
Exact formulas and limits for a class of random

optimization problems

Johan Wästlund
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EXACT FORMULAS AND LIMITS FOR A CLASS OF

RANDOM OPTIMIZATION PROBLEMS

JOHAN WÄSTLUND

Abstract. We obtain an exact formula for the expected value of the
optimum for a certain class of random combinatorial optimization prob-
lems on bipartite graphs. By applying this formula, we compute the
limit as n → ∞ of the expected value of the minimum 2-factor in the
complete bipartite graph Kn,n with independent exp(1) edge costs. This
limit, approximately 4.0831, is conjectured to be twice the value ob-
tained non-rigorously by W. Krauth, M. Mézard and G. Parisi for the
minimum travelling salesman tour on the complete graph.

1. Introduction

This work is the result of an attempt to apply the methods of [18] and
[33] to the random travelling salesman problem. The travelling salesman
problem, or TSP for short, is probably the most famous of the computational
problems belonging to the class of NP -complete problems. A set of n “cities”
is given, with a table of distances di,j = dj,i between the i:th and j:th cities.
The task is to find the minimum length tour, that passes through each city
once and returns to the starting point. The random point or Euclidean

TSP is a stochastic version of the problem, where the n points are chosen
uniformly and independently in the unit square, or more generally, in the
d-dimensional unit cube. This model was probably first used for testing
various heuristic algorithms, but soon became an object of research in its
own right. If n points are chosen randomly in the d-dimensional unit cube,
then a cube of side n−1/d and volume 1/n contains on average one point.
Hence the typical distance between neighboring points is of order n−1/d.
We expect the average length of a link occurring in the minimum tour to
be only a constant factor larger than this. Hence for fixed d, the length of
the minimum tour is supposed to be proportional to n1−1/d. Proving this
or finding the constant of proportionality has turned out to be extremely
difficult.

S. Kirkpatrick and G. Toulouse [14] suggested that the Euclidean TSP can
be approximated by a random link model where the points are represented
by the vertices of the complete graph Kn, and the distances or lengths
associated with the edges of the graph are taken randomly and independently
from a given distribution. This distribution can be chosen to represent the
typical distance between two points in the d-dimensional cube. Hence the
difference between the random point and random link models is that in the
random link model, dependencies between distances (such as the triangle
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inequality) are eliminated. Experience has shown that the random link
TSP provides a surprisingly good approximation to the Euclidean model
[6, 11, 14, 28].

In the simplest version, the edges of Kn are given independent random
lengths from uniform [0, 1] distribution. Although this corresponds to the
trivial one-dimensional case of the Euclidean model, the random link model
is interesting in itself. We let Ln denote the length of the minimum tour,
in other words, the minimum total length of a cycle that passes through
each vertex exactly once (in the random link model, this need not be the
shortest closed path that visits every vertex). If we believe that the random
link model is a reasonable approximation to the Euclidean model, then in
analogy with the Euclidean d = 1 case, we expect E (Ln) to be bounded as
n → ∞, and in fact this can be proved by a modification of the arguments
in [13] and [32]. Moreover, we expect E (Ln) to have a limit, but this has
not been proved.

In the mid-1980’s, M. Mézard and G. Parisi [20, 21, 22], and W. Krauth
and Mézard [15] studied this limit using the non-rigorous replica and cavity
methods of statistical physics (see also [26, 31]). They obtained a set of
integral equations which could be solved numerically and found that under
reasonable assumptions,

(1) lim
n→∞

E (Ln) ≈ 2.0415.

An equivalent equation was obtained by D. Aldous [2]. A striking explana-
tion for why this number should be close to 2 is given in [28]. On a circle of
perimeter 2, the distance between two randomly chosen points is uniform in
[0, 1]. Therefore the random link approximation to the Euclidean TSP on
the circle is obtained by taking the edge lengths independently from uniform
[0, 1] distribution. Of course the length of the minimum tour on the circle
is equal to the perimeter of the circle, unless all the points happen to lie on
one half of the circle, an event with small probability for large n.

The random link TSP has been an inspiring challenge to researchers from
the various fields of statistical physics, computer science and probability
theory for the last twenty years, and several different methods have been
applied. Although this only makes the problem more attractive, the clash
between the “rigorous” and “non-rigorous” cultures of the mathematics and
physics communities is apparent in the literature. The statement of A. Frieze
[10] that “Up to now there has been almost no progress analysing this prob-
abilistic model of the travelling salesman problem (TSP)” is contrasted with
the comment by Cerf et al [6], “Researchers outside of physics remain largely
unaware of the analytical progress made on the random link TSP”.

Supposing that the limit in (1) exists, let us denote this number by L⋆.
The theoretical result (1) has been tested and found to agree well with
numerical simulations [12, 14, 15, 28, 29, 30]. Unlike the situation for the
analogous minimum spanning tree [5, 7, 8] and matching (or assignment)
problems [2, 18, 24], where the corresponding limits are ζ(3) and ζ(2)/2
respectively, the limit (1) has not been established rigorously. We expect, in
analogy with what is known for the matching and spanning tree problems,
that:
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(1) If the edge lengths are instead taken from some other “reasonable”
distribution on the positive real numbers, like the exponential distri-
bution, then the limit will be L⋆/δ, where δ is the density at zero of
the distribution of the edge lengths. Hence for independent exp(1)
edge costs, the limit should still be L⋆. The explanation for this is
that for large n, we expect only edges of extremely small length to
participate in the solution.

(2) If we replace the complete graph Kn by the complete bipartite graph
Kn,n, then the limit will increase by a factor 2, and we therefore
expect it to be 2L⋆, or approximately 4.083. The intuition behind
this is perhaps best explained from the “local” picture given by the
Poisson weighted infinite tree model [1, 2, 3].

(3) The problem has the property of being “self-averaging” in the sense
that the variance of Ln tends to zero. This means that for large n,
Ln will be close to L⋆ with high probability.

Moreover we expect that also in the bipartite case (as has been proved in
[10] for the complete graph, see also [9, 13]):

(4) The limit cost of a travelling salesman tour is the same as the limit
cost of a 2-factor, that is, a set of edges of which each vertex is
incident to exactly two. The reason for this is roughly speaking that
the minimum 2-factor generally has quite few cycles, and therefore
they can be patched together to form a unique cycle at small extra
cost by using a limited number of short extra edges.

If these properties hold, they give the number L⋆ the character of a “uni-
versal constant” for this type of problem. Although we do not have a proof
of any of these properties, at least (1) and (4) seem to be within the scope
of known methods.

There is a substantial literature on the related random matching (or as-
signment) problem, where the objective is to minimize the total length of a
set of edges of which each vertex is incident to exactly one, see for instance
[2, 4, 18, 20, 21, 23, 24, 27, 32, 33]. In 1985 Mézard and Parisi [20] conjec-
tured that the limit cost of the minimum matching in the complete graph
(on an even number of vertices) with uniform (0,1) edge lengths is π2/12.
This limit was established rigorously by Aldous [2]. There seems to be no
hope for an explicit formula in the “finite n” case in this setting. However, it
was discovered by Parisi [27] that if instead we consider the bipartite graph
with exponential edge lengths, then there is a simple closed formula for the
expected minimum cost. This formula, 1 + 1/4 + · · · + 1/n2, was proved in
[18] and [24].

In this paper we introduce what we believe to be, in a similar way, the
“friendly” analogue of the random TSP. We study the 2-factor problem on
the complete bipartite graph Kn,n. As was mentioned in [21], it is not
immediately clear whether in a solution, two vertices should be allowed to
be connected to each other twice. In our model, the answer is that they can
be connected twice to form a cycle of length 2, but then two distinct edges
between them must be used. Consequently, in the random graph model, we
let each pair of vertices be connected by two distinct edges. The costs of
these edges are distributed like the times of the first two events in a Poisson
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process. Therefore it is natural to consider each pair of vertices to give rise
to an infinite sequence of edges through a Poisson process, although for the
2-factor problem, only the first two edges are relevant.

Although these details are not supposed to matter in the large n limit,
they streamline the analysis so that we are able to obtain an exact formula
analogous to the Parisi formula for the assignment problem (see Section 11).
Using this formula, we show that the limit as n → ∞ of the expected length
of the minimum 2-factor in our model is equal to

∫

∞

0
y dx,

where y is the positive solution to the equation
(

1 +
x

2

)

e−x +
(

1 +
y

2

)

e−y = 1

(see Figure 2). This integral can be evaluated numerically to 4.083096373,
which confirms our belief that it is indeed equal to 2L⋆. Although we are
still unable to prove that this number is the same as the number occurring in
the solution to the integral equations found by Krauth, Mézard and Parisi,
we obtain what is as far as we know the first rigorous result leading to this
number.

In Sections 2–10, we prove the exact formula for a slightly more gen-
eral type of problem, and in Sections 11 and 12, we return to the 2-factor
problem.

2. The edge process and the minimum k-flow problem

We let A and B be finite disjoint sets. To each element of these sets we
associate a positive real number called the weight. The weight of an element
v is denoted w(v). Moreover, to each element v we associate a positive
integer D(v) called the capacity of v. The capacities will specify a certain
type of combinatorial optimization problem as described below.

A bipartite graph with vertex sets A and B and random edge costs is
obtained through a random process called the edge process (in the following,
we refer to the cost rather than the length of an edge). For each pair (a, b)
of vertices with a ∈ A and b ∈ B, a countably infinite set of edges between
a and b is produced by a Poisson process of rate w(a) · w(b). Each of these
edges gets a cost which is equal to the time at which it appears in the
Poisson process. Because of the constraints in the optimization problem,
only a finite number of edges will be relevant to each problem instance.

A flow is a set of edges satisfying the capacity constraints, that is, a set
S of edges such that each vertex v is incident to at most D(v) edges in
S. The cost of a flow is the sum of the costs of its edges. A k-flow is a
flow consisting of k edges. We are interested in the expected value of the
minimum cost k-flow, which we denote by Ek(A,B). There exists a k-flow
if and only if for each of A and B, the sum of the capacities is at least k. In
the following, we always assume that this condition is satisfied.

The minimum k-flow problem can be regarded as a weighted matroid
intersection problem [16] on the set of edges. Polynomial time algorithms
for solving such problems have been known since around 1970.



englishEXACT FORMULAS AND LIMITS 5

When the capacities are 1 at each vertex, the k-flow problem specializes
to the assignment problem. If instead the sets A and B have cardinality n,
and the capacitiy is 2 for every vertex, then a (2n)-flow is the same thing as
a 2-factor.

3. The vertex process

We introduce a different random process that we call the vertex pro-

cess. This corresponds to the Buck-Chan-Robbins urn process [4, 33] for
the assignment problem. Our results are based on establishing connections
between the edge process and the vertex process. The vertex process starts
from the same setup as the edge process, that is, we assume that the sets A
and B, the weights, capacities, and the number k are given.

In the theory of random graphs it is common to consider a random process
where the vertices of a graph are given, and the edges are born at random
times. One can then ask at which point a certain structure arises as a subset
of the set of edges for the first time.

The vertex process is a process of this type that takes place in two-
dimensional time. Each vertex v gives birth to a sequence of free edges

through a Poisson process of rate w(v). A free edge can be thought of as an
arc which is attached to a vertex at only one endpoint, and hence has only
one vertex incident to it.

The processes in A and B take place in two independent directions in
time. Time is represented by the positive quadrant of the x-y-plane. At
a certain point (x, y) in time, x is the amount of time that has elapsed in
A, and y is the amount of time that has elapsed in B. Hence a free edge
is available (“exists”) if either it comes from a vertex in A, and is born in
the interval [0, x], or it comes from a vertex in B and is born in the interval
[0, y].

The definition of a k-flow generalizes to free edges, and even to sets con-
sisting of both free edges and ordinary edges. A set of generalized edges is
a flow if each vertex v is incident to at most D(v) of them.

The quantity that we are primarily interested in is the amount of two-
dimensional time during which there is no k-flow among the free edges avail-
able. To put this more precisely, we let Rk(A,B) denote the region in the
time plane consisting of the points at which there is no k-flow among the free
edges that have been born. Rk(A,B) is a polygon whose shape is something
like the one in Figure 1.

The area of the region Rk(A,B) can be interpreted as the amount of two-
dimensional time that we have to wait until a k-flow occurs in the vertex
process. We let Fk(A,B) denote the expected area of Rk(A,B). Our main
result, proved in Section 10, is the identity

(2) Ek(A,B) = Fk(A,B).

For the assignment problem, i. e. when D(v) = 1 for every v, the identity
(2) specializes to the Buck-Chan-Robbins formula conjectured in [4] and
proved in [33].

Notice that for a given set of free edges, the question whether there exists
a k-flow among them is trivial. For each vertex v, take the minimum of
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x

y

Figure 1. The typical shape of the region Rk(A,B).

D(v) and the number of free edges from v. If the sum of these numbers is
at least k, then there is a k-flow. Otherwise there is no k-flow.

4. Zero cost edges

Following the approach in [18, 33], we condition on a certain set Z of
edges having zero cost in the edge process. By elementary properties of
the Poisson process, this is the same thing as adding a specified set of zero
cost edges, and letting the remaining edges be given costs through the edge
process. In this setting there may be, with positive probability, several
different minimum k-flows that have the same nonzero cost edges, but differ
in their set of zero cost edges.

We let Ek(A,B;Z) denote the expected cost of the minimum k-flow con-
ditioning on the costs of the edges in Z being zero. The following lemma
has occurred in various forms in [18] and [33]. It depends on elementary
properties of the exponential distribution.

Lemma 4.1. Suppose that there is no edge from a to b in Z. Let Z ′ be the

union of Z with an edge from a to b. The expected number of edges between

a and b in the minimum k-flow conditioning on the edges in Z having zero

cost is

w(a)w(b)
(

Ek(A,B;Z) − Ek(A,B;Z ′)
)

.

Proof. The costs of the edges between a and b are the times of the events in
a Poisson process of rate w(a)w(b). They can be written

X1, X1 + X2, X1 + X2 + X3, . . . ,

where X1,X2,X3, . . . are independent exponential random variables of rate
w(a)w(b). Notice that in the minimum k-flow, the number of occurrences
of the variable X1 is equal to the nuimber of edges between a and b. The
statement now follows from Theorem 7.3 of [17]. �

In the vertex process, the corresponding generalization is to consider the
set Z of edges to be born at time (0, 0). At time (x, y), the set of generalized
edges that are available are the edges in Z together with the free edges that
have been born in A up to time x and in B up to time y. We let Z(x, y)
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denote this set of generalized edges. We denote by Rk(A,B;Z) the region
in time for which Z(x, y) does not contain a k-flow, and let Fk(A,B;Z) be
the expected area of Rk(A,B;Z).

We prove the identity (2) by proving the more general identity

(3) Ek(A,B;Z) = Fk(A,B;Z)

through an inductive argument.

5. Alternating paths

We cite some results that form the basis for an algorithm for solving the
minimum k-flow problem from given edge costs. If S is a flow, then an
alternating path with respect to S is a path that alternates between edges
in S and edges not in S. If P is an alternating path, then unless P ends
with an edge not in S to a vertex that has degree in S equal to its capacity,
the symmetric difference S△P is a flow. We say that this flow is obtained
from S by switching the path P . The following results are proved in [16] in
the more general matroid intersection framework.

Lemma 5.1. Let S and T be arbitrary flows. Then the symmetric differ-

ence S△T can be partitioned into edge-disjoint paths and cycles which are

alternating with respect to both S and T , so that if a path ends with an edge

from T , the degree in S of the endpoint is smaller than its capacity.

There are two important consequences of this. We refer to [16] for the
proofs. Let r be an integer such that 0 ≤ r < k.

Lemma 5.2. If an r-flow S is not of minimum cost among all r-flows, then

there is an r-flow of smaller cost that can be obtained from S by switching

a path or cycle of even length, or two paths of odd length, one which ends

with edges in S and one which ends with edges not in S.

Lemma 5.3. If S is a minimum r-flow, then there is a minimum (r + 1)-
flow that can be obtained from S by switching an alternating path of odd

length.

6. Rank, covers and duality

In this section, we cite some results that are relevant both to the edge
process and the vertex process. We therefore state them for generalized
edge sets. If E is a set of generalized edges, then we let rank(E) denote the
maximum size of a flow which is a subset of E.

A generalized edge set E is closed with respect to A if for each a ∈ A
either E contains fewer than D(a) generalized edges incident to a, or E
contains all generalized edges incident to a. A set is closed with respect to
B if this condition holds for the vertices in B.

A cover of E is a pair C = (CA, CB) of generalized edge sets such that CA

is closed with respect to A, CB is closed with respect to B, and E ⊆ CA∪CB.
To each cover C we associate a pair (α, β) of functions A → N and B → N

called the rank functions of C. For every a ∈ A, we let α(a) be the minimum
of D(a) and the degree of a in CA. Similarly for b ∈ B we let β(b) be the
minimum of D(b) and the degree of b in CB .
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The rank of the cover C is the sum of α and β over all a ∈ A and b ∈ B. By
regarding the capacities in A and B as specifying two matroids on the set of
generalized edges, we can apply the Matroid Intersection Duality Theorem
[16] to conclude the following:

Theorem 6.1. The rank of a set E of generalized edges is equal to the

minimum rank of a cover of E. Moreover,
(

⋃

CA,
⋂

CB

)

,

where the union and intersection are taken over all minimum rank covers of

E, is itself a minimum rank cover of E. In other words, among all minimum

rank covers of E, there is one in which CA is maximal and CB is minimal.

The cover in which CA is maximal is called the principal cover of E and
will be denoted C(E) = (CA(E), CB(E)).

7. Conditioning on the minimum r-flow

Suppose that A, B, Z, k, the weights and the capacities are given as above.
Let r be an integer such that rank(Z) ≤ r < k. We want to condition on
the location of the minimum r-flow, and obtain some information about the
location of the minimum (r + 1)-flow. We use an idea which is implicit in
Lemma 5 of [4].

With probability 1, all minimum cost r-flows have the same set of nonzero
cost edges, and we condition on the location of these edges. This will change
the distribution of the edge costs, and introduce dependencies. We make
a certain refinement of the condition, that allows us to control these de-
pendencies and obtain the relevant information about the location of the
minimum cost (r + 1)-flow.

Let Ir be the set of nonzero edges in a minimum r-flow, and let Hr =
Ir∪Z. Let (αr, βr) be the rank functions associated with the principal cover
of Hr. Obviously for each b ∈ B, either β(b) = 0 or β(b) = D(b). If e ∈ Ir,
then rank(Hr \ {e}) < r. Hence there is a minimum rank cover (CA, CB)
where e ∈ CA, and consequently Ir ⊆ CA(Hr).

We wish to determine the distribution of αr+1 conditioning on αr. We
therefore condition on

(1) the cost of all edges in CA(Hr) ∪ CB(Hr), and
(2) for each b ∈ B such that βr(b) = 0, the minimum cost of the edges

incident to b which are not in CA(Hr).

Lemma 7.1. Conditioning on (1) and (2) is a refinement of conditioning

on Ir. In other words, conditioning on Ir, (1) and (2) is the same thing as

conditioning on only (1) and (2).

Proof. Our aim is to show that we can verify from the information (1) and
(2) that Ir is indeed the set of nonzero edges in the minimum r-flow. To
do this, we use Lemma 5.2. Suppose that we condition on (1) and (2), and
that S is an r-flow with nonzero edges Ir. Suppose that S is not a minimum
cost r-flow. Then by Lemma 5.2, S can be improved by switching a single
alternating path of even length, or two alternating paths of odd length. Let
us follow such a path in the direction such that we move from an edge in
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S to an edge not in S by changing the vertex in A and keeping the vertex
in B. We claim that when for the first time this path reaches an edge e
which is not covered by the principal cover of Hr, we may assume that the
path terminates at e, since in the following, it will only replace zero cost
edges by other zero cost edges. There is no rank r cover (CA, CB) of Hr for
which e ∈ CA. Hence by the duality theorem, rank(Z \ CA(Hr) ∪ {e}) =
1 + rank(Z \ CA(Hr)). This means that we can find a maximal set of zero
cost edges in CB(Hr) \CA(Hr) which constitute a flow, such that the union
with {e} is still a flow.

This shows that the proposed improvement of S will use at most one
edge which is not covered by the principal cover of Hr, and it does not
matter to which vertex in A this edge is incident. Hence the existence of
an improvement of S could be verified using only the information (1) and
(2). �

8. Augmenting the minimum flow

We now use a similar argument, but instead consider the augmenting path
that gives a minimum (r + 1)-flow. We condition on (1) and (2) as in the
previous section. A minimum (r + 1)-flow must use at least one edge which
is not covered by the principal cover of Hr. By the same argument as in the
previous section, an alternating path can be considered to stop when for the
first time it reaches an edge which is not covered by the principal cover of
Hr. Hence with probability 1, a minimum (r + 1)-flow will contain exactly
one such edge e. Let b be the endpoint of e in B. The edge e must be the
minimum cost edge among all edges incident to b but not in CA(Hr). Again
by the same argument as in the previous section, it is sufficient to know this
minimum cost for each b in order to determine the minimum cost (r + 1)-
flow. Therefore e is incident to a particular vertex a with α(a) < D(a) with
probability proportional to w(a).

The pair (CA(Hr) ∪ e,CB(Hr)) is a cover of the minimum (r + 1)-flow
of rank r + 1. Hence CA(Hr) ⊆ CA(Hr+1). This means that the principal
cover C(Hr+1) is the principal cover of Z ∪ CA(Hr) ∪ {e}. If we are only
interested in the distribution of the rank function αr+1 conditioning on αr,
we can disregard the vertex in B which is incident to e, and instead suppose
that e is a free edge from a vertex in A which is chosen among the vertices
in A for which α(a) < D(a) with probability proportional to the weights.

9. The participation probability of a generic vertex

In this section we describe the connection between the vertex process and
the edge process by showing how the random process of principal covers
considered in the previous section is reflected in the vertex process.

We follow the vertex process along the x-axis, that is, we consider only
the free edges that are produced in A. For rank(Z) ≤ r ≤ k, we let Zr

be the first set of rank r in the process Z(x, 0), x ≥ 0. We let (α̃r, β̃r) be
the rank functions associated with the principal cover of Zr. The following
claim is the crucial step in the argument, providing the link between the
vertex process and the edge process.
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Theorem 9.1. The distribution of α̃k is the same as the distribution of αk

as defined in the previous section.

Proof. When we pass from Zr to Zr+1, free edges that are produced from
vertices a ∈ A such that α̃r(a) = D(a) will be irrelevant, since they are
covered by the principal cover of Zr and do not contribute to increasing the
rank to r+1. The rank of Z(x, 0) increases from r to r+1 when a free edge
is produced from a vertex a such that α̃r(a) < D(a).

Therefore it follows from the results of the previous section that for each
r with rank(Z) ≤ r < k, the distribution of α̃r+1 conditioning on α̃r is the
same as the distribution of αr+1 conditioning on αr. �

We say that a vertex v is generic if D(v) = 1 and there is no zero cost
edge incident to v. The next two theorems are stated for generic vertices,
although they can easily be generalized to the non-generic case.

Theorem 9.2. Let a ∈ A be a generic vertex. The probability that there is

an edge from a in the minimum k-flow is equal to the probability that there

is a free edge from a in Zk.

Proof. The fact that a is generic means that α(a) = 1 if there is an edge
from a in the minimum k-flow, and α(a) = 0 otherwise. By the previous
results, this is the same thing as the probability that there is a free edge
from a in Zk. �

The region Rk(A,B;Z) will have the shape of a staircase as is shown in
Figure 1, with a set of outer corners. Each outer corner is labeled with a
pair (a, b) of vertices that produce free edges at the point in time defined by
the corner.

Theorem 9.3. The probability that a generic vertex a ∈ A participates in

the minimum k-flow is equal to the probability that there is an outer corner

labeled a in Rk(A,B;Z).

Proof. Let t be the time at which the first free edge from a appears in the
vertex process. Let ǫ > 0 be such that no other free edge is produced in
the vertex process on A between times t − ǫ and t + ǫ. The fact that a is a
generic vertex implies that for every y, regardless of which free edges have
appeared in B up to time y, if rank(Z(t−ǫ, y)) < k, then rank(Z(t+ǫ, y)) =
1 + rank(Z(t− ǫ, y)). This means that provided rank(Z(t− ǫ, 0)) < k, there
must be an outer corner in Rk(A,B;Z) on the line x = t.

By the results above, the probability that a participates in the minimum
k-flow is equal to the probability that rank(Z(t − ǫ, 0)) < k. �

10. The expected value of the minimum k-flow

In this section we prove that

(4) Ek(A,B;Z) = Fk(A,B;Z).

The proof uses induction on k, and for each k, induction from larger Z
to smaller Z, starting from the trivial case that Z contains a k-flow. The
inductive argument shows that the theorem holds whenever A contains a
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large number of generic vertices. To obtain the general result, we finally use
a limit argument, letting the weights of the extra generic vertices tend to
zero.

Lemma 10.1. Let A, B, Z be as usual, and let a ∈ A be a generic ver-

tex. For every b ∈ B, let Zb be the union of Z with an edge from a to

b. If Ek(A,B;Zb) = Fk(A,B;Zb) for every b ∈ B, then Ek(A,B;Z) =
Fk(A,B;Z).

Proof. By Lemma 4.1, the probability that the vertex a participates in the
minimum k-flow can be written

w(a)
∑

b∈B

w(b) (Ek(A,B;Z) − Ek(A,B;Zb)).

From this we can express Ek(A,B;Z) in terms of Ek(A,B;Zb) for b ∈ B
and the participation probability of the vertex a. Hence it suffices to prove
the following lemma. �

Lemma 10.2. The probability that there is an outer corner labeled (a, b) in

Rk(A,B;Z) is equal to

(5) w(a)w(b) (Fk(A,B;Z) − Fk(A,B;Zb)) .

To prove this, we introduce some notation similar to the notation for
the Buck-Chan-Robbins urn process that was used in [33]. The state of
the vertex process on A at a certain time can be described by a function
α : A → N that counts, for each vertex a ∈ A, the number of free edges that
have been produced at a. If α is a function A → N, then PrA(α) denotes
the probability that at some point the vertex process on A reaches the state
α. Similarly, the state of the vertex process on B can be described by a
function β : B → N, and PrB(β) denotes the probability that the vertex
process on B passes through the state β.

A state in the two-dimensional vertex process can be described by a pair
(α, β), and the probability that there is some point in the time-plane at
which the vertex process is in the state (α, β) is the product PrA(α)PrB(β).

Proof of Lemma 10.2. Let ∆ be the set of all states (α, β) of the vertex
process such that there is a k-flow among the free edges together with the
edges in Zb, but not among the free edges together with the edges in Z only.
Then (5) can be written as

w(a)w(b)

w(A)w(B)

∑

(α,β)∈∆

PrA(α)PrB(β).

It follows from Theorem 6.1 (the duality theorem) that ∆ is the set of all
states (α, β) such that the free edges together with Z does not contain a
k-flow, but adding a free edge from either a or b would give a k-flow. This
is precisely the requirement for a point to be an outer corner labeled (a, b):
At some point in the time-plane, the vertex process is in a state (α, β) such
that the free edges together with Z contains no k-flow, but moving up or
to the right in the time-plane, one crosses a line at which a or b produces a
free edge, either of which is sufficient for the existence of a k-flow.
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Hence we get the expected number of outer corners labeled (a, b) by sum-
ming PrA(α)PrB(β) over ∆, times the factor

w(a)w(b)

w(A)w(B)

which is the probability that the next vertex to produce a free edge is a in
A and b in B. �

A k-flow problem with k zero cost edges from distinct vertices in A to
the same vertex b in B can be reduced by deleting b and considering the
(k − D(b))-flow problem on the remaining graph. Next we show that (4) is
consistent with such a reduction. This lemma is analogous to Lemma 7.3 of
[33].

Lemma 10.3. Suppose that for every A, B, Z, and every r < k,

Er(A,B;Z) = Fr(A,B;Z).

Moreover, suppose that Z contains k edges from distinct vertices in A to the

same vertex b ∈ B. Then Ek(A,B;Z) = Fk(A,B;Z).

Proof. Let B′ = B \ {b}, and let Z ′ be the set of edges in Z that are
not incident to b. Every k-flow in (A,B;Z) contains a (k − D(b))-flow in
(A,B′;Z ′). Conversely, every (k−D(b))-flow in (A,B′;Z ′) can be extended
to a k-flow in (A,B;Z) by including extra edges of zero cost. This im-
plies that Ek(A,B;Z) = Ek−D(b)(A,B′;Z ′). Moreover, it also implies that
Fk(A,B;Z) = Fk−D(b)(A,B′;Z ′), since in the vertex process in (A,B;Z),
the edges from b do not contribute to the existence of a k-flow. �

It now follows that (4) holds whenever A contains sufficiently many ele-
ments with capacity 1.

Lemma 10.4. Suppose that for every A, B, Z and every r < k,

Er(A,B;Z) = Fr(A,B;Z).

Moreover, suppose that A contains at least (k − 1)2 + 1 vertices of capacity

1. Then Ek(A,B;Z) = Fk(A,B;Z).

Proof. There must then be either a generic vertex in A or a vertex in B with
at least k zero cost edges from distinct vertices in A incident to it, or a zero
cost k-flow. Hence the statement follows from the previous lemmas. �

We can now prove that (4) holds for every A, B and Z.

Theorem 10.5. For every A, B, Z,

Ek(A,B;Z) = Fk(A,B;Z).

Proof. This is proved in exactly the same way as Theorem 7.5 of [33]. We
extend A to a set A′ by introducing (k−1)2 +1 generic vertices. Then we let
the weights of these elements tend to zero. Clearly the limit of Fk(A

′, B;Z)
is equal to Fk(A,B;Z). By the principle of dominated convergence, the
limit of Ek(A

′, B;Z) is equal to Ek(A,B;Z). �
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11. The random 2-factor problem

We now apply Theorem 10.5 to the minimum 2-factor problem. We con-
sider sets A and B of size n, where all elements have weight 1 and capacity 2.
In this graph, a minimum 2n-flow is the same thing as a minimum 2-factor.
We compute F2n(A,B) by summing over all the states of the vertex pro-
cess. For each state, we compute the expected amount of two-dimensional
time spent in this state by integrating the probability of being in this state
over x and y in the positive quadrant. Since the processes in A and B are
independent, this integral is the product of two one-dimensional integrals.
We obtain the following formula:

∑

i1+2i2+j1+2j2<2n

I(n, i1, i2) · I(n, j1, j2),

where I is defined by

I(n, i1, i2) =
(

n

i1, i2, n − i1 − i2

)
∫

∞

0
(e−x)(n−i1−i2)(xe−x)i1(1 − e−x − xe−x)i2 dx.

Here i1 is the number of vertices with exactly one free edge, and i2 is the
number of vertices with at least two free edges. For given values of n, i1 and
i2, the integral is a rational number that can easily be determined using a
computer program like Maple. We obtain the following expected values for
the 2-factor problem for the first few values of n. Here E(n) denotes the
expected value of the minimum 2-factor in Kn,n with Poisson(1) edge costs.

E(1) = 3

E(2) =
7

2

E(3) =
3581

972
≈ 3.684

E(4) =
626981

165888
≈ 3.779

E(5) =
12953341271

3375000000
≈ 3.838

E(6) =
1526452234799

393660000000
≈ 3.877

We can determine the limit shape of the region R = R2n(A,B) as n → ∞.
We compute the average rank of the set of free edges produced by a vertex
up to time x, that is, the average of the minimum of 2 and the number of
free edges produced. With probability e−x, no free edge is produced. With
probability xe−x, exactly one free edge has appeared, and in the remaining
cases, that is, with probability 1 − e−x − xe−x, at least two free edges have
appeared, so that the rank is two. For large n, the point (x, y) will lie inside
R with high probability if the sum of the average ranks in A and B is smaller
than 2, and will be outside R with high probability if the sum of the average
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Figure 2. The curve (1 + x
2 )e−x + (1 + y

2 )e−y = 1.

degrees is larger than 2. The limit shape of R is therefore given by the
equation

xe−x + 2 (1 − e−x − xe−x) + ye−y + 2 (1 − e−y − ye−y) = 2,

which simplifies to

(6)
(

1 +
x

2

)

e−x +
(

1 +
y

2

)

e−y = 1.

Using the computer program Maple, the area of the region under this
curve can be evaluated as

(7)

∫

∞

0

[

−LambertW
(

−1, (2e−x + xe−x − 2)e−2
)

− 2
]

dx.

Here LambertW(−1, z) is the Lambert W -function, defined as a solution to
the equation WeW = z. For nonzero z, this equation has infinitely many
solutions, and the first argument, here −1, is used to distinguish the different
branches of the W -function.

Theorem 11.1. As n → ∞, E(n) converges to the area of the limit region

R of Figure 2.

Proof. For k ≤ 2n, let Tn(k) be the expected time at which the vertex
process on A (or B) reaches rank k, with the convention Tn(0) = 0. By
linearity of expectation, the expected area of R2n(A,B) is equal to the area

of the region R̃2n given by conditioning on the vertex processes on A and B
actually reaching rank k at exactly time Tn(k) for every k. This region can
be described as follows: We let yn(x) be a piecewise constant function such
that for x in the interval Tn(k) < x < Tn(k + 1), yn(x) = Tn(2n − k). Then

R̃2n is the area under the graph of the function yn(x), and hence

E(n) =

∫

∞

0
yn(x) dx.

By the law of large numbers, yn(x) converges to y(x), where y(x) is the
solution to (6) as n → ∞, and the convergence is uniform in every interval
of the form [ǫ,∞[ for ǫ > 0. It follows that E(n) converges to (7) as n → ∞.

�
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Hence the evaluation of the integral (7) gives, to 20 decimal places,

lim
n→∞

E(n) = 4.08309637282426483609.

12. The probability of using the cheapest edge

In [28], A. Percus and O. Martin discuss the probability that the k:th
cheapest edge (or k:th nearest neighbor link, if we think about the edge
costs as lengths) from a particular vertex participates in the minimum tour.
They suggest a law of exponential decay similar to the one that was observed
in [25] and [11], and proved in [2] for the assignment problem. With our
method we can, just as in [18], compute the probability of using the cheapest
edge in the minimum solution, but we do not obtain any information on the
probability of using the k:th edge for k ≥ 2.

For this purpose we consider the minimum 2-factor problem on Kn,n with
a single zero cost edge e = (a, b). Introducing a zero cost edge e from a
vertex a ∈ A is essentially the same thing as conditioning on e being the
cheapest edge from a, and then subtracting the cost of e from the cost of
all edges from a. Since this will not change the location of the minimum
2-factor, the probability of using the cheapest edge from a particular vertex
in the original (Z = ∅) setting is the same as the probability of using the
zero cost edge in case Z consists of a single edge.

To find this probability, we consider the case Z = {e}, and try to find the
expected number of outer corners in R2n(A,B;Z). This is the same thing as
the expected number of nonzero cost edges in the minimum 2-factor, which
is 2n minus the probability of using the zero cost edge e. In the vertex
process, we can of course disregard the third and subsequent free edges from
each vertex. The region R2n(A,B;Z) will have 2n outer corners only if it
has a “perfect” staircase shape, where the k:th free edge from A is paired
with the (2n + 1 − k):th free edge from B to give an outer corner. This
pattern is disturbed to produce a staircase with only 2n − 1 outer corners
if at some point in the two dimensional time plane only 2n − 1 free edges
have been born, but the edge e can be combined with them to produce a
(2n)-flow. The probability we are seeking is therefore the probability of
such a disturbance. Combining the edge e with all free edges to produce
a flow will be possible if and only if neither a nor b has already produced
two free edges. To find out whether at some point this will give a (2n)-flow,
we only have to look at the point in the time plane where a and b produce
their second free edges. If just before this point, at least 2n − 1 free edges
are available, then the “disturbance” will occur. Asymptotically, this will
happen with high probability exactly when the point (x, y) where a and b
produce their second free edges is outside the limit region shown in Figure
2, that is, when (1 + x/2)e−x + (1 + y/2)e−y < 1. Since each of x and y is
the second event in a Poisson process, they both have density te−t for t ≥ 0.
We therefore compute the integral

∫

R
xye−x−y dxdy

over the limit region R. This gives the asymptotic probability of not us-
ing the cheapest edge. Numerical integration gives the value 0.3725902496
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for this integral, from which we conclude that the probability of using the
cheapest edge is approximately 0.6274097504. As usual, we conjecture that
this holds also in the various other settings such as the TSP on the complete
graph.

Acknowledgment. I thank David Aldous and Giorgio Parisi for helpful
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References

[1] Aldous, David, Asymptotics in the random assignment problem, Probab. Theory Re-
lat. Fields, 93 (1992) 507–534.

[2] Aldous, David, The ζ(2) limit in the random assignment problem, Random Structures
& Algorithms 18 (2001), no 4. 381–418.

[3] Aldous, David, Steele, Michael J., The Objective Method: Probabilistic Combinatorial

Optimization and Local Weak Convergence (2003).
[4] Buck, Marshall W., Chan, Clara S., Robbins, David P., On the expected value of the

minimum assignment, Random Structures & Algorithms 21 (2002), no. 1, 33–58.
[5] Beveridge, A., Frieze, A. and McDiarmid, C., Random minimum length spanning

trees in regular graphs, Combinatorica 18 (1998), 311–333.
[6] Cerf, N. J., Boutet de Monvel, J., Bohigas, O., Martin, O. C. and Percus, A. G., The

Random Link Approximation for the Euclidean Travelling Salesman Problem, Journal
de Physique 7 (1997), 117–136.

[7] Frieze, A. M., On the value of a random minimum spanning tree problem, Discrete
Applied Mathematics 10 (1985), 47–56.

[8] Frieze, A. and McDiarmid, C., On random minimum length spanning trees, Combi-
natorica 9 (1989) 363–374.

[9] Frieze, A. M. and Sorkin, G. B., The probabilistic relationship between the assignment

and asymmetric traveling salesman problems, Proceedings of the 15th Annual ACM-
SIAM Symposium on Discrete Algorithms, Baltimore MD (2001), 652–660.

[10] Frieze, A. M., On random symmetric travelling salesman problems, Mathematics of
Operations Research, Vol. 29, No. 4, November 2004, 878–890.

[11] Houdayer, J., Bouter de Monvel, J. H. and Martin, O. C. Comparing mean field and

Euclidean matching problems, Eur. Phys. J. B. 6 (1998), 383–393.
[12] Johnson, D. S., McGeoch, L. A., and Rothberg, E. E., Asymptotic experimental anal-

ysis for the Held-Karp traveling salesman bound, 7th Annual ACM-SIAM Symposium
on Discrete Algorithms, Atlanta 1996, 341–350.

[13] Karp, R. M., A patching algorithm for the non-symmetric travelling salesman problem,
SIAM Journal on Computing 8 (1979), 561–573.

[14] Kirkpatrick, S., Toulouse, G., Configuration space analysis of travelling salesman

problems, J. Physique 46 (1985), 1277–1292.
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