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A SIMPLE PROOF OF THE PARISI AND
COPPERSMITH-SORKIN FORMULAS FOR THE RANDOM

ASSIGNMENT PROBLEM

JOHAN WÄSTLUND

Abstract. We give a simple and self-contained proof of the Parisi and
Coppersmith-Sorkin formulas for the expected value of the minimum
assignment in a matrix of independent exponential random variables.

1. Introduction

For an n by n matrix of independent identically distributed random vari-
ables, let Cn denote the cost of the minimum assignment, in other words,
the minimum sum of n matrix entries, one in each row and one in each
column. This is a random assignment problem. The study of this type of
problem goes back at least to [8]. In 1979, D. Walkup [28] proved that if
the matrix entries are taken from uniform distribution in [0, 1], then E (Cn)
stays bounded as n →∞. Improved bounds and experimental results were
obtained in [4, 6, 10, 11, 12, 13, 14, 15, 24, 25]. In 1985, Marc Mézard and
Giorgio Parisi [18] applied ideas from statistical physics and showed non-
rigorously that E (Cn) → π2/6 as n → ∞. This approach was continued
in [19, 20, 21], and in 2000 the limit was established rigorously by David
Aldous [1, 2]. It eventually became clear that the analysis is greatly simpli-
fied if the matrix entries are exponentially distributed, and that this does
not change the asymptotic behaviour in the large n limit. In 1998, Parisi
conjectured [26] that for exponential distribution,

(1) E (Cn) = 1 +
1
4

+
1
9

+ · · ·+ 1
n2

.

Don Coppersmith and Gregory Sorkin [6] suggested that (1) can be gen-
eralized to the minimum sum of k entries, no two in the same row or column,
a k-assignment, in an m by n matrix. We let Ck,m,n denote this minimum
sum. Coppersmith and Sorkin conjectured that

(2) E (Ck,m,n) =
∑
i,j≥0
i+j<k

1
(m− i)(n− j)

.

It is easily proved by induction on n that (2) reduces to (1) in the k = m = n
case (see Theorem 4.1 below). Further generalizations and verification of
special cases were given in [3, 5, 7, 9, 16]. Of particular interest is the paper
[5] by Marshall Buck, Clara Chan and David Robbins. They generalized
the problem setting to exponential matrix entries of different rates, an idea
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whose power has so far not been fully appreciated. The formulas (1) and (2)
were proved in 2003 independently by Svante Linusson and the author [17]
and by Chandra Nair, Balaji Prabhakar and Mayank Sharma [22]. Further
generalizations have been established in [29, 30].

The purpose here is to give a simple and self-contained proof of (2), and
thereby of (1). This proof shows that, contrary to what was believed at the
time, the methods of [5] are in principle strong enough to establish these
formulas.

2. Properties of the extended matrix

We say that a random variable X is exponential of rate w if Pr(X >
t) = e−wt for every t ≥ 0, or equivalently, X has density we−wx for x ≥ 0.
This distribution is characterized by the “memorylessness” property that
for every t ≥ 0,

(3) E (X − t |X > t) =
1
w

.

We consider the k-assignment problem in an m by n matrix of exponential
entries Xi,j of rate 1. We extend the matrix by introducing an extra row
whose entries Xm+1,1, . . . , Xm+1,n are exponential variables of rate w. All
matrix entries are independent. We can think of the entries in the extra row
as being generated from a set of rate 1 exponential variables Y1, . . . , Yn by
setting

Xm+1,j =
Yj

w
.

We let C?
k,m,n denote the cost of the minimum k-assignment in the ex-

tended matrix. We first study the way this cost depends on a particular
entry in the extra row, say the last one. If we condition on all matrix en-
tries except Xm+1,n, then there is a unique nonnegative number t that we
call the participation threshold, with the property that Xm+1,n belongs to
the minimum k-assignment if Xm+1,n < t, but not if Xm+1,n > t. For the
moment, let C(x) denote the cost of the minimum assignment on setting
Xm+1,n = x. Then

C(x)− C(0) =

{
x, if x < t,

t, if x > t.

Since the participation threshold t is independent of Xm+1,n, we can average
over all matrix entries, to find that

E
(
C?

k,m,n

)
−E

(
C?

k,m,n|Xm+1,n = 0
)

= E (Xm+1,n)− Pr(Xm+1,n > t) ·E (Xm+1,n − t |Xm+1,n > t)

=
1
w
− Pr(Xm+1,n > t) · 1

w
=

1
w

(1− Pr(Xm+1,n > t))

=
1
w

Pr(Xm+1,n < t).

Here Pr(Xm+1,n < t) is the participation probability of Xm+1,n, that is,
the probability that Xm+1,n participates in the minimum k-assignment. If
we denote the participation probability of Xm+1,n by Pm+1,n, we have
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(4) E
(
C?

k,m,n

)
−E

(
C?

k,m,n|Xm+1,n = 0
)

=
1
w

Pm+1,n.

This equation, which is derived from (3) by elementary algebraic oper-
ations, was known already in [16]. Moreover, an exact formula for Pm+1,n

was given by Buck, Chan and Robbins in the paper [5], of which a preprint
was avaliable already in 2000. For some reason nobody noticed that from
here, all one has to do in order to prove (1) and (2) is to let w tend to zero.
Therefore the problem remained unsolved for several years, until it was set-
tled by complicated methods in [17] and [22]. Perhaps it seemed ridiculous
to introduce a set of extra variables governed by a parameter w, and then
remove them by letting w vanish. It was hard to believe that this would give
any new information about the problem, and yet it solves it completely.

The asymptotic behaviour of the left hand side of (4) is given by the
following lemma.

Lemma 2.1. When w → 0, we have

(5) E
(
C?

k,m,n

)
→ E (Ck,m,n)

(6) E
(
C?

k,m,n|Xm+1,n = 0
)
→ E (Ck−1,m,n−1) .

Proof. We fix the ordinary matrix entries Xi,j , (i ≤ m), and the variables Yj .
This is a “point” in the probability space (recall that Xm+1,j = Yj/w). We
then prove pointwise convergence as w → 0. This convergence is obviously
“dominated” by the limit. From the principle of dominated convergence,
we can therefore infer convergence in expected value from pointwise conver-
gence.

In (5), pointwise convergence is obvious. As w → 0, the matrix entries
in the extra row will tend to infinity while the rest of the matrix entries
remain constant. For sufficiently small w, none of the entries in the last
row will participate in the minimum k-assignment. Hence the minimum
k-assignment in the extended matrix will be equal to that of the original
matrix.

In (6), we condition on Xm+1,n = 0, and similarly conclude that for suffi-
ciently small w, no entry in the last row other than Xm+1,n will participate in
the minimum k-assignment. This in turn implies that Xm+1,n must partici-
pate, and that therefore the minimum k-assignment in the extended matrix
has the same cost as the minimum (k − 1)-assignment in the submatrix
obtained by deleting the last column in the original matrix. �

3. A formula for the participation probability

From (4) and Lemma 2.1, we conclude that

(7) E (Ck,m,n)−E (Ck−1,m,n−1) = lim
w→0

1
w

Pm+1,n.

If we can find a closed expression for the right hand side, we can obvi-
ously prove (2) by induction on k. An exact formula for Pm+1,n is given
by Lemma 5 and Theorem 4 of [5]. Since (7) was overlooked, this result
was considered of minor importance. Therefore the proof given by Buck,
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Chan and Robbins, although essentially correct, is rather sketchy. Two dif-
ferent proofs have been given in [29] and [30], but these are more general
and also more complicated. We give a proof here in order to keep the pa-
per self-contained. It relies on the following lemma, which is equivalent to
the Nesting Lemma of [5]. This lemma is well-known, although I do not
know who proved it first. Variations of it can be found in any textbook on
combinatorial optimization.

To simplify the discussion, we assume that the matrix is generic in the
sense that no two distinct assignments have the same cost. This will allow
us to talk about the minimum assignment, without specifying what happens
in case there are several minimum assignments. When the matrix entries
are independent random variables of continuous distribution, the matrix is
generic with probability 1.

Lemma 3.1. Let 0 ≤ r < k, and consider a generic m by n matrix of real
numbers. Let Tr be the minimum cost r-assignment, and Tr+1 the minimum
cost (r+1)-assignment. Then every row that contains an element of Tr also
contains an element of Tr+1.

Proof. Let S be the symmetric difference Tr4Tr+1 of matrix positions that
belong to exactly one of Tr and Tr+1. We can go from one position to another
by a rook move if they are in the same row or in the same column. Since each
row and each column contains at most two elements of S, each component of
S under rook moves is a path or a cycle. Suppose for a contradiction that S
has more than one component. Then it is possible to find a set S′ ⊆ S which
is disconnected from the rest of S and that has equally many elements from
Tr and Tr+1. Then T ′

r = Tr4S′ is an r-assignment, and T ′
r+1 = Tr+14S′

is an (r + 1)-assignment. In the generic case, Tr ∩ S′ and Tr+1 ∩ S′ cannot
have the same cost. Therefore either T ′

r has smaller cost than Tr, or T ′
r+1

has smaller cost than Tr+1, a contradiction.
Hence S consists of only one component, and this is a path whose end-

points belong to Tr+1. The statement follows. �

If a row contains an element of the minimum k-assignment, then there
is a unique r in the interval 0 ≤ r < k such that the row does not contain
any element of the minimum r-assignment, but contains an element of the
minimum (r + 1)-assignment. We want to find the probability of this for
each r. We cite one more basic property of the exponential distribution.

Lemma 3.2. Let X1, . . . , Xn be independent exponential random variables
of rates a1, . . . , an respectively. Then the probability that Xi is the smallest
of them is

ai

a1 + · · ·+ an
.

Moreover, this probability stays the same if we condition on the value of
min(X1, . . . , Xn).

Proof. Let c ≥ 0, and let ε be a small positive number. The probability that
Xi lies in the interval [c, c+ε], and that Xj > c for all j 6= i, is asymptotically
ε · ai · e−(a1+···+an)c as ε → 0. This is proportional to ai, from which the
statement follows. �
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Lemma 3.3. Suppose that the minimum r-assignment does not contain
any element of the last row. Conditioning on this, the probability that the
minimum (r + 1)-assignment contains an element of the last row is

(8)
w

m− r + w
.

Proof. We may without loss of generality assume that the minimum r-
assignment contains elements from the first r rows. We first introduce an
equivalence relation on generic non-random m + 1 by n matrices of nonneg-
ative real numbers. Let x = (xi,j) be such a matrix, and suppose (just for
convenience of notation) that the minimum r-assignment contains elements
of the first r rows. Let xp,q be the entry of the minimum (r + 1)-assignment
which is in a new row. Clearly xp,q = min(xi,q, i > r).

Suppose y = (yi,j) is another matrix. We say that x ≡ y if (1) yi,j = xi,j

for all i, j except when i > r and j = q, and (2) min(yi,q, i > r) = xp,q. If x ≡
y, then it follows from the nesting lemma that the minimum 1, 2, . . . , (r−1)-
assignments are the same in y as in x, and that the minimum r-assignments
are the same except possibly for the entry xp,q, which corresponds to the
minimum of yr+1,q, . . . , ym+1,q. This shows that the relation ≡ is indeed an
equivalence relation.

Now we consider the random matrix X, and condition on X belonging
to a particular equivalence class. The probability that the minimum (r +
1)-assignment in X contains an element of the last row is equal to the
probability that Xm+1,q is the minimum of Xi,q where q is as above and
r < i ≤ m + 1. By Lemma 3.2, this probability is given by (8). �

It follows that the probability that the last row participates in the mini-
mum k-assignment is

1− m

m + w
· m− 1
m− 1 + w

. . .
m− k + 1

m− k + 1 + w
=

1−
(
1 +

w

m

)−1
. . .

(
1 +

w

m− k + 1

)−1

=(
1
m

+
1

m− 1
+ · · ·+ 1

m− k + 1

)
w + O(w2),

as w → 0. The probability that a particular entry in the last row participates
is 1/n times this. Therefore

lim
w→0

1
w

Pm+1,n =
1
n
·
(

1
m

+
1

m− 1
+ · · ·+ 1

m− k + 1

)
.

We conclude from (7) that

(9) E (Ck,m,n) = E (Ck−1,m,n−1) +
1

mn
+

1
(m− 1)n

+ · · ·+ 1
(m− k + 1)n

.

4. The Parisi and Coppersmith-Sorkin formulas

From (9), the Parisi and Coppersmith-Sorkin formulas are easily derived.
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Theorem 4.1 (The Parisi and Coppoersmith-Sorkin formulas).

(10) E (Ck,m,n) =
∑
i,j≥0
i+j<k

1
(m− i)(n− j)

,

(11) E (Cn,n,n) = 1 +
1
4

+
1
9

+ · · ·+ 1
n2

.

Proof. The Coppersmith-Sorkin equation (10) follows immediately from (9)
by induction on k. Then the Parisi equation (11) follows by induction on n:

(12) E (Cn+1,n+1,n+1)−E (Cn,n,n) =
1

1 · (n + 1)
+

1
2 · (n + 1)

+ · · ·+ 1
(n + 1)2

+
1

(n + 1) · n
+ · · ·+ 1

(n + 1) · 1

−
(

1
1 · n

+
1

2 · (n− 1)
+ · · ·+ 1

n · 1

)
=

1
(n + 1)2

,

since for i = 1, . . . , n, the terms
1

i · (n + 1)
+

1
(n + 1) · (n + 1− i)

− 1
i · (n + 1− i)

cancel. �
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[19] Mézard, M. and Parisi, G., Mean-field equations for the matching and the travelling
salesman problems, Europhys. Lett. 2 (1986) 913–918.
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Kungl Tekniska Högskolan, Stockholm, Sweden, (1992).

[25] Pardalos, P. M. and Ramakrishnan, K. G., On the expected optimal value of ran-
dom assignment problems: Experimental results and open questions, Comput. Optim.
Appl. 2 (1993), 261–271.

[26] Parisi, Giorgio, A conjecture on random bipartite matching,
arXiv:cond-mat/9801176, 1998.

[27] Talagrand, Michel, Concentration of measure and isoperimetric inequalities in product

spaces, Inst. Hautes Études Sci. Publ. Math. 81 (1995), 73–205.
[28] Walkup, D. W., On the expected value of a random assignment problem, SIAM J.

Comput., 8 (1979), 440–442.
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