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Abstract

When designing robust controllers, H-in�nity synthesis is a common tool to
use. The controllers that result from these algorithms are typically of very
high order, which complicates implementation. However, if a constraint on
the maximum order of the controller is set, that is lower than the order of the
(augmented) system, the problem becomes nonconvex and it is relatively
hard to solve. These problems become very complex, even when the order
of the system is low.
The approach used in this work is based on formulating the constraint on
the maximum order of the controller as a polynomial (or rational) equation.
By using the fact that the polynomial (or rational) is non-negative on the
feasible set, the problem is reformulated as an optimization problem where
the nonconvex function is to be minimized over a convex set de�ned by
linear matrix inequalities.
The proposed method is evaluated together with a well-known method from
the literature. The results indicate that the proposed method performs
slightly better.

Keywords: H-in�nity synthesis, rank constraints, rational constraints,
primal-dual methods, optimization
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Linköping University, Sweden

Abstract— When designing robust controllers, H∞ synthesis
is a common tool to use. The controllers that result from these
algorithms are typically of very high order, which complicates
implementation. However, if a constraint on the maximum
order of the controller is set, that is lower than the order of the
(augmented) system, the problem becomes nonconvex and it is
relatively hard to solve. These problems become very complex,
even when the order of the system is low.

The approach used in this work is based on formulating
the constraint on the maximum order of the controller as a
polynomial (or rational) equation. By using the fact that the
polynomial (or rational) is non-negative on the feasible set, the
problem is reformulated as an optimization problem where the
nonconvex function is to be minimized over a convex set defined
by linear matrix inequalities.

The proposed method is evaluated together with a well-
known method from the literature. The results indicate that
the proposed method performs slightly better.

I. INTRODUCTION

The development of robust control theory emerged during
the 80s and and a contributory factor certainly was the fact
that the robustness of Linear Quadratic Gaussian (LQG)
controllers can be arbitrarily bad as reported in [1]. A few
years later, in [2], an important step in the development
towards a robust control theory was taken, where the concept
of H∞ theory was introduced. The H∞ synthesis, which is
an important tool when solving robust control problems,
was a cumbersome problem to solve until a technique was
presented in [3], which is based on solving two Riccati
equations. Using this method, the robust design tools be-
came much easier to use and gained popularity. Quite soon
thereafter, linear matrix inequalities (LMIs) were found to
be a suitable tool for solving these kinds of problems by
using reformulations of the Riccati equations. Also related
problems, such as gain scheduling synthesis, fit into the LMI
framework. In parallel to the theory for solving problems
using LMIs, numerical methods for this purpose were being
developed and made available.

Typical applications for robust control include systems that
have high requirements for robustness to parameter variations
and for disturbance rejection. The controllers that result from
these algorithms are typically of very high order, which
complicates implementation. However, if a constraint on the
maximum order of the controller is set, that is lower than the
order of the plant, the problem is no longer convex and it is
then relatively hard to solve. These problems become very
complex, even when the order of the system to be controlled

is low. This motivates the development of efficient algorithms
that can solve these kinds of problems.

Denote with Sn the set of symmetric n × n matrices
and Rm×n is the set of real m× n matrices. The notation
A � 0 (A � 0) and A ≺ 0 (A � 0) means A is a positive
(semi)definite matrix and negative (semi)definite matrix, re-
spectively.

II. PRELIMINARIES

We begin by describing a linear system, H, with state
vector, x ∈ Rnx . The input vector contains the disturbance
signal, w ∈ Rnw , and the control signal, u ∈ Rnu . The output
vector contains the measurement, y ∈ Rny , and the perfor-
mance measure, z ∈Rnz . In terms of its system matrices, we
can represent the linear system as

H :

 ẋ
z
y

=

 A B1 B2
C1 D11 D12
C2 D21 D22

 x
w
u

 , (1)

where D22 is assumed to be zero, i.e., the system is strictly
proper from u to y. For simplicity, it is assumed that the
whole system is on minimal form, i.e., it is both observable
and controllable. However, in order to find a controller, it
is enough to assume detectability and stabilizability (non
observable and non controllable modes are stable), but the
formulas will become more complex in this case. The system
is illustrated in Fig. 1.

H
w

u

z

y

Fig. 1. A system with two inputs and two outputs. The signals are:
disturbance, w, control input, u, performance measure, z, and output, y.

The linear controller is denoted K. It takes the system
measurement, y, as input and the output vector is the control
signal, u. The system matrices for the controller are defined
by the equation

K :
(

ẋK
u

)
=
(

KA KB
KC KD

)(
xK
y

)
, (2)

where xK ∈Rnk is the state vector of the controller. How the
controller is connected to the system is illustrated in Fig. 2.
Let us denote the closed loop system by Hc.
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Fig. 2. A standard setup for H∞ controller synthesis, with the plant H
controlled through feedback by the controller K, resulting in the closed
loop system Hc.

Lemma 1 (H∞ controllers for continuous plants): The
problem of finding a linear controller such that the closed
loop system Hc is stable and such that ||Hc||∞ < γ , is
solvable if and only if there exist X ,Y ∈ Snx � 0, which
satisfy(

NX 0
0 I

)XA+AT X XB1 CT
1

BT
1 X −γI DT

11
C1 D11 −γI

(NX 0
0 I

)T

≺ 0

(3a)(
NY 0
0 I

)AY +YAT YCT
1 B1

YC1 −γI D11
BT

1 DT
11 −γI

(NY 0
0 I

)T

≺ 0

(3b)(
X I
I Y

)
� 0, rank(XY − I)≤ nk. (3c)

where NX and NY denote any base of the null-spaces of(
C2 D21

)
and

(
BT

2 DT
12

)
respectively.

Proof: See [4].

III. REFORMULATIONS

We would like to replace the rank constraint in (3c) with
a smooth function to be able to apply gradient methods for
optimization. To do this, we use the following lemma.

Lemma 2: Assume that the inequality(
X I
I Y

)
� 0 (4)

holds. Let

det(λ I− (I−XY )) =
nx

∑
i=0

ciλ
i =

= λ
nx + cnx−1λ

nx−1 + . . .+ c1λ + c0 (5)

be the characteristic polynomial of (I − XY ). Then the
following statements are equivalent if nk < nx:

1) rank(XY − I)≤ nk
2) cnx−nk−1(X ,Y ) = 0

Additionally,
ci(X ,Y )≥ 0, ∀i. (6)

Proof: See [5].

Definition 1 (Half-vectorization): Let

X =


x11 x12 . . . x1n

x21 x22
...

...
. . .

xn1 xn2 . . . xnn

 .

Then

vech(X) = (x11 x21 . . . xn1 x22 . . . xn2 x33 . . . xnn)T ,

i.e., vech stacks the columns of X from the principal diagonal
downwards in a column vector. See [6] for properties and
details.

By choosing appropriate symmetric matrices Ai and C and
using vech, we can rewrite (3) equivalently as

m

∑
i=1

Aixi ≺C

c̄nx−nk−1(x) = 0.

(7)

where x =
(

vech(X)
vech(Y )

)
∈ Rm and m = nx(nx + 1). Since we

know from Lemma 2 that c̄nx−nk−1(x)≥ 0 for all feasible x
we can formulate a related problem to (7) as

min
x

c̄nx−nk−1(x) (8a)

nx(nx−1)

∑
i=1

Aixi ≺C, (8b)

and if the solution x∗ to (8) is such that c̄nx−nk−1(x∗) = 0,
this means that x∗ satisfies (3). However, we have noticed
that this problem can be badly scaled and we have found
that solving the following related problem is easier.

min
x

c̄nx−nk−1(x)
c̄nx−nk(x)

(9a)

nx(nx+1)

∑
i=1

Aixi ≺C, (9b)

The difference from (8) is that the objective function in (9) is
scaled by c̄nx−nk(x), and this makes the problem numerically
sounder. If the denominator cnx−nk(x) is zero then cnx−nk−1(x)
must also be zero and the quotient (9a) is defined as zero. For
more properties of the function c̄nx−nk−1(x)/c̄nx−nk(x) and
how to compute gradients and Hessians of these functions,
see [5].

IV. SOLVING THE OPTIMIZATION PROBLEM

A. Karush-Kuhn-Tucker conditions

The method we will use to solve (9) is based on the primal-
dual framework described in [7] and [8]. The nonlinear part
is from the former and the theory for SDPs is from the latter.
The approach is based on solving the Karush-Kuhn-Tucker
(KKT) conditions, which are as follows:

d f (x)
dxi

+ 〈Ai,Z〉= 0, i = 1, . . . ,m (10a)

C−
m

∑
i=1

Aixi−S = 0 (10b)

ZS = νI (10c)
Z � 0, S� 0, (10d)

where ν = 0, m = nx(nx + 1), Z ∈ S is a dual variable,
S ∈ S is a slack variable and f (x) = c̄nx−nk−1(x)/c̄nx−nk(x)



is a nonconvex function. These are only necessary and not
sufficient conditions for an optimal solution of (9).

We seek a solution to the KKT conditions in (10) by
generating a sequence of iterates x̄(k) = (x(k),Z(k),S(k)) that
solve (10a)–(10c) for values of ν that tend to zero from
above. The iterates need not necessarily be feasible, except
for (10d), which always must hold.

B. Solving the equations

Using Newton’s method for nonlinear equations as de-
scribed in [7] we can calculate the search direction
(∆x,∆Z,∆S) by solving the following equations:

d f (x)
dxi

+ 〈Ai,Z〉+
d

dxi
∇

T
x f (x)∆x+ 〈Ai,∆Z〉= 0,

i = 1, . . . ,m (11a)

C−
m

∑
i=1

Aixi−S−
m

∑
i=1

Ai∆xi−∆S = 0 (11b)

ZS +∆ZS +Z∆S−σ µI = 0 (11c)

It is vital that ∆Z and ∆S are symmetric, since the updated
iterates Z +∆Z and S+∆S need to be symmetric. To enforce
this, we can use a symmetry transform of (11c) defined by

HP(M) =
1
2
(PMP−1 +(PMP−1)T ) (12)

where P is chosen as the Nesterov-Todd (NT) scaling matrix,
as described in [8]. For other choices of P, see [9], [10].

C. Matrix-vector form

Using the symmetric vectorization operator (svec) and the
symmetric Kronecker product (⊗S), as defined in [8], we
can write the Newton step equations (11) as a 3× 3 block
equationH A T 0

A 0 I
0 E F

 ∆x
svec(∆Z)
svec(∆S)

=

 rp
svec(Rd)
svec(Rc)

 , (13)

where I is the identity matrix of appropriate size and

H = ∇
2
xx f (x), E = P⊗s P−T S, F = PZ⊗s P−T , (14)

rp = ∇x f (x)+A T Z, Rd = C−S−
m

∑
i=1

Aixi,

Rc = σ µI−HP(ZS),
(15)

and
A = [svec(A1), . . . ,svec(Am)]. (16)

By solving (13), we get the search direction (∆x,∆Z,∆S).

D. Handling nonconvexity and singularity

The direction defined by the system of equations in (13)
is not always productive since it seeks to locate only KKT
points. Therefore it may move towards a saddle point or
even a maximizer. In [7] a workaround for this is presented.
Replace H in (14) with

H = ∇
2
xx f (x)+dI, (17)

where d ≥ 0 such that H becomes sufficiently positive
definite. This also resolves any issues of singularity of H.
If ∇2

xx f (x)� 0, we can choose d =−(1+δλ )λmin
(
∇2

xx f (x)
)
,

where λmin(·) denotes the minimum eigenvalue and δλ is a
small positive constant.

E. Computing step lengths

Once a search direction (∆x,∆Z,∆S) is found, the next
step is to determine how far to go in that direction. Step
lengths 0 < α,β < 1 are chosen such that

Z(k+1) = Z(k) +α∆Z � 0, S(k+1) = S(k) +β∆S� 0, (18)

i.e., such that the positive definiteness is maintained for the
symmetric variables Z and S. Note that the step lengths are
not affected (directly) by the values of x, but x is updated as
x(k+1) = x(k) + β∆x. We use the fraction to boundary rule,
see [7], i.e., we do not want a full step to take us to the very
boundary of semidefiniteness.

V. INITIAL POINT CALCULATION

The initial point calculation used for the Primal-Dual
method is based on what is suggested in [11] and will be
described below.

Assume that the matrices Ai and C are block-diagonal of
the same structure, each consisting of L blocks or square
matrices of dimensions n1,n2, . . . ,nL. Let A( j)

i and C( j)

denote the jth block of Ai and C, respectively. Then the
initial iterates can be chosen as

x(0) = 1̄,

Z(0) = blkdiag(ξ1In1 , ξ2In2 , . . . , ξLInL),

S(0) = blkdiag(η1In1 , η2In2 , . . . , ηLInL),

(19)

where 1̄ is a column vector containing ones, In j is the identity
matrix with dimension n j and

ξ j = n j max
1≤i≤m

1+ |bi|
1+ ||A( j)

i ||F
,

η j =
1+max[maxi{||A( j)

i ||F}, ||C( j)||F ]
√n j

,

where b is referring to the linear objective function which in
our case is chosen as

b =
(

vech(Inx)
vech(Inx)

)
(20)

such that
bT x = tr(X +Y ), (21)

i.e., we follow the heuristics for minimizing rank as sug-
gested in [12]. The only difference from [11] is that the
authors suggest x(0) = 0, but our choice has shown to work
better in our applications. By multiplying the identity matrix
In j by the factors ξ j and η j for each j, the initial point has
a better chance of having the same order of magnitude as an
optimal solution of the SDP.



VI. A MEHROTRA-LIKE METHOD

Now we will describe the steps of an algorithm based
on Mehrotra’s algorithm, [13], though reformulated several
times by other authors, e.g. by [8], [11].

A. The predictor step

Set σ = 0 in (15) and solve (13) and denote the solution
(∆xaff,∆Zaff,∆Saff). This step is sometimes called the pre-
dictor step or affine scaling step. Then calculate step lengths
αaff,β aff as done in (18). Define µaff as the duality measure
obtained using this step, i.e.,

µ
aff = 〈Z +α

aff
∆Zaff,S +β

aff
∆Saff〉/n. (22)

The centering parameter σ is chosen according to the fol-
lowing heuristic, [11], which does not have a solid analytical
justification, but appears to work well in practice:

σ =
(µaff

µ

)e
, (23)

where the exponent e is chosen as follows

e =

{
max

(
1,3 min(αaff,β aff)2

)
if µ > 10−6,

1 if µ ≤ 10−6.
(24)

The algorithm does not update the iterate with the predictor
step. It is only used to calculate µaff, which is needed for
the computation of the corrector step, to be described next.

B. The corrector step

The search direction is now calculated by solving (13)
again but replacing Rc with

Rc = σ µ
affI−HP(ZS)−HP(∆Zaff

∆Saff), (25)

where σ and µaff are calculated as in (22) and (23) respec-
tively, with the pre-calculated predictor step (∆Zaff,∆Saff) in
a second-order correction, [8], assuming the predictor step
is a decent approximation of the corrector step.

C. The algorithm

By summarizing the last few sections we can now state
an algorithm in Algorithm 1. Define the residual

r(x,Z,S,σ ,µ) =

 rp(x,Z)
svec

(
Rd(S,x)

)
svec

(
Rc(Z,S,σ ,µ)

)
 (26)

with µ = 0, where rp, Rd and Rc are calculated as in (15).
This expression will be used in a stopping criterion in the
algorithm. If the algorithm finishes with f (x) = 0, we can
reconstruct the controller. This procedure is explained in e.g.
[4].

Algorithm 1 A Primal-Dual algorithm (Mehrotra-based)

Calculate initial values (x(0),Z(0),S(0)) as in (19).
Set k := 0, rtol = 10−5.

while ||r(x(k),Z(k),S(k),0,0)||2 < rtol do
k := k +1
If k > kmax, Failure, too many iterations.
Calculate duality measure µ = 〈Z(k),S(k)〉

n
Predictor step:
Set (x,Z,S) = (x(k),Z(k),S(k)) and solve (13) for
(∆xaff,∆Zaff,∆Saff) with σ = 0.
Calculate step lengths αaff,β aff using (18).
Calculate duality measure µaff using (22).
Set centering parameter to σ = (µaff/µ)e where e is
calculated as in (24).
Corrector step:
Solve (13) for (∆x,∆Z,∆S) with Rc replaced by (25).
Calculate step lengths α,β using (18)
Set (x(k+1),Z(k+1),S(k+1)) = (x+β∆x,Z +α∆Z,
S +β∆S)

end while

VII. NUMERICAL EVALUATION

All experiments were performed on a DELL OPTIPLEX
GX620 with 2GB RAM, INTEL P4 640 (3.2 GHz) CPU
running under WINDOWS XP using MATLAB, version 7.4
(R2007a).

Evaluation of the methods was done using the benchmark
problem library COMPleib, see [14] and [15]. We have
chosen to focus on one of the sets of problems in this library,
the aircraft (AC) problems. The AC problems are chosen
because they are often used for benchmarking purposes in
articles.

A. Evaluated methods

We will evaluate the Primal-Dual method together with
HIFOO version 1.0, see [16], to synthesize controllers with
the same requirements and compare the results obtained.
HIFOO was chosen as a reference because it performs well
and is easily obtainable from a website and runs in MATLAB,
where also the suggested method has been implemented.

B. The tests

First, the full order controller (nominal controller) is
computed. In these computations γ is minimized, which is
a convex problem since there is no rank constraint. This
controller is computed using Control System Toolbox in
MATLAB, using the hinfsyn command, with the ’lmi’
option. The minimized upper bound on the performance
measure obtained using the nominal controller is denoted γ∗

and the achieved closed loop performance is denoted ||H∗c ||∞.
Note that the controller found this way may not always be
stable, even though the closed loop system is.

Then the Primal-Dual method is applied in order to find
a reduced order controller, by first trying the same γ as the
full order controller, and then decreasing the order of the



controller by one each time. Then the performance measure
is relaxed, i.e., by increasing γ . This is done in four steps,
5%,10%,20% and 50% increase of γ . For each of these
steps, controllers are searched for with decreasing order. An
increase of the upper bound of the H∞ norm, γ , by more than
50% is considered not to be of any interest here because the
performance we sacrifice then is too much.

The evaluation of HIFOO will be performed as follows.
For each system, controller of orders from nx−1 down to
zero will be searched for. For each order, HIFOO will be
applied ten times. The reason for this is that the resulting
controller depends on stochastic elements, since the method
randomizes starting points for the algorithm. The median
closed loop performance ||Hc||∞ is calculated, sorted and
placed in the appropriate group depending on its deviation
from the nominal performance measure, γ∗. The different
groups are 0%,5%,10%,20% and 50%, analogously to what
is done when evaluating the Primal-Dual method. The reason
behind choosing the median value is that in general it
requires as much time to run HIFOO, as required to run the
Primal-Dual method.

The required time for the algorithms to run is computed
using the command cputime and the H∞ norm is computed
using the command norm(Hc,inf,1e-6), where Hc is
the closed loop system and the third argument is the tolerance
used in the calculations.

C. Results

The results for the AC systems can be seen in Table I.
The third and fourth columns in the table show the required
computation times and the minimum orders of the controllers
that were found using the method listed at the top of the
table. Note that the listed computation times refer to single
runs with γ given in advance.

The γ values are listed in the second column. A dash (−)
means that no controller was found, an empty spot means
that no controller with lower order was found and that the
controller listed above that spot can be used (since it satisfies
stricter requirements). The notation ∗ indicates that the found
controller is unstable (but the closed loop system is still
stable).

We will attempt to quantify the results by ranking the
different methods. We will take two aspects into account:
the ability to find low order controllers with no or little
performance loss and the ability to find the lowest order
controller with at most 50% performance loss. If a method
has the best result for a system, with respect to one of the
criteria above, it will get one point. If several methods have
equal result, these methods get one point each. The result is
shown in Table II.

VIII. CONCLUSIONS AND FUTURE WORK

A. Conclusions

Some points of interest concerning the AC problems are
listed below.
• In general, both methods find a controller with less than

full order with the same performance as the nominal

TABLE I
THE TABLE SUMMARIZES THE EVALUATIONS OF BOTH METHODS ON

THE AC PROBLEMS.

System γ PD(nk, t) HIFOO(nk, t)

AC2, nx =5 +0% (0.1115) 0, 2.5 s 0, 5.2 s

AC3, nx =5 +0% (2.9701) 1, 7.8 s -
+5% (3.1186) 3, 197.3 s
+10% (3.2671) 2, 141.1 s
+20% (3.564) 0, 38.2 s 1, 38.7 s
+50% (4.4551) 0, 22.8 s

AC4, nx =4∗ +0% (0.5579) 2, 5.5 s 2∗, 37.8 s
+5% (0.5858) 1, 9.0 s 1∗, 33.0 s

AC5, nx =4 +0% (658.8393) 1, 21.7 s -
+5% (691.7813) 0, 3.1 s 0, 1.2 s

AC6, nx =7 +0% (3.4328) - -
+5% (3.6045) 1, 110.3 s 3, 441.1 s
+10% (3.7761) 1, 265.3 s
+20% (4.1194) 0, 12.6 s 0, 67.9 s

AC7, nx =9 +0% (0.0384) - -
+5% (0.0403) 2, 254.8 s 2, 71.0 s
+50% (0.0576) 1, 87.5 s 1, 18.5 s

AC8, nx =9 +0% (1.6220) - 4, 429.3 s
+5% (1.7131) 5, 354.3 s 1, 130.2 s
+20% (1.9464) 1, 99.2 s
+50% (2.4330) 0, 18.4 s 0, 30.4 s

AC9, nx =10 +0% (1.0004) - -
+5% (1.0504) 3, 454.9 s 0, 150.8 s
+10% (1.1004) 0, 120.2 s

AC11, nx =5∗ +0% (2.8121) 1, 7.4 s -
+5% (2.9527) 0, 3.7 s 1∗, 89.1 s
+50% (4.2181) 0, 14.2 s

AC15, nx =4 +0% (14.8759) 1, 3.9 s -
+5% (15.6197) 0, 2.8 s 0, 35.9 s

AC16, nx =4 +0% (14.8851) 0, 2.5 s 0, 15.4 s

AC17, nx =4 +0% (6.6125) 0, 2.2 s 0, 0.8 s

AC18, nx =10∗ +0% (5.3967) - -
+20% (6.4760) 5∗, 385.2 s
+50% (8.0950) 1∗, 48.2 s

TABLE II
RANKING WITH RESPECT TO CLOSED LOOP PERFORMANCE (%) AND

WITH RESPECT TO LOWEST ORDER OF THE CONTROLLER (nk).

Method Grade (%) Grade (nk)
The Primal-Dual method 10 11
HIFOO 8 11



controller, or at least with a slightly relaxed performance
requirement.

• All nominal controllers are stable, except the ones for
AC4, AC11 and AC18. (Unstable nominal controllers
are marked by ∗ in the leftmost column in Table I.)

• All the lower order controllers listed in Table I are
stable, except for a few cases. The controllers for AC18
and AC4 (found by HIFOO) and some of the controllers
of first order for AC11 found by HIFOO are not stable.

• For the system AC12, none of the methods can find
a controller with a performance measure lower than
+50% of the nominal one. That system is such that even
a controller of order nx−1 cannot be found satisfying
the constraints.

• According to [17], HIFOO is able to find controllers for
AC10. The Primal-Dual method cannot, due to large-
scale issues.

• According to the ranking done in this article based
on the results when finding controllers for the AC
systems that are in Table I, the ranking indicates that
two methods perform equally (or in slight advantage of
the Primal-dual method).

B. Future work

To make the Primal-Dual method more effective both
algorithm-wise and implementation-wise in order for it to
be able to solve large-scale problems would definitely be an
interesting task.

ACKNOWLEDGMENTS

The author would like to thank The Swedish research
council for financial support under contract no. 60519401.

REFERENCES

[1] J. Doyle, “Guaranteed margins for LQG regulators,” IEEE Transac-
tions on Automatic Control, vol. 23, no. 4, pp. 756–757, 1978.

[2] G. Zames, “Feedback and optimal sensitivity: Model reference trans-
formations, multiplicative seminorms, and approximate inverses,”
IEEE Transactions on Automatic Control, vol. 26, no. 2, pp. 301–320,
Apr 1981.

[3] J. Doyle, K. Glover, P. Khargonekar, and B. Francis, “State-space
solutions to standard H2 and H∞ control problems,” IEEE Transactions
on Automatic Control, vol. 34, no. 8, pp. 831–47, 1989.

[4] P. Gahinet and P. Apkarian, “A Linear Matrix Inequality approach to
H∞ control,” International Journal of Robust and Nonlinear Control,
vol. 4, no. 4, pp. 421–48, 1994.

[5] A. Helmersson, “On polynomial coefficients and rank constraints,”
Department of Automatic Control, Linköping university, Sweden,
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[11] K. Toh, M. Todd, and R. Tütüncü, “SDPT3 a Matlab software package
for semidefinite programming, version 1.3,” Optimization Methods and
Software, vol. 11, no. 1-4, pp. 545–581, 1999.

[12] M. Fazel, H. Hindi, and S. Boyd, “A rank minimization heuristic with
application to minimum order system approximation,” in Proceedings
of the American Control Conference, Viginia, June 2001.

[13] S. Mehrotra, “On the implementation of a primal-dual interior point
method,” SIAM Journal on Optimization, vol. 2, no. 4, pp. 575–601,
1992.

[14] F. Leibfritz, “COMPleib: COnstrained Matrix optimization Problem
library,” 2006. [Online]. Available: http://www.complib.de

[15] ——, “COMPleib: COnstraint Matrix optimization Problem library - a
collection of test examples for nonlinear semidefinite programs, con-
trol system design and related problems.” Department of Mathematics,
Tech. Rep., 2004.

[16] J. Burke, D. Henrion, A. Lewis, and M. Overton, “HIFOO - A
MATLAB package for fixed-order controller design and H-infinity
optimization,” in IFAC Proceedings of the 5th Symposium on Robust
Control Design, Toulouse, France, July 2006.

[17] S. Gumussoy and M. Overton, “Fixed-order H∞ controller design via
HIFOO, a specialized nonsmooth optimization package,” in Proceed-
ings of the 2008 American Control Conference, 2008, pp. 2750–2754.



Avdelning, Institution

Division, Department

Division of Automatic Control
Department of Electrical Engineering

Datum

Date

2010-02-24

Språk

Language

� Svenska/Swedish

� Engelska/English

�

�

Rapporttyp

Report category

� Licentiatavhandling

� Examensarbete

� C-uppsats

� D-uppsats

� Övrig rapport

�

�

URL för elektronisk version

http://www.control.isy.liu.se

ISBN

�

ISRN

�

Serietitel och serienummer

Title of series, numbering
ISSN

1400-3902

LiTH-ISY-R-2933

Titel

Title
A Primal-Dual Method for Low Order H-in�nity Controller Synthesis

Författare

Author
Daniel Ankelhed, Anders Helmersson, Anders Hansson

Sammanfattning

Abstract

When designing robust controllers, H-in�nity synthesis is a common tool to use. The con-
trollers that result from these algorithms are typically of very high order, which complicates
implementation. However, if a constraint on the maximum order of the controller is set, that
is lower than the order of the (augmented) system, the problem becomes nonconvex and it is
relatively hard to solve. These problems become very complex, even when the order of the
system is low.

The approach used in this work is based on formulating the constraint on the maximum
order of the controller as a polynomial (or rational) equation. By using the fact that the
polynomial (or rational) is non-negative on the feasible set, the problem is reformulated as
an optimization problem where the nonconvex function is to be minimized over a convex set
de�ned by linear matrix inequalities.

The proposed method is evaluated together with a well-known method from the literature.
The results indicate that the proposed method performs slightly better.

Nyckelord

Keywords H-in�nity synthesis, rank constraints, rational constraints, primal-dual methods, optimiza-
tion

http://www.control.isy.liu.se

	1 Section 1



