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MIMO Precoding with X- and Y-Codes
Saif Khan Mohammed, Student Member, IEEE, Emanuele Viterbo, Senior Member, IEEE

Yi Hong, Senior Member, IEEE, and Ananthanarayanan Chockalingam, Senior Member, IEEE

Abstract—We consider a slow fading nt × nr multiple-input
multiple-output (MIMO) system with channel state information
(CSI) at both the transmitter and receiver. Since communi-
cation in such scenarios is subject to block fading, reception
reliability, quantified in terms of the achievable diversity gain,
is of importance. A simple and well known precoding scheme
is based upon the singular value decomposition (SVD) of the
channel matrix, which transforms the MIMO channel into
parallel subchannels. Despite having low maximum likelihood
decoding (MLD) complexity, this SVD based precoding scheme
provides a diversity gain which is limited by the diversity gain
of the weakest subchannel. We therefore propose X- and Y-
Codes, which improve the diversity gain of the SVD precoding
scheme, by jointly coding information across a pair of subchan-
nels (i.e., pairing subchannels). In particular, subchannels with
high diversity gain are paired with those having low diversity
gain. A pair of subchannels is jointly encoded using a 2 × 2
real matrix, which is fixed a priori and does not change with
each channel realization. For X-Codes, these matrices are 2-
dimensional rotation matrices parameterized by a single angle,
while for Y-Codes, these matrices are 2-dimensional upper left
triangular matrices. Also, since joint coding is performed only
across a pair of subchannels, the joint MLD complexity remains
low. In particular, the MLD complexity of Y-Codes is even
lower than that of X-Codes, and is equivalent to symbol by
symbol detection. Moreover, we propose X-, Y-Precoders with
the same structure as X-, Y-Codes, but with encoding matrices
adapted to each channel realization. With respect to the error
probability performance, the optimal encoding matrices for X-, Y-
Codes/Precoders are derived analytically and numerically. When
compared to other precoding schemes reported in the literature,
it is observed that X-Codes/Precoders perform better in well-
conditioned channels, while Y-Codes/Precoders perform better
in ill-conditioned channels.

Index Terms—MIMO, precoding, singular value decomposi-
tion, condition number, diversity, error probability

I. INTRODUCTION

We consider slow fading nt × nr multiple-input multiple-
output (MIMO) systems, where channel state information
(CSI) is fully available both at transmitter and receiver. Chan-
nels in such systems are subject to block fading, and therefore,
reliability is a major concern. It is known that precoding
techniques can provide large performance improvements in
such scenarios by enhancing the communication reliability,
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which is typically quantified in terms of the diversity gain
achieved by the precoding scheme.

Some state of the art precoding techniques are discussed
next. The most straightforward precoding approach is based
on direct channel inversion and also known as zero-forcing
(ZF) precoding [4]. However, it suffers from a loss of power
efficiency. Non-linear precoding such as Tomlinson-Harashima
(TH) precoding [5], [6] was exploited in [7]. Linear precoders,
which involve simple linear pre- and post-processing, have
been proposed in [8], [9] and references therein. Despite
having low encoding and decoding complexity, the linear
precoding schemes and the TH precoder have low diversity
gain. Precoders based on lattice reduction techniques [10] and
vector perturbation [11] can achieve high diversity gain, but
at the cost of high complexity. We therefore see a tradeoff be-
tween diversity gain and encoding/decoding complexity. This
motivates us to design precoding schemes which for a given
rate of transmission (in bits communicated per channel use),
achieve high diversity at low encoding/decoding complexities.

In this paper, we consider SVD precoding for MIMO
systems, which is based on the SVD decomposition of the
channel gain matrix, and which transforms the MIMO channel
into parallel subchannels/streams [1], [2]. At the receiver,
maximum likelihood decoding (MLD) of the transmitted infor-
mation symbol vector reduces to separate ML decoding for the
information symbol transmitted on each subchannel, thereby
resulting in low ML detection complexity. The diversity gain
achieved by the SVD precoding scheme is, however, limited by
the subchannel with the lowest diversity gain. In some cases,
like in Rayleigh fading MIMO channels with nr = nt, no
diversity gain is achieved with this simple precoding scheme.

The diversity gain of a SVD precoded system can be
improved by performing joint coding and joint ML detection
across a group of subchannels, as with signal space diversity
techniques in SISO Rayleigh fading channels, where multidi-
mensional lattice coding is applied to a group of independently
fading channel uses [19], [20]. Unfortunately, the complexity
of joint ML detection increases exponentially as the number of
subchannels which are jointly coded increases. Nevertheless,
we show in this paper that we can get large improvements
in achievable diversity gain by jointly coding only over pairs
of subchannels as long as they are appropriately chosen. This
approach results in a very low joint ML detection complexity,
which only increases linearly with the number of pairs.

In this paper, we therefore propose codes named as X- and
Y-Codes, due to the structure of the encoder matrix, which
enable flexible pairing1 of subchannels with different diversity

1Pairing of two subchannels refers to joint coding of information symbols
across the two subchannels.
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orders. Specifically, the subchannels with low diversity orders
can be paired together with those having high diversity orders,
so that the overall diversity order is improved. The main
contributions in this paper are:

1) X-Codes: X-Codes are inspired by the signal space
diversity techniques proposed in [20], based on rotated
constellations. As shown in Fig. 1(a) and Fig. 2(a), in
case no coding is performed across the two channel com-
ponents (represented by the horizontal and the vertical
axes), a deep fade along any one subchannel can result
in an arbitrarily small minimum distance between the
received codewords and hence the word error probability
would increase. This problem is effectively resolved by
rotating the 2-dimensional codewords (see Fig. 1(b) and
Fig. 2(b)). Here, the minimum distance between the
received codewords of a rotated constellation is larger
and not vanishing even when there is a deep fade along
one of the component subchannel. We therefore design
2-dimensional (2-D) real orthogonal rotation matrices,
which are used to jointly code over pairs of subchannels,
without increasing the transmit power. Since these ma-
trices are effectively parameterized with a single angle,
the design of X-Codes primarily involves choosing the
optimal angle for each pair of subchannels. The angles
are chosen a priori and do not change with each channel
realization. This is why we use the term “Code” instead
of “Precoder”. The optimization of angles is based
upon minimizing the average word error probability
(i.e., averaged over the channel fading statistics) of the
transmitted information symbol vector. At the receiver,
we show that the MLD can be easily accomplished using
nr low complexity 2-D real ML decoders. Consider a
pair of subchannels with subchannel gains λ1 ≥ λ2 ≥ 0.
It is shown that when a pair of subchannels is well
conditioned (i.e., λ1/λ2close to 1) , X-Codes have
better error probability performance than that of other
precoders. However, the error probability performance
of X-Codes worsens when the pair of subchannels is ill
conditioned (i.e., λ1/λ2 ≫ 1). This can be explained as
follows. When the subchannel pair is ill-conditioned, the
error probability performance for the pair is determined
primarily by the minimum Euclidean distance between
the received codewords along the stronger subchannel
component (λ1). However, with the rotated constella-
tion, the minimum received codeword distance along
the stronger subchannel component may not be large
enough, resulting in degradation of error performance
in ill-conditioned channels. This along with the aim of
further reducing the ML detection complexity, motivates
the idea of Y-Codes.

2) Y-Codes: In a SVD precoded MIMO channel, the sub-
channel gains are the ordered singular values of the SVD
decomposition of the MIMO channel gain matrix. By
pairing these subchannels, it is obvious that in each pair,
one of the subchannels is stronger than the other. It is
therefore intuitive that, the codewords be chosen so that
the minimum Euclidean distance between the received

codewords along the stronger subchannel component
is larger than the minimum Euclidean distance along
the weaker subchannel component. By doing so, the
code design can make use of the total constrained
transmit power to achieve a minimum received code-
word Euclidean distance greater than that achieved with
rotated constellations used in X-Codes. Y-Codes are
designed based on this intuition, with the codewords
forming a subset of a 2-dimensional real skewed lattice
(see Fig. 1(c)). It can be seen that for the same rate
(i.e., same number of equi-probable codewords), same
transmit power constraint PT = 1 and subchannel
gains (λ1 = 1 , λ2 = 1/4), Y-Codes achieve a greater
minimum Euclidean distance between the received code-
words when compared to X-Codes. Also, through sim-
ulations, we show that in ill-conditioned channels, Y-
Codes have better error performance when compared to
X-Codes. Y-Codes are parameterized with 2 parameters
related to power allocated to the two subchannels. These
parameters are computed so as to minimize the average
error probability. The MLD complexity is the same as
that of the scalar subchannels in linear precoders [8],
[9] and is less than that of the X-Codes, while the
performance of Y-Codes is better than that of X-Codes
for ill-conditioned channel pairs.

3) X-, Y-Precoders: The X- and Y-Precoders employ the
same pairing structure as that in X-, Y-Codes. However,
the code generator matrix for each pair of subchannels is
adaptively chosen for each channel realization. Through
simulations it is observed that the average error perfor-
mance of X- and Y-Precoders is marginally better than
that of X- and Y-Codes.

Through average error probability analysis we show that,
indeed, pairing of MIMO subchannels results in significant im-
provement in the overall diversity gain. The analytical results
are also supported by numerical simulation. The simulation
results have been reported in Section VI, from where it is
clear that pairing of subchannels does indeed result in a higher
diversity gain, when compared to the simple SVD precoding
scheme (e.g., in Fig. 8, the error probability slope of the
proposed X-,Y-Precoders is higher than the first order slope
(no diversity gain) achieved by the linear precoders). Further,
in Section VI, the error probability performance of X-,Y-
Codes/Precoders has been shown to be better when compared
to that of the other precoders reported in literature.

Pairing of good and bad (in terms of achievable diversity
gain) subchannels has also been proposed in [12]. Despite
having the same pairing structure, the proposed X- and Y-
Codes/Precoders differ significantly from the E-dmin precoder
proposed in [12] due to the fact that i) The encoder matrices for
each pair are real-valued in case of X-,Y-Codes, as compared
to being complex valued in the E-dmin precoder. This results
in the ML detection for each pair to be over a 4-dimensional
real search space in case of the E-dmin precoder, as compared
to only a 2-dimensional real search for the proposed X-
and Y-Codes, ii) The E-dmin precoder proposed in [12] was
optimally designed only for 4-QAM. In [12], the optimal
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precoder design for higher order QAM could not be performed
due to prohibitive complexity. In contrast, the proposed X- and
Y-Codes are not designed for a specific modulation alphabet
size, and are therefore more general than the E-dmin precoder,
and iii) Through simulations it is observed that, with 4-QAM
as the modulation alphabet, Y-Precoders have a similar bit
error probability performance as the optimally designed E-
dmin precoder. With higher order modulation alphabets (i.e.,
which achieve a rate higher than what is achieved with 4-
QAM), Y-Precoders have a bit error probability performance
significantly better than the E-dmin precoder.

The rest of the paper is organized as follows. Section II
introduces the system model and SVD precoding. In Sec-
tion III, we present the pairing of subchannels as a general
coding strategy to achieve higher diversity order in fading
channels. In Section IV, we propose the X-Codes and the
X-Precoders. We show that ML decoding can be achieved
with nr 2-D real ML decoders. We also analyze the error
probability performance and present the design of optimal X-
Codes and X-Precoders. In Section V, we propose the Y-Codes
and Y-Precoders. We show that they have very low decoding
complexity. We analyze the error probability performance and
derive expressions for the optimal Y-Codes and Y-Precoders.
Section VI shows the simulation results and comparisons with
other precoders. Section VII discusses the complexity of the
X-, Y-Codes/Precoders in comparison with other precoders.
Conclusions are drawn in Section VIII.

Notations: Superscripts T , †, and ∗ denote transposition,
Hermitian transposition, and complex conjugation, respec-
tively. The n × n identity matrix is denoted by In, and the
zero matrix is denoted by 0. E[·] is the expectation operator,
∥ · ∥ denotes the Euclidean norm, and | · | denotes the absolute
value of a complex number. The set of complex numbers, real
numbers, non-negative real numbers and integers are denoted
by C, R, R+ and Z respectively. Furthermore, ⌊c⌋ denotes the
largest integer not greater than c. Finally, we let ℜ(·) and ℑ(·)
denote the real and imaginary parts of a complex argument.

II. SYSTEM MODEL AND SVD PRECODING

We consider a slow fading nt×nr MIMO (nr ≤ nt), where
the channel state information (CSI) is known perfectly at both
the transmitter and receiver. Let x = (x1, . . . , xnt)

T be the
vector of symbols transmitted by the nt transmit antennas in
one channel use, and let H = {hij}, i = 1, . . . , nr, j =
1, . . . , nt, be the nr × nt channel coefficient matrix, with hij

as the complex channel gain between the j-th transmit antenna
and the i-th receive antenna. The standard Rayleigh flat fading
model is assumed with hij ∼ Nc(0, 1), i.e., i.i.d. complex
Gaussian random variables with zero mean and unit variance.
Rayleigh fading is one of the most common fading statistic
used for the performance analysis of fading wireless channels.
Nevertheless, improving diversity gain by pairing subchannels
can be applied to any fading channel irrespective of its statistic.
The received vector from the nr receive antennas is given by

y = Hx+ n (1)

where n is a spatially uncorrelated Gaussian noise vector such
that E[nn†] = N0Inr .

Let the number of information symbols transmitted per
channel use be ns (ns ≤ nr). For every channel use, b
information bits are first mapped to the information symbol
vector u = (u1, . . . , uns)

T ∈ Cns , which is then mapped to
the data symbol vector z = (z1, . . . , zns)

T ∈ Cns using a
ns × ns encoding matrix G.

z = Gu+ u0 (2)

where u0 ∈ Cns is a displacement vector used to reduce the
average transmitted power.

Let T be the nt × ns precoding matrix which is applied to
the data symbol vector to yield the transmitted vector

x = Tz. (3)

It is obvious that the error performance is dependent on the
precoding scheme (i.e., choice of T, G and u0). Therefore
for optimal error performance, T, G and u0 are generally
derived from the knowledge of H available at the transmitter.
The transmission power constraint is given by

E[∥x∥2] = PT (4)

and we define the signal-to-noise ratio (SNR) as

γ , PT

N0
.

For the precoding schemes discussed in this paper, the rate
and diversity gains are defined as follows. The rate R is
defined as the number of information bits transmitted every
channel use (bits-per-channel-use or bpcu). Since exactly b bits
are transmitted every channel use, it is obvious that R = b
bpcu. For defining the achieved diversity gain/order δ, let
P (H, γ) be the word error probability of u for a given channel
realization H and a given SNR. Further, the average word
error probability, i.e., word error probability of u averaged
over the channel fading statistics is P (γ) = EH[P (H, γ)].
The diversity gain/order is defined as

δ
∆
= lim

γ→∞

− logP (γ)

log γ
. (5)

Note that this is the classical definition of diversity order,
where the rate R is fixed for increasing SNR. This definition
of rate and diversity is therefore different from that of Zheng
and Tse [3]2.

Remark 1: Since we consider slow fading MIMO channels,
transmissions are subject to block fading, and therefore diver-
sity gain is the relevant metric to be considered. In case of
fast fading MIMO channels, ergodic capacity is the relevant
metric. In [21] we have demonstrated the superiority of X-
Codes based precoder, in achieving a higher capacity than
Mercury/waterfilling when information symbols belong to a
discrete alphabet. �

The proposed X-, Y-Codes can be used to improve the
error probability performance of the SVD precoding tech-
nique, which is based on the singular value decomposition
of the channel matrix H = UΛV, where U ∈ Cnr×nr ,

2Since the rate R is fixed with increasing γ, this actually corresponds to the
point on the diversity multiplexing gain tradeoff curve with the multiplexing
gain as zero.
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Λ ∈ Cnr×nr , V ∈ Cnr×nt , such that UU† = VV† = Inr

and Λ = diag(λ1, . . . , λnr ) is the diagonal matrix of singular
values, with λ1 ≥ λ2 · · · ≥ λnr ≥ 0 [1], [2].

Let Ṽ ∈ Cns×nt be the submatrix with the first ns rows of
V. The standard SVD precoder uses

T = Ṽ†,

G = Ins ,

u0 = 0 (6)

and the receiver gets

y = HTu+ n. (7)

Let Ũ ∈ Cnr×ns be the submatrix with the first ns columns
of U. The receiver computes

r = Ũ†y = Λ̃u+w (8)

where w ∈ Cns is still an uncorrelated Gaussian noise vector
with E[ww†] = N0Ins , Λ̃ ∆

= diag(λ1, λ2, · · ·λns), and r =
(r1, . . . , rns)

T . The SVD precoder therefore transforms the
MIMO channel into ns parallel subchannels/streams

ri = λiui + wi i = 1, . . . , ns (9)

with non-negative fading coefficients λi.
The channel gain of the k-th subchannel is the k-th singular

value of the channel matrix denoted by λk, k = 1, 2, · · ·ns.
Due to the ordering of the singular values during SVD
decomposition, it is assumed that λ1 ≥ λ2 · · · ≥ λns . For
the SVD precoder, it is also known that the diversity order
achieved by the k-th stream alone (i.e., asymptotic slope of the
averaged error probability for the information symbol uk w.r.t.
γ) is dependent upon how the probability density function
(p.d.f.) of λk behaves around λk = 0 [14],[15]. In both [14]
and [15], it is shown that if the p.d.f. of λk is p(λk) =
ckλk

(dk−1) + o(λk
(dk−1)) for λk → 0+, then dk would be

the diversity order of the k-th stream3 For an i.i.d. Rayleigh
faded nt × nr MIMO channel, the p.d.f. of the k-th singular
value (around λk = 0) is p(λk) = ckλk

(nr−k+1)(nt−k+1)−1+
o(λk

(nr−k+1)(nt−k+1)−1) [14]. Therefore, the diversity order
achieved by the k-th stream is dk = (nr −k+1)(nt−k+1).
Hence, the lowest diversity order is achieved by the k = ns-th
stream. Similar results are also reported in [16].

When viewed as a single transmission system rather than
multiple subchannels/streams, the overall4 average word error
probability of the information symbol vector u is dominated
by the weakest subchannel [17], [18]. Due to the ordering
of the singular values, it follows that the ns-th subchannel is
the weakest. Hence the overall diversity order achieved by the
SVD precoder is (nr−ns+1)(nt−ns+1). Further it is known
that, the theoretical limit on the achievable overall diversity
order is nrnt. The SVD precoding scheme can achieve this
limit only when ns = 1. This would however imply that, in
order to achieve a target rate of R bpcu, the only transmitted
symbol (since ns = 1) must belong to some discrete signal set

3Any function f(x) in a single variable x is said to be o(g(x)) i.e., f(x) =
o(g(x)) if f(x)

g(x)
→ 0 as x → 0.

4In this paper, the word “overall” used in which ever context, applies to
the whole information symbol vector u.

No Code

(a)

X−Code

(b)

Y−Code

(c)

Fig. 1. Signal space of four 2-D codewords used to jointly code across two
subchannels (horizontal and vertical). The average transmit power constraint
is PT = 1. The codewords are represented by solid dots.

with 2R complex symbols and an average symbol energy of
PT . In contrast, with ns = min(nr, nt), the overall diversity
order is much lower than the theoretical limit5, but at the
same time each information symbol is constrained to belong
to some signal set with only 2R/ns complex symbols with an
average energy of PT /ns. For the SVD precoding scheme,
even though full MIMO diversity is achieved with ns = 1,
it is expected that at moderate SNR, the error probability
performance achieved with ns = min(nt, nr) is better than the
error probability performance achieved with ns = 1. A simple
example with square QAM modulation symbols can illustrate
this intuition. The error probability at moderate to high SNR
is dependent upon the minimum Euclidean distance between

5Note that when nr = nt = ns, the diversity order achieved is only 1.
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d
min
2  = 0.0313

No  Code

(a)

X−Code

d
min
2  = 0.138

(b)

d
min
2  = 0.186

Y−Code

(c)

Fig. 2. Signal space of the received 2-D codewords. The gains of the horti-
zontal and vertical subchannels are λ1 = 1 and λ2 = 1/4 respectively. d2min
is the minimum Euclidean distance between any two received codewords. The
code parameters for X and Y-Code are optimized w.r.t. maximizing d2min.

the received codewords, which is related to the minimum
Euclidean distance between the transmitted codewords. We
therefore compare the minimum Euclidean distance between
the transmitted codewords, for both the transmission scenarios
(i.e., ns = 1 and ns = min(nr, nt)), for a given rate R and
average transmit power PT . With ns = 1, only one square
complex 2R-QAM information symbol is transmitted, and
therefore the minimum Euclidean distance is 6PT /(2

R − 1).
On the other hand, with ns = min(nr, nt) = nr, nr square
complex 2R/nr -QAM symbols are transmitted per channel use,
and the minimum Euclidean distance between the transmitted
codewords is 6PT /(n(2

R/nr − 1)). For R > 0 and nr ≥ 1,
(2R − 1) ≥ n(2R/nr − 1), and therefore it follows that

6PT /(n(2
R
nr − 1)) ≥ 6PT /(2

R − 1). Hence, at moderate
SNR, the SVD precoding scheme with ns = min(nr, nt) is
expected to have an error probability performance better than
the SVD precoding scheme with ns = 1. Through simulations
we have observed that, indeed at moderate SNR, the SVD
precoding scheme with ns = min(nr, nt) achieves a better
error probability performance compared to the SVD precoding
scheme with ns = 1. Based on the above discussion, it can be
conjectured that, the SVD precoder is not the best precoder
in terms of being both power efficient and achieving high
diversity gain at the same time.

We next formally discuss as to how to compare different
precoding schemes, and the same shall be used throughout
this paper. Let PA and PB be two precoding schemes. If the
diversity order achieved by these two precoding schemes is
different, then it is obvious that the precoding scheme which
achieves a higher diversity order will obviously have a lower
error probability asymptotically as γ → ∞. Therefore at high
SNR, the non trivial scenario is when both the precoding
schemes achieve the same diversity order. For a given fixed
target rate of R bpcu, and an overall diversity order of δ = d,
denoted by the pair (R, d) and achievable by both precoders,
let the asymptotic coding gain in the error performance of PA

w.r.t. that of PB be defined as

γgap(R, d)
∆
= lim

γA,γB→∞|Pe(PA,γA)=Pe(PB,γB)

γB/γA. (10)

In (10), Pe(PA, γA) refers to the word error probability of the
precoder PA at a SNR of γA. A similar definition holds true
for Pe(PB , γB). If γgap(R, d) > 1, the precoder PA is said to
be better than PB for the given (R, d). This also means that
the precoding scheme PA is more power efficient than scheme
PB for the given (R, d). For a given d achievable by both the
precoders, if γgap(R, d) > 1 for all possible values of R, then
precoder PA is said to be universally better than precoder PB

for the given diversity order d. For a given diversity order d,
we can then define the best precoder to be the one which is
universally better than all the other precoders with the same
diversity order of d.

It would be of theoretical interest to find the best precoder
for a given achievable diversity order d. Though in theory,
the maximum possible achievable diversity order is nrnt, it
is likely that the precoders achieving d = nrnt, would also
require highly complex ML detection at the receiver. With
Rayleigh fading, at SNR values of interest, we have observed
that even for moderate values of (nr, nt), the error probability
slope corresponding to the maximum diversity order d = nrnt

is only marginally better than that of a precoding scheme
which achieves a diversity order slightly less than nrnt. For
example, with nr = nt = 4, it is observed that the error
probability slopes for the first and second subchannels (with
gains λ1 and λ2) are almost similar at SNR values of interest.
Therefore from a practical standpoint, it would be of interest
to design precoding schemes which have a low complexity
ML detector, can achieve sufficiently high diversity order, and
which are almost as power efficient as the best precoder. In
this paper, we present two precoders, X- and Y-Codes, both
of which are shown to achieve high diversity order with low
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complexity ML detection. Y-Codes have an even lower ML
detection complexity and better error probability performance
than X-Codes.

III. PAIRING GOOD AND BAD SUBCHANNELS

Without loss of generality, we consider the SVD precoding
scheme with even nr and ns = nr. In this section, we motivate
the pairing of subchannels as a low complexity technique to
improve the overall diversity order. This pairing is inspired
from the use of rotated constellations in SISO fading channels
to achieve modulation coding diversity [19], [20]. The idea is
to jointly code over a set of m information symbols, and trans-
mit the coded information symbols over m different channel
realizations (in frequency or time). This coding scheme guar-
antees a non-zero minimum distance between the transmitted
codewords along any of the m component channels even in
case of deep fades. Since the additive noise is Gaussian, a
ML detection error would only happen when the minimum
Euclidean distance between the received codewords is small.
Due to a non-zero minimum Euclidean distance between
the received codewords along any component channel, the
minimum Euclidean distance between the received codewords
is small only when all the component channels experience
deep fade. Since the event of all the m component channels
undergoing deep fade is less probable than a single channel
undergoing deep fade, it can be concluded that the joint coding
scheme with ML detection would result in improvement of the
diversity order. Note that with the joint coding scheme, an m-
fold diversity gain is fully achieved with ML detection whose
complexity increases rapidly with m [19].

In order to keep the ML detection complexity low, we
restrict to m = 2, and perform joint coding over pairs of
subchannels of the MIMO channel. In particular, a pair of
information symbols is jointly coded, and one of the two
coded symbol is be transmitted on the stronger subchannel
whereas the other coded symbol is be transmitted on the
weaker subchannel.

With a MIMO channel, since the subchannel gains are not
i.i.d., the system is different from the SISO scenario discussed
in [19], [20]. With MIMO subchannels, due to the ordering
of the singular values, in any given pair of subchannels, one
of the subchannels is always stronger than the other one.
Due to this fact, an error will always happen if there is a
deep fade in the stronger channel (since this automatically
implies that the weaker channel is also in deep fade). This then
implies that the maximum possible diversity order that can be
achieved, when coding over a pair of MIMO subchannels,
is indeed the diversity order achieved by transmitting only
on the stronger subchannel6. Therefore when pairing MIMO
subchannels, as long as the minimum distance between the
transmitted 2-dimensional codewords is non-zero along the
stronger subchannel component, the joint coding scheme is
guaranteed to achieve the maximum possible diversity. This
is different from the case of SISO Rayleigh fading channels,
where in order to achieve maximal diversity, the minimum

6In the case of i.i.d. SISO channels, it is possible to achieve a diversity
order greater than the diversity order of any of the component channels.

distance between the codewords must be non-zero along all
component channels [19], [20].

The pairing of subchannels is achieved as follows. The
matrix G ∈ Cnr×nr is used to pair different subchannels in
order to improve the overall diversity order. The precoding
matrix T ∈ Cnt×nr and the transmitted vector x are given by

T = V†, x = V†(Gu+ u0). (11)

Let the list of pairings be (ik, jk) ∈ [1, nr] × [1, nr],
k ∈ [1, nr/2] and ik < jk. On the k-th pair, consisting of
subchannels ik and jk, the information symbols uik and ujk

are jointly coded using a 2× 2 matrix Ak. In order to reduce
the ML decoding complexity, we restrict the entries of Ak to
be real valued. Each Ak , {ak,i,j}, i, j ∈ [1, 2], is a submatrix
of the code matrix G as shown below.

gik,ik = ak,1,1 gik,jk = ak,1,2
gjk,ik = ak,2,1 gjk,jk = ak,2,2

(12)

where gi,j is the entry of G in the i-th row and j-th column.
Both the proposed X- and Y-Codes achieve diversity im-

provement by jointly coding over a pair of subchannels. The
only difference is in the structure of the linear code generator
matrix Ak for the k-th pair. In the case of X-Codes, 2-
dimensional real rotation matrices are used, whereas for Y-
Codes, the code generator matrix has a upper left triangular
structure. Also, there are finitely many ways to pair the
subchannels, and as we shall show later, one pairing which
is optimal in terms of the achievable overall diversity, is to
pair the k-th and the (nr − k + 1)-th subchannel. When this
pairing is represented in matrix form, the code matrix G has
a cross-form structure, and hence the name X-Codes. With Y-
Codes, the right bottom entries of the code generator matrices
Ak for each pair is 0, and hence G appears like the letter
“Y”.

For example, with nr = 6, the X-Code structure is given by

G =


a1,1,1 a1,1,2

a2,1,1 a2,1,2
a3,1,1 a3,1,2
a3,2,1 a3,2,2

a2,2,1 a2,2,2
a1,2,1 a1,2,2

 (13)

and the Y-Code structure is given by

G =


a1,1,1 a1,1,2

a2,1,1 a2,1,2
a3,1,1 a3,1,2
a3,2,1

a2,2,1
a1,2,1

 . (14)

Let uk , [uik , ujk ]
T denote the k-th information pair. Due

to the transmit power constraint in (4), and uniform transmit
power allocation between the nr/2 pairs, the encoder matrices
Ak must satisfy

E
[
∥Akuk + u0

k∥2
]
= 2PT /nr , k = 1, 2, · · ·nr/2. (15)

The expectation in (15) is over the distribution of the in-
formation symbol vector uk and u0

k is the subvector of the



7

displacement vector u0 for the k-th pair. The matrices Ak for
X- and Y-Codes can be either fixed a priori or can change
with every channel realization. The latter case leads to the X-
and Y-Precoders.

A. ML Decoding

Given the received vector y, the receiver computes

r = U†y −Λu0. (16)

Since u0 is a deterministic function of the channel state, it
is known to both the transmitter and receiver. Using (1) and
(11), we can rewrite (16) as

r = ΛGu+w = Mu+w (17)

where M
∆
= ΛG is the effective channel matrix and w

∆
= U†n

is a noise vector with the same statistics as n. Further, we let

rk , [rik , rjk ]
T

wk , [wik , wjk ]
T .

Let Mk ∈ R2×2 denote the 2× 2 submatrix of M consisting
of entries in the ik and jk rows and columns. Then (17) can
be equivalently written as

rk = Mkuk +wk, k = 1, . . . , nr/2. (18)

Also, let ℜ(uk),ℑ(uk) ∈ Sk, where Sk is a finite signal set
in the 2-dimensional real space.

The rate R is then given by

R = 2

nr/2∑
k=1

log2(|Sk|). (19)

Also, let SR
∆
= S1×S2 · · ·×Snr/2 be the Cartesian product of

the finite signal sets Sk , k = 1, 2 · · ·nr/2, then ℜ(u),ℑ(u) ∈
SR.

From (18), it is also clear that the ML decoder for u reduces
to independent ML decoders for each uk. Further, the ML
decoding for the k-th pair can be separated into independent
ML decoding of the real and imaginary components of uk,
i.e.,

ℜ(ûk) = arg min
ℜ(uk)∈Sk

∥ℜ(rk)−Mkℜ(uk)∥2 (20)

and

ℑ(ûk) = arg min
ℑ(uk)∈Sk

∥ℑ(rk)−Mkℑ(uk)∥2 (21)

where ûk = (ûk,1, ûk,2)
T is the output of the ML detector for

the k-th pair.
Further, let ũ = (ũ1, ũ2, · · · ũnr )

T denote the detected
information symbol vector u. The entries of ũ are composed
of the nr/2 ML detector outputs ûk , k = 1, 2, · · ·nr/2, as
follows.

ũik = ûk,1 , ũjk = ûk,2 k = 1, 2, · · ·nr/2. (22)

B. Performance Analysis

For a given channel realization H, the word error probability
(WEP) for the k-th transmitted information symbol pair is
given by

Pk(H) =
1

|Sk|2
∑

ℜ(uk),ℑ(uk)∈Sk

Prob(ûk ̸= uk |uk , H).

(23)
The overall average word error probability for the information
symbol vector u is given by

P (H) =
1

|SR|2
∑

ℜ(u),ℑ(u)∈SR

Prob(ũ ̸= u |u , H). (24)

For a given channel realization H, the transmitted infor-
mation vector u is not in error if and only if none of the
pairs of information symbols uk , k = 1, 2, · · ·nr/2 are in
error. Further, since the additive receiver noise for each pair
is independent, we have

P (H) = 1−
nr/2∏
k=1

(1− Pk(H)). (25)

The overall word error probability for the information symbol
vector u, averaged over the channel fading statistics, is given
by

P
∆
= EH[P (H)]. (26)

Similarly the average word error probability for the k-th pair
is given by

Pk
∆
= EH[Pk(H)]. (27)

From (20) and (21), we see that for a given channel
realization H, the WEPs for the real and the imaginary
components of the k-th pair are the same. Therefore, without
loss of generality we can analyze the WEP only for the real
component, which is given by

P
′

k(H) =
1

|Sk|
∑

ℜ(uk)∈Sk

Prob(ℜ(ûk) ̸= ℜ(uk) | ℜ(uk) , H).

(28)
Since the additive receiver noise on the real and imaginary
components of each pair are i.i.d., it follows that Pk(H) =

1 − (1 − P
′

k(H))2. Let P
′

k(ℜ(uk))
∆
= EH[Prob(ℜ(ûk) ̸=

ℜ(uk) | ℜ(uk) , H)], then the average word error probability
of the real component of uk is then given by

P
′

k
∆
= EH[P

′

k(H)] =
1

|Sk|
∑

ℜ(uk)

P
′

k(ℜ(uk)) (29)

where P
′

k(ℜ(uk)) has to be evaluated differently for X-, Y-
Codes and X-, Y-Precoders. To explain this difference we need
the following definitions.

For a given channel realization, and therefore determin-
istic values of λik and λjk for the k-th pair, we let
P

′

k(ℜ(uk), λik , λjk ,Ak) denote the error probability of ML
detection for the real component of the k-th channel, given that
the information symbol uk was transmitted on the k-th pair.
For X-, Y-Codes, the matrices Ak are fixed a priori and are
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not functions of the deterministic value of subchannel gains,
and therefore, P

′

k(ℜ(uk)) is given by

P
′

k(ℜ(uk)) = E
(λik

,λjk
)

[
P

′

k(ℜ(uk), λik , λjk ,Ak)
]
. (30)

We observe that P
′

k(ℜ(uk)) is actually a function of Ak

and therefore the optimal error performance is obtained by
minimizing (29) over Ak. Thus, the optimal matrix for the
k-th pair is given by

Aopt
k = argmin

Ak

∑
ℜ(uk)

E
(λik

,λjk
)

[
P

′

k(ℜ(uk), λik , λjk ,Ak)
]
.

(31)
The minimization in (31) is constrained over matrices Ak

which satisfy (15). The corresponding optimal average word
error probability for the real component of the k-th pair is
given by

Pk
opt =

∑
ℜ(uk)

E
(λik

,λjk
)

[
P

′

k(ℜ(uk), λik , λjk ,A
opt
k )
]

|Sk|
.

(32)
For the X-, Y-Precoder, the matrices Ak are chosen adap-

tively every time the channel changes. For optimal error
performance, the matrices Ak are chosen so as to minimize
the error probability P

′

k(H) for a given channel realization H.
The optimal encoding matrix for the k-th pair is then given
by

Aopt
k (λik , λjk) = argmin

Ak

∑
ℜ(uk)

P
′

k(ℜ(uk), λik , λjk ,Ak).

(33)
The minimization in (33) is constrained over matrices Ak

which satisfy (15). Therefore, with X- and Y-Precoders, the
optimal average word error probability for the real component
of the k-th pair is given by

Pk
opt =∑
ℜ(uk)

E
(λik

,λjk
)

[
P

′

k(ℜ(uk), λik , λjk ,A
opt
k (λik , λjk))

]
|Sk|

(34)

Comparing (34) and (32), we immediately observe that the
optimal error performance of X-, Y-Precoders is better than
that of X-, Y-Codes.

Our next goal is to derive an analytic expression for P
′

k.
We shall only discuss the derivation for X-, Y-Codes, since
the error performance of X-, Y-Precoders is better than X-,
Y-Codes and therefore they achieve at least as much diversity
order as X-, Y-Codes.

Getting an exact analytic expression for P
′

k is difficult, and
therefore we try to get tight upper bounds using the union
bound.

Let {ℜ(uk) → ℜ(vk)} denote the pairwise error event that,
given uk was transmitted on the k-th pair, the real part of
the ML detector for the k-th pair decodes in favor of some
other vector ℜ(vk). Further, let us denote the corresponding
pairwise error probability (PEP) by P

′

k(ℜ(uk) → ℜ(vk)).
Using the union bounding technique, P

′

k(ℜ(uk)) can be upper

bounded by the sum of all the possible pairwise error probabil-
ities. From (29), it is clear that this upper bound on P

′

k(ℜ(uk))
induces an upper bound on P

′

k, which is given by

P
′

k ≤ 1

|Sk|
∑

ℜ(uk)

∑
ℜ(vk) ̸=ℜ(uk)

P
′

k(ℜ(uk) → ℜ(vk)). (35)

Due to Gaussian noise, this can be further written as

P
′

k ≤

∑
ℜ(uk)

∑
ℜ(vk) ̸=ℜ(uk)

E
[
Q

(√
d2
k(ℜ(uk),ℜ(vk),Ak)

2N0

)]
|Sk|

(36)
where

d2k(ℜ(uk),ℜ(vk),Ak)
∆
= ∥Mk(ℜ(uk)−ℜ(vk))∥2 (37)

and

Q(x)
∆
=

1√
2π

∫ ∞

x

e−t2/2dt. (38)

The expectation in (36) is over the joint distribution of
the channel gains (λik , λjk). The joint p.d.f. of the ordered
eigenvalues of H†H is given by the well known Wishart
distribution [13]. However, evaluating the expectation over
(λik , λjk) in (36) is still a difficult problem except for trivial
cases (like nr = nt = 2). We therefore try to lower bound
d2k(ℜ(uk),ℜ(vk),Ak)with a quantity depending only on λik .
Since λik ≥ λjk ≥ 0, using the definition of M and Mk, we
have

d2k(ℜ(uk),ℜ(vk),Ak) ≥ λ2
ik
d̃2k(ℜ(uk),ℜ(vk),Ak) (39)

where we define the generalized pairwise distance between
the vectors ℜ(uk) and ℜ(vk) as

d̃2k(ℜ(uk),ℜ(vk),Ak)
∆
= e2k,1 (40)

and

ek
∆
= Ak(ℜ(uk)−ℜ(vk)) = [ek,1, ek,2] (41)

and we let ek,1 denote the first component of the 2-dimensional
vector ek. We further define the generalized minimum distance
as follows :

gk(Ak) = min
ℜ(uk )̸=ℜ(vk)

d̃2k(ℜ(uk),ℜ(vk),Ak). (42)

The following theorem gives an upper bound to P
′

k based on
the union bounding technique discussed above.

Theorem 1: An upper bound to P
′

k as γ → ∞ is given by

P
′

k ≤ ck(|Sk| − 1)

[
2PT

gk(Ak)

]δk
γ−δk + o(γ−δk) (43)

where

δk
∆
= (nt − ik + 1)(nr − ik + 1)

ck
∆
=

C(ik)

2δk

(
(2 δk − 1) · · · 5 · 3 · 1

)
.

and the coefficients C(m), 1 ≤ m ≤ min(nr, nt) are defined
in [15].

Proof – See Appendix A. �
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Fig. 3. One quadrant of the set SM for M = 2,4 (4,16-QAM modulation).
The critical angles where performance degrades severely are shown to coincide
with tan−1(−p/q).

The diversity order achievable by the k-th pair is given by

dk
∆
= lim

γ→∞

− logPk

log γ
. (44)

As γ → ∞, Pk(H) = 1 − (1 − P
′

k(H))2 ≤ 2P
′

k(H).
Therefore, Pk ≤ 2P

′

k. Using this fact and (43), the diversity
order achievable by the k-th pair is lower bounded as

dk ≥ δk. (45)

Let the overall diversity order be defined as

δord
∆
= lim

γ→∞

− logP

log γ
. (46)

The following theorem gives a lower bound on the overall
achievable diversity order.

Theorem 2: A lower bound on the overall achievable di-
versity order is given by

δord ≥ min
k

δk. (47)

Proof – See Appendix B. �
Remark 2: A similar fact has been stated without proof

in [17], where it is mentioned that with multiple subchan-
nels/streams, the overall error probability at high SNR is
dominated by the error probability of the subchannel having
the lowest diversity gain. It is then concluded that the overall
diversity order is equal to the diversity order of the subchannel
having the lowest diversity gain. �

The bound on the overall diversity order δord, given by (47),
also holds for the X-, Y-Precoders. This is so because, for each
channel realization H, X- and Y-Precoders could choose the
encoding matrices to be the same as the matrices designed for
X-,Y-Codes.

C. Design of Optimal Pairing

From the lower bound on δord (given by (47)) it is clear
that the following pairing of subchannels

ik = k , jk = nr − k + 1 (48)
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achieves the following best lower bound

δord ≥
(nr

2
+ 1
)(

nt −
nr

2
+ 1
)
. (49)

Remark 3: Note that this corresponds to a cross-form gen-
erator matrix G, and is not the only pairing for the best
lower bound. Also we note that the overall diversity order
improves significantly, when compared to the case of no
pairing. As an example, with nr = nt = ns, the overall
diversity order achieved with the proposed pairing structure
is (nr/2 + 1)2 as compared to an overall diversity order of
only 1, when no pairing of subchannels is performed. It can
be shown that, if only ns (ns even) out of the nr subchannels
are used for transmission, the lower bound on the overall
achievable diversity order with the proposed pairing structure
is (nr − ns

2 + 1)(nt − ns

2 + 1). �
For X- and Y-Codes, although it is hard to compute Aopt

k

in (31), we can compute the best Ak, denoted by A∗
k, which

minimizes the upper bound on Pk
′ in (43). We then have

A∗
k = arg max

Ak | E[∥Akuk+u0
k∥2]= 2PT

nr

gk(Ak)

2PT
. (50)
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Using (43), (48) and (50), we obtain

P
′

k ≤ ck(|Sk| − 1)

[
2PT

gk(A∗
k)

]δ∗k
γ−δ∗k + o(γ−δ∗k) (51)

where δ∗k
∆
= (nt − k + 1)(nr − k + 1).

IV. X-CODES AND X-PRECODERS

A. X-Codes and X-Precoders: Encoding and Decoding

For X-Codes, each symbol in u takes values from a regular
M2-QAM constellation, which consists of the Cartesian prod-
uct of two M -PAM constellations S ∆

= {τ(2i−(M−1)) |i =
0, 1, · · · (M−1)} used on the real or the imaginary components
of two subchannels (i.e., Sk = S2 for k = 1, 2, · · · , nr/2).
The scaling factor τ is defined as

τ
∆
=

√
3Es

2(M2 − 1)

and
Es =

PT

nr

is the average symbol energy for each information symbol in
the vector u. Gray mapping is used to map the bits separately
to the real and imaginary component of the symbols in u. We
impose an orthogonality constraint on each Ak (in 12) and
conveniently parameterize it with a single angle θk.

Ak =

[
cos(θk) sin(θk)
− sin(θk) cos(θk)

]
(52)

where k = 1, . . . nr/2. We notice that 1) since Ak is
orthogonal, G is also orthogonal; 2) for X-Codes we fix the
angles θk a priori, whereas for the X-Precoders we change the
angles for each channel realization; 3) we can fix u0 in (2) to
be the zero vector, since to the orthogonality of G preserves
the QAM shape of the signal set.

From (20) and (21) it is obvious that two 2-D real ML
decoders are needed for each pair. Since there are nr/2 pairs,
the total decoding complexity is nr 2-D real ML decoders.
For X-Codes, the matrices Mk in (20) and (21) are given by

Mk =

[
λik cos(θk) λik sin(θk)
−λjk sin(θk) λjk cos(θk)

]
. (53)

B. Optimal design of X-Codes

In order to find the best angle θ∗k for the k-th pair, we at-
tempt to maximize the generalized minimum distance gk(Ak)
(defined in (42)) under the transmit power constraints.

For X-Codes, the difference vector between the real com-
ponents of any two information vectors ℜ(uk) and ℜ(vk) for
the k-th pair is given by

ℜ(uk)−ℜ(vk) =

√
6Es

M2 − 1
(p, q)T , (p, q) ∈ SM (54)

where

SM
∆
= {(p, q)| |p|, |q| ∈ [0, (M − 1)], (p, q) ̸= (0, 0)}.

The set SM for M = 2 (4-QAM) and M = 4 (16-QAM) is
shown in Fig. 3. Using (54) in (40), the generalized pairwise
distance between ℜ(uk) and ℜ(vk) is given by

d̃2k(ℜ(uk),ℜ(vk),Ak) =
6PT

nr(M2 − 1)

(
p cos(θk)+q sin(θk)

)2
(55)

Since Ak is parameterizable with a single angle θk, we shall
rename the generalized minimum distance in (42) by

gk(θk,M)
∆
= gk(Ak)

=
6PT min(p,q)∈SM (p2 + q2) cos2(θk − φp,q)

nr(M2 − 1)
(56)

where
φp,q

∆
= tan−1

(
q

p

)
.

Using (50), the best θk, denoted by θ∗k, is given by

θ∗k = arg max
θk∈[0,π4 ]

min
(p,q)∈SM

(p2 + q2) cos2(θk − φp,q). (57)

Following (51), the best achievable upper bound for P
′

k is
given by

P
′

k ≤ (M2 − 1)ck

[
(M2 − 1)nr

3gk(θ∗k,M)

]δ∗k
γ−δ∗k + o(γ−δ∗k). (58)

Remark 4: It is easily shown by the symmetry of the set SM
that it suffices to consider θk ∈ [0, π

4 ] for the maximization
in (57). The min-max optimization problem does not have
explicit analytical solutions except for small values of M , for
example M = 2. But since the encoder matrices are fixed
a priori, these computations can be performed off-line only
once. �
For small MIMO systems, such as 2×2, it is possible to get a
tighter upper bound by evaluating the expectation in (36) over
both singular values. P

′

1 is then upper bounded as

P
′

1 ≤
∑

(p,q)∈SM

(70/81)(M2 − 1)4

M2(p cos(θ1) + q sin(θ1))6(p2 + q2)
γ−4+o(γ−4)

(59)
where θ1 is the angle used for the only pair. For larger MIMO
systems, it is preferable to use the inequality in (39) involving
only one singular value, since evaluating the expectation
containing two singular values becomes very tedious. In Fig. 4,
we compare the word error probability of a 2×2 MIMO system
with that given by (59), and observe that the union bound is
indeed tight at high SNR.

In Fig. 5, we plot the variation of the upper bound to the
WEP in (59) w.r.t. the angle θ1 for the 2 × 2 MIMO system
with 4-QAM and 16-QAM modulation. We observe that
WEP is indeed sensitive to the rotation angle. With 4-QAM
modulation, the WEP worsens as the angle approaches either 0
or 45 degrees. With 16-QAM modulation, the performance is
even more sensitive to the rotation angle. Moreover, in addition
to 0 and 45 degrees, we observe that the performance is poor,
also when the angles are chosen near 18.5, 26.6 and 33.7
degrees, corresponding to φ3,1, φ2,1, and φ3,2, respectively.
We explain this as follows. From (36), it is clear that the error
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performance at high SNR is determined by the minimum value
of the distance

d2k(p, q, θk)
∆
= ∥Mk(ℜ(uk)−ℜ(vk))∥2 (60)

and we obtain d2k(p, q, θk) as

(p2 + q2)
(
λ2
ik
cos2 (θk − φp,q) + λ2

jk
sin2 (θk − φp,q)

)
when (p, q) runs over the set SM . If θk − φp,q = π/2, i.e.,
θk = tan−1(−p/q) for some (p, q) ∈ SM , then the minimum
distance is independent of λik and depends only upon λjk .
This implies a loss of diversity order since the diversity order
of the square fading coefficient λ2

jk
is less than that of λ2

ik
.

For the case of nr = nt = 2, this would mean a reduction of
diversity order from 4 to 1. The set SM and the critical angles
are illustrated in Fig. 3.

C. Optimal design of X-Precoder

For X-Precoders, the optimal rotation angle is tedious to
compute due to lack of exact expressions for the word error
probability Pk(H). Just like X-Codes, the union bound to
P

′

k(H) is given by

P
′

k(H) ≤ 1

|Sk|
∑

ℜ(uk)

∑
ℜ(vk) ̸=ℜ(uk)

Q

√d2k(ℜ(uk),ℜ(vk),Ak)

2N0


(61)

However, unlike the analysis for X-Codes, we do not further
upper bound this union bound by using (39), since by doing
so we would have lost information about λjk . Instead, in the
pairwise sum in (61), we look for the term with the highest
contribution to the union bound and try to minimize it. The
best angle for the k-th pair is then given by

θ̃k(λik , λjk) = arg max
θk∈[0,π4 ]

min
(p,q)∈SM

d2k(p, q, θk) (62)

where d2k(p, q, θk) is given by (60). Just like X-Codes, it can be
shown that for the maximization in (62), it suffices to consider
the range [0, π

4 ] for θk, instead of the entire range [0, 2π]. The
optimization problem in (62) is analytically tractable only for
small values of M . Also, the minimization over (p, q) ∈ SM
need not be over the full set containing |SM | = 4M(M − 1)
elements. In fact, it can be shown that the number of elements
to be searched is at most (M2−3M +6)/2. For example, for
M = 4 (16-QAM), we need to search only 5 elements instead
of the full set of 48 elements.

Theorem 3: For M = 2 (4-QAM), the exact θ̃k(λik , λjk)
is given by,{

π/4 βk ≤
√
3

tan−1
[
(β2

k − 1)−
√
(β2

k − 1)2 − β2
k

]
βk >

√
3

(63)

where βk
∆
=

λik

λjk
is the condition number for the k-th pair.

Proof – See Appendix C. �
Further let

d̃2k,min(λik , λjk)
∆
= max

θk∈[0,π4 ]
min

(p,q)∈SM
d2k(p, q, θk) (64)

0 2 4 6 8 10 12 14 16 18 20
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

 Condition number (β) 

 B
it 

Er
ro

r R
at

e 

ARITH−MBER n
s
 = 1 (256−QAM)

ARITH−MBER n
s
 = 2 (16−QAM)

E−dmin (16−QAM)

X−Codes (16−QAM)

X−Precoder (16−QAM)

Y−Codes

Y−Precoder

Channel gain = (λ
1
,λ

2
)

λ
1
2 + λ

2
2 = 1

Fig. 6. Effect of the channel condition number on error performance of
various precoders for a 2× 2 system with target rate R = 8 bpcu.

then using (64) and (61), the truncatedunion bound to P
′

k is
given by

P
′

k ≤ (M2 − 1)E

Q
√ d̃2k,min(λik , λjk)

2N0

 . (65)

The expectation in (65) is over the joint distribution of
(λik , λjk) and is difficult to compute analytically. We there-
fore use Monte-Carlo simulations to evaluate the exact error
probability P

′

k.

V. Y-CODES AND Y-PRECODER

A. Motivation

As we will see in Section VI (see Fig. 6), the bit error
probability performance of X-Codes is better than the one
of the other precoders when the condition number for a pair
of subchannels is small. However, the bit error probability
performance of X-Codes degrades with increasing condition
number. Since, typical fading channels are ill conditioned7

with high probability, it is necessary to design precoders which
are robust to ill conditioned channels. Also, ML detection for
X-Codes involves a 2-dimensional search, which is slightly
more complex than the linear precoders reported in [7],[8]
and [9], for which ML detection involves only a 1-dimensional
search.

Therefore, we have two important problems to be solved: i)
improvement in error performance for ill conditioned channels
and ii) reduction in ML detection complexity. We firstly ad-
dress the issue of performance improvement in ill conditioned
channels. Towards this end, we ask ourselves the following
question: “For a given transmit power constraint PT and rate
R, what is the best possible code design in terms of achieving
the minimum average bit/symbol/word error rate?”. It is not
easy to find the best possible code in closed form, but based
upon analysis we can definitely gain insight into the properties
that a good code must have.

7A nt × nr MIMO channel (nr ≤ nt) is said to be ill conditioned if its
condition number is large, i.e., λ1/λnr ≫ 1.
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corresponding codebook index number. Dotted lines demarcate the boundary
between the ML decision regions.

It is observed that the error performance at high SNR is
dependent on the minimum value of the pairwise distance
d2k(ℜ(uk),ℜ(vk),Ak) (see (37)) over all possible information
vectors uk ̸= vk. Using the definition, we have

d2k(ℜ(uk),ℜ(vk),Ak) = ∥Mk(ℜ(uk)−ℜ(vk))∥2

= λ2
ik
e2k,1 + λ2

jk
e2k,2 (66)

where ek
∆
= Ak(ℜ(uk)−ℜ(vk)).

Let βk = λik/λjk be the condition number for the k-th pair
as defined in Theorem 3, then we have βk ≥ 1, since λik ≥
λjk . For the special case of βk = 1, d2k(ℜ(uk),ℜ(vk),Ak)
is proportional to ∥ek∥2, which is the Euclidean distance
between the code vectors ℜ(uk) and ℜ(vk). Therefore, for
βk = 1, the design of good codes is independent of the
subchannel gains (λik , λjk). However, the design of good
codes becomes harder for values of βk > 1. We immediately
observe that, since λik > λjk , the effective Euclidean distance
in (66) gives more weight to the term e2k,1, which is the
squared difference of the vectors along the stronger subchannel
component. Since the total transmit power is constrained,
codes should be designed such that the minimum possible
separation between any two code vectors is larger along the
stronger subchannel as compared to the minimum possible
separation along the weaker subchannel.

Hence, it is obvious that X-Codes (based on 2-dimensional
rotation matrices) may not be a good code design for ill
conditioned subchannels, where βk ≫ 1. This is because,
with rotated QAM constellations, the codewords achieve the
same non-zero minimum distance along both the stronger as
well as the weaker subchannel. Specially in cases where the
condition number is large, it is intuitive that a code design
which achieves maximal non-zero minimum distance along
the stronger subchannel and zero minimal distance along the
weaker subchannel, would perform better than the best rotated
constellation. This has been illustrated in Figures (1) and (2),
where it can be seen that, when compared to X-Codes, Y-

Codes achieve a larger minimum distance between the received
codewords.

This insight leads us to design codes, which have a zero
minimum distance along the weaker subchannel so that, under
a fixed transmit power constraint, more separation between the
codewords can be achieved along the stronger subchannel. A
simple design is to have the code vectors belong to a subset
of some skewed 2-dimensional lattice, an example of which is
shown in Fig. 7 (there are totally 8 code vectors represented by
small filled circles). Since the code vectors belong to a lattice,
they can be expressed as a linear transformation of a subset of
Z2. The simple structure of the code results in a very simple
ML detector for each subchannel pair, which has a detection
complexity of the same order as that of a 1-dimensional
scalar channel (like the linear precoders in [8] and [9]). It
is also noted that, for a code with M vectors, the transmitted
code vector assumes only two possible amplitude values along
the weaker subchannel component, and M/2 different values
along the stronger subchannel component. This is in fact a
simple rate allocation scheme, where only 1 information bit is
transmitted through the weaker subchannel, and the remaining
bits are transmitted through the stronger subchannel. More
complex rate allocation schemes are possible, but would result
in more complex ML detectors.

B. Y-Codes and Y-Precoders: Encoding

For Y-Codes and Y-Precoders, the matrices Ak have the
structure

Ak =

[
ak 2ak
2bk 0

]
(67)

where ak, bk ∈ R+. For Y-Codes/Precoders, the set Sk is given
by the Cartesian product

Sk
∆
= {0, 1} × {0, . . . , M

2
− 1}. (68)

For example, with M = 4, the set Sk is given by

Sk =
{
(0, 0)T , (0, 1)T , (1, 0)T , (1, 1)T

}
. (69)

The real and imaginary components of the displacement
vector for the k-th pair, u0

k are given by

ℜ(u0
k) = ℑ(u0

k) =

[
− (M − 1)ak

2
, −bk

]T
. (70)

We consider the 2-D codebook of cardinality M generated by
applying Ak to the elements of Sk and adding the displace-
ment vector. The M code vectors of the 2-D codebook are
given by

Yk(v) =

[
ak

(
(v − 1)− M − 1

2

)
, bk(−1)v

]T
(71)

where v = 1, . . . ,M .
With the codebook notation, v refers to the index of the code

vector Yk(v) in the codebook. Further, let the codebook indices
of the vectors, to be transmitted on the real and imaginary
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components of the k-th pair be vIk and vQk respectively. The
components of the data symbol vector z are then given by

(ℜ(zik),ℜ(zjk))T = Yk(v
I
k)

(ℑ(zik),ℑ(zjk))T = Yk(v
Q
k ) (72)

where k = 1, 2, · · · , nr/2.
Due to the transmit power constraint in (15), ak and bk must

satisfy

b2k + a2k
M2 − 1

12
=

PT

nr
. (73)

The only difference between Y-Codes and Y-Precoders is that,
for Y-Codes, the parameters ak and bk are fixed a priori,
whereas, for the Y-Precoders, these are chosen every time the
channel changes.

C. Y-Codes and Y-Precoders: ML Decoding

Using our codebook notation in (71), the ML decoding rule
in (20) and (21), can be equivalently written as

v̂Ik = arg min
v∈{0,··· ,(M−1)}

∥ℜ(rk)−ΛkYk(v)∥2

v̂Qk = arg min
v∈{0,··· ,(M−1)}

∥ℑ(rk)−ΛkYk(v)∥2 (74)

where v̂Ik and v̂Qk are ML estimates of the codeword indices
transmitted on the real and imaginary components for the k-th
pair.

We next discuss a low complexity solution for the detection
problem in (74). The algorithm is the same for all pairs, and
the same for both the real and imaginary components of each
pair. Therefore, we only discuss the algorithm for the real
component of the k-th pair. We first partition the 2-D received
signal space

(
R2
)

into
(
M
2 + 1

)
regions as follows.

R0 :

{
[x, y]T∈ R2| −∞ ≤

(
x

λikak
+

M − 1

2

)
≤ 1

}
RM

2
:

{
[x, y]T∈ R2|(M − 1) ≤

(
x

λikak
+

M − 1

2

)
≤ +∞

}
Ri :

{
[x, y]T∈ R2|(2i− 1)≤

(
x

λikak
+

M − 1

2

)
≤ (2i+ 1)

}
(75)

where i ∈ [1,M/2− 1].
In Fig. 7, we illustrate the 5 regions with M = 8 for the

real component of the k-th pair. The first step of the decoding
algorithm is to find the region to which the received vector
belongs. Let

tk =

⌊
ℜ(rik)
2λikak

+
M + 1

4

⌋
.

The received vector belongs to the region Rζk , where ζk is
explicitly given by

ζk =


0 tk ≤ 0
M
2 tk ≥ M

2
tk otherwise.

(76)

For example, in Fig. 7, the received vectors p1, p2, and
p3 belong to R0, R1, and R3, respectively. It can be shown

that, once the received vector is decoded to the region Rζk ,
the ML code vector is one among a reduced set of at most 3
code vectors. Therefore, at most 3 Euclidean distances need
to be computed to solve the ML detection problem in (74),
as compared to computing all the M Euclidean distances in
case of a brute force search. For example, in Fig. 7, for the
received vector p3 ∈ R3, the ML code vector is among Yk(6),
Yk(7) or Yk(8).

However, once we know the region of the received vector,
it is possible to directly find the ML code vector even with-
out computing the 3 Euclidean distances. This involves just
checking at most 3 linear relations between the 2 components
of the received vector. Therefore, the ML decoding complexity
of Y-Codes is the same as that of a scalar channel. For
example, in Fig. 7, the received vector p3 is to the right of the
perpendicular bisector between Yk(6) and Yk(8). The vector
p3 is also above the perpendicular bisector between Yk(7)
and Yk(8). From these two checks, it can be easily concluded
that the ML code vector is Yk(8). Due to the structure of
the codebook, the ML decision regions can be very easily
outlined. In Fig. 7, the dotted lines demarcate the boundary
of the ML decision regions. The hatched region illustrates the
ML decision region of Yk(5).

D. Optimal design of Y-Codes

Given the optimal pairing in (48), the next step towards
designing optimal Y-Codes is to find the optimal value of
(ak, bk), which minimizes the average error probability P

′

k for
the k-th pair. For Y-Codes, once chosen, (ak, bk) are fixed and
do not change with every channel realization. Since the ML
decision regions are known precisely, it is possible to calculate
the exact error probability P

′

k. With our codebook notation,
we identify code vectors by their index in the codebook. For
the k-th pair, the average word error probability of the real
component can therefore be expressed in terms of the code
vector indices as

P
′

k =
1

M

∑
v

P
′

k(v) (77)

where P
′

k(v)
∆
= EH[Prob(v̂Ik ̸= v |Yk(v) , H)], P

′

k(v) is the
average probability of error when the code vector Yk(v) is
transmitted and it is given by

P
′

k(v)=

 E[g1(ak, bk)] 3 ≤ v ≤ (M − 2)
E[g2(ak, bk)] v = 1,M

E[g1(ak, bk)− g3(ak, bk)] v = 2, (M − 1)

(78)

where all the expectations are over the joint distribution of
(λik , λjk). Let

Ψk(x)
∆
=

√
2(2akλikx− a2kλ

2
ik
− 4b2kλ

2
jk
)

4bkλjk

√
N0

Φk(x)
∆
=

−
√
2(2akλikx+ a2kλ

2
ik
+ 4b2kλ

2
jk
)

4bkλjk

√
N0

.
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The functions g1(ak, bk), g2(ak, bk) and g3(ak, bk) are given
by

g1(ak, bk)
∆
= 1−

∫ λik
ak

0

2e
−x2

N0

√
πN0

Q (Ψk(x)) dx

g2(ak, bk)
∆
= 1−

∫ λik
ak

−∞

e
−x2

N0

√
πN0

Q (Ψk(x)) dx

g3(ak, bk)
∆
=

∫ −λik
ak

−∞

e
−x2

N0

√
πN0

Q (Φk(x)) dx. (79)

To compute the optimal (ak, bk), we have to minimize P
′

k

w.r.t. (ak, bk) subject to the transmit power constraint in (73).
However, it is difficult to get closed form expressions for the
optimal (ak, bk) due to the intractability of the integrals in
(79). This difficulty is further compounded due to the evalu-
ation of expectation over the joint distribution of (λik , λjk).
However, since (ak, bk) are fixed a priori, it is always possible
to approximately compute the optimal (ak, bk) off-line, using
Monte-Carlo techniques.

E. Optimal design of Y-Precoder

For the Y-Precoder, finding the optimal (ak, bk) which
minimizes P

′

k(H) for a given channel realization H is again
difficult due to the intractability of the integrals in (79). In
the case of Y-Codes these could be computed off-line since
(ak, bk) are fixed a priori. However, for Y-Precoders these
cannot be computed off-line, since the optimal (ak, bk) have
to be computed every time the channel changes.

To reduce the complexity of computing (ak, bk) adaptively
as the channel changes, we resort to simpler bounds on the
error probability P

′

k(H) for which the optimal (ak, bk) require
minimal computation. One such bound is given by the union
bounding technique, which was also used in the analysis of
the error performance for X-Precoders. For Y-Precoders, the
union bound to P

′

k(H) is given by

P
′

k(H) ≤ (M − 1)Q

√d2k,min(ak, bk)

2N0

 (80)

where d2k,min(ak, bk) is given by

min
v ̸=w

(
λ2
ik
a2k(v − w)2 + λ2

jk
b2k((−1)v − (−1)w)2

)
(81)

where v and w are distinct indices of the codebook. A good
choice of (ak, bk) is obtained by minimizing the union bound
for P

′

k(H) in (80) w.r.t (ak, bk), subject to the transmit power
constraints in (73). From (80), this choice of (ak, bk), denoted
by (a∗k, b

∗
k), maximizes d2k,min(ak, bk) for the fixed channel

gain of (λik , λjk). The next theorem gives the closed form
analytical expression for (a∗k, b

∗
k).

Theorem 4: A good choice of (ak, bk) defined as

(a∗k, b
∗
k)

∆
= arg max{

(ak,bk)∈(R+)2|b2k+a2
k

M2−1
12 =

PT
nr

} d2k,min(ak, bk)

(82)

is given by

(a∗k, b
∗
k) =


(√

12PT

nr(M2−1) , 0
)

β2
k ≥ M2−1

3(√
4PT

3nr(β2
k+M ′)

, βk

√
PT

nr(β2
k+M ′)

)
β2
k < M2−1

3

(83)
where M ′ = M2−1

9 .
The corresponding optimal value of d2k,min(ak, bk) is given

by

d2k,min(a
∗
k, b

∗
k) =


12PTλ2

ik

nr(M2−1) β2
k ≥ M2−1

3

16PTλ2
ik

nr

(
3β2

k+
(M2−1)

3

) β2
k < M2−1

3 .

(84)

Proof – See Appendix D. �
If we now look back at the codebook for Y-Precoders,

we notice that there is power allocation on the two sub-
channels through the parameters ak and bk, which can be
chosen optimally based upon the knowledge of channel gains.
From (83), we observe that the Y-Precoders use only the
stronger subchannel, when channel condition number is high(
β2
k ≥ M2−1

3

)
. For good channel condition

(
β2
k < M2−1

3

)
,

power is distributed between the two channels depending on
the channel condition. This adaptive power allocation between
the stronger and the weaker subchannels, enables Y-Precoders
to achieve an error performance better than X-Precoders in ill
conditioned channels. Y-Codes/Y-Precoders also have a fixed-
rate allocation between the two subchannels of a pair, since out
of the log2(M) bits, one bit can be used to decide whether
the vector in the codebook is at even index (corresponding
to the second component being equal to +bk) or at odd
index (corresponding to the second component being equal
to −bk). The remaining bits are then used to appropriately
choose among the vectors at even or odd indices. Therefore,
in a way, the proposed Y-Codes always transmits 1 bit of
information on the weaker subchannel and log2(M) − 1 bits
on the stronger subchannel. This rate allocation may not be the
best and therefore even better code books can be constructed,
but may result in higher ML detection complexity. The ML
decoding complexity for the proposed Y-Codes/Y-Precoders is
low and is independent of M .

VI. SIMULATION RESULTS

In this section, we compare the error probability per-
formance of X-, Y-Codes and X-, Y-Precoders with other
precoders proposed in literature. For all the simulations, we
assume nr = nt. Throughout this section, the subchannel
pairing used for X-,Y-Codes/Precoders is given by (48).

For X- and Y-Codes, the encoding matrices for each pair,
Ak , k = 1, 2, · · · , nr/2 are fixed a priori. In case of X-
Codes, the fixed rotation angles are given by (57). For Y-
Codes, the value of (ak, bk) for the k-th pair of subchannels,
is computed, by minimizing P

′

k in (77) w.r.t. (ak, bk). Note
that the expectation in (78), is carried out using Monte-Carlo
techniques, assuming a Rayleigh flat fading MIMO channel.

For X-,Y-Precoders, the encoding matrices for each pair,
Ak , k = 1, 2, · · · , nr/2 are not fixed, and are computed every
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time the channel changes. For X-Precoders, the rotation angle
for each of the nr/2 subchannel pairs is given by (62). For
Y-Precoders, (ak, bk) for the k-th pair of subchannels is given
by Theorem 4.

Error performance comparison of the proposed X-,Y-
Codes/Precoders is made with 1) the E-dmin (equal dmin
precoder proposed in [12]), 2) the Arithmetic mean BER
precoder (ARITH-MBER) proposed in [8], 3) the Equal Error
linear precoder (EE) (based upon optimizing the minimum
eigenvalue for a given transmit power constraint [9]), 4) the
TH precoder (based upon the idea of Tomlinson-Harashima
precoding applied in the MIMO context [7]), and 5) the
channel inversion (CI) precoder, also known as the Zero
Forcing precoder [4].

A. Effect of channel condition number on error performance

In Fig. 6, we plot the bit error probability/rate (BER) of
all precoding schemes for a 2 × 2 MIMO at γ = 26 dB,
as a function of the condition number β = λ1/λ2. We fix
the total channel gain to be 1, i.e., λ1

2 + λ2
2 = 1, and the

target rate to be R = 8 bpcu. For a given β, the BER of
all precoders is evaluated through Monte-Carlo simulations,
for a fixed 2 × 2 MIMO channel with channel matrix, H =
diag(β/

√
β2 + 1, 1/

√
β2 + 1).

We briefly discuss the precoding schemes which are com-
pared to the proposed X-,Y-Codes/Precoders. ARITH-MBER
transmits ns ≤ 2 symbols, each from a QAM modulation
alphabet. For the ARITH-MBER precoder, when ns = 1,
every channel use, a 256-QAM modulation symbol (16-PAM
on the real and imaginary component) is transmitted on the
stronger subchannel and the weaker subchannel is not used
for transmission (note that for a 2 × 2 system, there are
only 2 subchannels, i.e., only 1 pair of subchannels). When
ns = 2, two 16-QAM modulation symbols are transmitted,
one on each subchannel. E-dmin is a precoding scheme in
which the complex linear precoding matrix is adapted to each
channel realization, but both the subchannels are always used
for transmission (i.e., ns = 2). With E-dmin, the modulation
alphabet used is 16-QAM.

In Fig. 6, we notice that schemes which are fixed and do not
adapt their transmission with the varying channel, have good
BER performance for small values of β. The BER performance
is, however, poor with increasing β. BER performance of X-
Codes is also seen to deteriorate with increasing β. The only
exceptions are Y-Codes and ARITH-MBER (ns = 1). For
ARITH-MBER with ns = 1, only the stronger subchannel
is used for transmission, and therefore its BER improves with
increasing β, because, with λ1

2+λ2
2 = 1, λ1 (i.e., the stronger

subchannel gain) increases with increasing β. Compared to
X-Codes/X-Precoders, the BER performance of Y-Codes/Y-
Precoders is more stable with increasing β due to the fact that
the codebook is designed in order to maximize the minimum
codeword distance along the stronger subchannel component
without caring about the separation on the weaker subchannel
component.

It is also observed that, the Y-Precoders/Y-Codes perform
better than X-Precoders/X-Codes for large β, and hence for
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Fig. 8. BER comparison between various precoders for nr = nt = ns =
2, 4 and M = 2 (4-QAM) modulation. Target rate is R = 2ns bpcu.

channels which are ill conditioned, Y-Precoders/Y-Codes have
a better error performance compared to X-Precoders/X-Codes.
We shall see later that, indeed for the Rayleigh fading chan-
nel, Y-Precoders/Y-Codes perform better than X-Precoders/X-
Codes.This justifies the fact that precoders for ill conditioned
channels should be designed to achieve more separation in the
minimum Euclidean distance (between received codewords)
along the component corresponding to the stronger subchan-
nel. It can also be seen that, despite the suboptimal choice
of encoding matrices Ak (based upon the union bound to the
error probability of uk), X-Precoders perform better than X-
Codes, and Y-Precoders perform better than Y-Codes.

B. Diversity order comparison

We next discuss the overall diversity order achieved by
the various precoding schemes with a Rayleigh flat fading
MIMO channel. Let the number of subchannels used for
transmission be ns (ns ≤ nr). The diversity order achieved
by the linear precoders (EE and ARITH-MBER) and THP is
(nr − ns + 1)(nt − ns + 1) and (nt − ns + 1) respectively,
whereas the diversity order achieved by E-dmin and X-, Y-
Codes/Precoders is (nr− ns

2 +1)(nt− ns

2 +1). The CI scheme
achieves infinite diversity, but it suffers from power enhance-
ment at the transmitter. Among all the other schemes (except
CI), we observe that E-dmin and X-, Y-Codes/Precoders have
the best overall diversity order.

The subsequent simulation results assume a MIMO channel
with Rayleigh flat fading statistics. All BER performance
reported are averaged over the channel fading statistics through
Monte-Carlo simulations.

C. Comparison of BER performance ns = min(nr, nt)

In Fig. 8, we plot the BER performance of all precoders
for nr = nt = ns = 2, 4 and a target rate of R = 2ns bpcu.
The proposed X, Y-Precoders and E-dmin have the best error
performance. The increased diversity order achieved by the
pairing scheme is obvious from the higher diversity slope of
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Fig. 9. BER comparison between various precoders for nr = nt = 2 and
target rate R = 4, 8 bpcu.
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Fig. 10. BER comparison between various precoders for nr = nt = 4 and
target rate R = 8, 16 bpcu.

the error probability for the X, Y-Precoders compared to a di-
versity slope of order 1 for the linear precoder ARITH-MBER
and THP. This observation supports the analytical result on
the improvement of diversity order of the error performance
by pairing of MIMO subchannels (see Section III-B, III-C).
The performance of CI is inferior due to enhanced transmit
power requirement arising from the bad conditioning of the
channel. It is observed that the proposed Y-Precoders perform
the best for nr = nt = 2, with E-dmin only 0.5 dB away at a
BER of 10−3. For nr = nt = 4, E-dmin performs better than
Y-Precoders by 0.4 dB at a BER of 10−3. However, E-dmin
has this performance gain at a higher encoding and decoding
complexity compared to the Y-Precoder.

D. Comparison of BER performance for nr = nt = 2, 4, ns ≤
min(nr, nt)

In this section, we report the observations made on the
simulated BER performance of various precoding schemes for
a given target rate of R bpcu and achievable overall diversity
gain δord = (nr/2 + 1)2. This diversity gain is achieved by
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Fig. 11. BER comparison between the proposed X-Codes and Y-Codes for
nr = nt = 2 with rate R = 4, 8 bpcu.
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Fig. 12. BER comparison between the proposed X-Codes and Y-Codes for
nr = nt = 4 with rate R = 8, 16 bpcu.

X-,Y-Precoder and E-dmin with ns = nr information symbols
transmitted every channel use, and by the linear precoders (EE
and ARITH-MBER) with ns = nr/2 information symbols
transmitted every channel use. Therefore, for the same target
rate R, the information symbols transmitted by the linear
precoders must belong to a modulation alphabet with 22nr/R

elements (we select nr and R such that nr/R is an integer), as
compared to a 2nr/R element modulation alphabet set required
for X-,Y-Precoder and E-dmin.

In Fig. 9, we plot the BER for nr = nt = 2, and a
target rate of R = 4, 8 bpcu. It is observed that the best
performance is achieved by the proposed Y-Precoder. For a
target rate of R = 4 bpcu, ARITH-MBER (16-QAM) also
has a similar performance. However, for a rate of R = 8
bpcu, the performance of ARITH-MBER (256-QAM) is worse
than that of Y-Precoders by about 2.8 dB at a BER of 10−3.
This is because, to achieve a diversity order same as that
achieved by X-,Y-Precoder and E-dmin, linear precoders use
only half of the available subchannels for transmission (i.e.,
ns = min(nr, nt)/2 = nr/2). Hence, to achieve the same
target rate R, they have to use higher order QAM, which
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Fig. 13. Word error probability comparison between the proposed suboptimal
Y-Precoders and exact optimal Y-Precoders for nr = nt = 2, 4 with rate
R = 4nt bpcu.

results in loss of power efficiency. Based along the lines of
the discussion in Section II and observations made in Fig. 9,
it can be said that for a 2× 2 Rayleigh faded MIMO channel,
with a target rate of R = 8 bpcu and an overall diversity
order of δord = 4, Y-Precoders are better compared to the
other considered precoders.

In Fig. 10, we plot the BER for nr = nt = 4, and a target
rate of R = 8, 16 bpcu. For a rate of R = 8 bpcu, E-dmin and
ARITH-MBER (16-QAM) have the best error performance.
Y-Precoders perform only about 0.5 dB away at a BER of
10−3. However, for a target rate of R = 16 bpcu, Y-Precoders
perform the best. ARITH-MBER (ns = 2) with 256-QAM
modulation on both subchannels performs 2.6 dB worse than
Y-Precoders at a BER of 10−3. E-dmin performs the worst and
is about 3.5 dB away from Y-Precoders at a BER of 10−3. E-
dmin has poor performance since the precoder proposed in
[12] has been optimized for 4-QAM, and therefore it does not
perform that well when the target rate is higher than 2ns bpcu.

E. X-Codes vs. Y-Codes

In Fig. 11, we compare the BER performance of the
proposed X and Y-Codes for a nr = nt = 2 system with
a target rate of R = 4, 8 bpcu. It is observed that Y-Codes
have a significant performance gain over X-Codes. For a target
rate of both R = 4 and R = 8 bpcu, Y-Codes perform
better than X-Codes by about 1.5 dB at a BER of 10−3.
This is primarily due to the novel skewed lattice constellation
structure of the proposed Y-Codes (as compared to the simple
rotation encoder for X-Codes), which ensures that the minimal
distance between received codewords does not become too
small when channel is ill conditioned. In Fig. 12, we compare
the BER performance of the proposed X and Y-Codes for a
nr = nt = 4 system with a rate of R = 8, 16 bpcu. Y-Codes
again perform better than X-Codes by about 0.7 dB for a rate
of R = 8 bpcu, and by about 1.5 dB for a rate of R = 16
bpcu.

F. X-, Y-Codes vs. X-, Y-Precoders
In this section, we discuss the performance gain achieved by

adaptively choosing the encoder matrices Ak for each channel
realization, as compared to having them fixed a priori.

In Fig. 11, we compare the performance of the X-, Y-
Precoders with that of X-, Y-Codes for nr = nt = 2 with
R = 4, 8 bpcu. For R = 4 bpcu, X-, Y-Precoders perform
marginally better than X-, Y-Codes (by only about 0.2 dB at
BER of 10−3). However, for R = 8 bpcu, the X-Precoder
performs better than X-Codes by about 1.0 dB, whereas Y-
Precoders perform better than Y-Codes by about 0.2 dB at
a BER of 10−3. Therefore, adapting the encoder matrices
with channel realization is beneficial for X-Codes. However,
compared to the performance gain of X-Precoders over X-
Codes, it is observed that Y-Precoders do not have as much
gain in performance over Y-Codes.

For nr = nt = 4, it is observed from Fig. 12 that for R = 8
bpcu, X-, Y-Precoders have almost similar performance as X-,
Y-Codes. However, for R = 16 bpcu, X-Precoders perform
better than X-Codes by about 0.7 dB, whereas Y-Precoders
perform better than Y-Codes by about 0.3 dB at a BER of
10−3.

The performance gain of X-Precoders over X-Codes is
much more significant as compared to the performance gain
of Y-Precoders over Y-Codes. Also, for X-Precoders, this
performance gain is significant only with higher order QAM.
This is due to the fact that the error performance is much
more sensitive to the rotation angle for higher order QAM (see
Fig. 5), and therefore adjusting the rotation angle with respect
to the varying channel is expected to result in performance
improvement.

On the other hand Y-Precoders are only marginally better
than Y-Codes irrespective of the transmission rate R. This is
attributed to the fact that for the Y-Precoders we optimize
an upper bound to the probability of error P

′

k(H), rather
than the exact error probability. We do this, because of the
high encoding complexity which in turn is due to the ana-
lytical intractability of optimizing the exact error probability
expressions. This leads to a suboptimal choice of the encoder
matrices, and therefore a suboptimal error performance.

This fact is also obvious from Fig. 13, where we plot the
exact optimal average word error probability for Y-Precoders
in comparison with the average word error probability of
the proposed suboptimal Y-Precoder. The exact optimal word
error probability (i.e., error probability with the optimal choice
of encoder matrices as given by (34)) is computed through
Monte Carlo techniques. The exact optimal average word error
probability is better than the average word error probability of
the proposed suboptimal Y-Precoder by about 1.8 dB for a
nr = nt = ns = 2 system, and is better by about 1.0 dB for a
nr = nt = ns = 4 system at a word error probability of 10−1

and a target rate of R = 4nt bpcu. This therefore suggests the
existence of better Y-Precoders compared to what has been
proposed in this paper.

VII. COMPLEXITY

In this section, we discuss the computational complexity of
X-, Y-Codes and compare it with other precoding schemes.
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In terms of the encoding complexity, all the schemes have
a similar order of complexity, O(nrnt), which is due to the
transmit preprocessing filter. In terms of detection complexity,
Y-Codes, CI, THP and ARITH-MBER/EE have a similar
detection complexity, which is equivalent to symbol by symbol
ML detection. ML detection for X-Codes employs search
over a finite subset of some 2-dimensional real search space.
E-dmin has the worst ML detection complexity, due to a
4-dimensional real search space. Y-Codes have a detection
complexity even lower than X-Codes, since the search is
essentially one dimensional (just checking at most 3 linear
relations between the 2 components of the received signal
vector, see Section V-C).

VIII. CONCLUSION

We proposed X-, Y-Codes/Precoders which can achieve high
rate and high diversity at low complexity by pairing the MIMO
subchannels prior to SVD precoding. It is observed that indeed
pairing of channels can significantly improve the overall diver-
sity. Among all possible pairings, pairing the k-th subchannel
with the (nr−k+1)-th subchannel was found to be optimal in
terms of achieving the best overall diversity order. One way of
pairing the subchannels is by using rotation based encoding,
as was proposed for X-Codes/Precoders. The proposed X-
Codes/Precoders have good performance for well conditioned
channels. For ill-conditioned channels, we then proposed Y-
Codes/Precoders. It is shown by simulation and analysis that
Y-Codes/Precoders achieve better error performance at very
low complexity, when compared to other precoders in the
literature. In practice, in order to improve the overall error
performance, it is possible to adaptively switch between X-
and Y-Codes/Precoders depending on the channel condition.

APPENDIX A
PROOF OF THEOREM 1

Towards proving Theorem 1, we shall find the following
Lemma useful (see [15, Prop. 1] for the proof).

Lemma 1: Consider a real scalar channel modeled by y =√
αx + n, where x = ±

√
Es, n ∼ N (0, σ2). Let F (α) =

Kαk + o(αk), for α → 0+ be the cdf (cumulative density
function) of α, where K is a constant and k is a positive
integer. Let γ = Es/σ

2 be the SNR. Then the probability of
error is given by P (γ) = Eα[Q(

√
αγ)], and the asymptotic

error probability for γ → ∞ is given by

P =
K

2

(
(2k − 1) · (2k − 3) · · · 5 · 3 · 1

)
γ−k + o(γ−k).

�
The proof of Theorem 1 is as follows. Since Q(·) is a

monotonically decreasing function with increasing argument,
we can further upper bound (36) using (39) and (42) as
follows:

P
′

k ≤ (|Sk| − 1)E

Q
√λ2

ik
gk(Ak)

2N0

 . (85)

For a Rayleigh faded channel, the marginal pdf of the s-th
eigenvalue λ2

s (for λ2
s → 0) is given by [14]

f(λ2
s) = C(s)(λ2

s)
Nt(s)Nr(s)−1 + o

(
(λ2

s)
Nt(s)Nr(s)−1

)
(86)

where Nt(s)
∆
= (nt − s + 1), Nr(s)

∆
= (nr − s + 1) and

C(s) is a constant given in [14]. Using the pdf in (86), the
cdf Fs(u) = P (λ2

s ≤ u) (for u → 0+) is given by

Fs(u) =
C(s)

Nt(s)Nr(s)
uNt(s)Nr(s) + o

(
uNt(s)Nr(s)

)
. (87)

Using Lemma 1 and (87), the bound in (85) can be further
written as

P
′

k ≤ (|Sk| − 1)ck

( 2PT

gk(Ak)

)δk
γ−δk + o(γ−δk) (88)

where δk
∆
= (nt− ik+1)(nr− ik+1) and ck

∆
= C(ik)

2 δk

(
(2 δk−

1) · · · · 5 · 3 · 1
)

. �

APPENDIX B
PROOF OF THEOREM 2

The following lemma is useful towards proving Theorem 2.
Lemma 2: Given a set of n ≥ 2 probabilities

{p1, p2, · · · , pn} (0 < pi ≤ 1, i = 1, 2, · · ·n), it is true that

(1−
n∏

k=1

(1− pk)) < 2n−2
n∑

k=1

pk. (89)

Proof – Expanding the product in (1 −
∏n

k=1(1 − pk)), we
have

1−
n∏

k=1

(1− pk) =
n∑

k=1

pk +
n∑

i=2

(−1)i+1Sn
i (p1, p2, · · · , pn)

(90)
where Sn

i (p1, p2, · · · , pn) is a symmetric multinomial in the
variables (p1, p2, · · · , pn), and is defined as

Sn
i (p1, p2, · · · , pn) =

∑
1≤j1<j2<···<ji≤n

i∏
l=1

pjl . (91)

In (91), the number of summands in the expansion of
Sn
i (p1, p2, · · · , pn) is

(
n
i

)
. Also, each such summand is a

product of probabilities, and therefore the value of each such
summand is bounded from above by 1. Therefore, an upper
bound to Sn

i (p1, p2, · · · , pn) is given by

Sn
i (p1, p2, · · · , pn) ≤

(
n

i

)
. (92)

Taking only the positive terms in∑n
i=2(−1)i+1Sn

i (p1, p2, · · · , pn) into consideration, we
have

1−
n∏

k=1

(1− pk) <
n∑

k=1

pk+
n∑

i=3 , i odd

Sn
i (p1, p2, · · · , pn). (93)



19

Further, using the definition of Sn
i in (91), each symmetric

multinomial can be upper bounded as

Si(p1, p2, · · · , pn) =
n∑

t=1

∑
j1=t<j2<···<ji≤n

(
pt

i∏
l=2

pjl

)
=

n−i+1∑
t=1

ptS
n−t
i−1 (pt+1, · · · , pn) (94)

Applying (92), since, for t > 1,
(
n−t
i−1

)
<
(
n−1
i−1

)
, we have

Si(p1, p2, · · · , pn) ≤
n−i+1∑
t=1

pt

(
n− t

i− 1

)

<

n−i+1∑
t=1

pt

(
n− 1

i− 1

)
(95)

Since i > 1 and (n− i+ 1) < n, we obtain

Si(p1, p2, · · · , pn) <

(
n− 1

i− 1

) n∑
t=1

pt. (96)

Using (96) in (93), we have

1−
n∏

k=1

(1− pk) <
n∑

k=1

pk

(
1 +

n∑
i=3 , i odd

(
n− 1

i− 1

))
. (97)

Further

1 +
n∑

i=3 , i odd

(
n− 1

i− 1

)
=

n−1∑
i=0 , i even

(
n− 1

i

)
= 2n−2. (98)

Using this equality in (97) we have

1−
n∏

k=1

(1− pk) < 2n−2
n∑

k=1

pk. (99)

This proves the lemma. �
The proof of Theorem 2 now follows. For nr = 2, there

is only one pair, and therefore the overall diversity order is
the same as the diversity order of this pair. For nr > 2, since
P (H) = 1−

∏nr/2
k=1 (1−Pk(H)), applying Lemma 2, we have

P (H) < 2
nr
2 −2

nr
2∑

k=1

Pk(H). (100)

Averaging over the channel fading statistics, we have

P < 2
nr
2 −2

nr
2∑

k=1

Pk. (101)

Based on (43), it can be argued that, for each k there exists
some γ∗

k > 0, such that for γ ≥ γ∗
k , it is true that Pk <

fkγ
−δk , where fk is some positive constant independent of γ.

Further, let γ∗ ∆
= maxk γ

∗
k . Let δmin and kmin be defined as

δmin
∆
= min

k
δk , kmin

∆
= argmin

k
δk. (102)

Note that kmin is the index of the pair which has the
lowest achievable diversity order among all the nr/2 pairs.
Since there are finitely many pairs, there does exist a critical

SNR value, γc
∆
= maxk

(
fk

fkmin

) 1
(δk−δmin)

, beyond which
kmin = argmaxk fkγ

−δk . Using this fact, and (101) it
therefore follows that for γ > max(γc , γ

∗)

P <
nr

2
fkmin2

nr
2 −2γ−δmin . (103)

From (103), it is clear that

δord ≥ min
k

δk.

APPENDIX C
PROOF OF THEOREM 3

Let d(θk, λik , λjk)
∆
= min(p,q)∈S2 d

2
k(p, q, θk), where

d2k(p, q, θk) is defined in (60). The objective is to find the
optimal θk which maximizes d(θk, λik , λjk). The set S2 for 4-
QAM contains exactly 8 elements. Also due to sign symmetry
of this set (i.e., if (p, q) ∈ S2 then so do (p,−q), (−p, q) and
(−p,−q)), there are actually only 4 distances to be computed.
For a given angle θk these distances are enumerated as follows:

d1 = λ2
ik
cos2(θk) + λ2

jk
sin2(θk)

d2 = λ2
ik
sin2(θk) + λ2

jk
cos2(θk)

d3 = λ2
ik
(cos(θk) + sin(θk))

2 + λ2
jk
(cos(θk)− sin(θk))

2

d4 = λ2
ik
(cos(θk)− sin(θk))

2 + λ2
jk
(cos(θk) + sin(θk))

2.

Therefore, d(θk, λik , λjk) can be expressed in terms of these
distances as

d(θk, λik , λjk) = min(d1, d2, d3, d4)

= min(min(d1, d2),min(d3, d4)).

It can be shown that for the maximization in (62), it suffices
to only consider the range of θk to be (0, π/4]. Due to the
ordering of singular values in the SVD decomposition, λik ≥
λjk . Hence, it can be concluded that

d2 = min(d1, d2)

d4 = min(d3, d4)

and therefore

d(θk, λik , λjk) = min(d2, d4).

Let
βk

∆
=

λik

λjk

.

Then, d4 is the minimum if the following condition is satisfied.

1

β2
k

≤ h(θk) (104)

where
h(θk)

∆
= 1− 1

sin(2θk) + sin2(θk)
.

It can be seen that over the interval (0 , π/4], h(θk) is a con-
tinuous and monotonically increasing function. The maximum
value of h(θk) over this interval is 1

3 . Therefore, we now
consider two situations depending upon whether βk is greater
than or less than

√
3.

If βk ≤
√
3, then 1

β2
k
≥ 1

3 . Since h(θk) is always less than 1
3 ,

we can conclude that the condition in (104) is never satisfied



20

and therefore d2 is the minimum. Further, since λik ≥ λjk ,
d2 is a monotonically increasing function of θk and therefore
the solution to (62) is π/4.

If βk ≥
√
3, then 1

β2
k
≤ 1

3 . Since h(θk) is a monotonically
increasing function we observe that d4 is the minimum when
θk ≥ θ∗k or else d2 is the minimum. Here θ∗k is such that
θ∗k ∈ (0 , π/4] and h(θ∗k) = 1

β2
k

. Further, it is observed that
d2 is a monotonically increasing function of θk whereas d4
is monotonically decreasing. Also, d2 = d4 when θk = θ∗k.
Therefore, it can be concluded that min(d2, d4) is maximized
when θk = θ∗k. Hence for βk ≥

√
3 the solution to (62) is

θ∗k. We now solve for θ∗k from h(θ∗k) = 1/β2
k , which yields a

quadratic equation in tan(θ∗k), with one solution in (0 , π/4]
given by

θ∗k = tan−1
[
(β2

k − 1)−
√
(β2

k − 1)2 − β2
k

]
.

Combining, the optimal angles obtained for βk ≤
√
3 and

βk >
√
3, we get the solution to the maximization problem in

Theorem 3. �

APPENDIX D
PROOF OF THEOREM 4

We first get an expression for d2k,min(ak, bk) as defined in
(81). For any code vector at index v which is even, the nearest
distance to any other code vector with even index is 4λ2

ik
a2k.

The nearest distance to any code vector at odd index is λ2
ik
a2k+

4λ2
jk
b2k. The same holds true if v is odd. Hence d2k,min(ak, bk)

is given by

d2k,min(ak, bk) = min
(
4λ2

ik
a2k, λ

2
ik
a2k + 4λ2

jk
b2k

)
. (105)

Therefore, our objective is to solve the following constrained
min-max optimization problem :

(a∗k, b
∗
k) = arg max

{(ak,bk)∈R2+|b2k+a2
k

M2−1
12 =

PT
nr

}
d2k,min(ak, bk) (106)

In (106), we let T1
∆
= 4λ2

ik
a2k, which is geometrically a

straight line w.r.t. a2k passing through the origin and attaining
a maximum value of

48PTλ
2
ik

nr(M2 − 1)

at
a2k =

12PT

nr(M2 − 1)
.

This is because, the transmit power constraint bounds the value
of a2k as

a2k ≤ 12PT

nr(M2 − 1)
.

In (106), we let T2
∆
= (λ2

ik
a2k + 4λ2

jk
b2k). Since

b2k + a2k
(M2 − 1)

12
=

pT
nr

we can express T2 as

T2 = λ2
jk

(
4
PT

nr
+ a2k

(
β2
k − M2 − 1

3

))
. (107)

From (107), we observe that, if β2
k ≥ (M2 − 1)/3, then T2

represents a straight line with positive slope, having a value
of 4λ2

jk
PT /nr at ak = 0 and attaining a maximum value of

12PTλ
2
ik

nr(M2 − 1)

at

a2k =
12PT

nr(M2 − 1)
.

This maximum value is less than the maximum attained by T1.
Since both T1 and T2 have positive slope the minimum among
T1 and T2 is maximized at a∗

2

k = 12PT /(nr(M
2 − 1)), which

implies that b∗k = 0. The value of d2k,min(ak, bk) at ak = a∗k
is the maximum value attained by T2. Therefore, when the
channel condition exceeds a certain threshold, it is optimal to
allocate all power to the stronger subchannel only.

On the other hand, if β2
k < M2−1

3 , then T2 represents
a straight line with negative slope, whereas T1 has positive
slope, and therefore the minimum between them is maximized
when they are both equal. Therefore, the optimal (a∗k, b

∗
k) must

satisfy
4λ2

ik
a∗

2

k = λ2
ik
a∗

2

k + 4λ2
jk
b∗

2

k . (108)

Using the fact that b∗
2

k +a∗
2

k
M2−1

12 = PT

nr
, the optimal (a∗k, b

∗
k)

is given by

(a∗k, b
∗
k) =


√

4PT

3nr√
β2
k + M2−1

9

,

√
PT

nr

βk√
β2
k + M2−1

9

 . (109)

Using (109), the optimal value of d2k,min(ak, bk) for β2
k <

M2−1
3 is given by

d2k,min(a
∗
k, b

∗
k) =

16PTλ
2
ik

nr

(
3β2

k + (M2−1)
3

) .
�
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2003 he was visiting researcher at the Maths Department of EPFL, Lausanne,
Switzerland. In 2004 he was visiting researcher at the Telecommunications
Department of UNICAMP, Campinas, Brazil. In 2005, 2006 and 2009 he was
visiting researcher at the ITR of UniSA, Adelaide, Australia. In 2007 he was
visiting fellow at the Nokia Research Center, Helsinki, Finland.

Dr Emanuele Viterbo was awarded a NATO Advanced Fellowship in 1997
from the Italian National Research Council. His main research interests are in
lattice codes for the Gaussian and fading channels, algebraic coding theory,
algebraic space-time coding, digital terrestrial television broadcasting, digital
magnetic recording, and irregular sampling.

PLACE
PHOTO
HERE

Yi Hong is currently a lecturer at the Department of
Elecectrical and Computer Systems Eng., at Monash
University, Melbourne, Australia. She received her
Ph.D. degree in Electrical Engineering and Telecom-
munications from the University of New South
Wales (UNSW), Sydney, Australia, in Oct. 2004. She
then worked at the Institute of Telecom. Research,
University of South Australia, at the Institute of
Advanced Telecom., Swansea University, UK, and
at the University of Calabria, Italy.

During her PhD, she received an International
Postgraduate Research Scholarship (IPRS) from the Commonwealth of Aus-
tralia, a supplementary Engineering Award from the School of Electrical
Engineering and Telecommunications, UNSW and a Wireless Data Commu-
nication System Scholarship from UNSW. She received the NICTA-ACoRN
Earlier Career Researcher award for a paper presented at the Australian
Communication Theory Workshop (AUSCTW), Adelaide, Australia, 2007.
She is a Senior member of the IEEE and a member of ACoRN. She is
Technical Program Committee Chair of AUSCTW’11, Melbourne, Australia.
She was publicity chair at the IEEE Information Theory Workshop 2009,
Sicily, Italy. She was a Technical Program Committee member for various
IEEE conferences such as IEEE ICC 2011, VTC 2011, PIMRC and WCNC
2008. Her research interest include information and communication theory
with applications to telecommunication engineering.



22

PLACE
PHOTO
HERE

Ananthanarayanan Chockalingam A. Chock-
alingam received the B.E. (Honours) degree in Elec-
tronics and Communication Engineering from the
P. S. G. College of Technology, Coimbatore, India,
in 1984, the M.Tech. degree with specialization in
satellite communications from the Indian Institute
of Technology, Kharagpur, India, in 1985, and the
Ph.D. degree in Electrical Communication Engineer-
ing (ECE) from the Indian Institute of Science (IISc),
Bangalore, India, in 1993. During 1986 to 1993, he
worked with the Transmission R & D division of the

Indian Telephone Industries Limited, Bangalore. From December 1993 to May
1996, he was a Postdoctoral Fellow and an Assistant Project Scientist at the
Department of Electrical and Computer Engineering, University of California,
San Diego. From May 1996 to December 1998, he served Qualcomm, Inc.,
San Diego, CA, as a Staff Engineer/Manager in the systems engineering group.
In December 1998, he joined the faculty of the Department of ECE, IISc,
Bangalore, India, where he is a Professor, working in the area of wireless
communications and networking.

Dr. Chockalingam is a recipient of the Swarnajayanti Fellowship from the
Department of Science and Technology, Government of India. He served as an
Associate Editor of the IEEE Transactions on Vehicular Technology from May
2003 to April 2007. He currently serves as an Editor of the IEEE Transactions
on Wireless Communications. He served as a Guest Editor for the IEEE JSAC
Special Issue on Multiuser Detection for Advanced Communication Systems
and Networks. Currently, he serves as a Guest Editor for the IEEE JSTSP
Special Issue on Soft Detection on Wireless Transmission. He is a Fellow of
the Institution of Electronics and Telecommunication Engineers, and a Fellow
of the Indian National Academy of Engineering.


	Linköping University Pre-TitlePage.pdf
	TIT_XY_Codes_saif

