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Abstract

We obtain exact formulas for all moments of the cost Cn of the
minimum assignment in the complete bipartite graph Kn,n with inde-
pendent exp(1) edge costs. In particular we prove that as n tends to
infinity, the variance of Cn is c/n + O(1/n2), where c = 4ζ(2)− 4ζ(3),
or approximately 1.7715.

1 Introduction

Suppose that the edges of the complete bipartite graph Kn,n are assigned
independent exp(1)-distributed costs. Let Cn denote the cost of the minimum
complete matching, or assignment, in other words, the minimum total cost
of n edges of which no two share a vertex. David Aldous [1, 2] proved in
2001 that as n → ∞,

E (Cn) → ζ(2), (1)

thereby resolving a long-standing conjecture [12, 13].
In this article we focus on the variance of Cn, but our results apply to

all moments. In particular we obtain an independent proof of (1). It is
relatively easy to see that var (Cn) ≥ 1/n, see for instance [3]. In 1995,
Michel Talagrand [17] proved that

var (Cn) ≤
K(log n)4

n(log log n)2
, (2)
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for some constant K. Until now, these bounds have not been improved (the
lower bound has received little attention). Several authors [2, 3, 15] have been
convinced that the variance is of order 1/n. Sven Erick Alm and Gregory
Sorkin [3] and Chandra Nair [15] have further suggested that the variance
should be asymptotically 2/n. By establishing (5) below, we verify that the
variance is of order 1/n, but refute the more precise conjectures of [3, 15].

An exact formula for E (Cn), conjectured by Giorgio Parisi in [16] and
proved by Svante Linusson and the author [11] and by Chandra Nair, Balaji
Prabhakar and Mayank Sharma [14] states that

E (Cn) = 1 +
1

4
+

1

9
+ · · ·+ 1

n2
. (3)

We show that there are formulas similar to (3) for the higher moments of
Cn. In particular we derive the following explicit formula for the variance
(Theorem 6.2):

var (Cn) = 5 ·
n
∑

i=1

1

i4
− 2 ·

(

n
∑

i=1

1

i2

)2

− 4

n + 1
·

n
∑

i=1

1

i3
. (4)

Since 5ζ(4) = 2ζ(2)2 = π4/18, the first two terms of (4) essentially cancel
as n → ∞. When we take the terms of order 1/n into account, we find
(Theorem 7.1) that

var (Cn) =
4ζ(2) − 4ζ(3)

n
+ O

(

1

n2

)

. (5)

Since 4ζ(2) − 4ζ(3) ≈ 1.7715, the variance is actually slightly smaller than
was conjectured in [3, 15].

Similar results have been obtained for the related random minimum span-
ning tree problem. Let the edges of the complete graph Kn have independent
exp(1) costs, and let Tn denote the cost of the minimum spanning tree. In
1985 Alan Frieze [6] showed that as n → ∞, E (Tn) → ζ(3). A theorem of
Svante Janson [9], completed by some calculations in [21], shows that

√
n (Tn − ζ(3))

d−→ N(0, 6ζ(4) − 4ζ(3)),

that is, the distribution of Tn is asymptotically Gaussian with variance
var (Tn) ∼ (6ζ(4) − 4ζ(3))/n.
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There is a remarkable pattern emerging here. In the recent papers [7, 8],
Remco van der Hofstad, Gerard Hooghiemstra and Piet Van Mieghem study
the cost Wn of the shortest path tree in the complete graph Kn+1 where a
certain vertex is distinguished as the root. The shortest path tree is the
spanning tree consisting of all edges that belong to the shortest path from
the root to some other vertex. In [7] it is proved that E (Wn) too is equal to
(3), and in [8] that Wn is asymptotically Gaussian with variance ∼ 4ζ(3)/n.
What is particularly interesting from our point of view is the following exact
formula which strongly resembles (4).

var (Wn) =
4

n + 1
·

n
∑

i=1

1

i3
+ 4 ·

n
∑

i=1

1

i3

i
∑

j=1

1

j
− 5 ·

n
∑

i=1

1

i4
. (6)

The calculations in Section 6 that finally lead to (4) are remarkably similar
to those leading to (6), and we actually use several identities from Appendix
A of [8].

In principle, our results completely characterize the distribution of Cn for
every n. The following asymptotic normality conjecture therefore seems to
be within reach, but we do not consider it further in this paper.

Conjecture 1.1. As n → ∞,

√
n (Cn − ζ(2))

d−→ N(0, 4ζ(2)− 4ζ(3)).

2 The weighted incomplete assignment prob-

lem

As was suggested by Don Coppersmith and Gregory Sorkin [5], we consider
incomplete assignment problems. We let the edges of the complete bipartite
graph Km,n have independent exponential costs. A k-assignment is a set of
k edges of which no two share a vertex. We let Ck,m,n denote the cost of the
minimum k-assignment. Coppersmith and Sorkin conjectured that

E (Ck,m,n) =
∑

i,j≥0
i+j<k

1

(m − i)(n − j)
. (7)

This was proved in [11] and [14], and it is not hard to show that (7) specializes
to (3) when k = m = n.
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Figure 1: The typical shape of the region Rk(A, B).

In [4], Marshall Buck, Clara Chan and David Robbins introduced weighted

random assignment problems. We let A and B be the vertex sets of the
bipartite graph, and assign a positive real number w(v) called the weight to
each vertex v ∈ A ∪ B. The edge (a, b) gets a cost which is exponential
of rate w(a)w(b) (that is, the density is w(a)w(b)e−w(a)w(b)t for t ≥ 0) and
independent of all other edge costs. Buck, Chan and Robbins studied the
distribution of the cost Ck(A, B) of the minimum k-assignment. Their main
conjecture, which was proved in [18], is a formula for E (Ck(A, B)). This
formula is conveniently interpreted in terms of an urn process which was
introduced in [4] and developed further in [18, 19]. Two urns, which we
call Urn A and Urn B, contain balls labeled with the elements of A and
B respectively. The balls are drawn from the urns at independent random
times. The ball labeled v is drawn at a time which is exponential of rate
w(v). The processes on A and B take place in independent directions in
time, so we think of time as two-dimensional. We let Rk(A, B) be the region
in the positive quadrant of the time-plane at which a total of fewer than k
balls have been drawn. In other words, a point (x, y) with x, y ≥ 0 belongs
to Rk(A, B) if the number of balls drawn from Urn A in the interval [0, x]
plus the number of balls drawn from Urn B in the interval [0, y] is smaller
than k. Figure 1 is taken from [19] and shows the typical shape of Rk(A, B).
In this example there are four “outer corners” (see [19]), which indicates that
k = 4.

The main conjecture of [4] which was proved in [18] can be stated as
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follows:

Theorem 2.1.

E (Ck(A, B)) = E (area(Rk(A, B))) .

This theorem was reproved and generalized in [19] with a slightly different
method. Theorem 5.2 below is a generalization to higher moments. At the
same time, it provides the most streamlined proof of Theorem 2.1 so far.

It is easy to see that although the mean value is the same, the area
of Rk(A, B) does not have the same distribution as Ck(A, B). Already for
k = 1, the area of R1(A, B) is the product of two independent exponential
variables, while C1(A, B) is exponentially distributed. It is natural to ask
whether there is some quantity defined in terms of Rk(A, B) whose mean
value is the same as the mean value of Ck(A, B)2. The answer is given by
the following theorem, which provides an exact formula for the variance of
Ck(A, B). We say that two points in the x-y-plane lie in decreasing position if
one of them has greater x-coordinate and the other has greater y-coordinate.

Theorem 2.2. Let R2
k(A, B) denote the set of pairs of points (x1, y1), (x2, y2)

belonging to Rk(A, B) which either lie in decreasing position, or both belong to

Rk−1(A, B). Then the mean value of the four-dimensional Lebesgue measure

of R2
k(A, B) is the same as the mean value of Ck(A, B)2.

In Section 5, we generalize this to all higher moments of Ck(A, B).

3 An independence theorem

In this section we extract the key combinatorial properties of the random
assignment problem. These are formulated in Theorem 3.4. We first establish
Lemmas 3.1–3.3. In these lemmas, we condition on the edge costs. We let
b0 be an arbitrary vertex in B. Let µ be the minimum (k − 1)-assignment in
(A, B \ b0), that is, in the induced subgraph obtained by deleting the vertex
b0. Let ν be the minimum k-assignment in (A, B). Consider the symmetric
difference δ = µ△ν of µ and ν. Being a symmetric difference of assignments,
δ is a union of paths and cycles. We here assume for convenience that no two
distinct assignments have the same cost. Since in the probabilistic setting,
the edge costs are independent random variables of continuous distribution,
this condition holds with probability 1.
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Lemma 3.1. There is exactly one path of odd length in δ. This path starts

and ends with edges in ν. There is also possibly one other component, a

path of even length with one endpoint at b0 and the other endpoint at another

vertex in B.

Proof. Suppose that δ has a component δ1 with an even number of edges.
Then ν△δ1 is a k-assignment, and hence must have greater cost than ν.
Consequently µ△δ1 is a (k − 1)-assignment of smaller cost than µ. Since µ
is minimal in (A, B \ b0), δ1 must contain an edge incident to b0. Hence δ1 is
a path with one end in b0, and the other at another vertex of B. Moreover
there can be only one such component of δ.

Suppose (for a contradiction) that there is a component δ2 of δ which
is a path with an odd number of edges starting an ending with edges of µ.
Then there must be (at least) two paths of δ with excess of edges from ν,
that is, paths with an odd number of edges starting and ending with edges
from ν. At most one of these can involve the vertex b0. Let δ3 be such a
path which does not contain any edge incident to b0. Then ν△(δ2 ∪ δ3) is a
k-assignment, and µ△(δ2 ∪ δ3) is a (k − 1)-assignment in (A, B \ b0). Either
ν△(δ2 ∪ δ3) has smaller cost than ν, or µ△(δ2 ∪ δ3) has smaller cost than µ,
a contradiction.

We let Aµ and Aν be the sets of vertices in A that are incident to some
edge in µ, ν respectively.

Lemma 3.2. Aµ ⊆ Aν , and consequently Aν \ Aµ is a singleton set.

Proof. With the notation of Lemma 3.1, we have ν = µ△δ, and there is only
one vertex not in Aµ which is incident to some edge in δ.

The following well-known lemma can be proved in a similar way, see [10].

Lemma 3.3. Let µ′ be a non-minimal (k − 1)-assignment in (A, B \ b0).
Then there is a (k − 1)-assignment µ′′ in (A, B \ b0) of smaller cost than µ′

such that Aµ′′ \ Aµ′ contains at most one vertex.

We now return to the probabilistic setting, and let the edge costs be
independent exponential variables with rates given by the vertex weights.
We still define µ and ν as above, but these assignments are now themselves
random variables. We let aν be the element of Aν \ Aµ. In the following, if
S is a set of vertices, w(S) denotes the sum of their weights.
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Theorem 3.4. If we condition on Aµ and the cost of µ, then the cost of ν
is independent of aν, and aν is distributed on A \ Aµ according to the vertex

weights, in other words, for a ∈ A \ Aµ,

Pr(aν = a) =
w(a)

w(A \ Aµ)
,

.

Proof. We condition on

1. the costs of all edges from vertices in Aµ, and

2. for each b ∈ B, the minimum cost of all edges from A \ Aµ to b.

It follows from Lemmas 3.2 and 3.3 that Aµ and the costs of µ and ν are
determined by 1 and 2. Moreover, ν is determined except for the vertex
aν . Let b ∈ B be the vertex (determined by 1 and 2) such that (aν , b) ∈ ν.
By well-known properties of the exponential distribution, the location of the
minimum cost edge from A \ Aµ to b is distributed according to the vertex
weights in A \ Aµ, and the value of the minimum cost is independent of its
location.

4 A recursive formula

If T ⊆ A, then we let Ik(T, A, B) be the indicator variable for the event that
the minimum k-assignment in (A, B) contains edges incident to each vertex in
T . To get an inductive argument going, we study E

(

Ck(A, B)N · Ik(T, A, B)
)

for k-element sets T . We obtain a recursive formula for this, and we get the
N :th moment E

(

Ck(A, B)N
)

by summing over all k-element subsets T of A.
We use a method that was introduced in [20]. The vertex set A is extended

to a set A⋆ = A∪ {a⋆} by introducing a special auxiliary vertex a⋆ of weight
w⋆. We study the asymptotical properties of the random assignment problem
on (A⋆, B) in the limit w⋆ → 0. If a⋆ ∈ T , then as w⋆ → 0, E (Ik(T, A⋆, B))
is of order w⋆. If f is a random variable defined on the space of edge costs
of (A⋆, B), and E (f) is of order w⋆ as w⋆ → 0, then we let E

⋆ (f) be the
normalized limit of the expectation of f , that is,

E
⋆ (f) = lim

w⋆→0

1

w⋆
E (f).
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The normalized limit measure can be realized as follows: The points in the
measure space are assignments of costs to the edges from a⋆ such that one
edge (a⋆, b) has a positive real cost, and all other edges have cost ∞. For each
b, these assignments of costs are measured by w(b) times Lebesgue measure
on [0,∞). The union of these spaces over all b ∈ B forms a measure space
which has infinite measure and hence is not a probability space. The measure
given by E

⋆ is the product of this measure with the probability measure on
the remaining edges of the graph.

Let f be a differentiable function defined on [0,∞), and suppose that for
every c > 0, f(t)e−ct → 0 as t → ∞ so that the various expected values we
consider in the following are all well-defined. We are primarily interested in
the functions f(t) = tN for positive integers N . Let S be a (k − 1)-element
subset of A. For b ∈ B, let Ib be the indicator variable for the event that
the minimum k-assignment in (A⋆, B) contains the edge (a⋆, b) as well as an
edge from every vertex in S. Then

Ik(S ∪ a⋆, A⋆, B) =
∑

b∈B

Ib.

We first prove the following identity:

Lemma 4.1. For every b ∈ B,

E (f(Ck(A, B)) · Ik−1(S, A, B \ b))

= E (f(Ck−1(A, B \ b)) · Ik−1(S, A, B \ b))

+
1

w(b)
· E

⋆ (f ′(Ck(A
⋆, B)) · Ib) . (8)

Proof. We wish to compute E
⋆ (f ′(Ck(A

⋆, B)) · Ib) by integrating over the
space of assignments of costs to the edges from the auxiliary vertex a⋆.
Clearly the contribution from the cases where (a⋆, b) has infinite cost is zero.
We therefore let x denote the cost of the edge (a⋆, b), and suppose that all
other edges from a⋆ have infinite cost.

We first condition on all edge costs in (A, B). Now f ′(Ck(A
⋆, B)) · Ib is

the derivative of f(Ck(A
⋆, B)) · Ik−1(S, A, B \ b) with respect to x. Since the

measure given by w(b)−1
E

⋆ is just Lebesgue measure on [0,∞), it follows
from the fundamental theorem of calculus that the term

1

w(b)
· E

⋆ (f ′(Ck(A
⋆, B)) · Ib)
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is the difference of

f(Ck(A
⋆, B)) · Ik−1(S, A, B \ b)

evaluated at x = ∞ and at x = 0. When x = ∞, Ck(A
⋆, B) = Ck(A, B),

and when x = 0, the minimum (k − 1)-assignment in (A, B \ b) can be
completed to a k-assignment in (A⋆, B) at zero extra cost, and therefore
Ck(A

⋆, B) = Ck−1(A, B \ b). The identity (8) now follows by averaging over
all edge costs in (A, B).

Next we derive an identity that allows us to recursively compute the
expected value of f(Ck(A, B)) · Ik(T, A, B) for a k-element set T .

Theorem 4.2. Let T be a k-element subset of A. Then

E (f(Ck(A, B)) · Ik(T, A, B))

=
∑

a∈T

w(a)

w(T ∪ a)

∑

b∈B

w(b)

w(B)
E (f(Ck−1(A, B \ b)) · Ik−1(T \ a, A, B \ b))

+
1

w(B)

∑

a∈T

w(a)

w(T ∪ a)
E

⋆ (f ′(Ck(A
⋆, B)) · Ik(T \ a ∪ a⋆, A⋆, B)) . (9)

Proof. After multiplying both sides of (8) by w(b) and summing over b ∈ B
we obtain

∑

b∈B

w(b)E (f(Ck(A, B)) · Ik−1(S, A, B \ b))

=
∑

b∈B

w(b)E (f(Ck−1(A, B \ b)) · Ik−1(S, A, B \ b))

+ E
⋆ (f ′(Ck(A

⋆, B)) · Ik(S ∪ a⋆, A⋆, B)) . (10)

If T is a k-element set then from Theorem 3.4 it follows that for every b,

E (f(Ck(A, B)) · Ik(T, A, B)) =
∑

a∈T

w(a)

w(T ∪ a)
E (f(Ck(A, B)) · Ik−1(T \ a, A, B \ b)). (11)
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Here T denotes the complement of T in A. If we choose b randomly according
to the weights, then (11) becomes

E (f(Ck(A, B)) · Ik(T, A, B))

=
∑

a∈T

w(a)

w(T ∪ a)

∑

b∈B

w(b)

w(B)
E (f(Ck(A, B)) · Ik−1(T \ a, A, B \ b)). (12)

Equation (9) now follows from (10) and (12).

5 Interpretation in terms of the Buck-Chan-

Robbins urn process

If we put f(t) = t in (9), then f ′(t) = 1. Hence if we know E (Ik(T, A, B))
for every k and T , we can recursively find E (Ck(A, B)). In [20] we obtained
a proof of (3) and (7) along these lines.

To find the higher moments, we put f(t) = tN in equation (9). This gives

E
(

Ck(A, B)NIk(T, A, B)
)

=
∑

a∈T

w(a)

w(T ∪ a)

∑

b∈B

w(b)

w(B)
E
(

Ck−1(A, B \ b)NIk−1(T \ a, A, B \ b)
)

+
N

w(B)

∑

a∈T

w(a)

w(T ∪ a)
E

⋆
(

Ck(A
⋆, B)N−1Ik(T \ a ∪ a⋆, A⋆, B)

)

. (13)

This inductively determines E
(

Ck(A, B)NIk(T, A, B)
)

for each k and N . To
obtain a closed formula, we have to find the function that satisfies this re-
currence. Inspection of (13) suggests the following interpretation in terms of
the urn process.

Let {xa : a ∈ A} be the times at which the elements of A are drawn
in the urn process on A, and similarly let {yb : b ∈ B} be the times at
which the elements of B are drawn in the urn process on B. Further let
(x1, y1), . . . , (xN , yN) be N auxiliary points in the x-y-plane, to which we
associate Lebesgue measure on the positive quadrant. This process will be
called the extended urn process, and we denote the resulting measure by E

⋆.
The measure of an “event” is the expected value (with respect to the variables
that govern the urn process) of the Lebesgue measure in 2N dimensions of
the set of points x1, y1, . . . , xN , yN that belong to the event.
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The numbers xa together with x1, . . . , xN are ordered, and assuming that
no two are equal (an event of measure zero) we associate a rank to each of
them, that is, they are labeled 1, 2, 3, . . . in increasing order. We let ra and
r1, . . . , rN denote the ranks of the particular numbers. Similarly we order
the numbers yb and y1, . . . , yN , and denote their ranks by sb and s1, . . . , sN .
The recurrence given by (13) has the following “solution”:

Theorem 5.1. If T is a k-element subset of A, then

E
(

Ck(A, B)N · Ik(T, A, B)
)

= E
⋆ (ri + si ≤ k + N for i = 1, . . . , N , and ra ≤ k + N for a ∈ T ) . (14)

Proof. We use induction over both k and N . Suppose that (14) holds when-
ever N or k is replaced by a smaller number. We show that the right hand side
of (14) satisfies a recurrence similar to (13). Consider the event ri+si ≤ k+N
for i = 1, . . . , N , and ra ≤ k +N for a ∈ T . The first k elements to be drawn
in A must be the elements of T , and we let a0 be the last of these (the element
a0 will correspond to a in (13)). Hence the first k − 1 elements to be drawn
from A are the elements of the set T \ {a0}, and the next element is a0. We
consider two cases. First suppose that b ∈ B and that yb is the smallest of
the numbers yv, (v ∈ B) and y1, . . . , yN . Then consider the extended urn
process on (A, B \ b) (with the obvious coupling). Let r′ and s′ denote the
rank numbers with respect to this process. Then the event we are considering
is equivalent to

r′i + s′i ≤ k − 1 − N,

for i = 1, . . . , N and
r′a ≤ k − 1 − N,

for a ∈ T \ a0. Hence by induction the measure of such an event is equal to
the first term of the right hand side of (13).

Suppose on the other hand that it is one of the numbers y1, . . . , yN that
is smallest among yv, (v ∈ B) and y1, . . . , yN . There are N such cases, and
by symmetry we can consider the case that the smallest number is yN . We
extend A by introducing an auxiliary element a⋆, and let a⋆ be drawn at time
xN in the urn process. Before normalizing, a⋆ is drawn at a time which is
exp(w⋆)-distributed, but in the normalized limit E

⋆, this becomes Lebesgue
measure on [0,∞). Therefore the coupling to xN is valid. Now we consider
the extended urn process on (A⋆, B), with only N − 1 auxiliary points, and
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where xN is instead the time at which the element a⋆ is drawn. Again let r′

and s′ denote ranks with respect to this modified urn process. The event we
consider is then equivalent to

r′i + s′i ≤ k + N − 1

for i = 1, . . . , N − 1, and
r′a ≤ k + N − 1

for a ∈ T \ a0 ∪ a⋆. This shows that the measure is equal to the second term
of the right hand side of (13).

By summing over all b ∈ B and a0 ∈ T , we find that the right hand side
of (14) satisfies the recurrence (13).

Theorem 5.1 automatically generalizes to sets T of fewer than k elements.
By summing over all k-element sets T ′ such that T ⊆ T ′ ⊆ A, we see that
we can simply drop the assumption that T has k elements. In particular
by letting T be empty we obtain the following theorem, which in principle
completely determines the distribution of Ck(A, B).

Theorem 5.2.

E
(

Ck(A, B)N
)

= E
⋆ (ri + si ≤ k + N for i = 1, . . . , N) .

6 Explicit formulas

We derive an explicit formula for the variance of Ck(A, B) in the case that
all weights are equal to 1. This formula is similar to the Coppersmith-Sorkin
formula (7), but involves four summation variables. In general, the formula
for the N :th moment will involve 2N summations.

We remind the reader that in the weight 1 case, the cost of the minimum
assignment is denoted Ck,m,n, while if further k = m = n, we denote it by
Cn.
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Theorem 6.1. The second moment of Ck,m,n is given by:

E
(

C2
k,m,n

)

= 2 ·
∑

0≤i1≤i2
0≤j2≤j1
i1+j1<k
i2+j2<k

1

(m − i1)(m − i2)(n − j1)(n − j2)

+ 2 ·
∑

0≤i1≤i2
0≤j1≤j2

i2+j2<k−1

1

(m − i1)(m − i2)(n − j1)(n − j2)
. (15)

Proof. In the case that all weights are equal to 1, the time between the i:th
and the (i + 1):th element to be drawn from A is exponentially distributed
with mean 1/(m− i) and independent of the elements that have been drawn
before. Similarly the time between the j:th and the (j + 1):th element to
be drawn from B is exponential with mean 1/(n − j). In the extended urn
process, we first consider the event that x1 < x2, y1 > y2, and that i1 elements
of A are drawn before x1, and i2 elements are drawn before x2 and similarly
that j1 elements in B are drawn before y1 and j2 elements are drawn before
y2. The expected measure of the set of choices for x1, x2, y1, y2 is equal to

1

(m − i1)(m − i2)(n − j1)(n − j2)
.

Notice that this holds even if i1 = i2 or j1 = j2. When we sum over all
possible values of i1, i2, j1, j2, we obtain the first sum in (15). The case that
x1 > x2 and y1 < y2 is similar and gives the factor 2. Similarly, the second
sum comes from the case that x1 < x2 and y1 < y2, and in this case it is
required that (x2, y2) ∈ Rk−1(A, B), which gives the condition i2 +j2 < k−1.
Again the case that x1 > x2 and y1 > y2 is similar and gives a factor 2 on
the second sum.

Just as the Coppersmith-Sorkin formula (7) takes the particularly simple
form (3) when specialized to the case k = m = n, the right hand side of
(15) too can be considerably simplified in this case. Our aim here is to prove
equation (4), which we restate:

Theorem 6.2.

var (Cn) = 5 ·
n
∑

i=1

1

i4
− 2 ·

(

n
∑

i=1

1

i2

)2

− 4

n + 1
·

n
∑

i=1

1

i3
. (16)
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By putting k = m = n in (15), we obtain

E
(

C2
n

)

= 2 ·
∑

0≤i1≤i2
0≤j2≤j1
i1+j1<n
i2+j2<n

1

(n − i1)(n − i2)(n − j1)(n − j2)

+ 2 ·
∑

0≤i1≤i2
0≤j1≤j2

i2+j2<n−1

1

(n − i1)(n − i2)(n − j1)(n − j2)
. (17)

The following identity allows us to make this expression more symmetric
by changing the condition i2 + j2 < n − 1 in the second sum to i2 + j2 < n.

Lemma 6.3.

∑

0≤i1≤i2
0≤j1≤j2

i2+j2=n−1

1

(n − i1)(n − i2)(n − j1)(n − j2)
=

2

n + 1

n
∑

i=1

1

i3
. (18)

Proof. Since i2 + j2 = n − 1, we can rewrite the sum using the identity

1

(n − i2)(n − j2)
=

1

(n + 1)(n − i2)
+

1

(n + 1)(n − j2)
.

By symmetry, the left hand side of (18) becomes

2

n + 1

∑

0≤i1≤i2
0≤j1≤j2

i2+j2=n−1

1

(n − i1)(n − i2)(n − j1)
. (19)

If i1 and i2 are fixed, then j1 goes from 0 to n − 1 − i2. This shows that the
sum in (19) is the same as the one in Lemma 8 of [8]. This Lemma states
that

∑

0≤i1≤i2
0≤j1≤j2

i2+j2=n−1

1

(n − i1)(n − i2)(n − j1)
=

n
∑

i=1

1

i3
.
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Hence (17) can be written

E
(

C2
n

)

=







∑

i1≤i2
j1≤j2

+
∑

i2≤i1
j1≤j2

+
∑

i1≤i2
j2≤j1

+
∑

i2≤i1
j2≤j1







1

(n − i1)(n − i2)(n − j1)(n − j2)

− 4

n + 1

n
∑

i=1

1

i3
, (20)

where each of the four sums within parentheses is taken over nonnegative
integers i1, i2, j1, j2 such that i1 + j1 < n and i2 + j2 < n.

We note that the majority of terms occurring in these four sums are those
that occur when the Coppersmith-Sorkin formula (7) is squared:

(

n
∑

i=1

1

i2

)2

=
∑

0≤i1
0≤j1

i1+j1<n

1

(n − i1)(n − j1)
·
∑

0≤i2
0≤j2

i2+j2<n

1

(n − i2)(n − j2)
. (21)

When (21) is multiplied out, we get a sum of terms like those occurring
in (20). A term in (21) for which i1 6= i2 and j1 6= j2 occurs exactly once in
(20). The terms for which either i1 = i2 or j1 = j2 occur twice in (20), or
four times if both equalities hold. The extra terms in (20) give the variance
of Cn.

var (Cn) =







∑

i1=i2

+
∑

j1=j2

+
∑

i1=i2
j1=j2







1

(n − i1)(n − i2)(n − j1)(n − j2)

− 4

n + 1

n
∑

i=1

1

i3
, (22)

where again the sums are taken over nonnegative integers with i1 + j1 < n
and i2 + j2 < n. Again van der Hofstad, Hooghiemstra and Van Mieghem
very conveniently provide us with precisely the identities we need. Lemmas
9 and 10 of [8] can be written as follows by renumbering and changing the
names of the summation variables:
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Lemma 6.4.







∑

i1=i2

+
∑

i1=i2
j1=j2







1

(n − i1)(n − i2)(n − j1)(n − j2)

= 5 ·
n
∑

i=1

1

i4
−
(

n
∑

i=1

1

i2

)2

− 2 ·
n
∑

i=1

1

i3

i
∑

j=1

1

j
. (23)

Moreover,

∑

j1=j2

+
1

(n − i1)(n − i2)(n − j1)(n − j2)
= 2 ·

n
∑

i=1

1

i3

i
∑

j=1

1

j
−
(

n
∑

i=1

1

i2

)2

.

When we add the two identities in Lemma 6.4 and substitute the result
in (22), we obtain (16). This completes the proof of Theorem 6.2.

7 Asymptotics of the variance

Finally we analyze the asymptotics of var (Cn) as n → ∞. We improve on
the inequality (2) by Talagrand, and obtain a sharper estimate of the “self-
averaging” property of Cn, that is, the fact that Cn concentrates at ζ(2) for
large n.

Theorem 7.1. As n → ∞,

var (Cn) =
4ζ(2) − 4ζ(3)

n
+ O

(

1

n2

)

.

Proof. For s > 1 we have

n
∑

i=1

1

is
= ζ(s) −

∞
∑

i=n+1

1

is
= ζ(s) −

∫ ∞

n

dx

xs
+ O

(

1

ns

)

= ζ(s) − 1

(s − 1)ns−1
+ O

(

1

ns

)

. (24)
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Hence if we allow an error term of O(1/n2), (16) simplifies to

var (Cn) = 5ζ(4) − 2

(

ζ(2) − 1

n

)2

− 4

n
ζ(3) + O

(

1

n2

)

= 5ζ(4) − 2ζ(2)2 +
4ζ(2) − 4ζ(3)

n
+ O

(

1

n2

)

. (25)

Finally,

5ζ(4) − 2ζ(2)2 =
π4

18
− π4

18
= 0.
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