point. If we take another point A in the body, the angular momentum with
respect to this point is calculated in a similar way:

LA = ∑
i

miρi × vi, (2.7)

where now ρi and vi are the position and velocity vector for the i:th particle with
respect to A. Since each ρi is fixed in the body, vi = ω× ρi. Let a denote the
vector from A to CM. We can write ρi = a + ri where ri is the position of the
i:th particle relative to the CM. Then the angular momentum about A has the
following expression

LA = ∑
i

miρi × vi = ∑
i

mi(a + ri)× (ω× (a + ri))

= ∑
i

miri × (ω× ri) + ∑
i

mia× (ω× a)

= Iω + ma× (ω× a) =: I∗ω, (2.8)

where m is the total mass of the body. Again we see that the angular momentum
is related to the angular velocity by the operator I∗, which is similar to the inertia
operator I. We have essentially proved the following theorem.

Theorem 2.1.1 (Steiner’s Theorem). Let a fixed point A have position a with respect
to the center of mass in the rigid body. Then the inertia tensor I∗ with respect to A can
be written as

I∗ = I + m
{
|a|2Id− aat

}
, (2.9)

where Id is the identity tensor, at is the transpose of a, and I is the inertia tensor with
respect to the center of mass.
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Equations of motion for the rigid body can now be stated. We get the time-
evolution of the center of mass s(t) by solving

ms̈ = F, (2.10)

where F is the net external force acting on the body. The angular velocity ω =
I−1L if L is the angular momentum with respect to the CM (or ω = (I∗)−1LA).
Thus we can find the time-evolution of the angular velocity by solving the equa-
tion obtained when differentiating (2.3):

L̇ =∑
i
(mi ṙi × vi + miri × v̇i)

=∑
i

mi(ω× ri)× (ṡ + ω× ri) + ∑
i

ri × (miv̇i)

=(ṡ×ω)×∑
i

miri + ∑
i

ri × (miv̇i) = ∑
i

ri × Fi, (2.11)

where Fi is the force acting on the i:th particle. The right hand side in this
equation is the sum of all external torques acting on the body with respect to
the CM. Of course, if we are taking the angular momentum with respect to A,
LA, this sum should be the external torques acting on the body with respect to A.

With notation from (2.4), the kinetic energy T for the system is

T = ∑
i

1
2

miv2
i = ∑

i

1
2

mi(ṡ + ω× ri)
2

= ∑
i

1
2

mi(ṡ2 + (ω× ri)
2) + ∑

i
mi ṡ · (ω× ri)

=
1
2

mṡ2 + ω · ∑
i

1
2

miri × (ω× ri) =
1
2

mṡ2 +
1
2

ω · L, (2.12)

where the fourth equality sign is due to ∑i miri = 0. Adding the potential energy
U we get the total energy E = T + U.

2.1.1 Euler Angles

To describe the orientation of the rigid body in detail we shall use three coordi-
nates, the Euler angles. These angles (θ, ϕ, ψ) gives the orientation of the system
K̃ = (1̂, 2̂, 3̂) with respect to the fixed system K = (x̂, ŷ, ẑ) (see figure 2.2). We
note that the 1̂2̂-plane and the x̂ŷ-plane intersect along a line, the line of nodes.
The angles are defined as follows: θ ∈ [0, π] is the angle between the 3̂-axis and
the ẑ-axis, ϕ ∈ [0, 2π) is the angle between the x̂-axis and the line of nodes and
ψ ∈ [0, 2π) is the angle between the 1̂-axis and the line of nodes.

It is an easy exercise to calculate the matrix giving the transformation from
the frame K to the frame K̃; the transformation equation between the two bases
is  1̂

2̂
3̂

 = R

 x̂
ŷ
ẑ

 , (2.13)
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Figure 2.2: The Euler angles.

where R can be written as a product of three rotation matrices. We first rotate
about the ẑ-axis by an angle ϕ

Rϕ =

 cos ϕ sin ϕ 0
− sin ϕ cos ϕ 0

0 0 1

 . (2.14)

The next rotation is by an angle θ about the line of nodes

Rθ =

 1 0 0
0 cos θ sin θ
0 − sin θ cos θ

 , (2.15)

and finally we rotate by an angle ψ about the 3̂-axis

Rψ =

 cos ψ sin ψ 0
− sin ψ cos ψ 0

0 0 1

 . (2.16)

Thus the transformation matrix becomes R = RψRθRϕ, or

R =

 cos ϕ cos ψ− cos θ sin ϕ sin ψ − cos ϕ sin ψ− cos θ sin ϕ cos ψ sin θ sin ϕ
sin ϕ cos ψ + cos θ cos ϕ sin ψ − sin ϕ sin ψ + cos θ cos ϕ cos ψ − sin θ cos ϕ

sin θ sin ψ sin θ cos ψ cos θ

 .

(2.17)
We can now also give the components of the angular velocity ω = (ω1, ω2, ω3)K̃
along the axes 1̂, 2̂ and 3̂. From figure 2.2 we see that θ̇ is directed along the line
of nodes, ϕ̇ is along the ẑ-axis and ψ̇ is along the 3̂-axis. Projecting these on the
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rotating system yields ω = ω11̂ + ω22̂ + ω33̂ with ω1 = ϕ̇ sin θ sin ψ + θ̇ cos ψ,
ω2 = ϕ̇ sin θ cos ψ− θ̇ sin ψ,
ω3 = ϕ̇ cos θ + ψ̇.

(2.18)

For rigid bodies studied in this thesis we shall exploit the axial symmetry these
particular bodies exhibit. This will result in the components of the angular
velocity getting a different form than the one above. As an introductory example
of a rigid body, we will take the Heavy Symmetric Top.

2.2 Example: Heavy Symmetric Top

The Heavy Symmetric Top (also called the Lagrange Top) is an axially symmetric
rigid body with one point fixed moving under the action of vertical gravitational
force.

We let the fixed point A be the common origin for the inertial system K0 =
(x̂, ŷ, ẑ) and the system K̃ = (1̂, 2̂, 3̂). The symmetry axis of the top we pick
as the axis 3̂. Since the choice of directions of the axes 1̂ and 2̂ is arbitrary for
axially symmetric bodies, we let 2̂ be directed orthogonal to the plane spanned
by 3̂ and ẑ, so that 1̂ = 2̂× 3̂. In this convention, K̃ is not a body-fixed system.

As we see in figure 2.3, we let the center of mass (CM) be at distance l from

2̂

C M

3̂

1̂

ẑ

x̂

ŷ

l

A

Figure 2.3: Diagram of the heavy symmetric top.

the origin and on the 3̂-axis. To write equations of motion for this system, we
note that the forces acting on the HST are the reaction force F acting at the fixed
point A and the force of gravity acting at the CM. If we let s = l3̂ be the vector
from the origin to the CM, then the equations of motion in vector notation will
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be {
ms̈ = F−mgẑ,
L̇A = s× (−mgẑ). (2.19)

The inertia tensor I = I11̂1̂t + I22̂2̂t + I33̂3̂t with respect to the principal axes can
be written as

I = I1

{
Id +

I3 − I1

I1
3̂3̂t
}

, (2.20)

since I1 = I2 due to the rotational symmetry about the 3̂-axis; 3̂t means transpose
of 3̂.
Applying Steiner’s theorem 2.1.1 we also have the ”shifted” inertia tensor with
respect to the fixed point of the HST:

I∗ = I∗1

{
Id +

I3 − I∗1
I∗1

3̂3̂t
}

, (2.21)

where I∗1 = I1 + ml2. The angular momentum with respect to the fixed point A
is written as LA = I∗ω. To make the system of equations (2.19) closed we need
to add the kinematic equation:

˙̂3 = ω× 3̂ = ((I∗)−1LA)× 3̂ =
1
I∗1

LA × 3̂. (2.22)

The second equality sign is a consequence of:

ω = (I∗)−1LA =
1
I∗1

{
Id−

I3 − I∗1
I3

3̂3̂t
}

LA. (2.23)

Equation (2.22) connects the movements of the symmetry axis to the angular
momentum.

We observe that to get the dynamics of the HST, we need to solve the closed
system of equations {

L̇A = (l3̂)× (−mgẑ),
˙̂3 = 1

I∗1
LA × 3̂. (2.24)

When solved, this solution gives the value of the total reaction force

F = ms̈ + mgẑ = ml ¨̂3 + mgẑ, (2.25)

needed to keep the tip of the HST fixed at the point A.

It is well known that the HST admits three integrals of motion; the first is the
energy (since the system is conservative):

E =
1
2

ω · LA + mgs · ẑ, (2.26)
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and we show that it is a constant using the equations of motion

Ė = ω · L̇A + mgṡ · ẑ = ω · (s× (−mgẑ)) + mg(ω× s) · ẑ = 0. (2.27)

Here we have used that ṡ = ω× s and ω̇ · L = ω · L̇. This last equality is easily
proved even for non-axisymmetric bodies; we use the kinematic equations for
the unit vectors 1̂, 2̂ and 3̂:

ω̇ · L =
(
ω11̂ + ω22̂ + ω33̂

)̇
·
(

I1ω11̂ + I2ω22̂ + I3ω33̂
)

= I1ω̇1ω1 + I2ω̇2ω2 + I3ω̇3ω3 + I1ω1
(
ω21̂ · (ω× 2̂) + ω31̂ · (ω× 3̂)

)
+ I2ω2

(
ω12̂ · (ω× 1̂) + ω32̂ · (ω× 3̂)

)
+ I3ω3

(
ω13̂ · (ω× 1̂) + ω23̂ · (ω× 2̂)

)
= I1ω̇1ω1 + I2ω̇2ω2 + I3ω̇3ω3. (2.28)

The same result is found when calculating ω · L̇:

ω · L̇ =
(
ω11̂ + ω22̂ + ω33̂

)
·
(

I1ω11̂ + I2ω22̂ + I3ω33̂
)̇

= I1ω̇1ω1 + I2ω̇2ω2 + I3ω̇3ω3 + ω11̂ ·
(

I2ω2(ω× 2̂) + I3ω3(ω× 3̂)
)

+ ω22̂ ·
(

I1ω1(ω× 1̂) + I3ω3(ω× 3̂)
)
+ ω33̂ ·

(
I1ω1(ω× 1̂) + I2ω2(ω× 2̂)

)
= I1ω̇1ω1 + I2ω̇2ω2 + I3ω̇3ω3. (2.29)

The angular momentum projected on the 3̂ and ẑ-axis, L3̂ and Lẑ, are also con-
stants of motion:

L̇3̂ =L̇A · 3̂ + LA · ˙̂3 =
(
−l3̂× (−mgẑ)

)
· 3̂ + LA ·

1
I∗1
(LA × 3̂) = 0, (2.30)

L̇ẑ =L̇A · ẑ = (−l3̂× (−mgẑ)) · ẑ = 0. (2.31)

Now we want to rewrite the equations of motion for the HST in terms of the
Euler angles. We first note that by our choice of the axes, where 2̂ is directed
along the line of nodes and is rotating around the 3̂-axis with respect to the HST,
the components of the angular velocity will be different from (2.18). We have

ω1 = −ϕ̇ sin θ,
ω2 = θ̇,
ω3 = ϕ̇ cos θ + ψ̇.

(2.32)

The integrals of motion written in Euler angles read

E =
1
2

LA · ω + mgs · ẑ =
I∗1
2
(θ̇2 + ϕ̇2 sin2 θ) +

I3

2
(ψ̇ + ϕ̇ cos θ)2 + mgl cos θ,

(2.33)

Lẑ = LA · ẑ = (I∗1 sin2 θ + I3 cos2 θ)ϕ̇ + I3ψ̇ cos θ, (2.34)

L3̂ = LA · 3̂ = I3(ψ̇ + ϕ̇ cos θ). (2.35)
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From (2.34) and (2.35) we can find ϕ̇ and ψ̇:

ϕ̇ =
Lẑ − L3̂ cos θ

I∗1 sin2 θ
, (2.36)

ψ̇ =
L3̂
I3
− cos θ

Lẑ − L3 cos θ

I∗1 sin2 θ
, (2.37)

and the energy expression becomes a separable differential equation in θ:

E =
I∗1
2

θ̇2 +
L2

3̂
2I3

+
(Lẑ − L3̂ cos θ)2

2I∗1 sin2 θ
+ mgl cos θ. (2.38)

By renaming constants, this equation becomes

2E
I∗1

= θ̇2 +
I∗1 a2

I3
+

(b− a cos θ)2

sin2 θ
+ β cos θ, (2.39)

where

β =
2mgl

I∗1
, a =

L3̂
I∗1

, b =
Lẑ

I∗1
. (2.40)

The solution to (2.39) gives the function θ(t), which makes it possible to find
ϕ(t) and ψ(t) expressed by quadratures in terms of elliptic functions. In several
works, for example [1], [8] and [10], the focus is to study types of solutions to
(2.39) when given different values to the constants above. The trajectory of the
solutions are then represented by a curve on the unit sphere S2 drawn by the
symmetry axis 3̂. We can distinguish between the cases presented bellow.

A generic case is nutational motion between two latitude circles determined
by θ1, θ2 ∈ [0, π] which are solutions to (2.39). The shape of the curve depends
on whether (2.36) changes sign in the interval (θ1, θ2), outside of it, or at the
endpoints θ1 and θ2.

When θ1 = θ2 the nutational motion degenerates to precessional motion where
θ̇ = 0 and both ϕ̇ and ψ̇ are constant. The trajectory is a latitude circle on S2.

A special case of precessional motion when θ = 0 or θ = π is called spinning
motion or vertical rotation. We have then a = ±b and the HST is spinning up-
right or upside down.

Another type of degenerate motions corresponds to the case when the HST
is not rotating about its symmetry axis 3̂. Then the top is swinging like a spher-
ical pendulum, where a = 0, b 6= 0 so ω3 = 0 and Lẑ = I∗1 ϕ̇ sin2 θ. The angular
velocity ϕ̇ does not change signs and the trajectory of the symmetry axis draws
a wave-like curve between two latitudes θ1, θ2 ∈ (0, π) which are solutions to
(2.39) under the condition a = 0.
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A special case of this is planar pendulum motion when a = b = 0 so that
ω3 = ϕ̇ = 0. The curves are arcs of great circles.

These types of solutions, defined by invariant algebraic conditions for the
dynamical variables, will be of interest later when we examine certain special
cases of Tippe Top motion.



3
The Tippe Top

3.1 The model of the Tippe Top

A more complicated example of a rotating rigid body with fascinating properties
is the Tippe Top (TT), a toy that is easy to build but harder to understand.
Most Tippe Tops consists of a small truncated sphere with a peg mounted on
its planar surface. The top is usually spun with the peg pointing upward on a
flat surface. If the initial rotation is fast enough, the top will start to flip upside
down until it ends up rotating on its peg. We call this interesting phenomenon
an inversion.

The common description of inversion of the Tippe Top which encapsulates
its significant features is as follows: during the first phase the Tippe Top spins
with the handle pointing initially vertically, but then starts to wobble. During
the second phase the wobbling leads to inversion, in which the Tippe Top flips
so that its handle is pointing downwards. In the third phase the inversion is
completed so the Tippe Top ends up spinning upside down. The last phase is
when it is stably spinning on its handle until the energy dissipation due to spin-
ning friction makes it fall down. Demonstrations shows that the lifespan of the
first three phases are usually short, only a few seconds long, with the middle
inversion phase being the shortest. The fourth phase lasts significantly longer.

This empirical description of the inversion behaviour of the Tippe Top is
comprehensible for anyone who observes the Tippe Top closely, but it lacks pre-
cision and indeed clarity when it comes to answering how this inversion occurs,
and under which circumstances. To be able to give a clear analysis of the phe-
nomenon we need a plausible model of the Tippe Top.

13
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A good model of the Tippe Top is a sphere with axially symmetric distribu-
tion of mass. The truncation shifts the center of mass of the sphere slightly from
its geometric center along its symmetry axis.

2̂
θ

O
C M

3̂

ẑ

A
a

αR
s

K0

Figure 3.1: Diagram of the TT model. Note that a = Rα3̂− Rẑ.

We take a sphere with radius R and axially symmetric distributed mass m.
The center of mass CM is shifted from the geometric center O along the symme-
try axis by αR, where 0 < α < 1 (see figure 3.1). We shall consider this sphere
as it rolls and glides in the plane, so we need some standard frames of reference
to describe its motion. We choose an inertial reference frame K0 with its origin
O in the plane, a reference frame K = (x̂, ŷ, ẑ) centered at the CM with its axes
parallel to K0’s, and a moving reference frame K̃ = (1̂, 2̂, 3̂). We choose the same
moving reference frame as for the HST; we let 3̂ be directed along the symmetry
axis, 2̂ orthogonal to the plane spanned by 3̂ and ẑ (pointing into the plane of
the picture), and 1̂ = 2̂× 3̂.

The movements of the TT are described as a composition of a translation of
K with respect to K0 and rotation of K̃ with respect to K. We let the vector s be
the position of CM with respect to K0 and a = R(α3̂− ẑ) be the vector from CM
to the point of contact A. The orientation of K̃ with respect to K is described
by the Euler angles (θ, ϕ, ψ). We will return to these angles shortly, but as the
figure shows, θ is the angle of inclination of 3̂ with respect to ẑ. For now we
shall concentrate on the vector version of the equations of motion.

Newton’s equations for the TT describes the motion of the CM and rotation
around the CM: {

ms̈ = F−mgẑ,
L̇ = a× F. (3.1)

Here we have the external force F acting at the point A and the angular momen-
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tum is written with respect to CM, L = Iω, where I is the inertia tensor and ω
is the angular velocity. If we denote the principal moments of inertia by I1, I2 &
I3 and note that I1 = I2 due to axial symmetry, the inertia tensor has the form
I = I1

{
Id + I3−I1

I3
3̂3̂t
}

.

The motion of the symmetry axis 3̂ is described by the kinematic equation (cf.
(2.22)):

˙̂3 = ω× 3̂ =
1
I1

L× 3̂. (3.2)

Is it possible to make some assumptions for the TT which could make the
analysis of the movements easier? We assume that the point A is always in con-
tact with the plane of support (indeed, we tacitly assumed this in the definition

of the vector a), which can be expressed as the contact criterion ẑ · (s(t) + a(t))
t≡

0. Since this is an identity with respect to time all its time derivatives have to
vanish as well. In particular the velocity of the contact point A

vA = ṡ + ω× a, (3.3)

will also have zero ẑ-component.

Remark . The point A is the point in the TT that is in contact with the plane.
The velocity vA(t), as we interpret it, is the velocity of the particle in the TT
which instaneously is in contact with the plane at time t. This is in contrast
with defining it as the tangential speed of the vector s + a, i.e. d

dt (s(t) + a(t)).
The difference is obvious if we consider a TT which is rotating about the 3̂-axis
fixed at one particular point in the plane (so s + a is a constant vector). The
tangential speed will then be zero but vA is not necessarily zero. We see that
these intepretations leads to different expressions:

ṡ + ω× a = ṡ + ω× (Rα3̂− Rẑ), (3.4)
d
dt
(s + a) = ṡ + Rα ˙̂3 = ṡ + Rαω× 3̂, (3.5)

so (s + a)̇ 6= ṡ + ω × a. Both interpretations will however coincide for the ẑ-
component. Thus differentiating the contact criterion above gives no ambiguity.

A more important remark concerns the force F acting at A. In this thesis the
focus will be on what we call the standard model, where we assume that

F = gn ẑ− µgnvA. (3.6)

This force consist of a normal reaction force and of a friction force F f of viscous
type, where gn and µ are non-negative. We shall in this model ignore other
frictional forces due to spinning and rolling. Since we have one scalar constraint
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equation ẑ · (s + a) = 0, the component describing the vertical reaction force gn ẑ
is dynamically determined from the second time-derivative of the constraint.
The planar component of F has to be specified independently to make the equa-
tions (3.1) fully determined. In the standard model we take F f = −µgnvA as the
planar component. We see that combined with the contact criterion this decom-
position means that the only force in the plane of support is acting against the
gliding velocity.

We call these assumptions the standard model because this approximation
of the external force is common in most of the litterature about the TT. Cohen
[4] states that a frictional force opposing the motion of the contact point is the
only external force to act in the supporting plane. He used this assumption
in a numerical simulation that demonstrates that inversion of TT occurs. This
showed the effectiveness of the model and in later works such as Ebenfeld and
Scheck [6] or Ciocci and Langerock [3] the external force defined in this way is
used without comment. Or [12] discusses an inclusion of a nonlinear Coulomb-
type friction in the external force along with the viscous friction. A Coulomb
term would in our notation look like −µCgnvA/|vA|, where µC is a coefficient.
Numerical simulation shows that this Coulomb term can contribute to inversion,
but has weaker effect. Bou-Rabee et al. [2] uses this result to argue for only using
an external force with a normal reaction force and a frictional force of viscous
type in the model of the TT, since the nonlinear Coulomb friction only results in
algebraic destabilization of the initially spinning TT, whereas the viscous friction
gives exponential destabilization.

The above model of the external force becomes significant if we consider the
energy function for the rolling and gliding TT

E =
1
2

mṡ2 +
1
2

ω · L + mgs · ẑ. (3.7)

We differentiate the energy and we see that:

Ė =mṡ · s̈ + ω · L̇ + mgṡ · ẑ = (vA −ω× a) · F−mgṡ · ẑ + ω · (a× F) + mgṡ · ẑ
=vA · F− F · (ω× a) + ω · (a× F) = vA · F. (3.8)

When we use F = gn ẑ− µgnvA, then Ė = −µgnv2
A. Thus for a rolling and glid-

ing TT, the energy is decreasing monotonically, which is reasonable for a model
with frictional forces present. If we were to adjust our assumptions and let the
total force be F = gn ẑ− µgnvA + Fr, where Fr describes certain reaction of the
supporting plane, then we should still require that the force Fr provides overall
energy loss (due to friction), i.e. Ė = (Fr − µgnvA) · vA < 0.

Our model of the TT might already shed some light on the inversion motion.
What is clear is that during the inversion the CM is lifted up by 2Rα, which
increases the potential energy by 2mgRα. This increase can only happen at the
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expense of the kinetic energy of the TT:

T =
1
2

mṡ2 +
1
2

ω · L. (3.9)

Analysis of the inversion must address how this transfer of energy occurs in the
context of the standard model. The following proposition, inspired by an argu-
ment due to Del Campo [5], gives an idea how it works.

Proposition 3.1.1. The component of the gliding friction that is perpendicular to the
ẑ3̂-plane is the only force enabling inversion of TT.

Proof: Inversion starts with the TT spinning in an almost upright position and
ends with the TT spinning upside down, so the process of inversion requires
transfer of energy from the kinetic term 1

2 ω · L to the potential term mgs · ẑ. The
angular momentum at the initial position L0 and the final position L1 are both
almost vertical, and its value has been reduced |L1| < |L0|.

We let the reaction force F be split into FR + F f ,|| + F f ,⊥, where FR = gn ẑ
is the vertical reaction force, F f ,|| is the component of the planar friction force
parallel to the ẑ3̂-plane, and F f ,⊥ is the component of the friction force that is
perpendicular to this plane. We thus have

L̇ = a× (FR + F f ,|| + F f ,⊥), (3.10)

which implies that

L̇ · ẑ =
[
a× (FR + F f ,||)

]
· ẑ + (a× F f ,⊥) · ẑ = (a× F f ,⊥) · ẑ < 0. (3.11)

We see that without the friction force F f ,⊥ there is no reduction of L · ẑ and no
transfer of energy to the potential term. The torque a× (FR + F f ,||) is parallel to
the plane of support and causes only precession of the vector L.

Figure 3.2 illustrates this. The rotational gliding of the TT at the contact point
A creates an opposing force, which gives rise to an external torque that reduces
the ẑ-component of the angular momentum L and transfers energy from rota-
tional kinetic energy into the potential energy. In consequence, CM of the TT
rises.
Indeed, in figure 3.2.a) we see that L is closely aligned with the ẑ-axis so the an-
gular velocity is pointing almost upwards and the contact velocity vA is pointing
into the plane of the picture. a× F f = a× (−µgnvA) gives a torque τ that has
a negative ẑ-component. This component has larger magnitude in figure 3.2.b
when the inclination angle is closer to π/2 and then decreases when the TT ap-
proaches the inverted position (figure 3.2.c).

This helps us to understand the observed phenomenon that the inversion of
TT is fast during the middle phase but is slower in the initial and in the final
phase, since the ẑ-component of the torque responsible for inversion is larger in
this phase. We are however missing a mathematical validation of this reasoning
and need more precision in our analysis.
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Figure 3.2: The TT at different angles during inversion.

3.2 The equations of the TT

We return to the equations of motion for the TT in vector form
ms̈ = F−mgẑ,
L̇ = a× F,
˙̂3 = 1

I1
L× 3̂.

(3.12)

The constraint ẑ · (s + a)
t≡ 0, i.e. that the TT is always in contact with the plane,

is a scalar equation which reduces this system. As previously mentioned, all
time derivatives of the contact constraint also have to vanish identically. The
first derivative says that the contact velocity has to be in the plane at all times:

ẑ · (ṡ + ω× a) = ẑ · vA = 0. (3.13)

The second derivative gives that the contact acceleration also is restricted to the
plane: d2

dt2 ẑ · (s + a) = ẑ · v̇A = 0 (as noted in the remark following (3.3), no
ambiguity arises from this equation). All time derivatives of higher order will
vanish automatically. This is due to our way of writing the friction-reaction force,
since we write the vertical part as gn ẑ with gn(L, s, ṡ, 3̂, t) ≥ 0, and the planar
part as directed against the gliding velocity, −µgnvA with µ(L, s, ṡ, 3̂, t) ≥ 0.
While the vertical component of F can be determined from

ẑ · F = ẑ · (ms̈ + mgẑ) = −mẑ · (ω× a)̇ + mg, (3.14)

the planar components of F are impossible to distinguish from one another. This
is why we need to specify the planar part of the reaction force in the standard
model to make equations (3.12) complete.

The specifics of the functions µ and gn other than that they are greater than
zero will not be relevant in the asymptotic analysis, but we can get the value
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of gn by taking the second derivative of the contact constraint and using the
equations of motion:

0 = ẑ · (s̈ + (ω× a)̇) =
1
m
(gn −mg) +

Rα

I1
ẑ ·
(
(a× F)× 3̂ + L× (

L
I1
× 3̂)

)
=

gn

m
− g +

Rα

I1
ẑ ·
(

F(a · 3̂)− a(3̂ · F) +
1
I1
(LL3̂ − 3̂L2)

)
=

gn

m
− g +

Rα

I1

(
ẑ · F(a · 3̂)− ẑ · a(3̂ · F) +

1
I1
(LẑL3̂ − 3̂ẑL2)

)
=

gn

m
− g +

Rα

I1

(
Rgnα(1− 3̂2

z) + Rgn(α3̂ẑ − 1)µvA · 3̂ +
1
I1
(LẑL3̂ − 3̂ẑL2)

)
,

(3.15)

so that

gn =
mgI2

1 + mRα(3̂ẑL2 − LẑL3̂)

I2
1 + mI1R2α2(1− 3̂2

ẑ) + mI1R2α(α3̂ẑ − 1)µvA · 3̂
, (3.16)

where L3̂ = L · 3̂, Lẑ = L · ẑ, 3̂ẑ = 3̂ · ẑ and L2 = |L|2.
With gn defined this way, we see that no further derivatives of the contact

constraint are needed since the second derivative ẑ · (s̈(t) + (ω × a)̇) = 0 be-
comes an identity with respect to time after substituting solutions for s(t), ω(t)
and a(t).
The contact constraint determines the vertical component of s: sẑ = −a · ẑ =
−R(α3̂ẑ − 1), and its derivative ṡ · ẑ = −(ω× a) · ẑ. Thus the original system can
be written 

mr̈ = F‖,
L̇ = a× F,
˙̂3 = 1

I1
L× 3̂,

(3.17)

where F‖ is the component of the external force in the plane. This system has
10 unknown variables (L, r, ṙ, 3̂), where r = s − sẑ ẑ. Further, if we assume
µ = µ(L, ṡ, 3̂) then this system does not depend explicitly on r, so we effec-
tively have a system of 8 ODEs with 8 unknowns.

For a rolling and gliding rigid body with a spherical shape there is a function
with a simple behaviour under the dynamics of the Tippe Top: the Jellett integral
of motion λ. This quantity is defined as

λ = −L · a = R(Lẑ − αL3̂). (3.18)

To see that this is an integral of motion is easy:

λ̇ = −L̇ · a− L · (Rα3̂− Rẑ)̇ = −(a× F) · a− L · (
Rα

I1
(L× 3̂)) = 0. (3.19)

The significance of this constant will become apparent in the special case of pure
rolling TT, where this, the energy and Routh’s integral of motion make the equa-
tions of motion integrable.
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It will be convenient to use in parallel the vector and the coordinate form of
the equations of motion since certain properties of the system are more trans-
parent in vector notation, while some other follow easier from the coordinate
equations expressed in the Euler angles.

As has been stated, the orientation of the TT with respect to K is described
by the three angles (θ, ϕ, ψ), which are functions of time. The angle θ is the
inclination of the symmetry axis 3̂ w.r.t. ẑ, ϕ is the rotation angle around the
ẑ-axis and ψ is the rotation around the 3̂-axis, as for the HST.

The angular velocity of the reference frame (1̂, 2̂, 3̂) with respect to K is

ωref = −ϕ̇ sin θ1̂ + θ̇2̂ + ϕ̇ cos θ3̂. (3.20)

The total angular velocity of the TT is found by adding the rotation around the
symmetry axis 3̂:

ω = ωref + ψ̇3̂ = −ϕ̇ sin θ1̂ + θ̇2̂ + (ψ̇ + ϕ̇ cos θ)3̂. (3.21)

We shall refer to the third component of this vector as ω3 = ψ̇ + ϕ̇ cos θ. The
kinematic equations giving the rotation of the axes (1̂, 2̂, 3̂) will then be

˙̂1 = ωref × 1̂ = ϕ̇ cos θ2̂− θ̇3̂,
˙̂2 = ωref × 2̂ = −ϕ̇ cos θ1̂− ϕ̇ sin θ3̂,
˙̂3 = ωref × 3̂ = ω× 3̂ = θ̇1̂ + ϕ̇ sin θ2̂.

(3.22)

In this notation we can rewrite the reduced equations of motion{
(Iω)˙ = a× (gn ẑ− µgnvA) ,
mr̈ = −µgnvA,

(3.23)

using the Euler angles. We only need to add that the vertical axis is written as
ẑ = − sin θ1̂ + cos θ3̂ and that the velocity of the point of support is then
vA = νx cos θ1̂ + νy2̂ + νx sin θ3̂, where νx, νy are components in the 2̂× ẑ and 2̂
direction (note here that ẑ · vA = 0 as expected). So substituting ω, vA and ẑ in
the equations above with their Euler angle form, differentiating and separating
for each component leads us to equations of motion expressed in Euler angles:

− I1 ϕ̈ sin θ − 2I1 ϕ̇θ̇ cos θ + I3ω3θ̇ = R(α− cos θ)µgnνy, (3.24)

I1θ̈ − I1 ϕ̇2 sin θ cos θ + I3ω3 ϕ̇ sin θ = −Rαgn sin θ + Rµgnνx(1− α cos θ), (3.25)
I3ω̇3 = −Rµgnνy sin θ, (3.26)

m
(

ν̇x − ϕ̇νy + R(θ̈(1− α cos θ) + αθ̇2 sin θ + ϕ̇2(α− cos θ) + ϕ̇ω3 sin θ)
)
= −µgnνx,

(3.27)

m
(
ν̇y + ϕ̇νx − R(ϕ̈ sin θ(α− cos θ) + ω̇3 + θ̇ω3 cos θ + 2ϕ̇θ̇ cos θ(α− cos θ))

)
= −µgnνy.

(3.28)
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By solving this linear system for the highest derivative of each variable
(θ, ϕ, ω3, νx, νy), we obtain

θ̈ =
sin θ

I1

(
I1 ϕ̇2 cos θ − I3ω3 ϕ̇− Rαgn

)
+

Rµgnνx

I1
(1− α cos θ), (3.29)

ϕ̈ =
I3θ̇ω3 − 2I1θ̇ ϕ̇ cos θ − µgnνyR(α− cos θ)

I1 sin θ
, (3.30)

ω̇3 =−
µgnνyR sin θ

I3
, (3.31)

ν̇x =
sin θ

I1

(
Rϕ̇ω3 (I3(1− α cos θ)− I1) + gnR2α(1− α cos θ)− RI1α(θ̇2 + ϕ̇2 sin2 θ)

)
− µgnνx

mI1

(
I1 + mR2(1− α cos θ)2 + mR2

)
+ ϕ̇νy, (3.32)

ν̇y =−
µgnνy

mI1 I3

(
I1 I3 + mR2 I3(α− cos θ)2 + mR2 I1 sin2 θ

)
+

ω3θ̇R
I1

(I3(α− cos θ) + I1 cos θ)− ϕ̇νx, (3.33)

where gn is given by

gn =
mgI1 + mRα

(
cos θ(I1 ϕ̇2 sin2 θ + I1θ̇2)− I3 ϕ̇ω3 sin2 θ

)
I1 + mR2α2 sin2 θ −mR2α sin θ(1− α cos θ)µνx

. (3.34)

Above we have the equations in an explicit form, which can be written as
(θ̈, ϕ̈, ω̇3, ν̇x, ν̇y, ν̇y) = f (θ, θ̇, ϕ, ϕ̇, ψ, ψ̇, νx, νy). We see directly that the right hand
sides of the equations are independent of ϕ and ψ, which shows that we need
to consider only equations for θ, θ̇, ϕ̇, ω3, and νx, νy. So effectively the system
(3.17) has 6 unknowns. Further, since we have the Jellett integral

λ = −L · a = RI1θ̇ sin2 θ − R(α− cos θ)I3ω3, (3.35)

the number of unknowns can in principle be reduced to 5 on each surface of
constant value of λ.

In [13] equations of motion in Euler angle form for the rolling and gliding
TT were calculated, but only explicitly for the angular accelerations θ̈, ϕ̈ and ω̇3,
which were dependent on ν̇x and ν̇y. This is because that article a more general
system was considered, where the force in the angular momentum equation in
(3.12) is replaced with F = ms̈ + mgẑ to give the system{

(Iω)˙ = ma×
(
v̇A − (ω× a)̇ + gẑ

)
,

˙̂3 = ω× 3̂.
(3.36)

We can then rewrite the system in Euler angles and solve as before. Since we
are currently working with the standard model, where we have made explicit
assumptions about the external force, we shall primarily consider that system.
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3.3 Equations for rolling solutions of the standard
Tippe Top model

When analyzing the system of equations for the TT it is sensible to see if there
are constraints compatible with the equations. The resulting equations should
model special cases of the movements of the TT. The motivation here is that
these situations are easier to analyze and can provide a framework in which the
general problem can be better understood. We have already assumed that the
supporting point A is always in contact with the plane, and an algebraic con-
straint admissible by equations (3.12) is that the velocity of the point of contact
vanishes, i.e. vA = ṡ + ω× a = 0. We call this the pure rolling condition, since
this condition prevents gliding movement.

When we look at the system of equations for the TT
ms̈ = F−mgẑ,
L̇ = a× F,
˙̂3 = ω× 3̂.

(3.37)

and consider the pure rolling condition, the reaction force at A is completely
determined dynamically as F = ms̈ + mgẑ = mgẑ− m(ω× a)̇. Replacing F in
the second equation above we get then a closed system of equations for ω and
3̂: {

(Iω)̇ = a×
(
mgẑ−m(ω× a)̇

)
,

˙̂3 = ω× 3̂.
(3.38)

The system modelling the pure rolling TT (rTT), is a conservative system since
we have Ė = vA · F = 0 due to vA = 0. We shall examine the equations for the
rTT more closely in the next chapter.

Another constraint is to consider the rTT within the standard model for the
reaction force. This means that we have the conditions vA = 0 and F = gn ẑ.
Note that the reaction force for the rTT (as determined dynamically above) is
not vertical in general, so this is a further restriction of the TT equations.

A further admissible constraint we wish to mention is when the TT is rolling
in a fixed vertical plane. We can formulate this as vA = 0 and 2̂ · x̂ = 2̂ · ẑ = 0.
This case will be relevant to us later when we discuss the equations of motion
for the eccentric cylinder in chapter 6.

We shall in this section analyze equations of the TT satisfying the pure rolling
condition vA = 0 and with the reaction force vertical. The solutions to this
system has been fully characterized in Sköldstam [15]. It is done by carefully
analyzing the vector equations (3.12) under the pure rolling condition. We will
briefly describe this analysis and then reformulate it in more detail using Euler
angles.
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3.3.1 Rolling solutions of the TT within the standard model,
equations in vector form

Under the pure rolling condition the external force, as given by the standard
model, is reduced to F = gn ẑ, and the system of equations becomes

mr̈ = 0,
L̇ = Rαgn3̂× ẑ,
˙̂3 = 1

I1
L× 3̂,

(3.39)

where the third coordinate of the first equation is determined by ms̈ẑ = gn−mg.
Further reduction using the pure rolling condition ṙ + (ω× a)x̂,ŷ = 0 restricted
to the plane of support yields the autonomous system{

L̇ = Rαgn3̂× ẑ,
˙̂3 = 1

I1
L× 3̂,

(3.40)

along with the constraint (ω× a)̇x̂,ŷ = 0 (the subscripts indicates that the vector
is restricted to the supporting plane). But as it turns out, we have [15]:

Proposition 3.3.1. For the solutions to (3.40) the constraint (ω × a)̇x̂,ŷ = 0 can be
written as {

ẑ · (L× 3̂) = 0,
ω× a = 0. (3.41)

These conditions define an invariant manifold of solutions to equations (3.40).
The proposition summarizes the important properties of the solutions of the
rolling TT under the assumptions of the standard model; the vectors L, ẑ and
3̂ lie in the same plane and the angular velocity ω is parallel to the vector a.
This in turn implies that the CM will remain stationary (ṡ = 0). The physical
description of these solutions is now clear: we either have the TT spinning in the
upright position, spinning in the inverted position or rolling around the 3̂-axis
in such a way the CM is fixed (called tumbling solutions).

These three cases can be further analyzed. Remember that we have the Jellett
integral, λ = −L · a, and without loss of generality we assume that λ > 0.
The vertical spinning solutions are admissible for any given value of λ. The
range of admissible tumbling solutions (given as an interval for the inclination
3̂ · ẑ = cos θ ∈ (−1, 1)) are determined by the value of λ and the value of the
parameters α and γ = I1

I3
. This can be shown by using λ > 0 and that L can,

according to the proposition above, be written as a linear combination of 3̂ and
ẑ, which results in the following characterization:

Theorem 3.3.1. Solutions to (3.17) such that vA = 0 and F = gn ẑ are either:
1) Vertically spinning solutions such that 3̂ẑ = cos θ = ±1, i.e. upright or inverted TT.
2) Tumbling solutions, where −1 < 3̂ẑ = cos θ < 1 satisfies:

λ(3̂ẑ) =
R
γ

√
RαmgI1γ

α + (γ− 1)3̂ẑ

(
(α− 3̂ẑ)

2 + γ(1− 3̂2
ẑ)
)

. (3.42)
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and where γ = I1
I3

These solutions coincide with the critical points of the total energy

E =
1
2

mṡ2 +
1
2

ω · L + mgs · ẑ = Eλ(3̂ẑ) + E⊥(3̂, L⊥, ṙ), (3.43)

(here L⊥ is orthogonal to the plane spanned by 3̂ and ẑ) on the surfaces of constant value
of the Jellett integral λ = −L · a.

In the last part of the theorem we have split the energy in two parts, where
the first depends on λ:

Eλ(3̂ẑ) =
λ2

2I1G(3̂ẑ)
+mgR(1− α3̂ẑ), with G(3̂ẑ) = R2

(
(1− 3̂2

ẑ) + γ(α− 3̂ẑ)
2
)

.

(3.44)
The second part of this decomposition is positive and vanishes when ṙ = 0 and
L⊥ = 0, which are the solutions implied by proposition 3.3.1. For constant λ we
can find critical points of the function Eλ(3̂ẑ). They coincide with the solutions
described in the theorem.

The energy function Eλ can further be used to investigate the relative stability
(in the sense of Lyapunov, see chapter 3 in [16]) of these solutions. This is done
by determining, given a constant value of λ, whether the function Eλ(3̂ẑ) =
Eλ(cos θ) has a minimum for the solutions given by the theorem. The proof just

involves examining the first and second derivatives dEλ(cos θ)
dθ and d2Eλ(cos θ)

dθ2 .

Theorem 3.3.2. Solutions to (3.17) such that vA = 0 and F = gn ẑ are relatively stable
on the surfaces of constant λ = −L · a (without loss of generality, we let λ > 0) when
the energy E attains a minimum. This will happen for:

• Spinning solutions such that 3̂ẑ = 1; when λ < β(1−α)2
√

α+γ−1 , where β =
√

mgR3 I3α.

• Spinning solutions such that 3̂ẑ = −1; when λ > β(1+α)2
√

1+α−γ
.

• Tumbling solutions such that 0 < 3̂ẑ < 1; when
1
3 (γ(1− α2)γ2) < ((1− γ)3̂ẑ − α) and 3̂ẑ is an admissible solution of the equa-
tion (3.42) for λ(3̂ẑ) .

Further, these solutions are Lyapunov stable.

There are several things to note here. The above inequalities give conditions
relating α, γ and β, which are physical characteristics of the TT, with the quan-
tity λ, which contains the initial conditions of the TT (i.e. angular momentum).
The first three are fixed quantities given by how the TT is built, whereas λ can
be varied for each launch of the rolling TT. This specifies how the top should be
constructed and gives a threshold for how fast (or slow) the top should be spun
to make one of the solutions stable.
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3.3.2 Rolling solutions of the TT within the standard model,
equations in Euler angle form

An analogous investigation of (3.39) can be done in Euler angles, where the
constraints described in proposition 3.3.1 will get a more explicit form. The ad-
vantage to this reformulation of the vector analysis is that we get a clearer form
of the solutions in terms of the angular velocities.

By substituting the Euler angle expressions into the system (3.39) we get three
equations of motion and two constraints:

− I1 ϕ̈ sin θ − 2I1 ϕ̇θ̇ cos θ + I3ω3θ̇ = 0, (3.45)

I1θ̈ + I3 ϕ̇ω3 sin θ − I1 ϕ̇2 cos θ sin θ = −Rαgn sin θ, (3.46)
I3ω̇3 = 0, (3.47)

mR
(

θ̈(1− α cos θ) + αθ̇2 sin θ + ϕ̇2 sin θ(α− cos θ) + ϕ̇ω3 sin θ
)
= 0, (3.48)

mR
(
ω̇3 sin θ + ω3θ̇ cos θ + ϕ̈ sin θ(α− cos θ) + 2ϕ̇θ̇ cos θ(α− cos θ)

)
= 0. (3.49)

As before, the quantity gn is determined by

gn =
mgI1 + mRα(cos θ(I1 ϕ̇2 sin2 θ + I1θ̇2)− I3 ϕ̇ω3 sin2 θ)

I1 + mR2α2 sin2 θ
, (3.50)

and here we have just put νx = 0 in equation (3.34).

After substituting the equations of motion in the constraint equations, we
end up with the following conditions:

sin θ
(

αI1(θ̇
2 + ϕ̇2 sin2 θ) + ϕ̇ω3(I1 − I3 + αI3 cos θ)− Rαgn(1− α cos θ)

)
= 0,

(3.51)

ω3θ̇(αI3 + (I1 − I3) cos θ) = 0. (3.52)

Using these conditions, we can determine admissible types of solutions to (3.39).
We shall prove that these constraints imply θ̇ sin θ = 0, or that θ is constant for
these solutions to the rolling TT. Note that this is the condition ẑ · (L× 3̂) = 0
from proposition 3.3.1 formulated in Euler angles.

The equations above hold if any of the factors are zero. We note for (3.52)
that we either have θ̇ = 0 or αI3 + (I1− I3) cos θ = 0, but this second case implies
that cos θ is constant, i.e. θ̇ = 0 as well. The third case, ω3 = 0, we use in (3.51).
Then either sin θ = 0 (spinning solution) or

αI1(θ̇
2 + ϕ̇2 sin2 θ) = Rαgn(1− α cos θ), (3.53)

where

gn =
mgI1 + mRαI1 cos θ(ϕ̇2 sin2 θ + θ̇2)

I1 + mR2α2 sin2 θ
. (3.54)
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A simple differentiation shows that (θ̇2 + ϕ̇2 sin2 θ)(1− α cos θ)2 is constant:

2(θ̈θ̇ + ϕ̈ϕ̇ sin2 θ + ϕ̇2θ̇ sin θ cos θ)(1− α cos θ)2 + 2αθ̇ sin θ(θ̇2 + ϕ̇2 sin2 θ)(1− α cos θ)

= 2(θ̇ ϕ̇2 sin θ cos θ − Rαgn

I1
θ̇ sin θ − 2ϕ̇2θ̇ cos θ sin θ + ϕ̇2θ̇ cos θ sin θ)(1− α cos θ)2

+ 2θ̇ sin θ
Rαgn

I1
(1− α cos θ)2 = 0. (3.55)

We can then put

θ̇2 + ϕ̇2 sin2 θ =
C

(1− α cos θ)2 , (3.56)

where C is a constant, in the equations above to get
gn =

mgI1(1− α cos θ)2 + mRαI1 cos θC
(I1 + mR2α2 sin2 θ)(1− α cos θ)2

,

I1α C
(1−α cos θ)2 = Rα(1− α cos θ)gn.

Combining these together we obtain a third order polynomial equation with real
coefficients for cos θ:

C(I1 + mR2α(α− cos θ)) = mgR(1− α cos θ)3.

It has at least one real solution. This means that cos θ is constant, i.e. θ̇ = 0.
The constraints thus imply that θ is constant for the solutions to (3.45)-(3.47). We
see that for θ = 0 or θ = π we have the upright or inverted spinning TT, and for
θ ∈ (0, π) the first constraint equation (3.51) gives

αI1 ϕ̇2 sin2 θ + ϕ̇ω3(I1 − I3 + αI3 cos θ)− Rαgn(1− α cos θ) = 0. (3.57)

Equation (3.45) implies that ϕ̈ = 0 (i.e. ϕ̇ is constant) and the second equation
(3.46) gives

I3 ϕ̇ω3 − I1 ϕ̇2 cos θ = −Rαgn. (3.58)

When we use this to eliminate gn in (3.57) we obtain

I1 ϕ̇2(α− cos θ) + I1 ϕ̇ω3 = 0. (3.59)

Here ϕ̇ 6= 0. The opposite would lead to gn sin θ = 0 in (3.46), contradicting the
assumption sin θ 6= 0, and so

ω3 = ϕ̇(cos θ − α). (3.60)

Using again (3.58) with (3.50) we have a second equation for θ̇ and ω3:

I3 ϕ̇ω3 − I1 ϕ̇2 cos θ =
−mgRαI1 −mR2α2 sin2 θ(I1 ϕ̇2 cos θ − I3ω3 ϕ̇)

I1 + mR2α2 sin2 θ

⇔
I3 ϕ̇ω3 − I1 ϕ̇2 cos θ =−mRαg. (3.61)
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From this relation we easily deduce that gn = mg for rolling solutions to TT with
vertical reaction force (this is obvious if sin θ = 0).
We summarize these results in a proposition.

Proposition 3.3.2. The solutions to the system (3.40) under the constraint (ω× a)̇x̂,ŷ =

0 are either spinning solutions θ = 0, π, or tumbling solutions characterized by θ̇ = 0,
θ ∈ (0, π), where ϕ̇ and ω3 are determined by the system{

ω3 + ϕ̇(α− cos θ) = 0,
I3 ϕ̇ω3 − I1 ϕ̇2 cos θ = −mRαg. (3.62)

We can formally solve (3.62) to obtain equations for the angular velocities as
functions of the inclination angle:

ϕ̇ = ±
√

mRαg
I3(α− cos θ) + I1 cos θ

,

ω3 = ∓(α− cos θ)

√
mRαg

I3(α− cos θ) + I1 cos θ
.

(3.63)

These equations together with the value of the Jellett integral

λ = R(I1 ϕ̇ sin2 θ + I3ω3(α− cos θ)), (3.64)

determine signs in equations (3.63). Obviously the values of the parameters α,
I1 and I3 give restrictions whether these equations are defined for all values of
cos θ in the range (−1, 1).

The right hand side of equations (3.63) are real for a full range of cos θ if
I3α + (I1 − I3) cos θ > 0 for all cos θ ∈ (−1, 1). If I1 > I3 we see by setting
cos θ = −1 that I1 < I3(1 + α). If on the other hand I1 < I3 then by setting
cos θ = 1 we have the condition I1 > I3(1− α). So if the parameters satisfy:

1− α < γ < 1 + α, (3.65)

where γ = I1/I3, then ϕ̇ and ω3 in (3.63) are defined and real for all cos θ ∈
(−1, 1). For γ outside this interval, ϕ̇ and ω3 will be real for cos θ belonging to
a subinterval of (−1, 1). If γ ≤ 1− α then γ < 1 and α < α

1−γ ≤ 1. This implies
that if cos θ < α

1−γ then I3α + (I1 − I3) cos θ > 0. In the same way we deduce
that if γ ≥ 1 + α then −1 ≤ − α

γ−1 < 0 and − α
γ−1 < cos θ.

We have thus characterized conditions for when the rolling TT with vertical
reaction force admits tumbling solutions, and we get admissible intervals for
cos θ as depending on the parameters γ and α. Given a value of Jellett’s integral
λ, we can investigate these intervals for when tumbling solutions exist and the
number of tumbling trajectories for that value. This is achieved by using (3.63) in
(3.64) to write λ as a function of cos θ (without loss of generality, assume λ > 0):

λ(cos θ) =

√
mR3αg

I3(α− cos θ) + I1 cos θ
((I1 − I3) cos2 θ − 2αI3 cos θ + I1 − I3α2),

(3.66)
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and then investigate the shape and range of this function for cos θ in different
intervals.The complete analysis of the different cases can be found in [15]

3.3.3 Rolling solutions of the standard TT model as asymptotic
solutions of TT

For us it is more interesting to focus on solutions describing inversion of the TT.
First of all, for a TT that is inverting, the whole interval of 3̂ẑ = cos θ ∈ [−1, 1]
should be admissible for tumbling solutions (i.e. λ(3̂ẑ) should be defined). This
is that the admissible angle θ can vary in the whole range 0 < θ < π during in-
version. Second, given that the first condition is fulfilled, an inverting TT starts
close to the position θ = 0 and ends close to θ = π so it shouldn’t be possible
for the TT to get "stuck" on its way from θ = 0 to θ = π, which means that only
the inverted position should be stable.

The first condition is satisfied for TTs constructed so that 1− α < γ < 1 + α.
We can give an intuitive motivation why it is not fullfilled for γ outside this
interval. If γ < 1− α most of the weight is concentrated around the equator of
the sphere, making it possible for the TT to spin stably at either the upright or
inverted position, but impossible for the TT to pass from the upright position to
the inverted position. If γ > 1 + α most of the weight is concentrated at the bot-
tom of the sphere, making the upright position stable but the inverted position
unstable and impossible to reach from the upright position.

Figure 3.3 illustrates the situation when 1− α < γ < 1 + α. All cos θ ∈ (−1, 1)

3̂ · ẑ = cos θ1-1

β(1−α)2
√

α+γ−1

β(1+α)2
√

1+α−γ

λ

Figure 3.3: Illustration of phase space for rolling TT when 1− α < γ < 1 + α.
The solid lines represent asymptotic relatively stable solutions, dashed lines unstable
spinning solutions.

are admissible as tumbling solutions and the condition for stability given in the-
orem 3.3.2 is always fulfilled. From this theorem we also get the condition that
only the inverted position is stable when Jellett’s integral has absolute value

larger than
√

mgR3 I3α(1+α)2
√

1+α−γ
. For values of λ less than this the inverted spinning

state will not be stable.
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The above analysis giving conditions for stability of the inverted position
corresponds well with our intuition. Clearly solutions to (3.40) that we have
detailed here are also solutions to the system (3.12). To be precise, they are
the precessional solutions. The question is whether these are also asymptotic
solutions to the system (3.17).

To develop this point further, we let ẏ = Y(y) denote the dynamical system
related to (3.17). Here y(t) = (3̂, L, ṙ) with domain of definition D = S2 ×
R3 ×R2. The physically admissible solutions to this system have to satisfy the
condition gn(t) ≥ 0, t ∈ [0, ∞). Thus we define Ω = g−1

n ([0, ∞)) ⊆ D as the set
of trajectories drawn by the physically admissible solutions.

As for the rolling TT, we let ż = Z(z) denote the dynamical system related to
(3.39), where z(t) = (3̂, L, 0) ∈ D. The trajectories drawn by the solutions of this
system constitute an invariant manifold to the system ẏ = Y(y) and we denote
this manifold as B.

What we want to determine is if a solution y(t) ∈ Ω will approach a solution
z(t) ∈ B as t → ∞. That is, if B is an asymptotically stable set in Ω. In [15]
a theorem of LaSalle type is used to confirm this. LaSalle’s theorem describes
how trajectories of solutions to a system of ODEs ẏ = Y(y) will approach an
invariant submanifold of solutions as t → ∞. To be able to state this theorem,
we consider an autonomous system

ẋ = X(x), (3.67)

where X : D → Rn is a locally Lipschitz map. Let x(t) be the solution to this
system. We say that a set M is positively invariant with respect to (3.67) if
x(0) ∈ M imply x(t) ∈ M for all t ≥ 0. We formulate a version of LaSalle’s
theorem, the proof of which can be found in [11] or [16].

Theorem 3.3.3. (LaSalle’s theorem) Suppose Ω ⊂ D is compact and positively invari-
ant to (3.67). Let V be a scalar C1-function on D and suppose V̇(x) ≤ 0 in Ω. Let B be
the largest invariant set in M = {x ∈ Ω : V̇(x) = 0}. Then every solution starting in
Ω approaches B as t→ ∞.

Since Ė = F · vA = −µgn|vA|2 ≤ 0 in the standard model with gn ≥ 0, we
shall chose V = E as our LaSalle function.

A slight modification of LaSalle’s theorem is needed for our situation, since
the set Ω = g−1

n ([0, ∞)) need not be compact. This modification is not too com-
plicated however, the assumption is just replaced with gn(t) ≥ 0, t ≥ 0 and
all the neccessary steps in the proof still holds. A more important point con-
cerns showing that the set B is the largest invariant set in {y ∈ D : Ė(y) = 0}.
The proof of this particular lemma hinges on the assumptions of the standard
model, so it is unclear if LaSalle’s theorem is applicable if we were to change the
assumptions about the external force.

Nevertheless, in the case of the rolling TT under the assumptions of the stan-
dard model, the applied LaSalle theorem yields:
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Theorem 3.3.4. All solutions to the system of equations (3.17) satisfying the contact
criterion ẑ · (s + a) = 0 and such that gn(t) ≥ 0 for t ≥ 0 approaches exactly one
solution of the system (3.39).

The solution set to (3.39) such that the external force F is vertical can then be
seen as an asymptotic set to the TT equations.
In chapter 5 we will elaborate on how to use LaSalle’s theorem in the special
case of analyzing the asymptotics of the gliding HST.



4
Dynamics of inverting Tippe Top

In the previous chapter we have investigated the equations of the TT, using both
the vector form and the coordinate form in terms of Euler angles. The aim was
to get a clearer picture of the movements of the TT, in particular of the inversion
process. As a special case to these equations, we have analyzed the rolling solu-
tions to the TT under the assumption that the reaction force FR = gn ẑ is vertical
and we have found that these solutions are asymptotic solutions to the TT.
The result of the asyptotic analysis is however limited since we do not get any
information about the dynamics of an inverting TT.

In this chapter we will recast the equations of motion yet again inspired by
the fact that the equations for rolling TT admit 3 integrals of motion. This pro-
vides a way to describe the dynamics of inversion by using what we call the
Main Equation for the Tippe Top.

4.1 A separation equation for the rolling TT

Equations for rolling solution of the TT (3.45)-(3.47) were derived under the addi-
tional condition that the reaction force was vertical. For the more general rolling
TT (rTT), where we only assume that vA = 0, the reaction force is completely
determined dynamically as F = ms̈ + mgẑ. We get then the system{

(Iω)˙ = ma× (−(ω× a)̇ + gẑ),
˙̂3 = ω× 3̂,

(4.1)

which we can solve in terms of Euler angles (as done in [7]). We obtain then
three equations of motion for θ̈, ϕ̈ and ω̇3, but we do not get two constraint

31
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equations as in (3.48), (3.49):

θ̈ =
sin θ

I1 + mR2((α− cos θ)2 + sin2 θ)

[
ϕ̇2(I1 cos θ −mR2(α− cos θ)(1− α cos θ))

− ϕ̇ω3(mR2(1− α cos θ) + I3)− θ̇2mR2α−mgRα
]
, (4.2)

ϕ̈ =
ω3θ̇(I2

3 + mR2 I3(1− α cos θ))

sin θ(I1 I3 + mR2 I1 sin2 θ + mR2 I3(α− cos θ)2)
− 2θ̇ ϕ̇ cos θ

sin θ
, (4.3)

ω̇3 =−ω3θ̇ sin θ

(
mR2 I1 cos θ + mR2 I3(α− cos θ)

I1 I3 + mR2 I1 sin2 θ + mR2 I3(α− cos θ)2

)
. (4.4)

The set of solutions to this system is larger than for the rolling TT with vertical
reaction force, and we can derive a new integral of motion for this system.

As we have already noted, the general system (3.12) of the TT equations
admits the Jellett integral integral of motion

λ = −L · a = RI1 ϕ̇ sin2 θ − R(α− cos θ)I3ω3, (4.5)

and we can check that it is an integral using the equations of motion in Euler-
angle form above. For the rTT however, we find that it admits two more integrals
of motion. The energy

E =
1
2

mṡ2 +
1
2

ω · L + mgs · ẑ

=
1
2

mR2
[
(α− cos θ)2(θ̇2 + ϕ̇2 sin2 θ) + sin2 θ(θ̇2 + ω2

3 + 2ω3 ϕ̇(α− cos θ))
]

+
1
2

[
I1 ϕ̇2 sin2 θ + I1θ̇2 + I3ω2

3

]
+ mgR(1− α cos θ), (4.6)

is an integral of motion since the rTT is a conservative system (note here that
ṡ = −ω× a).
The third integral can be found by integrating the equation for ω̇3 above:

D = ω3

[
I1 I3 + mR2 I3(α− cos θ)2 + mR2 I1 sin2 θ

]1/2
:= I3ω3

√
d(cos θ), (4.7)

where d(cos θ) = γ + σ(α− cos θ)2 + σγ(1− cos2 θ), σ = mR2

I3
and γ = I1

I3
.

This integral of motion, which is called Routh’s integral, is somewhat difficult
to motivate physically. Indeed it is rather hard [7] to derive it directly from the
vector form of the equations of motion. The original derivation of this integral
can be found in Routh’s book (page 192 in [14]), another can be found in [9]. In
these texts, however, the Routh integral is defined as the square of the expression
above. This difference is not essential because D is always well-defined since
d(cos θ) > 0, but it is natural to see it as a linear quantity of angular momentum
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type. It’s easy to confirm that it is an integral of motion in the case of the rolling
TT with vertical reaction force (since then ω̇3 = θ̇ = 0).

Thus from the equations of motion we get three independent integrals of
motion for the rTT. But the reverse also holds, if we are given the expressions
for λ, D and E above and the equations λ̇ = 0,

Ḋ = 0,
Ė = 0,

(4.8)

simple algebra gives the equations of motion (4.2)-(4.4). It is possible to rep-
resent the dynamical states of the rTT as defined by a subset of the parameter
values (λ, D, E) ∈ R3. In the same way as the values of the integrals of motion
determined movements of the HST (see end of section 2.2), these values provides
information on how the rTT moves.

Since the equations of motion (4.2)-(4.4) do not depend on ϕ and ψ it is ef-
fectively a system of three equations for four unknowns (θ, θ̇, ϕ̇, ω3), where the
equation for θ is of second order. We have then a fourth order dynamical sys-
tem and the three integrals of motion (λ, D, E) makes it possible for us to fully
reduce the system to one equation. This is done by expressing ϕ̇ and ω3 as
functions of λ, D and θ:

ω3 =
D

I3
√

d(cos θ)
,

ϕ̇ =
λ + R(α− cos θ)D/

√
d(cos θ)

RI1 sin2 θ
.

(4.9)

If we eliminate ϕ̇ and ω3 from the energy we obtain a separable differential
equation in θ:

E = g(cos θ)θ̇2 + V(cos θ, D, λ), (4.10)

where

g(cos θ) =
1
2

I3(σ((α− cos θ)2 + 1− cos2 θ) + γ), (4.11)

V(z = cos θ, D, λ) =mgR(1− αz) +
1

2I3d(z)

(
(λ
√

d(z) + R(α− z)D)2(σ(α− z)2 + γ)

R2γ2(1− z2)

+ D2(σ(1− z2) + 1) +
2

Rγ
Dσ(α− z)(λ

√
d(z) + R(α− z)D)

)
,

(4.12)

and d(z) = γ+ σ(α− z)2 + σγ(1− z2) > 0 with parameters σ = mR2

I3
and γ = I1

I3
.

The function V(z, D, λ) is the effective potential in the energy expression, and
we note the analogy with the derivation of a separable differential equation for
the HST (2.39). This potential is well defined and convex for θ in the interval

(0, π). We have that V(cos θ, D, λ) → ∞ as θ → 0, π if D
λ 6=

−
√

d(±1)
R(α∓1) . Between
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these values, V has one minimum, and the solution θ(t) stays between the two
turning angles θ0 and θ1 determined from the equation E = V(cos θ, D, λ) (i.e.
when θ̇ = 0). The solution curve (θ(t), ϕ(t)) will trace out on a unit sphere S2

similar trajectories as in the case of the HST, nutational motion, precessional mo-
tion, spinning motion and pendulum-type motion. We must however be careful
when we compare dynamics of the HST with dynamics of the TT. As we have
already concluded in theorem 3.3.2, the motion of the TT with vA = 0, Fr = gn ẑ
are of three different types, all such that the CM is stationary. These three types
are examples of spinning (upright and inverted) and precession at a constant
angle θ0. Nutational motion however, is excluded from these asymptotic-type
solutions to the TT equations. The dynamical states of the rTT as described by
the triple (λ, D, E) are bounded below by the minimal value of the energy E,
that is the surface given by

F(D, λ) = min
z∈(−1,1)

V(z, D, λ). (4.13)

Varying the values for λ and D, the minimal surface defined by this equation
can be generated. In figure 4.1 we have used physical parameters m = 0, 02,
R = 0, 02, α = 0, 3, I1 = mR2 235

625 and I3 = mR2 2
5 .

Points on and above this surface correspond to solutions to equation (4.10) for
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Figure 4.1: Diagram for the minimal surface F(D, λ).

rTT. In particular, points on the surface define precessional motions, and along
the marked lines we have singled out the degenerate cases of precessional mo-
tion, the spinning motion where θ = 0 and θ = π.

An inverting TT starts from a state close to a spinning, upright position and
ends at a state close to a spinning, inverted position. We have already concluded
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that the TT has λ as an integral of motion. If we consider a trajectory giving the
motion of an inverting TT, then in figure 4.1 it has to stay in a vertical plane of
λ = constant. It starts close above the line given by θ = 0 at the minimal surface
and ends close above the line given by θ = π.

The minimal surface derived from the equations defining the rTT helps us
to understand the movements of the TT. It is clear we need to investigate what
relation this minimal surface has to the TT.

We can take note how the reduction from the original system of equations
have progressed so far. We have started with the system (3.12), which had 12
equations and 12 unknowns, (L, s, ṡ, 3̂). The contact criterion ẑ · (s + a) = 0 de-
termines sẑ = −ẑ · a = R(1− αẑ · 3̂) and ṡẑ = −ẑ · (ω× a), as well as gn. Thus
the system is reduced to (3.17) with 10 first-order equations for 10 unknowns.
The forces in the standard model can be assumed not to be dependent on r, only
on ṙ. Then r is not explicitly entering the right hand side of the equations, and
the first equation can be read as a first-order equation for the unknown ṙ. So we
are left with 8 equations for 8 unknowns (L, ṙ, 3̂).

We find then when expressing the equations in Euler angles (3.24)-(3.28), that
the system is independent of the angles (ϕ, ψ), which reduces the numbers of
unknowns to 6. At this point, the difference between the contact criterion and
the pure rolling criterion (vA = 0) will come into effect.

Whereas the contact criterion is only a scalar equation that determines the
vertical component of ṡ (the vertical component of s follows by integration), the
pure rolling criterion gives constraints also for the components in the plane. For
the rolling and gliding TT this means that the friction law needs to be explicit in
order to solve the system. The pure rolling criterion on the other hand reduces
the number of unknowns for rTT to 4, (θ, θ̇, ϕ̇, ψ̇), instead of 6 since we got two
more constraints by setting vA = 0. But since the rTT system admits 3 integrals
of motion E, D and λ, we can eliminate ϕ̇(t) and ω3(t) to obtain the separation
equation (4.10) for rTT.

This separable first-order differential equation for θ determines the motion
for the rTT. When we integrate it we get the function θ(t), which can be used
in the second equation in (4.9) in order to integrate ϕ̇(t). If we have these two
functions, we can get ω3(t) from which also ψ̇ can be found. Thus the three
Euler angles as functions of time are effectively deduced from (4.10). In reality,
these integrations are complicated analytically, so a more fruitful analysis of the
separation equation has been to examine different types of solutions, given val-
ues of the three integrals of motion (see [7]).

For better understanding of dynamics of the TT we can study time depen-
dence of functions that are integrals for the rTT system. For very small gliding
velocities vA one may expect that these functions are changing slowly and are
approximate integrals of motion.
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We already know that λ satisfies λ̇ = 0 for a rolling and gliding TT.
We have to find derivatives of the Routh function

D(t) = ω3

√
I1 I3 + mR2 I3(α− cos θ)2 + mR2 I1 sin2 θ = I3ω3

√
d(cos θ), (4.14)

and of the energy. For the total energy of TT, we know that Ė = F · vA < 0. We
shall study the expression for the rolling energy of the rTT

Ẽ(t) =
1
2

m(ω× a)2 +
1
2

ω · L + mgs · ẑ. (4.15)

Note that the function Ẽ is not the full energy, but the part not involving the
term vA:

E =
1
2

m(vA −ω× a)2 +
1
2

ω · L + mgs · ẑ =
1
2

mv2
A −mvA · (ω× a) + Ẽ. (4.16)

By differentiating (4.14) and (4.15) and using the equation of motion (3.1) we see
that their derivatives depend on the rate of change of vA:

d
dt

D(t) =
γmR sin θ√

d(cos θ)
(ϕ̇νx + ν̇y) =

γm

α
√

d(ẑ · 3̂)
(ẑ× a) · v̇A, (4.17)

d
dt

Ẽ(t) =
d
dt

(
E− 1

2
mv2

A + mvA · (ω× a)
)

= F · vA −mvA · v̇A + mv̇A · (ω× a) + mvA · (ω× a)̇
= F · vA − vA · (ms̈) + mv̇A · (ω× a) = mv̇A · (ω× a), (4.18)

(here we have used that vA · ẑ = 0). This is not suprising since the rolling
and gliding TT is a nonconservative system which does not exhibit the same
rotational symmetry as the rolling TT (the symmetry is broken as the point A
is allowed to move in the plane). We do now the same elimination of ϕ̇ and ω3
from the energy expression as we did to get the equation (4.10).

We find from the expressions of λ and D(t) that
ω3 =

D(t)
I3
√

d(cos θ)
,

ϕ̇ =
λ
√

d(cos θ) + R(α− cos θ)D(t)
I1
√

d(cos θ) sin2 θ
,

(4.19)

similar to equations (4.9). We can use these to eliminate ϕ̇ and ω3 in the modified
energy

Ẽ(t) =
1
2

mR2
(

θ̇2((α− cos θ)2 + sin2 θ) + sin2 θ(ω2
3 + ϕ̇2(α− cos θ)2 + 2ϕ̇ω3(α− cos θ)

)
+

1
2

(
I1 ϕ̇2 sin2 θ + I1θ̇2 + I3ω2

3

)
+ mgR(1− α cos θ), (4.20)
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to get the Main Equation for the Tippe Top (METT):

Ẽ(t) = g(cos θ)θ̇2 + V(cos θ, D(t), λ). (4.21)

It ostensibly has the same form as equation (4.10), but now it depends explic-
itly on time through the functions D(t) and Ẽ(t). This means that separation of
variables is not possible, but it is a first order time dependent ODE much easier
to analyze than (4.17) and (4.18), provided that we have some quantative knowl-
edge about the functions D(t) and E(t). So study of the METT, and in particular
of the potential V(cos θ, D(t), λ), should still be a source of information about
behaviour of the TT.

The TT satisfying the contact criterion is still a system of 6 equations with 6
unknowns, but for these equations we have defined three functions of time λ,
D(t) and Ẽ(t), and show that the equations of motion (3.24)-(3.28) are equivalent
to the system

d
dt λ(θ, θ̇, ϕ̇, ω3) = 0,
d
dt D(θ, ω3) = γm

α
√

d(ẑ · 3̂)
(ẑ× a) · v̇A = γmR sin θ√

d(cos θ)
(ϕ̇νx + ν̇y),

d
dt Ẽ(θ, θ̇, ϕ̇, ω3) = m(ω× a) · v̇A

= mR
(

sin θ(ϕ̇(α− cos θ) + ω3)(ϕ̇νx + ν̇y)+
θ̇(1− α cos θ)(ν̇x − ϕ̇νy)

)
,

d
dt mṙ = −µgnvA.

(4.22)

If we consider the motion of the TT as being determined by the three functions
(λ, D(t), Ẽ(t)) satisfying these equations and connected by the METT, a certain
method to investigate the inversion of TT crystalizes.

This system shows that the functions (D(t), Ẽ(t)) allows us to analyze the
equations of motion. If we have D(t) and Ẽ(t) given, then integrating the METT
gives us θ(t). With this information we can find the functions ϕ̇(t) and ω3(t)
from (4.19). The equations for the derivatives of D(t) and Ẽ(t) in (4.22) will then
give us the velocities νx(t) and νy(t). Knowing these velocities is the same as
knowing the friction law in the standard model.

Thus the METT enables us to qualitatively study properties of a class of
solutions that describes inversion solutions to the TT. For these solutions, the
boundary values of D(t) and Ẽ(t) can be estimated.

4.2 Estimates of the functions D(t) and Ẽ(t) for
inverting solutions of TT

The functions D(t) and Ẽ(t) are unknown in general. However, we are interested
in the dynamics of inversion, and for this type of motion there are certain condi-
tions given. We know that the TT is usually launched with the inclination angle
close to vertical θ0 ≈ 0 and the inversion is completed when θ1 ≈ π. Further,
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the rolling and gliding TT preserves the Jellett integral, for which the asymptotic
analysis indicates should be sufficiently large to make inversion possible. These
pieces of information are quite useful, since they give some facts about the initial
and final angular velocities ω0

3 and ω1
3 , the initial and final angular momentum

L0 = L0ẑ and L1 = L1ẑ and the initial and final values for the functions D(t)
and Ẽ(t).

Since λ = RI1 ϕ̇ sin2 θ − R(α− cos θ)I3ω3 is constant and for the initial and
final position we have sin θ0 = sin θ1 ≈ 0 and cos θ0 = − cos θ1 ≈ 1. Thus the
relationship between ω0

3 and ω1
3 is

λ =

{
−R(α− 1)I3ω0

3
−R(α + 1)I3ω1

3
⇒ ω1

3 = −1− α

1 + α
ω0

3. (4.23)

We see that, since ω is almost vertical, the final direction of ω1
3 (in the body

frame) has the opposite sign to the initial ω0
3.

Also, we have from the definition of λ that

λ =

{
−L0 · a = L0R(1− α)
−L1 · a = L1R(1 + α)

⇒ L1 = L0
1− α

1 + α
. (4.24)

We notice that the final angular velocity has changed sign and that the final
angular momentum is lower. This is what we expected from proposition 3.1.1.

Using the above calculations, we can find the initial and the final values for

the Routh function D(t) = I3ω3

√
γ + σ(α− cos θ)2 + σγ sin2 θ:

D0 = I3ω0
3

√
γ + σ(1− α)2, (4.25)

D1 = I3ω1
3

√
γ + σ(1 + α)2. (4.26)

Thus D1 = −I3ω0
3

1−α
1+α

√
γ + σ(1 + α)2, which means that |D1| < |D0|. We also

get for the modified energy function

Ẽ0 ≈
1
2

I3(ω
0
3)

2 + mgs · ẑ =
1
2

L2
0/I3 + mgR(1− α), (4.27)

Ẽ1 ≈
1
2

I3(ω
1
3)

2 + mgR(1 + α) =
1
2

(
1− α

1 + α

)2
L2

0/I3 + mgR(1 + α), (4.28)

which means the energy decreasing as long as L2
0/I3 > mgR(1 + α)2, and this

we can interpret (using λ = L0(1− α)) as a threshold value for λ:

λ > λde =
√

mgR3 I3(1− α2). (4.29)

These estimates provide a type of boundary conditions that the functions D(t)
and Ẽ(t) have to satisfy for inverting solutions of the TT. Between these bound-
aries the functions are determined by the equations (4.22).

We can now recall the conclusions we drew from theorem 3.3.2, that if
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1− α < γ < 1 + α all values of 3̂ẑ ∈ (−1, 1) are admissible as rolling solutions
to the TT under the standard model, and for the initial conditions with

λ > λs =

√
mgR3 I3α(1 + α)2
√

1 + α− γ
, (4.30)

only the inverted position 3̂ẑ = −1 is stable.
If we compare the two derived threshold-values, we see that

λs − λde =
√

mgR3 I3

√
α(1 + α)2 − (1− α2)

√
1 + α− γ√

1 + α− γ
. (4.31)

This quantity is > 0 if

√
α(1 + α)2 > (1− α2)

√
1 + α− γ⇔ α(1 + α)2

(1− α)2(1 + α− γ)
> 1, (4.32)

since 0 < α < 1. This in turn gives that our γ has to satisfy

γ >
(1 + α)(1− 3α)

(1− α)2 . (4.33)

For this to hold for every γ taken in the interval (1− α, 1 + α), the inequality

1− α ≥ (1 + α)(1− 3α)

(1− α)2 , (4.34)

must be satisfied for all α ∈ (0, 1). But a simple calculation shows that this only
holds for 3−

√
8 ≤ α < 1. So for α < 3−

√
8 ≈ 0.17, we can pick γ in our

interval such that λs is less than λde.
Similar calculations however shows that if we increase the threshold value λs

by some factor C > 1, then the condition that λs is larger than λde holds for all
α ∈ (0, 1). It turns out that if we put

λs =

√
2
√

mgR3 I3α(1 + α)2
√

1 + α− γ
, (4.35)

then given a value for γ in (1− α, 1 + α), λs − λde > 0 for all α ∈ (0, 1). This
slight difference we have found, between the threshold value as derived from
the asymptotic analysis and the threshold that we find by energy estimates, is
not really important for the analysis of the dynamics. We can simply let λ be 10
times the maximum of these values and no problems should occur.

In the above estimates we have assumed translational velocity ṡ ≈ 0 at the
initial and final position which means that the significant contributions to the
energy will come from rotational and potential energy. The angular momentum
at the initial and final position will be almost vertical, and this almost we must
account for with a small error term.
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The way we wish to use the functions Ẽ(t) and D(t) to describe the motion
of the inversion should however be clear; we have estimates for the values of the
functions at initial time t = 0 when the TT is upright and at final time t = T
when the TT is inverted. At t = 0 we have for some small δ0, ε0:

D(0) = D0 = L0

√
γ + σ(1− α)2 + δ0, (4.36)

Ẽ(0) = Ẽ0 =
1
2

L2
0

I3
+ mgR(1− α) + ε0. (4.37)

After inversion, at time t = T, we have for some small δ1, ε1:

D(T) = D1 = −L0
1− α

1 + α

√
γ + σ(1 + α)2 + δ1, (4.38)

Ẽ(T) = Ẽ1 =
1
2

(
1− α

1 + α

)2 L2
0

I3
+ mgR(1 + α) + ε1. (4.39)

An inversion of the TT should then be a description of when given the parame-
ters satisfying 1− α < γ < 1+ α and the initial conditions given by λ being over
the threshold value, the curve (D(t), Ẽ(t)) should go from the initial position
(D0, Ẽ0) to the final position (D1, Ẽ1) after a certain time interval T. This is the
inversion time.

We want to make these conjectures more precise in terms of the METT. We let
D(t) and Ẽ(t) be functions satisfying the differential equations (4.22) and with
boundary values as described above. Note that the METT (4.21) can be rewritten
as

θ̇2 =
(Ẽ(t)−V(cos θ, D(t), λ))

g(cos θ)
. (4.40)

From this equation we can conclude that when Ẽ(t) = V(cos θ(t), D(t), λ) dur-
ing the motion, θ̇ = 0, so θ̇(t) changes signs at these times t. The angles given by
these points are called turning angles, which define the nutational band. Since
the potential is convex in the interval (0, π), the equation has two solutions, call
them θmin and θmax. The inclination angle satisfies θmin(t) ≤ θ(t) ≤ θmax(t) and
we have during the motion Ẽ(t) ≥ V(cos θ(t), D(t), λ). Given that Ẽ1 < Ẽ0, this
nutational band is at a lower energy level after inversion is completed. If θ̇(t) is
large enough, the function θ(t) is oscillatory, since then the turning angles can be
attained several times and the TT nutates between two latitudes. These latitude
circles are functions of time and moves from a neighborhood of the south pole
to a neighborhood of the north pole of the unit sphere S2.

The properties of the nutational band are determined by the functions D(t)
and Ẽ(t), but it is unknown at the time precisely how the band moves during
inversion, for example if it drifts monotonously to the north pole. Nevertheless,
the METT gives us a good tool to describe inversion solutions of TT.



5
The Gliding Heavy Symmetric Top

5.1 Natural generalization of the HST equations

As our understanding of the Tippe Top has progressed, we realize that several
problems remain before we can fully understand dynamics of the inversion phe-
nomenon. The model of the rolling and gliding Tippe Top consists of six equa-
tions written in three equivalent forms that help address different aspects of TT
motion. The system remains however difficult to solve, due to its six degrees of
freedom. In order to gain better understanding of the TT equations (3.12) it is
often useful to study simpler equations, derived from the TT equations, which
nevertheless retain certain important features of the original equations. We may
consider them to be caricatures of TT equations.

In this chapter we will introduce the gliding Heavy Symmetric Top, which is
a nonintegrable generalization of the regular HST with fixed point. The main
difference is that it is allowed to glide on the supporting plane. The equations
for the gliding HST are interesting to study in their own right, and we shall de-
rive these under the assumptions of the standard model for the external force.
We will also see that the asymptotic set of this system contains solutions of the
equations for the HST.

Another reason why we study the gliding HST is because there is an inter-
esting connection with the TT. We find that if we set αR = −l and let R → 0,
the equations of the TT are transformed into the equations for the gliding HST.
This transformation holds also for all objects related to TT (the functions λ, D(t)
and the METT), which have their counterparts in the system of the gliding HST
equations. Since the gliding HST equations are easier to work with, this limiting
process gives us a tool to study properties of the TT equations in a simpler set-

41
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ting.

We consider HST being supported by a plane, where the supporting point A
is allowed to glide in the plane.

The movements of the gliding HST are described by rotation of the reference
system K̃ fixed in the body with respect to K and translation of K with respect
to K0. We let s be the position vector for the CM in the inertial system K0 and
a = −l3̂ is the vector from CM to A. We shall assume that A is in contact with
the supporting plane at all times, i.e. that ẑ · (s(t) + a(t))

t≡ 0.

2̂

C M

3̂

1̂

ẑ

x̂

ŷ

l

vA A

s

K0

Figure 5.1: Diagram of the gliding HST.

5.2 Equations of motion for the gliding HST

When we derive equations of motion for the gliding HST we must note that
the equations for the HST in vector notation were formulated with respect to
the point A whereas the corresponding equations for the TT are taken with
respect to the CM. This is not a problem computationally, only the equation
for the angular momentum changes. Steiner’s theorem 2.1.1 relates the angular
momentum with respect to the two points by the following formula:

LA = L + ma× (ω× a). (5.1)

Thus, if we consider equations of motion for the gliding HST with respect to
the CM, the only force creating a torque on CM is the external force F acting at
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A and having the moment arm a. This gives the system
ms̈ = F−mgẑ,
L̇ = a× F,
˙̂3 = ω× 3̂ = 1

I1
(L× 3̂).

(5.2)

Note here that since we have translation as well as rotation, vA = ṡ + ω × a,
where vA is the velocity of the point A relative to the plane. The contact crite-
rion implies, as for the Tippe Top, that ẑ · vA = 0.

We rewrite this as a system of equations with respect to the supporting point
A by using Steiner’s formula:

L̇A = (L + ma× (ω× a))˙ = a× F + (ma× (ω× a))̇

=a× (ms̈ + mgẑ) + mȧ× (ω× a) + ma× (ω× a)̇

=a× (mv̇A −m(ω× a)̇ + mgẑ) + ma× (ω× a)̇
=− a× (−mgẑ) + ma× v̇A. (5.3)

Since ȧ = −l ˙̂3 = −l(ω× 3̂) = ω× a. This gives a system similar to the original
HST system (2.19): 

ms̈ = F−mgẑ,
L̇A = −a× (−mgẑ) + ma× v̇A,
˙̂3 = ω× 3̂ = 1

I∗1
(LA × 3̂),

(5.4)

where I∗1 = I1 + ml2. The difference here is the term in the L̇A-equation involv-
ing the acceleration of the point A.

Since we can use either of the systems (5.2) or (5.4) we might as well continue
in the framework established by the model of the HST. Where it is convenient,
we shall use (5.4) as the equations of motion, but note that we can switch to the
other system (5.2). We are still working within the standard model for the force
applied at A, i.e. we have F = −µgnvA + gn ẑ.

Our system has now 13 equations (the system (5.2) and the contact constraint)
for 12 unknown variables (L, s, ṡ, 3̂) and for the value of gn.

To determine the value of gn, we differentiate the contact criterion ẑ · (s + a) =
0 twice and use the equations of motion (w.r.t. the CM):

0 =
d
dt

ẑ · (s + a)⇔ 0 = ṡz −
l
I1
(ẑ · (L× 3̂)), (5.5)

0 =
d2

dt2 ẑ · (s + a)⇔ gn =
mgI2

1 + ml(L · 3̂L · ẑ− 3̂ẑL2)

I2
1 + ml2 I1(1− 3̂2

ẑ) + ml2 I1µ3̂ẑvA · 3̂
. (5.6)
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The first derivative gives that ẑ · vA = 0 and the second derivative determines gn
completely.

Since the gliding HST still has rotational symmetry about the 3̂-axis, it is not
suprising that that L3̂ is an integral of motion:

(
LA · 3̂

)̇
= L̇A · 3̂ + LA · ˙̂3 = (−a× (−mgẑ) + ma× v̇A) · 3̂ + LA ·

1
I∗1
(LA × 3̂) = 0.

(5.7)
However, since the gliding HST is moving in the plane, the quantity Lẑ is not an
integral of motion anymore:

(LA · ẑ)˙ = L̇A · ẑ = (−a× (−mgẑ) + ma× v̇A) · ẑ = m(a× v̇A) · ẑ. (5.8)

We get similar results for L w.r.t CM:

(
L · 3̂

)̇
= L̇ · 3̂ + L · ˙̂3 = (a× F) · 3̂ + L ·

1
I1
(L× 3̂) = 0, (5.9)

and

(L · ẑ)˙ =L̇ · ẑ = (a× F) · ẑ = (a× (ms̈ + mgẑ)) · ẑ

=m(a× v̇A) · ẑ−m(a× (ω× a)̇) · ẑ = m(a× v̇A) · ẑ−ml2(3̂× (ω× 3̂)̇) · ẑ.
(5.10)

Due to the presence of the frictional force, the gliding HST is not a conservative
system. When differentiating the energy function

E =
1
2

mṡ2 +
1
2

ω · L + mgs · ẑ, (5.11)

the result is the same as for the TT:

Ė = F · vA. (5.12)

Thus the energy is a decreasing function of time whenever F · vA < 0.

5.3 Equations in Euler angles

We will rewrite equations of motion (5.4) in coordinate form in terms of Euler
angles. This formulation has the advantage of being independent of the refer-
ence point, be it the CM or the supporting point A.

We consider the system:
(Iω)˙ = a× (gn ẑ− µgnvA) ,
˙̂3 = ω× 3̂,
mr̈ = −µgnvA,

(5.13)
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where we have reduced the system (5.2) using the contact criterion. When solv-
ing this system for the functions (θ̈, ϕ̈, ω̇3, ν̇x, ν̇y) we get:

θ̈ =
1
I1

(
I1 ϕ̇2 sin θ cos θ − I3ω3 ϕ̇ sin θ + lµgnνx cos θ + lgn sin θ

)
(5.14)

ϕ̈ =
1

I1 sin θ

(
I3ω3θ̇ − 2I1θ̇ ϕ̇ cos θ + lµgnνy

)
, (5.15)

ω̇3 =0, (5.16)

ν̇x =
l sin θ

I1

(
I3ω3 ϕ̇ cos θ + I1(θ̇

2 + ϕ̇2 sin2 θ)− lgn cos θ
)

− µgnνx

mI1

(
I1 + ml2 cos2 θ

)
+ νy ϕ̇, (5.17)

ν̇y =− l I3ω3θ̇

I1
−

I∗1
mI1

µgnνy − νx ϕ̇. (5.18)

We can now rewrite derivatives of L3̂, Lẑ and E in coordinate form. We see
directly from equation (5.16) that L3̂ is an integral of motion, and for L · ẑ =

I∗1 ϕ̇ sin2 θ + I3ω3 cos θ, we get by differentiating:

(LA · ẑ)˙ =I∗1 ϕ̈ sin2 θ + 2I∗1 ϕ̇θ̇ sin θ cos θ + I3ω̇3 cos θ − I3ω3θ̇ sin θ

=
I∗1 sin θ

I1
(I3ω3θ̇ − 2I1θ̇ ϕ̇ cos θ + lµgnνy) + 2I∗1 ϕ̇θ̇ sin θ cos θ − I3ω3θ̇ sin θ

=
I3 sin θ

I1
ml2ω3θ̇ +

I∗1 sin θ

I1
lµgnνy. (5.19)

This expression agrees with the result in the vector notation.
The energy for the gliding HST

E =
1
2

mṡ2 +
1
2

ω · L + mgs · ẑ

=
1
2

mv2
A + mlvA · (ω× 3̂) +

1
2

ml2(ω× 3̂)2 +
1
2

ω · L + mgs · ẑ

=
1
2

m(ν2
x + ν2

y) + ml(νx θ̇ cos θ + νy ϕ̇) +
1
2
(I∗1 (θ̇

2 + ϕ̇2 sin2 θ) + I3ω2
3) + mgl cos θ.

(5.20)

when differentiated, gives

Ė =m(νx ν̇x + νyν̇y) + ml(ν̇x θ̇ cos θ + νx θ̈ cos θ − νx θ̇2 sin θ − ν̇y ϕ̇ + νx ϕ̈)

+ (I∗1 (θ̈θ̇ + ϕ̈ϕ̇ sin2 θ + ϕ̇2 sin θ cos θ) + I3ω̇3ω3)−mglθ̇ cos θ = −µgn(ν
2
x + ν2

y),
(5.21)

but we must note that in the last equality we use the equations of motion (5.14)-
(5.18) and the second derivative of the contact criterion:

0 =
gn

m
− g + l(θ̈ sin θ + θ̇2 cos θ), (5.22)
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so we get that Ė = vA · F.

The derivative of the modified energy function, i.e. the part of the energy not
involving vA satisfies:

d
dt

Ẽ(t) =
d
dt

(
E− 1

2
mv2

A −mlvA · (ω× 3̂)
)
= mv̇A · (ω× a). (5.23)

With the properties of the three functions L3̂, Lẑ(t) and Ẽ(t) established, we
see that the equations of motion (5.14)-(5.18) are equivalent to the system of
differential equations

d
dt L3̂ = 0,
d
dt Lẑ(t) = m(ẑ× a) · v̇A = I3 sin θ

I1
ml2ω3θ̇ +

I∗1 sin θ
I1

lµgnνy,
d
dt Ẽ(t) = m(ω× a) · v̇A = −ml((ν̇x − ϕ̇νy)θ̇ cos θ + ϕ̇ sin θ(ϕ̇ν̇y + ϕ̇νx)),
d
dt mṙ = −µgnvA,

(5.24)
in the same way the system (4.22) is equivalent to equations (3.24)-(3.28). We
shall later in the text explore further similarities with this system.

If we substitute the expressions for ω3 and ϕ̇:
ω3 =

L3̂
I3

,

ϕ̇ =
Lẑ(t)− L3̂ cos θ

I∗1 sin2 θ
,

(5.25)

into the expression for the modified energy function we get an equation that is
similar to (2.39)

Ẽ(t) =
I∗1 θ̇2

2
+

L2
3̂

2I3
+

(Lẑ(t)− L3̂ cos θ)2

2I∗1 sin2 θ
+ mgl cos θ. (5.26)

We can call this the Main Equation for the gliding HST (MEgHST).

5.4 Asymptotic solutions to gliding HST equations

We have now a detailed description of equations for a gliding HST under the as-
sumptions of the standard model, so the next step is to investigate the properties
of the asymptotic set of these equations. The most natural thing to consider is
which solutions to the HST equations belongs to this set, since if we let vA = 0
in the gliding HST equations we have the equations for HST with vertical reac-
tion force. We shall see that this is indeed the case, by using LaSalle’s theorem
3.3.3 in the same way as has been done for the TT, the asymptotic set for the
gliding HST contains solutions that are also solutions to the HST. The analysis
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is analogous to the asymptotic analysis of the TT, described in chapter 3.

To be able to apply LaSalles’s theorem to the solution set of the gliding HST,
we need to rephrase the analysis we did for the HST and for the gliding HST. We
consider the dynamical system determined by the equations of motion for the
HST under the standard model. This system is an embedded invariant manifold
of the corresponding dynamical system determined by the equations of motion
for the gliding HST. In particular, since we are using a reaction force given by
the standard model, we get solutions to the HST with purely vertical reaction
force. We thus have, when vA = 0 in (5.13), the equations

(Iω)˙ = gna× ẑ,
˙̂3 = ω× 3̂,
mr̈ = 0.

(5.27)

We need to find out what types of solutions these equations describes.

When written in Euler angles, equations (5.27) turns into three equations of
motion and two constraint equations:

− I1 ϕ̈ sin θ − 2I1θ̇ ϕ̇ cos θ + I3θ̇ω3 = 0, (5.28)

I1θ̈ − I1 ϕ̇2 sin θ cos θ + I3ω3 ϕ̇ sin θ = lgn sin θ, (5.29)
I3ω̇3 = 0, (5.30)

ml(θ̈ cos θ − sin θ(θ̇2 + ϕ̇2)) = 0, (5.31)

ml(−ϕ̈ sin θ − 2ϕ̇θ̇ cos θ) = 0, (5.32)

where gn is determined by

gn =
mgI1 −mlI1(cos θ(θ̇2 + ϕ̇2 sin2 θ)− I3ω3 ϕ̇ sin2 θ)

I1 + ml2 sin2 θ
. (5.33)

We substitute the equations of motion into the constraint equations to get the
following conditions:

sin θ(I1(θ̇
2 + ϕ̇2 sin2 θ) + I3ω3 ϕ̇ cos θ − lgn cos θ) = 0, (5.34)

I3ω3θ̇ = 0. (5.35)

These conditions determine the admissible types of solutions to the system
(5.27). We can show that the constraints imply that sin θ = 0.

The equations above hold if any of the factors are equal to zero. Suppose
ω3 = 0 in (5.35). Then either sin θ = 0 in (5.34) or

I1(θ̇
2 + ϕ̇2 sin2 θ) = lgn cos θ, (5.36)

where

gn =
mgI1 −mlI1 cos θ(θ̇2 + ϕ̇2 sin2 θ)

I1 + ml2 sin2 θ
. (5.37)
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We can show that (θ̇2 + ϕ̇2 sin2 θ) cos2 θ is constant:

2(θ̈θ̇ + ϕ̈ϕ̇ sin2 θ + ϕ̇2θ̇ sin θ cos θ) cos2 θ − 2θ̇ cos θ sin θ(θ̇2 + ϕ̇2 sin2 θ) (5.38)

= 2(θ̇ ϕ̇2 cos θ sin θ +
lgn

I1
θ̇ sin θ − 2ϕ̇2θ̇ cos θ sin θ + ϕ̇2θ̇ sin θ cos θ) cos2 θ (5.39)

− 2θ̇ cos θ sin θ
lgn

I1
cos θ = 0. (5.40)

Call this constant C. If we use this constant in the equations above we get C = lgn
I1

cos3 θ,

gn cos θ =
mgI1 cos θ −mlI1C

I1 + ml2 sin2 θ
.

(5.41)

Solving this system for gn we end up with a polynomial equation having with
real coefficients for the unknown cos θ:

cos2 θ(I1C + 2ml2C−ml2C cos2 θ −mgl cos θ) = 0. (5.42)

It has at least one real solution. Thus cos θ is constant and θ̇ = 0.
For solutions to (5.28)-(5.30) with the constraints (5.34) and (5.35) we have

found that θ is constant. We shall now prove that the only solutions allowed by
this system are the upright and inverted spinning gliding HST, solutions such
that θ = 0 or θ = π.

Suppose that θ ∈ (0, π) (so sin θ 6= 0). The first constraint equation (5.34)
gives

I1 ϕ̇2 sin2 θ + I3ω3 ϕ̇ cos θ − lgn cos θ = 0. (5.43)

We have from equation (5.28) that ϕ̈ = 0, so that ϕ̇ is constant. From equation
(5.29) we also get

I3ω3 ϕ̇− I1 ϕ̇2 cos θ = lgn. (5.44)

We use this equation in (5.43) and get

I1 ϕ̇2 = 0. (5.45)

So ϕ̇ = 0. But this means in equation (5.29) that gn sin θ = 0 which contradicts
the assumption sin θ 6= 0. We conclude that for the asymptotic solutions to the
gliding HST system under the standard model we have either θ = 0 or θ = π.
For these solutions we also get gn = mg.

Now we have characterized the solution set of the HST where the reaction
force is purely vertical, so the next task is to show that these solutions make up
the asymptotic set of the gliding HST within the standard model of the external
force.

When we consider (5.13), we denote the related dynamical system by ˙̃y =
Ỹ(ỹ), where ỹ = (3̂, L, ṙ) is defined on D = S2 × R3 × R2. The physically
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admissible solutions to this system is when gn(t) ≥ 0 for t ≥ 0 and the set
of trajectories for such solutions is denoted by Ω. The equations (5.27) defines
similarly a dynamical system ˙̃z = Z̃(z̃), where z̃ = (3̂, L, ṙ) ∈ D. The last
equation of (5.27) defines a constraint on the first two equations:

r̈ = (ω× a)̇x̂,ŷ = 0, (5.46)

so (5.27) becomes a dynamical system for 3̂ and LA. The system ˙̃z = Z̃(z̃) defines
an invariant manifold B to the system ˙̃y = Ỹ(ỹ). The application of LaSalle’s
theorem aims to show how solutions ỹ(t) ∈ Ω approach z̃(t) ∈ B.

We can identify B with the set {ỹ(t) ∈ Ω : Ė(ỹ(t)) = 0}, i.e. solutions where
the energy is constant. For the gliding HST where the external force is given
by the standard model, the derivative of the energy is Ė = F · vA = −µgnv2

A
which is decreasing as long as gn ≥ 0. This means that the energy is bounded
from above (by E(0)), but the contact criterion gives that the energy is bounded
from below (by 0). Since the energy is bounded, the sets {ỹ ∈ D : E(ỹ) ≤ d},
where d > 0, are compact. This fact is neccessary for LaSalle’s theorem to hold.
Another crucial part is that the set B is the largest invariant set in {ỹ ∈ D :
Ė(ỹ) = 0}. We note that we can write this latter set as

B̃ = {ỹ ∈ D : Ė(ỹ) = 0} = {ỹ ∈ D : gn(ỹ) = 0} ∪ {ỹ ∈ D : vA(ỹ) = 0}, (5.47)

and we prove that there are no solutions ỹ(t) to the gliding HST system such
that gn(ỹ) = 0.

Lemma 1. B is the largest invariant set in B̃.

Proof: We assume ỹ(t) is a solution to the system for the gliding HST (5.13) such
that gn(ỹ) = 0 and derive a contradiction. If gn = 0 in this system we have that
L is constant and that the numerator in the formula for gn (5.6) vanishes:

gI2
1

l
+ LẑL3̂ = 3̂ẑL2. (5.48)

If L = 0 then the equation reads gI2
1

l = 0, which is clearly false. If L 6= 0 then 3̂ẑ
is constant and we can find the other components of 3̂ from{

1 = 3̂2,
0 = ˙̂3 · ẑ = 1

I1
(Lx̂ 3̂ŷ − Lŷ3̂x̂).

(5.49)

Either Lx̂ and Lŷ are both zero or both nonzero. In the first case we get L = Lẑ3̂ẑ,

which means for (5.48) that gI2
1

l = 0, which is a contradiction. If Lx̂ 6= 0 and
Lŷ 6= 0 we can solve the system above, which means that 3̂ is constant. But then

we can write L = L3̂3̂ and we find again for (5.48) the contradiction gI2
1

l = 0.
Since we cannot find any solutions ỹ(t) to the system (5.13) such that gn(ỹ(t)) =
0 and B is the invariant manifold of solutions to this system such that vA = 0, B
is the largest invariant set in B̃.
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With this lemma we can give a proof of the asymptotic behaviour of trajecto-
ries of the gliding HST system in the standard model.

Proposition 5.4.1. Every solution ỹ(t) of the equations to the gliding HST system
(5.13) that satisfies the condition gn(t) ≥ 0, t ≥ 0 approaches exactly one solution of
the system (5.27).

Proof: We consider ỹ(t) such that gn(t) ≥ 0, t ≥ 0 and let L+
ỹ be its positive limit

set, i.e. the set of all limit points of ỹ(t) for sequences {tm} such that tm → ∞ as
m→ ∞.
As we have already mentioned, E(ỹ(t)) is a decreasing function of t, so ỹ(t) is
contained in the compact set K̃ = {ỹ(t) ∈ D : E(ỹ(t)) ≤ E(ỹ(0))}. We have
L+

ỹ ⊂ K̃ since K̃ is closed.
The function E(ỹ(t)) has a limit a as t → ∞ since E(ỹ(t)) is continuous on

the compact set K̃. One can show that since ỹ(t) is bounded on the compact set
K̃ the positive limit set L+

ỹ is nonempty, compact and invariant (see [15]), so if
p ∈ L+

ỹ then there is a sequence {tm} with tm → ∞ and ỹ(tm) → p as m → ∞.
By the continuity of E, we have E(p) = limm→∞ E(ỹ(tm)) = 0.
The energy E is thus constant on L+

ỹ and since L+
ỹ is an invariant set, Ė = 0 on

L+
ỹ .

By the previous lemma, B is the largest invariant set in {ỹ ∈ D : Ė(ỹ) = 0},
so it follows that L+

ỹ ⊂ B. By inclusion, ỹ(t) approaches B as t→ ∞.
Since B only contains two isolated solutions and L+

ỹ is connected, we see that
the positive limit set must coincide with one of the solutions for (5.27).

LaSalle’s theorem applied to the gliding HST under the standard model gives
that the asymptotic set contains solutions that are solutions to the HST with
purely vertical reaction force. The asymptotic solutions are the upright and the
upside-down spinning solution.

It remains to investigate the relative stability of these asymptotic solutions.
The energy of the gliding HST can be rewritten as a sum of two terms:

E =

(
1
2

m(ν2
x + ν2

y) + ml(νx θ̇ cos θ + νy ϕ̇) +
1
2

I∗1 θ̇2
)
+

+

(
L2

3̂
2I3

+
(Lẑ(t)− L3̂ cos θ)2

2I∗1 (1− cos2 θ)
+ mgl cos θ

)
=E1(θ, θ̇, ϕ̇, νx, νy) + E2(θ, Lẑ(t), L3̂). (5.50)

The first function vanishes for the asymptotic solutions (since then vA → 0 and
θ̇ = 0) the second function goes to

E2(θ, Lẑ, L3̂) = E2(θ) =
L2

3̂
2I3

+
(Lẑ − L3̂ cos θ)2

2I∗1 (1− cos2 θ)
+ mgl cos θ, (5.51)
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because Lẑ is an integral of motion for the HST. The problem of checking the
stability of the asymptotic solutions is reduced to examining the character of
extremal values of E2(θ) for the points θ = 0 and θ = π. These solutions are
asymptotically stable if E′′2 (θ) > 0 for θ = 0 and θ = π. But we have

E′′2 (θ) = − cos θE′2(cos θ) + (1− cos2 θ)E′′2 (cos θ), (5.52)

so we see that we only have to investigate E′2(cos θ) for cos θ = ±1.
We look first at the asymptotic solution cos θ = 1. For this solution Lẑ = L3̂,

so the derivative of E2(cos θ) is equal to

E′2(cos θ) =
−L2

3̂
I∗1 (1 + cos θ)2 + mgl. (5.53)

We then get

E′′2 (θ = 0) > 0⇔ E′2(cos θ = 1) < 0⇔ L2
3̂ > 4mglI∗1 . (5.54)

Thus the upright spinning solution is stable if the angular momentum about the
3̂-axis satisfies |L3̂| > 2

√
mglI∗1 .

The second asymptotic solution is cos θ = −1. For this solution Lẑ = −L3̂, so
the derivative of E2(cos θ) is

E′2(cos θ) =
L2

3̂
I∗1 (1− cos θ)2 + mgl. (5.55)

From this we get

E′′2 (θ = π) > 0⇔ E′2(cos θ = −1) > 0⇔
L2

3̂
4I∗1

+ mgl > 0. (5.56)

Clearly this inequality is always satisfied, so the upside-down spinning position
is always stable.

5.5 Transformation from TT to gliding HST

The gliding HST equations are a natural nonintegrable generalization of the HST
equations, but remarkably they are also closely connected to the TT equations.
They can be derived from the TT equations through a suitable limit passage,
which also transforms integrals of TT and METT (4.21) into the integrals and
MEgHST (5.26) derived in section 5.5.

The vector a connecting the center of mass to the point of contact is R(α3̂− ẑ)
for the TT system, and is −l3̂ for the gliding HST. To describe the transformation
from TT to gliding HST we think of the body of TT being streched (still main-
taining its axial symmetry), and the spherical part being shrunk to a point. So it
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looks like a ball-point pen during this transformation. The center of mass thus
moves up along the 3̂-axis and the radius of the sphere becomes small. We take
the limit R→ 0 subjected to the condition Rα = −l.

A
a

C M

3̂

a

A

3̂

C M

C M

3̂

a

A

Figure 5.2: Transformation from TT to gliding HST: Rα = −l, R→ 0.

As we shall see below, equations of motion for the TT are in this limit trans-
formed into equations of motion for the gliding HST.

For the vector equations, the thing that has really changed is the vector a.
We directly see that the equations of motion for the TT:


ms̈ = F−mgẑ,
L̇ = R(α3̂− ẑ)× F,
˙̂3 = ω× 3̂,

(5.57)

become the equations of motion for the gliding HST (w.r.t CM):


ms̈ = F−mgẑ,
L̇ = −l3̂× F,
˙̂3 = ω× 3̂,

(5.58)

since a = Rα3̂− Rẑ = −l3̂− Rẑ→ −l3̂ as R→ 0.
The difference between these dynamical systems is that the TT is allowed to

glide and roll in the plane, whereas the gliding HST glides and rotates. In both
cases the body in question satisfies the contact constraint ẑ · (s + a) = 0. We can
also see the effects of the transformation applied to the equations of motion for
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TT expressed in the Euler angles:

θ̈ =
sin θ

I1

(
I1 ϕ̇2 cos θ − I3ω3 ϕ̇− Rαgn

)
+

Rµgnνx

I1
(1− α cos θ), (5.59)

ϕ̈ =
I3θ̇ω3 − 2I1θ̇ ϕ̇ cos θ − µgnνyR(α− cos θ)

I1 sin θ
, (5.60)

ω̇3 =−
µgnνyR sin θ

I3
, (5.61)

ν̇x =
sin θ

I1

(
Rϕ̇ω3 (I3(1− α cos θ)− I1) + gnR2α(1− α cos θ)− RI1α(θ̇2 + ϕ̇2 sin2 θ)

)
− µgnνx

mI1

(
I1 + mR2(1− α cos θ)2 + mR2

)
+ ϕ̇νy, (5.62)

ν̇y =−
µgnνy

mI1 I3

(
I1 I3 + mR2 I3(α− cos θ)2 + mR2 I1 sin2 θ

)
+

ω3θ̇R
I1

(I3(α− cos θ) + I1 cos θ)− ϕ̇νx. (5.63)

These are equations (3.29)-(3.33). If we substitute αR with −l and then let R→ 0,
we arrive at

θ̈ =
1
I1

(
I1 ϕ̇2 sin θ cos θ − I3ω3 ϕ̇ sin θ + lµgnνx cos θ + lgn sin θ

)
, (5.64)

ϕ̈ =
1

I1 sin θ

(
I3ω3θ̇ − 2I1θ̇ ϕ̇ cos θ + lµgnνy

)
, (5.65)

ω̇3 =0, (5.66)

ν̇x =
l sin θ

I1

(
I3ω3 ϕ̇ cos θ + I1(θ̇

2 + ϕ̇2 sin2 θ)− lgn cos θ
)

− µgnνx

mI1

(
I1 + ml2 cos2 θ

)
+ νy ϕ̇, (5.67)

ν̇y =− l I3ω3θ̇

I1
−

I∗1
mI1

µgnνy − νx ϕ̇, (5.68)

i.e. the coordinate equations of motion (5.14)-(5.18) that we have determined for
the gliding HST. It is apparent here that this transformation is a one-way process
and we cannot reconstruct from(5.64)-(5.68) the TT equations back.

The transformation holds also for the energy function, since all that we have
to change is the vector a.

E =
1
2

mṡ2 +
1
2

ω · L + mgs · ẑ

=
1
2

m(vA −ω× (Rα3̂− Rẑ))2 +
1
2

ω · L−mg(Rα3̂− Rẑ) · ẑ, (5.69)

becomes
E =

1
2

m(vA + lω× 3̂)2 +
1
2

ω · L + mgl3̂ · ẑ. (5.70)



54 5 The Gliding Heavy Symmetric Top

We will now apply the transformation to the Jellett integral and the Routh
function. The transformation will not give in exactly the analogous quantities
in the system of the gliding HST: L3̂ and Lẑ. This is not suprising since λ and
D are derived for spherical rigid bodies, so transforming them has to be done
more carefully.

The Jellett integral is transformed to a multiple of L3̂:

λ = l I3ω3 + R(I1 ϕ̇ sin2 θ + I3ω3 cos θ) = lL3̂ + O(R)→ lL3̂. (5.71)

This transformation is also obvious in vector notation, since λ = −L · a = R(Lẑ−
αL3̂). The Routh function can for small R be expanded as

D =I3ω3

√
d(cos θ) = I3ω3

√
I1

I3
+

ml2

I3
+

2mlR
I3

cos θ +
mR2

I3
(

I1

I3
sin2 θ + cos2 θ)

=ω3

√
I3(I1 + ml2)

[
1 + R

2ml cos θ

I1 + ml2 +
mR2

I1 + ml2 (I1 sin2 θ + I3 cos2 θ)

]1/2

=ω3

√
I3 I∗1

(
1 + R

ml cos θ

I∗1
+ O(R2)

)
. (5.72)

Combining λ and this expansion of D as:

I∗1 λ− l
√

I3 I∗1 D
I1R

=
1

I1R

[
l I∗1 I3ω3 + RI∗1 (I1 ϕ̇ sin2 +I3ω3 cos θ)

− lω3 I3 I∗1

(
1 + R

ml cos θ

I∗1
+ O(R2)

) ]
=

1
I1R

[
R(I∗1 I1 ϕ̇ sin2 θ +

(
I∗1 −ml2

)
I3ω3 cos θ) + O(R2)

]
=
(

I∗1 ϕ̇ sin2 θ + I3ω3 cos θ
)
+ O(R), (5.73)

we see that it tends to Lẑ as R → 0. We have thus retrieved from λ and D both
integrals L3̂ and Lẑ.

Since we now have transformations of the functions λ and D(t), and the
energy for the TT becomes transformed to the energy for the gliding HST, the
natural question is if the METT (4.21) is transformed to MEgHST (5.26). It turns
out that this works out well:

Proposition 5.5.1. The METT equation:

E(t) = g(cos θ)θ̇2 + V(cos θ, D(t), λ), (5.74)
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where

g(cos θ) =
1
2

I3(σ((α− cos θ)2 + 1− cos2 θ) + γ), (5.75)

V(z = cos θ, D(t), λ) =
1

2I3d(z)

(
(λ
√

d(z) + R(α− z)D(t))2(σ(α− z)2 + γ)

R2γ2(1− z2)

+ D(t)2(σ(1− z2) + 1) +
2

Rγ
D(t)σ(α− z)(λ

√
d(z) + R(α− z)D(t))

)
+ mgR(1− αz),

(5.76)

and d(z) = γ + σ(α− z)2 + σγ(1− z2) > 0 with parameters σ = mR2

I3
and γ = I1

I3
,

becomes under the transformation Rα = −l, R→ 0 the MEgHST:

Ẽ(t) =
I∗1 θ̇2

2
+

L2
3̂

2I3
+

(Lẑ(t)− L3̂ cos θ)2

2I∗1 sin2 θ
+ mgl cos θ. (5.77)

The rather tedious calculation is shifted to appendix A.

The existence of the regular limit from the TT equations to the gliding HST
equations is an interesting mathematical fact that may help rigorous analysis of
dynamics described by the TT equations. As we see here the gliding HST equa-
tions have completely analogous structure to the TT equations, but are easier to
analyze. Thus the gliding HST provide us with a tool to test ideas of how to
study the TT equations, but in a simpler environment.





6
Gliding eccentric Cylinder

In chapter 5 we derived equations for the gliding HST by taking the limit R→ 0,
under the condition Rα = −l, of the TT equations. The advantage of the gliding
HST system is that the number of degrees of freedom, as well as the structure
of integrals of motion is retained. The main difference is that the gliding HST is
incapable of rolling, an essential feature of the TT.

In this chapter we show that there is yet another interesting simplification
of TT equations that describes an eccentric rolling and gliding cylinder (glC).
We shall see that these equations are a special case of the TT equations when
λ = D = 0. This reduction makes it vastly simpler than the TT system, and
it becomes easier to analyze consequences of some of our basic assumptions.
Central to this study is that the same approach as in the standard model of TT,
that is the assumption that F = gn ẑ− µgnvA, leads to conclusions that are not
in agreement with the observed behaviour of a rolling and gliding cylinder. We
shall discuss possible remedies to this problem but they are not fully satisfying
as well.

We think of an eccentric cylinder, homogenouos in the ŷ-direction, rolling
and gliding on a supporting plane in the direction of the x̂-axis (the cylinder is
considered to be long). So essentially we are talking about an eccentric wheel
rolling along the x̂-axis in the plane x̂ŷ. It has mass m and radius R. The center
of mass CM is shifted with respect to the symmetry axis of the cylinder by αR,
0 < α < 1. We let the body-fixed system K̃ = (1̂, 2̂, 3̂) have its origin in CM,
where the 3̂-axis points along the line determined by CM and the center of the
crossection circle in the direction from CM toward this center. 1̂ is orthogonal to
3̂ and 2̂ = 3̂× 1̂ is parallel to the ŷ-axis (see figure 6.1).

We let θ be the angle between the ẑ-axis and the 3̂-axis. This will be the sin-
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Figure 6.1: Diagram of an eccentric cylinder.

gle Euler angle since the cylinder is only rolling in one direction, so that ω = θ̇2̂.
Further, we let A denote the point of contact of the cylinder with the supporting
line, so that the vector from CM to A is a = R(α3̂− ẑ) as for the TT.

As we have done previously, we consider the external force acting on the
cylinder to be F = gn ẑ− µgnvA, where vA = νx x̂ is the velocity of the point A.
The equations of motion for the glC have the familiar form:{

ms̈ = F−mgẑ,
L̇ = a× F. (6.1)

Observe that there is no third equation (for 3̂) since the axis 2̂ has constant

direction parallel to ŷ. As the contact criterion ẑ · (s + a)
t≡ 0 determines the

vertical component of s, we reduce these equations to{
mr̈ = −µgnvA,
L̇ = a× F, (6.2)

where r = s− sẑ ẑ is the planar component of the position vector for the CM.
This is a system of only two equations: one for θ and one for νx. We thus

proceed directly to the coordinate form of the equations of motion. Note that
L = Iω = Iθ̇2̂, where I = I2 is the moment of inertia with respect to the axis 2̂
going through CM. We get{

Iθ̈2̂ = Rµgnνx(1− α cos θ)2̂− Rαgn sin θ2̂,
mν̇x x̂ + mRθ̈(1− α cos θ)x̂ + mRαθ̇2 sin θx̂ = −µgnνx x̂.

(6.3)

The equations of motion in the form solved w.r.t. highest derivative are then{
θ̈ = Rµgnνx

I (1− α cos θ)− Rαgn
I sin θ,

ν̇x = R2αgn
I sin θ(1− α cos θ)− µgnνx

mI
(

I + mR2(1− α cos θ)2)− Rαθ̇2 sin θ.
(6.4)
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The quantity gn is determined by differentiating the contact criterion twice and
rearranging, as in (3.34):

gn =
mgI + mRαIθ̇2 cos θ

I + mR2α2 sin2 θ −mR2α sin θ(1− α cos θ)µνx
. (6.5)

We directly see that we can get these equations from the equations of motion for
TT (3.29)-(3.33) in the special case ϕ̇ = ω3 = νy = 0. Another way to phrase this
reduction of the TT equations of motion is that both the Jellett integral λ and the
Routh function D are equal to zero for this system, and the constraint ŷ · ṡ = 0 is
satisfied (since the cylinder does not move in the ŷ-direction). These constraints
are consistent with the equations (3.29)-(3.33).

When we consider the gliding eccentric cylinder, we have three natural spe-
cial cases that are easier to analyze.

a) The noneccentric case α = 0, vA 6= 0.

b) The nongliding case vA = 0, α 6= 0.

c) The nongliding noneccentric case α = 0 and vA = 0.

For these cases we examine the limits vA → 0 and/or α→ 0 within the standard
model and notice that they are different. This indicates that there is some kind
of inconsistency in the standard model.

We consider first the case of the noneccentric cylinder, α = 0. The center of
mass and the geometric center of the cylinder coincides and the vector a reduces
to a = −Rẑ. We use this in (6.2), so the equations of motion become{

Iθ̈ = Rµgnνx,
mν̇x + mRθ̈ = −µgnνx,

(6.6)

and in the solved form: {
θ̈ = R

I µgnνx,
ν̇x = − I+mR2

mI µgnνx.
(6.7)

These two equations imply that mRν̇x + (I + mR2)θ̈ = 0, i.e. mRνx + (I + mR2)θ̇
is constant. This means that LA, the angular momentum at the point of contact,
is constant. We can also obtain these equations by letting α → 0 in (6.3). If we
assume that µ is constant (note here that gn = mg), the system can be solved
explicitly for νx(t) and θ̇(t): νx(t) = νx(0)e−

I+mR2
I µgt,

θ̇(t) = − mR
I+mR2 νx(0)e−

I+mR2
I µgt + 1

I+mR2

(
mRνx(0) + (I + mR2)θ̇(0)

)
.

(6.8)

If we now let vA → 0 in these equations we get the single equation θ̈ = 0, saying
that the cylinder is turning with constant speed. This describes the motion of a
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non-eccentric cylinder rolling without friction.

In the second case we consider equations for a rolling eccentric cylinder. This
means we let vA = 0 in the equations of motion:{

ms̈ = F−mgẑ,
L̇ = a× F. (6.9)

We eliminate F in the second equation to get

(Iω)˙ = a× (ms̈ + mgẑ) = a×
(
−m(ω× a)̇ + mgẑ

)
. (6.10)

So for the Euler angle θ we get the nonlinear equation:

θ̈ =
−mgαR sin θ −mR2αθ̇2 sin θ

I + mR2((α− cos θ)2 + sin2 θ)
, (6.11)

that cannot be solved explicitly for θ. It reduces to the special case of the rolling
noneccentric cylinder θ̈ = 0 if we let α→ 0 in this equation.

An alternative way to get the equations of motion for the rolling eccentric
cylinder is to let vA → 0 in the system (6.3). We then get an equation of motion
and one constraint because of the assumption F = gn ẑ− µgnvA for the external
force acting on A:

Iθ̈ = −Rαgn sin θ, (6.12)

mRθ̈(1− α cos θ) + mRαθ̇2 sin θ = 0. (6.13)

The constraint can be rewritten as
(
θ̇(1− α cos θ)

)̇
= 0, i.e. θ̇(1− α cos θ) is equal

to a constant C.
The value of gn is deduced from the contact criterion as before:

gn =
mgI + mRαIθ̇2 cos θ

I + mR2α2 sin2 θ
. (6.14)

Using the constraint θ̇ = C
1−α cos θ and the expression for gn in equation (6.12) we

get

C2 sin θ

(1− α cos θ)2 =
(mg(1− α cos θ)2 + mRαC2 cos θ)

(I + mR2α2 sin2 θ)(1− α cos θ)2
R sin θ(1− α cos θ). (6.15)

We see after rearranging that this becomes a polynomial equation in cos θ and
sin θ:

sin θ(IC2 + mR2C2α(α− cos θ)−mgR(1− α cos θ)3) = 0. (6.16)

Thus we only get solutions with constant θ when we let νx → 0 in the equa-
tions of motion (6.3) under the standard model. This does not describe rolling
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solutions to the cylinder, and we must consider how this discrepancy can be
addressed with respect to our basic assumptions about the standard model.

As the above calculations have shown, the assumptions about the reaction
force in the standard model leads to untenable conclusions when we let vA = 0.
A model with an external force such that F = gn ẑ seems to be inadequate for
describing rolling solutions to the eccentric cylinder. Our task is to see if the
model could be amended to resolve the problem.

6.1 Nongliding limit for the cylinder

The question arises if there is an alternative way of defining the reaction force
to avoid the contradiction obtained in the limit of vA → 0. A possible attempt
would be to redefine the external force acting on the cylinder at the contact
point A. A natural possibility is to assume that the reaction force is a suitable
modification of the reaction for the pure rolling cylinder and to add to this
expression a friction force of the form −µvA.

The reaction force determined dynamically for a rolling cylinder (vA = 0) is

F = ms̈ + mgẑ = mgẑ−m(ω× a)̇. (6.17)

This force has a vertical component but also a nonzero component in the x̂-
direction. We want to define a reaction force for the rolling and gliding eccentric
cylinder that is consistent with this force when vA goes to zero.

Unlike the equations for the rolling cylinder, where the reaction force is deter-
mined dynamically (6.17), for the rolling and gliding cylinder the ẑ-component
of the force acting at A is determined dynamically but the x̂-component have to
be externally given to make equations fully determined.

Let κ(vA) be a dimensionless parameter dependent on vA, such that κ ↗ 1 as
vA → 0. The reaction force for the gliding and rolling cylinder may be defined
as:

F = g̃n ẑ + mgẑ−mκ(ω× a)̇ − µvA, (6.18)

where it is important to note that g̃n is not the same as the gn used before. For
simplicity, the friction force acting against the gliding velocity is also defined
without the old gn. To check if the, so defined, reaction force can rectify the
problem encountered at the limit vA → 0, we consider the equations of motion
(6.2) with the modified force:{

mr̈ = −mκ(ω× a)̇x̂ − µvA,
L̇ = a× F = a×

(
g̃n ẑ + mgẑ−mκ(ω× a)̇ − µvA

)
,

(6.19)

where the x̂-subscript indicates the x̂-component of the vector. If we let vA → 0
in these equations, we will get the system{

mr̈ = −m(ω× a)̇x̂,
L̇ = a× F = a×

(
mgẑ−m(ω× a)̇

)
,

(6.20)
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since the force F in (6.18) is so constructed that it goes to the reaction force
(6.17) in the limit vA → 0. This implies then that g̃n → 0 as vA → 0. Since
r̈ = −(ω × a)̇x̂ when vA = 0, we see that the first equation disappears and
what we are left with is one equation of motion for the variable θ. This is, of
course, the equation (6.10) for a rolling eccentric cylinder and the problem of
going from a gliding and rolling cylinder equations to a pure rolling cylinder
equations seems to be solved.

The external force is constructed here as a way to make the limiting process
continuous and unambiguous, but we have not specified κ or g̃n, we have only
postulated their required properties.
In the special case of the non-eccentric cylinder the equations of motion for this
new external force will be

θ̈ =
R

I + mκR2 µνx,

ν̇x = − I + mR2

m(I + mκR2)
µνx.

(6.21)

For these equations, the energy will have the derivative

Ė = mκRθ̈νx − µν2
x = − I

I + mκR2 µν2
x < 0. (6.22)

Thus for this special case we find that the energy is decreasing.
But this conclusion does not automatically hold in general. If we differentiate

the energy and use the new form of the external force we get

Ė = F · vA = −mκ(ω× a)̇ · vA − µv2
A = mκR(θ̇(1− α cos θ))̇νx − µν2

x . (6.23)

Here we see that this derivative is not negative for small νx. This is because the
negative term −µν2

x is very small for these νx, but the factor (θ̇(1− α cos θ))̇ is
oscillatory and can be larger than νx. Thus we cannot conclude that the energy
decreases monotonously with this form for the reaction force. This contradicts
our intuition that existence of friction is always decreasing the total energy. With
this model of the reaction force interactions with the supporting plane during
rolling and gliding motion seem to feed the motion of the gliding cylinder with
additional energy. We see however that the energy is constant in the case of pure
rolling eccentric cylinder, since Ė→ 0 as νx → 0.

So in the general case we have mechanically untenable conclusions with this
new type of model for the external force. It remains an open problem how to
address these questions more conclusively.

This discussion of the gliding cylinder equations, which are a special case
of the TT equations, indicate that there exist unclarified inconsistencies in the
standard model of TT. It is a suprising observation since the asymptotic analysis
of the TT equations provides an explaniation for the behaviour of the TT that
qualitively corresponds well to the observed inversion of TT.

The difference between the glC and TT equations is the asymptotic set of
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solutions with the vertical reaction force F = gn ẑ, admitted by both sets of equa-
tions. For glC it is only the static solution θ = constant while the TT equations
admit both the tumbling and the spinning solutions.





Appendix A
Transformation of METT

We show that the METT (4.21) will transform to the MEgHST (5.26) under the
transformation described in chapter 5.

Proposition A.0.1. The METT:

E(t) = g(cos θ)θ̇2 + V(cos θ, D(t), λ), (A.1)

where

g(cos θ) =
1
2

I3(σ((α− cos θ)2 + 1− cos2 θ) + γ), (A.2)

V(z = cos θ, D(t), λ) =
1

2I3d(z)

(
(λ
√

d(z) + R(α− z)D(t))2(σ(α− z)2 + γ)

R2γ2(1− z2)

+ D(t)2(σ(1− z2) + 1) +
2

Rγ
D(t)σ(α− z)(λ

√
d(z) + R(α− z)D(t))

)
+ mgR(1− αz),

(A.3)

and d(z) = γ + σ(α− z)2 + σγ(1− z2) > 0 with parameters σ = mR2

I3
and γ = I1

I3
,

becomes, under the transformation Rα = −l, R→ 0, the MEgHST:

Ẽ(t) =
I∗1 θ̇2

2
+

L2
3̂

2I3
+

(Lẑ(t)− L3̂ cos θ)2

2I∗1 sin2 θ
+ mgl cos θ. (A.4)

Proof: We begin with the easy part; the function

g(cos θ) =
1
2

I3(σ((α− cos θ)2 + 1− cos2 θ)+γ) =
1
2
(mR2(α2 + 1− 2α cos θ)+ I1),

(A.5)
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becomes 1
2 (I1 + ml2) =

I∗1
2 after transformation, so we can direct our attention to

the effective potential V(cos θ, D(t), λ).

The last term of the potential will obviously transform to mgl cos θ, so we

turn instead to the first. We replace D(t) with
I∗1 λ−l
√

I3 I∗1 D(t)
I1R , subtract the extra

terms that appears, and simplify.

(σ(α− z)2 + γ)

2I3d(z)γ2(1− z2)

(
λ
√

d(z)
R

+
R(α− z)D(t)

R

)2

=
(mR2(α− z)2 + I1)

2d(z)I2
1 (1− z2)

[
λ
√

d(z)
R

− R
l

I1√
I∗1 I3

(α− z)

(
I∗1 λ

I1R
−

l
√

I3 I∗1 D(t)
I1R

)

+
R
l

√
I∗1
I3
(α− z)

λ

R

]2

=
I∗1 + 2mlRz + mR2z2

2d(z)I2
1 (1− z2)

[
λ

R

√d(z)−

√
I∗1
I3
(1 +

z
l

R)


+

I1√
I∗1 I3

(1 +
R
l

z)

(
I∗1 λ

I1R
−

l
√

I3 I∗1 D(t)
I1R

)]2

. (A.6)

Using the expansion for
√

d(z), we see that

(I∗1 + 2mlRz + mR2z2)

2d(z)I2
1 (1− z2)

 λ

R

√
I∗1
I3

(
mlz
I∗1

R− z
l

R + O(R2)

)
+

I1√
I3 I∗1

(1 +
R
l

z)Lẑ

2

→
I3 I∗1

2I∗1 I2
1 (1− z2)

lzL3̂

√
I∗1
I3

(
ml
I∗1
− 1

l

)
+

I1Lẑ√
I3 I∗1

2

, (A.7)

since d(z) becomes I∗1
I3

after transformation. After simplifying this expression, it
becomes

(Lẑ − zL3̂)
2

2I∗1 (1− z2)
=

(Lẑ − L3̂ cos θ)2

2I∗1 sin2 θ
. (A.8)

The second term in the effective potential is a little more cumbersome, and we
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first rewrite D(t)2 as

D(t)2 =
R2 I2

1
l2 I∗1 I3

(
I∗1 λ

I1R
−

l
√

I3 I∗1 D(t)
I1R

)2

−
λ2 I∗1
l2 I3

+
2lλ
l2

√
I∗1
I3

D(t)

=
R2 I2

1
l2 I∗1 I3

(
I∗1 λ

I1R
−

l
√

I3 I∗1 D(t)
I1R

)2

−
λ2 I∗1
l2 I3

− 2RλI1

l2 I3

(
I∗1 λ

I1R
−

l
√

I3 I∗1 D(t)
I1R

)
+

2λ2 I∗1
l2 I3

=
R2 I2

1
l2 I∗1 I3

(
I∗1 λ

I1R
−

l
√

I3 I∗1 D(t)
I1R

)2

− 2RλI1

l2 I3

(
I∗1 λ

I1R
−

l
√

I3 I∗1 D(t)
I1R

)
+

λ2 I∗1
l2 I3

.

(A.9)

Multiplying this with σ(1−z2)+1
2I3d(z) = mR2(1−z2)+I3

2I2
3

I∗1
I3

(
1+ 2mlRz

I∗1
+O(R2)

) and letting R→ 0 we get

mR2(1− z2) + I3

2I3 I∗1
(

1 + 2mlRz
I∗1

+ O(R2)
)D(t)2 =

mR2(1− z2) + I3

2I3 I∗1
(

1 + 2mlRz
I∗1

+ O(R2)
) [ R2 I2

1
l2 I∗1 I3

(Lẑ + O(R))2 − 2RλI1

l2 I3
(Lẑ + O(R)) +

λ2 I∗1
l2 I3

]

→ I3

2I3 I∗1

I∗1
I3

L2
3̂ =

L2
3̂

2I3
. (A.10)

Since the two first terms in the bracket tends to zero.
Finally we transform the third term, after rewriting it slightly as

m
I1 I3d(z)

(
R(α− z)λ

√
d(z)D(t) + R2(α− z)2D(t)2

)

=
m

I1 I3d(z)

[
R4(α− z)2 I2

1
l2 I3 I∗1

(
I∗1 λ− l

√
I3 I∗1 D(t)

I1R

)2

−
R2(α− z)2 I∗1 λ2

l2 I3

+
2R2(α− z)2

l

√
I∗1
I3

λD(t) + R(α− z)
√

d(z)λD(t)

]

=
m

I1 I3d(z)

[R(α− z)
√

d(z) +
2R2(α− z)2

l

√
I∗1
I3

 λD(t)+

R4(α− z)2 I2
1

l2 I3 I∗1

(
I∗1 λ− l

√
I3 I∗1 D(t)

I1R

)2

−
R2(α− z)2 I∗1 λ2

l2 I3

]



68 Appendix A Transformation of METT

=
m

I1 I3d(z)

[
− I1Rλ

l
√

I3 I∗1

R(α− z)
√

d(z) +
2R2(α− z)2

l

√
I∗1
I3

( I∗1 λ− l
√

I3 I∗1 D(t)
I1R

)

+
R4(α− z)2 I2

1
l2 I3 I∗1

(
I∗1 λ− l

√
I3 I∗1 D(t)

I1R

)2

+ λ2

R(α− z)
√

d(z)
l

√
I∗1
I3
−

R2(α− z)2 I∗1
l2 I3

]

=
m

I1 I3d(z)

[
λ2

R(α− z)
√

d(z)
l

√
I∗1
I3
−

R2(α− z)2 I∗1
l2 I3


−
(

I1R2(α− z)
√

d(z)
l
√

I3 I∗1
+

2R3(α− z)2 I1

l2 I3

)
λ (Lẑ + O(R))

+
R4(α− z)2 I2

1
l2 I3 I∗1

(Lẑ + O(R))2

]
. (A.11)

Replacing αR with −l and letting R→ 0 in this expression we get

m
I1 I∗1

[
λ2
(
−
(

1 +
Rz
l

)
I∗1
I3

+

(
1 +

2Rz
l

)
I∗1
I3

+ O(R2)

)
+ λ

(
RI1

I3
Lẑ + O(R2)

)
+ O(R2)

]
=

m
I1 I∗1

[
λ2 I∗1 Rz

lI3
+

RI1

I3
λLẑ + O(R2)

]
→ 0. (A.12)

Adding the result for the effective potential with the result for (A.5), we conclude
that METT becomes MEgHST under the transformation .
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