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3.2.1 Ĥ0 operator . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.2.2 V̂1 operator . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
3.2.3 V̂2 operator . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
3.2.4 V̂3 operator . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

3.3 n particles in the Quantum Dimer . . . . . . . . . . . . . . . . . . 14
3.3.1 Case I: One boson . . . . . . . . . . . . . . . . . . . . . . . 14
3.3.2 Case II: Two bosons . . . . . . . . . . . . . . . . . . . . . . 14
3.3.3 Case III: Three bosons . . . . . . . . . . . . . . . . . . . . . 16
3.3.4 Case IV: Four bosons . . . . . . . . . . . . . . . . . . . . . 17
3.3.5 Case V: Six and more bosons . . . . . . . . . . . . . . . . . 20

3.4 The Highest Energy Eigenvalues . . . . . . . . . . . . . . . . . . . 22
3.5 Discussion: Dimer . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4 Quantum Trimer 27
4.1 The Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27
4.2 n particles in the Quantum Trimer . . . . . . . . . . . . . . . . . . 28

4.2.1 Case I: One boson . . . . . . . . . . . . . . . . . . . . . . . 28
4.2.2 Case II: Two bosons . . . . . . . . . . . . . . . . . . . . . . 28

4.3 Case III: Three bosons . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.4 Case IV: Four bosons . . . . . . . . . . . . . . . . . . . . . . . . . . 32
4.5 Case V: Six bosons . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

ix



x Contents

4.6 Discussion: Trimer . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

5 Summary of Results 41
5.1 Stationary properties . . . . . . . . . . . . . . . . . . . . . . . . . . 41
5.2 Stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

6 Conclusions 47

7 Future Work 49

Bibliography 51

A Mathematica Notebook 53
A.1 Dimer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
A.2 Trimer . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56



Chapter 1

Introduction

Quantum theory was invented to deal with one problem: the interaction of light
with atoms. But quantum theory is a tough machine and can easily be applied
to other problems. Generally, physicists, in their efforts to simplify the reality,
obtain linear models which can be used as a first good approximation. But in the
last decades the appearance of nonlinear models has become more common. How
nonlinearity appears in a physical model is an interesting aspect that depends on
how much we want to know about the system. Quantum mechanics and nonlinear
science are cornerstones of modern physics and have provided a deeper description
of nature in the last decades, particularly phenomena at nano-scale. The Bose-
Einstein condensate is one of those phenomena that can be described using some
features of both theories, and the development of theory for small lattice models.
The study of models such as Hubbard and Bose-Hubbard models has provided
a new and better vision of solid state physics, and has been of great interest
for physicists. These models offer a good description of particles in a periodic
potential.

1.1 The Bose-Hubbard Model
The Hubbard model is named after John Hubbard and it is the simplest model
used to describe interacting electrons on a lattice [1]. It consists of a number of
lattice sites and a set of electrons that can tunnel ("hop") from site to neighbouring
site. From the Pauli exclusion principle, it is known that two electrons with the
same spin cannot be on the same site. It means a site can accommodate zero,
one or two electrons with opposite spin. Its Hamiltonian has two terms: a kinetic
term allowing tunneling of particles between sites and a potential term consisting
of the on-site interaction.

If the particles in the system are bosons, then the model is called Bose-Hubbard
model, which obeys Bose-Einstein statistics. It means that a site can accommodate
any number of bosons in the system. The Bose-Hubbard model was first introduced
by Fisher et al. [2] to study the quantum phase transition of 4He liquid from
superfluid to insulator. It has also been used to describe systems such as ultracold
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2 Introduction

atoms in optical lattices. In one dimension and using Wannier function basis, the
Bose-Hubbard Hamiltonian can be written as,

ĤBH =
∑
m

[
t1(b†mbm+1 + b†m+1bm) + U0N̂m(N̂m − 1)

]
. (1.1)

Here, bm, b†m are the annihilation and creation operators of bosons on site m,
N̂m is the number operator on site m, t1 is the hopping parameter to the nearest
site and U0 the on-site interaction energy which is taken as repulsive with U0 ≥ 0,
as is the case for Rubidium atoms. More information about these operators and
parameters later.

The quantum phase transition is not a main topic of this thesis. However,
it is worth noting some important results. Quantum phase transition occurs at
T = 0, which means it is not dependent of the temperature T but results only from
the quantum fluctuation. The phase transition of Bose-Hubbard Hamiltonian is a
result of the competition between t1 and U0 in equation (1.1). The nonlinearity
tries to localize the bosons, while the coupling tries to delocalize them.

The Hubbard and Bose-Hubbard models are approximate models, and in their
simplest framework only consider atoms in the lowest energy band - that is, the
ground state of the optical lattice, the "hopping" of bosons between neighbour sites
and the on-site interactions, while long-range interactions between the bosons can
be ignored. However, those neglected interactions may lead to additional features.
If any other interaction terms, e.g. long-range interactions, between bosons on
different sites of the lattice are included, then a different Bose-Hubbard model
is obtained. The model is called the extended Bose-Hubbard model. Taking
into account more effects makes the extended Bose-Hubbard model more realistic.
There are different types of the extended Bose-Hubbard model, see [3, 4]. We shall
be interested in an extended model including not only on-site interactions but also
interactions between particles sites away.

1.2 Quantum Nonlinear Phenomenon
What is nonlinear science? It can be difficult to describe this science, but one
interesting definition is, according to [5]: nonlinear science is the study of those
dynamic phenomena for which the whole differs from the sum of its parts. Non-
linear science has two interesting processes, which have been studied for decades,
localization of energy and solitons, see figure (1.1)1. A typical nonlinear phe-
nomenon that, in some sense, survives quantization is the localization of energy,
which is also known as Discrete Breathers (DB). We cannot expect eigenstates
of the Hamiltonian to be spatially localized, because all the eigenstates have to
obey the Bloch’s theorem. Then, how can we identify DB in a quantum problem?
A possible answer can be the concept of tunneling. In [6] and [7], the authors
concluded that the quantum counterparts of DB are eigenstates of the system
Hamiltonian.

1All figures are in color in the electronic version of this Master’s thesis.



1.3 The Aim 3

The question is if we can find quantum discrete breathers as a solution to the
quantum DNLS studied in this work. Some books and articles explain how quan-
tum breathers can be the solution of certain models, like local modes in molecules
[5] and the β-Fermi-Pasta-Ulam model [8]. In this master’s thesis, in order to find a
quantum analogue to this nonlinear phenomenon, we will analyse the interactions
between the energy eigenvalues of the corresponding system. Those interactions
can give us some interesting phenomena, like the stability of the ground state.
We know from previous works that quantum breathers consist of superpositions
of nearly degenerate many-quanta bound states, with very long times to tunnel
from one lattice site to another [9, 10].

Figure 1.1: Soliton of water waves

1.3 The Aim
In this Master’s thesis, a discrete nonlinear Schrödinger (DNLS) equation will be
transformed to a quantum DNLS, also called an extended Bose-Hubbard model.
The DNLS has been used to model waveguide arrays and coupled Bose-Einstein
condensates, see [11]. The aim is to study the corresponding quantum version of
the DNLS studied by Michael Öster in [11] and its properties. We are interested in
how much information we can recollect from small quantum systems, which can be
compared with the results obtained from the classical DNLS. We will seek to obtain
some useful analytical results and consider similarities between the results from
this Master’s thesis and those from diverse previous works. The main differences
between the Bose-Hubbard model and the extended model studied in this Master’s
thesis, are the inclusion of terms that tunnel two bosons between neighbour sites
and the two-body interactions, which will be explained in details later.

This thesis will also discuss distinct configurations of the parameter set Q.
Depending on how we choose those parameters we will obtain different behaviours
and systems.

1.4 The Method
In order to analyse the Quantum Hamiltonian, it is necessary to find a group of
eigenstates for which the Matrix representation of the Hamiltonian is diagonal.
There are different techniques, one of them is introduced in chapter 2. It will
put the Hamiltonian matrix into block diagonal form. Then, each block can be
diagonalized individually. Often, studying quantum problems is a matter of cal-
culating the eigenfunctions of a system. It means that we have to calculate the
eigenvalues and eigenvectors of the matrix. Sometimes, it is an easy task and can
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be done by hand, but in this Master’s thesis we deal mainly with complex and big
matrices. So, we have designed a useful routine in Mathematica, that calculates
these eigenvalues and eigenvectors. We can also use the same routine to plot the
eigenvalues as functions of the Q parameters in order to analyse their behaviours.
More details about the method used can be found in chapter 2.

1.5 Outline of this thesis
A lot of theory is needed to understand the extended Bose-Hubbard model studied
in this thesis. Therefore, Chapter 2 is a brief introduction to the classical and
quantum models used in this work. It starts with the classical Hamiltonian studied
in [11] and how we can quantize this. The quantum operators needed to write
a quantum version of the classical Hamiltonian are presented. We know that
there are different types of Bose-Hubbard models, but they share some common
properties, which are explored in this chapter too.

It is important to understand how few-site systems such as double and triple
sites work and then maybe explore bigger systems. In Chapter 3 the Dimer sys-
tem, which is considered a promising candidate to implement one- and two-qubit
quantum gates, is presented. Later, in Chapter 4 the Trimer system is studied.
This system was proposed to serve as a transistor, and to model energy localization
in some molecules.

In Chapter 3 and 4, a number of interesting results are obtained, which can be
generalized for longer systems. Thereafter, in Chapter 5 we summarize our study,
comparing the results obtained in this Master’s thesis with the results presented by
Öster et al. in [12]. In Chapter 6, we draw the general conclusions from this work.
Some future works are mentioned in Chapter 7, and two Mathematica routines,
for Dimer and Trimer, are explained in the Appendix.



Chapter 2

Quantizing a Classical
System

This chapter is a brief introduction to the quantum model used in this master’s the-
sis and how we can quantize classical models. We will consider a quantum energy
operator that corresponds to the lattice problem of interest and some theoretical
results about how to analyse the corresponding quantum model.

2.1 From classical to quantum
The discrete nonlinear Schrödinger equation (DNLS) and the effect of nonlinearity
and discreteness on the classical models have been studied in several articles and
books [11, 13, 14, 15, 16, 17, 18, 19]. The main reason is that DNLS models
can be applied in different contexts, like coupled Bose-Einstein condensate [11],
dielectric waveguides [11], self-trapping in the dihalomethanes [13] and many more.
The DNLS equation in its simplest form, in one spatial dimension with nearest-
neighbour interactions can be derived from

H = −
f∑

m=1

[1
2
γ|Am|4 +A∗m(Am+1 +Am−1)

]
, (2.1)

where Am is the amplitude of the oscillator at m, and γ is a nonlinear parameter,
according to [19]. Other forms of DNLS equations can be found, e.g. in [15] a
classical Hamiltonian, with the addition of a nonlinear coupling is studied. Pre-
vious studies have shown that these classical models have solutions with localised
energy and the presence of discrete breathers. What about these issues in quan-
tum models? Well, there are some theoretical results [6, 13, 20] and also some
experimental [16]. Nevertheless, the studies of quantum breather are fewer than
those about classical lattice.

It seems that classical approach provides very interesting general results, but
it is maybe more natural to discuss the corresponding quantum model, which

5



6 Quantizing a Classical System

provides the possibility to understand such systems as Bose-Einstein condensate
lattices, or models for Quantum computers [14] even better. In this work will be
studied the quantum counterpart of a DNLS equation from [11] with a classical
Hamiltonian, H =

∑
mHm, where Hm is

Hm = Q1

2
|Ψm|2 + Q2

2
ΨmΨ∗m+1 + Q3

2
|Ψm|4 +Q4(2|Ψm|2|Ψm+1|2) + Ψ2

mΨ∗2m+1)

+ 2Q5ΨmΨm+1(Ψ∗2m + Ψ∗2m+1) + c.c., (2.2)

where c.c. means the complex conjugate of the preceding terms. Hamiltonian (2.2)
is a good starting point for a study of the quantum DNLS system; furthermore, it
is equivalent to the energy operator after its conversion using bosonic operators.
Ψm and Ψ∗m are changed for the annihilation (bm) and creation (b†m) operators,
these destroy or create a quanta at site m according to the properties

b†m|n1, n2, ..., nm, ...〉 =
√
nm + 1|n1, n2, ..., nm + 1, ...〉;

bm|n1, n2, ..., nm, ...〉 =
√
nm|n1, n2, ..., nm − 1, ...〉;

bm|0〉 = 0, (2.3)

where |nm〉 is the number of quanta at lattice point m. The commutation rela-
tion, in the Bose-Einstein case, gives us a connection between the creation and
annihilation operator

bmb
†
k − b

†
kbm = δmkI. (2.4)

A useful operator called the number operator is defined as

N̂m ≡ b†mbm, (2.5)

it counts the number of quantas in the site m. In this work the quantas are often
called bosons. A more general form of the number operator is

N̂ =
f∑

m=1
N̂m =

f∑
m=1

b†mbm. (2.6)

Assume that the number operator has an eigenfunction ψn with eigenvalue n,
which means

N̂ψn = nψn. (2.7)

Using these quantum operators the classical Hamiltonian (2.2) can be quantized.
In order to carry out this transformation we have to take into account the ordering
of the operators b and b†. In this work the creation operator is placed before the
annihilation operator, then the corresponding Quantum DNLS Hamiltonian is
Ĥ =

∑f
m=1 Ĥm, where Ĥm is

Ĥm =
[
Q1N̂m + Q2

2
(
b†m+1bm + b†mbm+1

)
+Q3N̂

2
m

+Q4
[
4N̂mN̂m+1 + (b†m+1)2(bm)2 + (b†m)2(bm+1)2]

+ 2Q5
[(

(b†m)2 + (b†m+1)2)bmbm+1 + b†m+1b
†
m

(
(bm)2 + (bm+1)2)]]. (2.8)
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Equation (2.8) corresponds to an extended Bose-Hubbard model and a quantum
version of the DNLS studied in [11]. It will be the main focus of this master’s
thesis. Similar models have also been studied in [21, 4, 22]. It is important to
understand how the bosonic operators work to make a correct interpretation of
the quantum phenomena. Here some of the terms that appear in equation (2.8)
are described:

• b2†
mbmbm+1 corresponds to the annihilation of two bosons, one on the site
m + 1 and one on the site m. And, the creation of two bosons on site m.
Another interpretation is the tunnelling of one boson from site m + 1, but
only if there is already at least one boson on site m.

• b†m+1b
†
mb

2
m complements the previous term. It is the tunnelling of one boson

on the site m to site m+ 1, given that there is initially at least two bosons
on site m.

• b†mbm+1 corresponds to the annihilation of one boson at the site m+ 1 with
a simultaneous creation of one boson at site m.

• b2†
mb

2
m+1 annihilation of two bosons at the site m + 1 with a simultaneous

creation of two bosons at site m.

• b†mb
†
m+1bm+1bm (N̂mN̂m+1) simultaneous tunnelling, in opposite direction,

of two bosons between neighbouring sites.

The Q parameters in equation (2.8) have different meanings depending on the
context, e.g. in dielectric waveguides Q1 −Q5 depend on the indices of refraction
and the overlap of the waveguide modes [11]. In this work, we will look after
which values of the Q parameters we will obtain the desired results. In [11, 21], it
can be found some numerical results for those parameters, which can be used as
references.

For more information about the classical DNLS system see [11, 13, 19]. Now
we will concentrate on the quantum DNLS model and its properties, starting with
small systems like dimers (two sites) or trimers (three sites) and explore what
happens when there are n = 1, 2, 3, 4, ... particles in those systems. This process
will be explained later.

2.2 Some general properties of quantum models
In the previous section we obtained the quantum Hamiltonian (2.8) that describes
a quantum system with f sites or number of freedoms [13]. In order to examine
some general properties of the Quantum DNLS equation a simpler Hamiltonian
operator from [18] is introduced:

Ĥ = −
f∑

m=1

[
b†mbm+1 + b†mbm−1 + γ

2
b†mb

†
mbmbm

]
, (2.9)
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where b†m and bm are standard bosonic creation and annihilation operators. Equa-
tion (2.9) is equivalent to BH Hamiltonian (1.1) through a change of energy scale,

ĤBH = −t1Ĥ; γ = 2U0

t1
. (2.10)

Equation (2.9) is used to investigate cold bosonic atoms in optical lattices [23] and
can actually be also derived from equation (2.8), when Q1 = Q4 = Q5 = 0. This
Hamiltonian has an arbitrarily large number of sites, m = 1, 2, 3, ..., f , which can
mean some numerical difficulties, we will see why soon. Taking into account the
following transformations in the equation (1.1) or equation (2.9),

bm → (−1)mbm;
b†m → (−1)mb†m;
U0 → −U0, (2.11)

we obtain ĤBH = −ĤBH , (Ĥ = −Ĥ), which means that the highest energy
eigenvalues for repulsive Bose-Hubbard models are equivalent to the lowest energy
eigenvalues for attractive BH.

From quantum mechanics theory we know that many of the quantum problems
mean to study the Hamiltonian matrix and much can be learned from finding the
eigenvalues and eigenfunctions of Ĥ. In [18] a method called the number state
method is used, they show that this method is a useful computational tool and
can easily be extended to study many models. In this work we will use a simpler
version of the NSM to explore the dimer model, and then the standard NSM will
be used to analyse bigger models. A complete description of NSM can be found
in [13]. From here, it is better if we use Dirac’s notation for eigenfunctions,

|Ψn〉 =
p−1∑
i=0

ci|ψi〉, (2.12)

where p is the number of different ways that n quanta can be arranged on f sites
[18]. |ψi〉 is the number state corresponding to a particular arrangement. For
example, for f = 2 and n = 2, there are three possible states: |ψ1〉 = |2, 0〉,
|ψ2〉 = |1, 1〉 and |ψ3〉 = |0, 2〉. Sometimes, we will also use the following obvious
notation, e.g. {2, 1}, which means all the possible ways to put two bosons on one
site and one boson on the other site. Using the fact that the Hamiltonian and the
number operator are two commuting observables [13], implies that eigenfunctions
of N̂ are eigenfunctions of Ĥ too. Therefore, we can choose as a basis the Fock
number states |n1, n2, · · · , nf 〉, where the number of particles on each site m is
well-defined and the total number N is constant. There are p complex constants
ci in the expression (2.12) which can be determined by demanding |Ψn〉 to be also
an eigenfunction of Ĥ. It means, for given n,

Ĥ|Ψn〉 = E|Ψn〉; (2.13)
Hnc = Ec. (2.14)



2.2 Some general properties of quantum models 9

In equation (2.14), c is the column vector (c0, c1, ..., cp−1) and H is the matrix
representation of Ĥ, which is block-diagonalized into

H = diag[H0,H1,H2, ...,Hn, ...], (2.15)

the eigenvalues of H are the energy eigenvalues. We will go further with the
explanation of the matrix representation for each case later. We can calculate the
number of basis states for a specified number of particles n and sites f using next
formula

p = (n+ f − 1)!
(f − 1)!n!

; (2.16)

it can also be used to place an upper bound on the size of the matrices [13].
It is easy to realize that equation (2.16) can be inconveniently large and give
large matrices. There is a solution to this problem, we can introduce periodic
boundary conditions to the system, so the first and last site are coupled. It results
in a translationally invariant system, which means that a system has translational
symmetry, and the obtained matrix can be further block-diagonalized into smaller
blocks with fixed values of crystal momentum t with ~ = 1, where τ = exp(it) is
an eigenvalue of the translation operator T̂ , according to [13],

Hn = diag[Q(n, τ1),Q(n, τ2),Q(n, τ3), ...,Q(n, τf )], (2.17)

where the definition of Q(n, τ) depends on f and n. For n = 2, f odd and a
particular value of τ , Q(n, τ) is the [(f+1)/2]× [(f+1)/2] matrix, and for f even,
Q(n, τ) is the (f/2)× (f/2) matrix.

The translational operator has the following properties:

T̂ b†m = b†m+1T̂ ; (2.18)
T̂ |n1, n2, ..., nf 〉 = |n2, n3, ..., nf , n1〉, (2.19)

with eigenvalue τ ,

T̂ |ψn,τ 〉 = τ |ψn,τ 〉. (2.20)

As a simple example of this method, we consider the first quantum level (n = 1)
and f sites. The Hamiltonian (2.9) commutes with both N̂ and T̂ , thus we find

|ψ1(k)〉 =
1√
f

f∑
j=1

(eitT̂ )j−1[100 · · · 00] (2.21)

and we obtain energy eigenvalues En(t)

E1(t) = −2 cos t, (2.22)

where t = 2πk/f and k = 0,±1,±2, ...,±(f − 1)/2 for f odd.
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With f odd and n = 2, a general eigenfunction of both Ĥ and T̂ can be written
as

|ψ2,τ 〉 = 1√
f

{
c1

f∑
j=1

(τ T̂ )j−1|20 · · · 0〉+ c2

f∑
j=1

(τ T̂ )j−1|110 · · · 0〉

+ · · ·+ c(f+1)/2

f∑
j=1

(τ T̂ )j−1|10 · · · 010 · · · 00〉
}
. (2.23)

Demanding that

Ĥ|ψ2,τ 〉 = E|ψ2,τ 〉 (2.24)

and applying the Hamiltonian (2.9) to the general eigenfunction (2.23), leads to a
block-diagonalized matrix

H2 = diag[Q(2, τ1),Q(2, τ2), ...,Q(2, τf )]. (2.25)

A specific value of τ gives the energy eigenvalues as functions of k from the matrix
equation

Q(2, τ)c = Ec, (2.26)

which is the kind of information we are interested to obtain.
In this work some calculations are done by hand and using the computer pro-

gram Mathematica to implement the NSM. It is important to notice that there
are other methods, but the NSM is one of the simplest and most flexible methods
with an interesting property: it can be extended to any energy operator that com-
mutes with a number operator [13]. It can also be used to find eigenvalues and
eigenfunctions of fermionic models.

(a) Dimer (b) Trimer

Figure 2.1: Schematic figure of (a) the Dimer system (two lattice sites) and (b)
the Trimer system (three lattice sites).

In the next chapters, all the properties and calculations presented in this sec-
tion will be implemented to obtain some analytical and numerical results for the
quantum dimer and trimer systems respectively. See figures (2.1a, 2.1b).



Chapter 3

Quantum Dimer

A quantum dimer is a system with two sites or two degrees of freedom, and de-
scribes the dynamics of bosons fluctuating between these two sites. A useful prop-
erty is that the number of bosons is conserved. This chapter deals with all the
theoretical and numerical calculations needed to study the corresponding quantum
model.

3.1 The Hamiltonian
The Hamiltonian operator is associated with the system total energy and can be
used to obtain information about a system. With f = 2 and equation (2.8) the
Hamiltonian for the dimer system becomes:

Ĥ = Q1(N̂1 + N̂2) + Q2

2
(b†2b1 + b†1b2) +Q3(N̂2

1 + N̂2
2 ) +Q4[4N̂1N̂2 + (b†2)2(b1)2

+ (b†1)2(b2)2] + 2Q5[((b†1)2 + (b†2)2)b1b2 + b†2b
†
1((b1)2 + (b2)2)]. (3.1)

As we mentioned in the previous chapter, some of the eigenfunctions of N̂ are also
eigenfunctions of Ĥ and can be written as,

|Ψn〉 = c0|n, 0〉+ c1|n− 1, 1〉+ ...+ cn|0, n〉. (3.2)

Equation (3.1) will be rewritten as a combination of four different operators that
will be used to get the Hamiltonian’s matrix representation later,

Ĥ0 = Q1(N̂1 + N̂2) +Q3(N̂2
1 + N̂2

2 ) + 4Q4N̂1N̂2; (3.3)

V̂1 = b†2b1 + b†1b2; (3.4)

V̂2 = b2†
2 b

2
1 + b2†

1 b
2
2; (3.5)

V̂3 = b2†
1 b1b2 + b2†

2 b1b2 + b†2b
†
1b

2
1 + b†2b

†
1b

2
2. (3.6)

Using these equations the Hamiltonian becomes,

Ĥ = Ĥ0 + Q2

2
V̂1 +Q4V̂2 + 2Q5V̂3. (3.7)

11
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3.2 Matrix representation of quantum operators
Operating the eigenfunction (3.2) with the operators (3.3 - 3.6) may produce
specific values which can be organized in a matrix. H is the matrix associated to
Ĥ in the |n− j, j〉 base [15], where n is the number of particles in the system and
j = 0, 1, ..., n. It means,

H = H0 + Q2

2
V1 +Q4V2 + 2Q5V3, (3.8)

where H0, V1, V2, V3 are the generated matrices by the respective operator. Next,
the results of the different operators will be presented and their matrix represen-
tations.

3.2.1 Ĥ0 operator

Applying equation (3.3) to the eigenstate |n− j, j〉 we obtain

Ĥ0|n− j, j〉 = (Q1n+Q3((n− j)2 + j2) + 4Q4j(n− j))|n− j, j〉
〈n− l, l|Ĥ0|n− j, j〉 = [Q1n+Q3((n− j)2 + j2) + 4Q4j(n− j)] if j = l, (3.9)

it shows that H0 is diagonal. This operator neither creates nor annihilates bosons
in the system, just counts the number of particles in each site.

3.2.2 V̂1 operator

The effect of equation (3.4) on the eigenstate |n− j, j〉 is:

V̂1|n− j, j〉 =
√

(n− j)(j + 1)|n− j − 1, j + 1〉+
√
j(n− j + 1)|n− j + 1, j − 1〉

〈n− l, l|V̂1|n− j, j〉 =

{√
j + 1

√
n− j if 1 + j = l

√
j
√

1− j + n if j = 1 + l.
(3.10)

Which gives the matrix:

V1 =



0
√
n 0 0 · · · 0√

n 0
√

2(n− 1) 0 · · · 0
0

√
2(n− 1) 0

√
3(n− 2) · · · 0

· · · · · · · · · · · · · · · · · ·
0 · · ·

√
3(n− 2) 0

√
2(n− 1) 0

0 · · · 0
√

2(n− 1) 0
√
n

0 · · · 0 0
√
n 0
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3.2.3 V̂2 operator
Operating the eigenstate |n−j, j〉 with equation (3.5) gives us the following result:

V̂2|n− j, j〉 =
√

(n− j)(n− j − 1)
√

(j + 1)(j + 2)|n− j − 2, j + 2〉

+
√
j(j − 1)

√
(n− j + 1)(n− j + 2)|n− j + 2, j − 2〉

〈n− l, l|V̂2|n− j, j〉 =

{√
j(j − 1)

√
(n− j + 1)(n− j + 2) if j = l + 2√

(n− j)(n− j − 1)
√

(j + 1)(j + 2) if j + 2 = l,

(3.11)

which gives the following matrix:

V2=



0 0
√

2n(n−1) 0 0 0 ··· 0

0 0 0
√

6(n−1)(n−2) 0 0 ··· 0
√

2n(n−1) 0 0 0
√

12(n−2)(n−3) 0 ··· 0

··· ··· ··· ··· ··· ··· ··· ···

0 ··· 0
√

12(n−2)(n−3) 0 0 0
√

2n(n−1)

0 ··· 0 0
√

6(n−1)(n−2) 0 0 0

0 ··· 0 0 0
√

2n(n−1) 0 0


3.2.4 V̂3 operator
Applying equation (3.6) on the eigenstate |n− j, j〉 we get:

V̂3|n− j, j〉 = (n− 1)
√
j(n− j + 1)|n− j + 1, j − 1〉

+ (n− 1)
√

(n− j)(j + 1)|n− j − 1, j + 1〉

〈n− l, l|V̂3|n− j, j〉 =

{
(n− 1)

√
(j + 1)(n− j) if j + 1 = l

(n− 1)
√
j(n− j + 1) if j = l + 1,

(3.12)

from equation (3.12) we notice that V3 = (n− 1)V1 and the matrix V3 is

V3 = (n− 1)



0
√
n 0 0 · · · 0√

n 0
√

2(n− 1) 0 · · · 0
0

√
2(n− 1) 0

√
3(n− 2) · · · 0

· · · · · · · · · · · · · · · · · ·
0 · · ·

√
3(n− 2) 0

√
2(n− 1) 0

0 · · · 0
√

2(n− 1) 0
√
n

0 · · · 0 0
√
n 0


,

and equation (3.7) becomes,

Ĥ = Ĥ0 + (Q2

2
+ 2Q5(n− 1))V̂1 +Q4V̂2. (3.13)
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In [15] a simpler model is studied, but there are some similar aspects with the
model studied here. The tridiagonal matrix V1 is called V in [15] and is the same.
Jimenez in his work concluded that adding a nonlinear coupling, did not mean
radical change of behaviour. However, the presence of V̂2 operator, which does not
appear in [15], may lead to new results.

3.3 n particles in the Quantum Dimer
In this section the number of particles in the dimer system will be varied. In order
to carry out this analysis, some general knowledge about matrix properties will
be needed. The idea is to start with a few particles, which will show the pure
quantum behaviour of the system, and then increase the number of particles.

3.3.1 Case I: One boson
A system, with n = 1, has the following eigenfunction

|Ψ1〉 = c0|1, 0〉+ c1|0, 1〉

and the Hamiltonian’s matrix representation is

H1 =
(
Q1 +Q3

Q2
2

Q2
2 Q1 +Q3

)
.

The eigenvalues and eigenvectors of this matrix can be calculated by hand. We
obtain

λ1 = Q1 +Q3 −Q2/2;
λ2 = Q1 +Q3 +Q2/2;

v1 = 1√
2

(
1
−1

)
; v2 = 1√

2

(
1
1

)
.

It means that the probability of finding the system in the state |1, 0〉 or |0, 1〉 is
equal. A remarkable observation is that setting Q2 = 0 will result in an uncoupled
anharmonic oscillator.

3.3.2 Case II: Two bosons
In this case with n = 2 the eigenfunction can be written as

|Ψ2〉 = c0|2, 0〉+ c1|1, 1〉+ c2|0, 2〉.

There are three possible states, two states with the majority of bosons on just
one site and one state with the same number of bosons on each site. The matrix
representation for this system is

H2 =

 2Q1 + 4Q3
√

2(Q2
2 + 2Q5) 2Q4√

2(Q2
2 + 2Q5) 2Q1 + 2Q3 + 4Q4

√
2(Q2

2 + 2Q5)
2Q4

√
2(Q2

2 + 2Q5) 2Q1 + 4Q3

 ,
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with eigenvalues

λ1 = 2(Q1 + 2Q3 −Q4);

λ2 = 2Q1 + 3Q3 + 3Q4 −
√
Q2

2 +Q2
3 − 2Q3Q4 +Q2

4 + 8Q2Q5 + 16Q2
5;

λ3 = 2Q1 + 3Q3 + 3Q4 +
√
Q2

2 +Q2
3 − 2Q3Q4 +Q2

4 + 8Q2Q5 + 16Q2
5. (3.14)

The group of equations (3.14) depend on the parameter set Q. So, it is a good
idea if we start to study how these parameters change or affect the eigenvalue’s
functions. The energy scale is set by choosing Q3 = 1 and according to its sign,
the model becomes a repulsive (Q3>0) or attractive (Q3<0); so, we will work with
a repulsive model. We choose Q1 = 0 and try different values for Q2, Q4, Q5. In
many cases, the Q3 term is stronger than the other terms, therefore a reasonable
interval can be between −1 and 1.

-1.0 -0.5 0.5 1.0
Q2

2.5

3.0

3.5

4.0

Λ

(a) Q1 = Q4 = Q5 = 0, Q3 = 1 and
vary Q2

-1.0 -0.5 0.5 1.0
Q4

-2

2

4

6

Λ

(b) Q1 = Q2 = Q5 = 0, Q3 = 1 and
vary Q4

-1.0 -0.5 0.5 1.0
Q5

2

4

6

Λ

(c) Q1 = Q2 = Q4 = 0, Q3 = 1 and
vary Q5

-1.0 -0.5 0.5 1.0
Q4

-2

2
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6

Λ

(d) Q1 = Q5 = 0, Q2 = 1, Q3 = 1 and
vary Q4

-1.0 -0.5 0.5 1.0
Q5
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Λ

(e) Q1 = Q4 = 0, Q2 = 1, Q3 = 1 and
vary Q5

-1.0 -0.5 0.5 1.0
Q5

2

4
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Λ

(f) Q1 = Q2 = 0, Q3 = 1, Q4 = 0.5
and vary Q5

Figure 3.1: Eigenvalues from equation (3.14).
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In figure (3.1) just one parameter is variable and the other Q parameters have a
predetermined value. We are looking for the interactions between the eigenvalues.
In this case, when the terms Q4 and Q5 are active, then it appears two intersections
between the lowest energy eigenvalues, see figure (3.1f). Comparing figure (3.1c)
and (3.1e) we note that they are similar, but figure (3.1e) is shifted to the left,
which evinces the effect of having Q2 different from zero. The other cases are not
so interesting right now.

3.3.3 Case III: Three bosons
Next eigenfunction represents the four different states given by n = 3

|Ψ3〉 = c0|3, 0〉+ c1|2, 1〉+ c2|1, 2〉+ c3|0, 3〉.

Observe that in this system there is no state with the same number of bosons at
each site. There are four states, two states with all the three bosons on just one
site and two states with two bosons on one site and a boson on the another site.
The matrix representation is

H3 =


3Q1 + 9Q3

√
3(Q2

2 + 4Q5) 2
√

3Q4 0√
3(Q2

2 + 4Q5) 3Q1 + 5Q3 + 8Q4 2(Q2
2 + 4Q5) 2

√
3Q4

2
√

3Q4 2(Q2
2 + 4Q5) 3Q1 + 5Q3 + 8Q4

√
3(Q2

2 + 4Q5)
0 2

√
3Q4

√
3(Q2

2 + 4Q5) 3Q1 + 9Q3,

 ,

thus H3 has four eigenvalues that can be calculated by hand or using Mathe-
matica. Different values of Q parameters generate different systems, we try some
combinations and plot the results:
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(a) Q1 = Q4 = Q5 = 0, Q3 = 1
and vary Q2

-0.4 -0.2 0.2 0.4
Q5

8

10

12

14

16

Λ

(b) Q1 = Q2 = 0, Q3 = 1, Q4 =
0.5 and vary Q5

-1.0 -0.5 0.5 1.0
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(c) Q1 = Q2 = Q5 = 0, Q3 = 1
and vary Q4

-0.4 -0.2 0.2 0.4
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Λ

(d) Q1 = Q5 = 0, Q2 = 1, Q3 =
1 and vary Q4

Figure 3.2: Eigenvalues of the Hamiltonian matrix for n = 3.
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Once more we see the effect of Q2 6= 0 (compare figures (3.2c) and (3.2d)).
Figure (3.2c) shows two-fold degenerate eigenvalues. Figure (3.2b) shows some
interesting intersections between the two lowest eigenvalues, and gives us a good
estimation for which values of Q parameters the intersections appear. Keep in
mind these figures which can help us to understand larger systems.

It is not necessary, for our purposes, to study Dimer systems with an odd
number of bosons, because it is not possible to distribute the same number of
particles over each site. We will, from now, only look at Dimer with even number
of particles.

3.3.4 Case IV: Four bosons
This system has five different states in which the bosons can be found,

|Ψ4〉 = c0|4, 0〉+ c1|3, 1〉+ c2|2, 2〉+ c3|1, 3〉+ c4|0, 4〉.

The Hamiltonian matrix is a 5x5 matrix and it is not so pedagogic to solve it
by hand. We try different values for the Q parameters and get figure (3.3). In
both figure (3.3a) and figure (3.3d) there are intersections between the two lowest
eigenvalues, and taking a closer look at the eigenvectors around these intersections
we can obtain information about the probability distribution. We have already
seen that we get at least two pairs of intersections in figure (3.3d), and they will
be the main focus in this section.
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(c) Q1 = Q5 = 0, Q2 = 1, Q3 = 1
and vary Q4
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and vary Q5

Figure 3.3: Eigenvalues of the Hamiltonian matrix for n = 4.

Are these intersections dependent on how we choose the Q parameters? Figure
(3.4) shows how the intersections are altered by different values of Q4. Figures
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(3.4a - 3.4f) are symmetric with respect to the y-axis for intervals of Q5. We are
interested in knowing more about the intersections in figures (3.4c) and (3.4d),
when Q4 is between 0.5 and 0.6. An analysis of the eigenvectors before and after
the intersections reveals a range for Q5 in which the ground state has broken
symmetry, in the sense that the probability distribution becomes maximum when
there are more bosons on one site than at the others. Symmetry is of course left
in the eigenvector, since it is equally probable that site 1 and 2 have most bosons.
Also, note that the eigenvector of the lowest energy is symmetric, figure (3.5a),
before the first intersection in figure (3.4c), and becomes anti-symmetric, figure
(3.5b), after that.
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Figure 3.4: Analysis of the eigenvalues for different Q4.

From table (3.1), it is easy to see that the state with equal number of bosons
on each site, |2, 2〉, has a high occupation probability amplitude before the inter-
section, at Q5 = 0.117, and after this point, the predominant state is the one with
most bosons on just one site (|3, 1〉 or |1, 3〉), this phenomenon is called broken
symmetry. The intersection at Q5 = 0.3535 will present the same particular be-
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haviour. See table (3.2), it shows how the probability amplitude, for the lowest
eigenvalue, behaves around Q5 = 0.3535.

1 2 3 4
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(a) Q5 = 0.116
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j

-0.5

0.5

c j

(b) Q5 = 0.118

Figure 3.5: (a) Amplitude of the ground state for Q5 = 0.116 and (b) for Q5 =
0.118, where x-axis represents the four different states, i.e. 0 is |4, 0〉, 1 is |3, 1〉, 2
is |2, 2〉 and so on. Q1 = Q2 = 0, Q3 = 1 and Q4 = 0.5.

Q5 |c0|2 |c1|2 |c2|2 |c3|2 |c4|2
0.112 0.223 0.007 0.538 0.007 0.223
0.113 0.223 0.008 0.538 0.008 0.223
0.114 0.222 0.008 0.539 0.008 0.222
0.115 0.222 0.008 0.539 0.008 0.222
0.116 0.221 0.008 0.540 0.008 0.221
0.117 0.221 0.008 0.541 0.008 0.221
0.118 0.068 0.432 0 0.432 0.068
0.119 0.068 0.431 0 0.431 0.068
0.120 0.069 0.430 0 0.430 0.069

Table 3.1: Occupation probability amplitudes for the lowest eigenvalue around
Q5 = 0.117; Q1 = Q2 = 0, Q3 = 1 and Q4 = 0.5.

Q5 |c0|2 |c1|2 |c2|2 |c3|2 |c4|2
0.350 0.166 0.334 0 0.334 0.166
0.351 0.166 0.334 0 0.334 0.166
0.352 0.166 0.334 0 0.334 0.166
0.353 0.166 0.334 0 0.334 0.166
0.354 0 0.200 0.599 0.200 0
0.355 0 0.200 0.599 0.200 0
0.356 0 0.200 0.598 0.200 0
0.357 0 0.201 0.597 0.201 0

Table 3.2: Occupation probability amplitudes for the lowest eigenvalue around
Q5 = 0.3535; Q1 = Q2 = 0, Q3 = 1 and Q4 = 0.5.
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Is there some dependence between the number of particles in the system and
the number of intersections? For n = 4, there are two intersections between the
lowest eigenvalues, for Q5 > 0 and due to the symmetry around y−axis, there are
two more for Q5 < 0.

3.3.5 Case V: Six and more bosons
The results presented in previous sections, may be generalized for the analysis
of bigger systems and their intersections. For n = 6 the general eigenfunction
becomes

|Ψ6〉 = c0|6, 0〉+ c1|5, 1〉+ c2|4, 2〉+ c3|3, 3〉+ c4|2, 4〉+ c5|1, 5〉+ c6|0, 6〉.

Now, it is known from this chapter that for Q3 = 1, Q4 > 0.3 and variable Q5,
intersections between the different eigenvalues appear. See figures (3.6), (3.7) and
(3.8). In this case, the number of intersections between the lowest eigenvalues are
six at Q5 = ±0.0707, Q5 = ±0.2121 and Q5 = ±0.3535, there are also intersections
between the third and fourth eigenvalues. For n = 4 there are four intersections
between the lowest eigenvalues and no intersections for the other eigenvalues.

About the occupation probability amplitude, we expect to get the same features
as in previous sections, i.e. broken symmetry close to the intersections. See table
(3.3).

Q5 |c0|2 |c1|2 |c2|2 |c3|2 |c4|2 |c5|2 |c6|2
0.0700 0.0789 0.0125 0.4078 0 0.4078 0.0125 0.0789
0.0701 0.0788 0.0133 0.4078 0 0.4078 0.0133 0.0788
0.0702 0.0788 0.0133 0.4079 0 0.4079 0.0133 0.0788
0.0703 0.0787 0.0133 0.4079 0 0.4079 0.0133 0.0787
0.0704 0.0787 0.0134 0.4079 0 0.4079 0.0134 0.0787
0.0705 0.0786 0.0134 0.4079 0 0.4079 0.0134 0.0786
0.0706 0.0786 0.0134 0.4079 0 0.4079 0.0134 0.0786
0.0707 0.0785 0.0135 0.4079 0 0.4079 0.0135 0.0785
0.0708 0.0204 0.2290 0.0071 0.4869 0.0071 0.2290 0.0204
0.0709 0.0204 0.2289 0.0072 0.4868 0.0072 0.2289 0.0204

Table 3.3: Occupation probability amplitudes for the lowest eigenvalue around
Q5 = 0.0707; Q1 = Q2 = 0, Q3 = 1 and Q4 = 0.5.

The increment of the number of particles in the Dimer system will increase
the number of intersections between the eigenvalues. For n = 8 there are eight
intersections, for n = 10 there are ten intersections, for n = 20 we would find
twenty, and so on. So, if we let f go to infinity, then the number of intersections
should also go to infinity, and the relative distance between the lowest energy
eigenvalues become smaller and smaller, see figure (3.9). Furthermore, for larger
values of n we also find broken symmetry, see figure (3.10), which shows how
the probability amplitude changes after an intersection between the lowest energy
eigenvalues.
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Figure 3.6: All seven eigenvalues for Q1 = Q2 = 0, Q3 = 1, Q4 = 0.5 and Q5
varies.
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Figure 3.7: Intersections between the lowest eigenvalues for Q1 = Q2 = 0, Q3 = 1,
Q4 = 0.5 and Q5 varies.
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Figure 3.8: Intersections between the second lowest pairs of eigenvalues for Q1 =
Q2 = 0, Q3 = 1, Q4 = 0.5 and Q5 varies.
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(a) Lowest eigenvalues n = 8
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(b) Lowest eigenvalues n = 20

Figure 3.9: Intersections of the lowest eigenvalues for Q1 = Q2 = 0, Q3 = 1,
Q4 = 0.5 and Q5 variable (a) n = 8 and (b) n = 20 (note different scales in (a)
and (b)).
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Figure 3.10: Occupation amplitude for n = 20.

3.4 The Highest Energy Eigenvalues
So far, only the lowest eigenvalues have been studied, but what about the highest
energy eigenvalue? Are there some intersections?
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In this section, we will consider a system with n = 20 particles and some
combinations of Q2, Q4 and Q5, which will be used to study the occupation prob-
ability amplitude of the highest energy eigenvalue. If we choose Q3 = 1 and
Q1 = Q2 = Q4 = Q5 = 0, then there is no nearest-neighbour coupling in the
system, and the states with highest probability amplitude are |20, 0〉 and |0, 20〉.
What happens when we turn on Q2, Q4 or Q5? According to the Hamiltonian
(3.6), Q5 will gradually tunnel bosons from site 1 to site 2. Next figure shows how
the highest probability amplitude rests on the state {20, 0} for Q5 < 0.3, and after
this point the bosons will eventually become distributed equal over the two sites.
All eigenstates are symmetric in figure (3.11).

Figure 3.11: The occupation amplitude of the highest eigenvalue for Q1 = Q2 =
Q4 = 0, Q3 = 1 and 0.1 < Q5 < 0.5.

Now, we try another combination, Q1 = Q4 = Q5 = 0, Q3 = 1 and vary
Q2, which means bosons hopping from site 1 to site 2, and vice versa. This
combination actually represents the Bose-Hubbard case and does not present any
interesting change in the probability amplitude of the highest eigenvalue. In order
to verify that a small value of Q2 does not promote change even when Q5 6= 0, we
see in figure (3.12) that for Q5 = 0.3 the most probable state is {19, 1}, while for
Q5 = 0.2 the state with highest amplitude is {20, 0}, so we make two combinations,
first Q5 = 0.2 and Q2 = 0.3, second Q5 = 0.3 and Q2 = 0.3. See figure (3.13),
notice that those figures are equal to (3.12a) and (3.12b), which means that a small
value of Q2 has a negligible effect on the system. It can be understood looking at
the following expression from the Hamiltonian (3.13), Q2/2+2(n−1)Q5, which for
n = 20, the Q2 term becomes much smaller than Q5. However, in a physical case
Q2 could well be much larger than Q5, and then should contribute to a spreading
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of the eigenstate.
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Figure 3.12: Occupation amplitude of the highest eigenvalues for Q1 = Q2 = Q4 =
0, Q3 = 1 and a) Q5 = 0.2, b) Q5 = 0.3, c) Q5 = 0.4 and d) Q5 = 0.5.
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Figure 3.13: Occupation amplitude of the highest eigenvalues for Q1 = Q4 = 0,
Q3 = 1 and a) Q5 = 0.2 and Q2 = 0.3, b) Q5 = 0.3 and Q2 = 0.3.

It is time to turn on Q4. In the first combination, we choose Q3 = 1 and vary
Q4 in the interval [0.3, 0.37], where we will find some changes in the probability
amplitude. From Hamiltonian (3.5) we know thatQ4 terms tunnel two bosons from
site 1 to site 2 and vice versa. Figure (3.14) shows the change of the occupation
amplitude. Observe that the amplitude of states {19, 1}, {17, 3}, {15, 5}, · · · is zero.
We see that states {20, 0} are not longer the predominant states when Q4 > 0.33,
instead the bosons are distributed over the two sites. In the second combination we
choose Q3 = 1, Q5 = 0.2 and vary Q4. We can see the results in figure (3.15). For
Q4 < 0.04 the most probable state is {20, 0}, but after this point the occupation
amplitude changes and for Q4 = 0.2 the bosons are distributed over the two sites,
which means that the predominant state is {10, 10}.
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Figure 3.14: Occupation amplitude of the highest eigenvalues for Q1 = Q2 = Q5 =
0, Q3 = 1 and a) Q4 = 0.3, b)Q4 = 0.32, c) Q4 = 0.33 and d) Q4 = 0.35.

3.5 Discussion: Dimer
During the study of the Dimer we have found some similar results for the distinct
cases. Now, it is time to draw some conclusions about how the different factors
and parameters affect the system.

In this chapter, it has been shown that the eigenvalues and eigenvectors of a
matrix can offer a lot of information about a system’s behaviours. According to
[14], Professor J.C. Eilbeck proposes that under some conditions the eigenfunction
of a system can be considered as localized. It means that there is a high probability
of finding bosons on the same site, but with an equal probability of finding these
bosons at any site in the system, which can be seen as a quantum analogue of the
classical localized breather.

Well, in the previous sections we have noticed that there is, for the lowest
energy state, a high probability of finding the bosons distributed equally over each
site, or in some cases when there are more bosons on just one site, see tables (3.1),
(3.2) and (3.3). But, it is not a quantum counterpart of classical breathers, because
quantum breathers correspond rather to the highest energy state. It seems the idea
of quantum breathers in a Dimer system is difficult to apply, because it is obvious
that the bosons will be localized in one or both sites. However, in this work, Q3
is chosen as positive, which means a repulsive Bose-Hubbard model that try to
prevent too many bosons on the same site. If we, on the other hand, chooseQ3 < 0,
the extended Bose-Hubbard model becomes attractive, and via equation (2.11)
the lowest energy functions become equivalent to the highest energy functions for
repulsive interaction studied in this chapter. The intersections in the attractive
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case could be good starting points to study the arising of Quantum Breathers.
In this chapter, we have taken a step closer to the identification of the quantum

counterparts of the classical phenomena. It is now clear the repulsive effect of
Q3 > 0 that distribute the bosons over the sites. In addition, we know how
to vary the different Q parameters to get the wanted interactions between the
eigenvalues.

In the section (3.4), we studied the highest eigenvalue of a relatively large
system, n = 20, and the changing of the occupation amplitude. We find that the
parameters Q4 and Q5 have a significant effect over how the bosons are distributed
in the system. The Dimer is a small system, but we expect many of these results
should be valid for larger systems.

In next chapter, a system with three sites will be treated using the number
state method.
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Figure 3.15: Occupation amplitude of the highest eigenvalues for Q1 = Q2 = 0,
Q3 = 1, Q5 = 0.2 and a)Q4 = 0.01, b)Q4 = 0.02, c)Q4 = 0.04, d)Q4 = 0.1,
e)Q4 = 0.2 and f)Q4 = 0.3.



Chapter 4

Quantum Trimer

In this chapter we will study the features of a Trimer system, i.e. three sites or
degrees of freedom. However, increasing the number of sites, then the classical
system’s integrability will be lost. The extension of the dimer to a trimer f = 3
allows us to study the possibility of generalize the Dimer’s properties into larger
systems. Trimer models have been studied in order to describe spectral properties
and energy transfer in ABA molecules like water [24], which is connected with
the appearance of quantum local modes. This chapter presents analytical and
numerical results.

4.1 The Hamiltonian
As in previous chapters, the Hamiltonian is obtained from equation (2.8) choosing
f = 3. Then, the quantum trimer Hamiltonian operator becomes:

Ĥ = Q1(N̂1 + N̂2 + N̂3) + Q2

2 (b†2b1 + b†1b2 + b†3b2 + b†2b3 + b†3b1 + b†1b3)

+Q3(N̂2
1 + N̂2

2 + N̂2
3 ) +Q4

[
4
(
N̂1N̂2 + N̂2N̂3 + N̂1N̂3

)
+ (b†2)2(b1)2 + (b†1)2(b2)2

+ (b†3)2(b2)2 + (b†2)2(b3)2 + (b†3)2(b1)2 + (b†1)2(b3)2
]

+ 2Q5

[
[(b†1)2 + (b†2)2]b1b2

+ b†2b
†
1[(b1)2 + (b2)2] + [(b†2)2 + (b†3)2]b2b3 + b†3b

†
2[(b2)2 + (b3)2]

+ [(b†1)2 + (b†3)2]b1b3 + b†3b
†
1[(b1)2 + (b3)2]

]
. (4.1)

In this equation there are some terms, e.g. b†3b1 + b†1b3,
[
(b†1)2 + (b†3)2]b1b3 +

b†3b
†
1[(b1)2 + (b3)2], which are specifically chosen to make the Hamiltonian invari-

ant under lattice translations. Figure (2.1b) shows schematically the triangular
geometry of the trimer system. We will use the number state method described
in Chapter 2, to solve the trimer system.

Because Ĥ commutes with both N̂ and the translational operator T̂ , we can
write general eigenfunctions of both N̂ (with eigenvalue n) and T̂ (with eigenvalue
τ). As a simple example, we take a system with f = 3 sites and n = 2 bosons,

27
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which has 6 possible states |2, 0, 0〉, |0, 2, 0〉, |0, 0, 2〉, |1, 1, 0〉, |1, 0, 1〉 and |0, 1, 1〉.
So, the matrix representation of the Hamiltonian is a 6× 6 matrix. But it can be
block-diagonalized into three 2×2 blocks using the translationally invariant states

|ψ(a)
2 〉 = |2, 0, 0〉+ τ |0, 2, 0〉+ τ2|0, 0, 2〉

|ψ(b)
2 〉 = |1, 1, 0〉+ τ |0, 1, 1〉+ τ2|1, 0, 1〉, (4.2)

where τ = 1, exp(i2π/3), exp(−i2π/3). This method will save time calculating
the matrix’s eigenvalues of larger systems. The computational aspect is vital
here because we deal with systems that hardly can be solved analytically. Now,
we will vary the number of bosons in the Trimer system and analyse its matrix
representation.

4.2 n particles in the Quantum Trimer
In this section, we will analyse different cases, it means increasing the number of
bosons and interpret the results. We will take advantage of the analyses done in
previous chapters.

4.2.1 Case I: One boson
The translational invariant state in this case is

|Ψ1(k)〉 = 1√
3

3∑
j=1

(τ T̂ )j−1|1, 0, 0〉 (4.3)

where τ = exp(it), t = 2πk/3 and k = 0,±1. Applying Hamiltonian (4.1) to the
eigenfunction (4.3) we obtain the following matrix representation

〈Ψ1|Ĥ|Ψ1〉 =

Q1 +Q2 +Q3 0 0
0 Q1 −Q2/2 +Q3 0
0 0 Q1 −Q2/2 +Q3

 ,

with eigenvalues E1(k)

E1(0) = Q1 +Q2 +Q3;
E1(1) = Q1 −Q2/2 +Q3;

E1(−1) = Q1 −Q2/2 +Q3.

Observe that E1(1) = E1(−1). We will prove that for t = 2π/3 and t = −2π/3 we
obtain the same eigenvalues.

4.2.2 Case II: Two bosons
We have already written down the eigenfunctions of N̂ and T̂ for this case, see
example in the section (4.1). We have six possible states which can be organized
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into two translationally invariant states. The following expression represents the
eigenfunction of Ĥ,

|Ψ2(k)〉 = c(a)|ψ(a)
2 (k)〉+ c(b)|ψ(b)

2 (k)〉, (4.4)

where c(a) ↔ c1, c(b) ↔ c2, according to equation (2.23), and

|ψ(a)
2 (k)〉 = 1√

3

3∑
j=1

(τ T̂ )j−1|2, 0, 0〉;

|ψ(b)
2 (k)〉 = 1√

3

3∑
j=1

(τ T̂ )j−1|1, 1, 0〉. (4.5)

Applying Hamiltonian (4.1) to those eigenfunctions leads to the matrix equation
(2.26), Q(2, τ)c = Ec, which generate three 2× 2 matrices depending on τ values,
which depends on k = 0,±1. From the previous chapter, we know how to vary the
different Q parameters to obtain the desired results. We start with Q1 = Q2 =
Q5 = 0, Q3 = 1 and vary Q4. The matrix equation gives

Q(2, 0) =
(

4(1 +Q4) 0
0 2(1 + 2Q4)

)
;

Q(2, 1) =
(

4− 2Q4 0
0 2 + 4Q4

)
;

Q(2,−1) =
(

4− 2Q4 0
0 2 + 4Q4

)
,

where Q(2, τ(k)) ≡ Q(2, k). Notice that matrix Q(2, 1) is equal to Q(2,−1),
and therefore their characteristic equations are equal and we will get the same
eigenvalues. From now, it is only necessary to calculate the matrix representation
for k = 0, 1.

Figure (4.1) shows the eigenvalues’ behaviours when we choose certain values
for Q parameters. In figure (4.1a) there are four eigenvalues, but we only see
three, because there is a two-degenerated eigenvalue (one red line and one blue
line), which is the ground state before the intersection. After the intersection at
Q4 ≈ 0.35, the ground state becomes now an eigenvalue of only the matrix for
t = 2π/3 (blue curve in figure (4.1a)), instead of the two-degenerated eigenvalue.
When we choose Q5 as a variable, then we get symmetry around the y−axis (see
figure (4.1b)). If Q4 & 0.35 then the ground state, as mentioned before, becomes
an eigenvalue of t = 2π/3, see figure (4.1e). The last figure (4.1f) shows the effect
of Q2, which shifts the eigenvalues to the left and draws them closer together.
Once again we obtain the desired intersections for Q1 = Q2 = 0, Q3 = 1 and
appropriate values for Q4 and Q5.

Notice that there are already, for a few particles, interaction between the lowest
energy eigenvalues. In figure (4.1e), there are two symmetric intersections between
lowest energy eigenvalues at Q5 = ±0.5. However, those intersections do not mean
symmetry breaking as in the previous chapter. Actually, in this case it is not
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possible to obtain that kind of symmetry breaking, because two bosons cannot be
distributed equally over all the three sites.
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vary Q5

Figure 4.1: Eigenvalues for different values of the Q parameters.

4.3 Case III: Three bosons

In this case we have ten different states and a 10×10 matrix, which can be divided
into four different translationally invariant states,
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|ψ(a)
3 (k)〉 = 1√

3

3∑
j=1

(τ T̂ )j−1|3, 0, 0〉; |ψ(b)
3 (k)〉 = 1√

3

3∑
j=1

(τ T̂ )j−1|2, 1, 0〉;

|ψ(c)
3 (k)〉 = 1√

3

3∑
j=1

(τ T̂ )j−1|1, 2, 0〉; |ψ(d)
3 (k)〉 = |1, 1, 1〉. (4.6)

The last eigenfunction is obtained for t = 0. So, there is a 4×4 matrix, Q(3, 0),
for t = 0 and a 3×3 matrix Q(3, 1) for t = 2π/3.

The general eigenstate of this system can be written as a sum of those states,

|Ψ3(k)〉 = c(a)|ψ(a)
3 (k)〉+ c(b)|ψ(b)

3 (k)〉+ c(c)|ψ(c)
3 (k)〉+ c(d)|ψ(d)

3 (k)〉. (4.7)

Three bosons in a Trimer system is an interesting case because the bosons can be
distributed equally over the three sites. In order to analyse the effect of changing
the values of Q2, Q4 and Q5 we explore the following figures.
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Figure 4.2: Eigenvalues of a Trimer system with three bosons. Different combina-
tions of the Q parameters.

In figure (4.2a) we observe the behaviour of the standard Bose-Hubbard model.
In this case there is no interaction between the eigenvalues, only intersections
between eigenvalues from different t values (red and blue lines) for Q2 = 0. We
can confirm that the ground state is always the |1, 1, 1〉 state, the second lowest
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eigenvalue is mainly composed of the states |ψ(b)
3 〉 and |ψ

(c)
3 〉, and the highest

eigenvalue is mainly composed of the state |ψ(a)
3 〉. For Q4 6= 0 we obtain three

degenerate eigenvalues for t = 0, 2π/3, and the lowest and next lowest eigenvalues
intersect near Q4 ≈ 0.33, see figure(4.2b). In table (4.1), we can see that the
ground state changes from |ψ(d)

3 〉 to principally |ψ(a)
3 〉. In the last figure (d) the

Q4 and Q5 terms are active. We see interactions between the states |ψ(b)
3 〉, |ψ

(c)
3 〉

and |ψ(d)
3 〉. In figure (4.2d), the lowest and next lowest eigenvalues from matrix

Q(3, 0) seem to approach each other, but they do not intersect. However, it is
worth noting that for Q5 > 0.273 the ground state becomes a linear combination
of the states |ψ(b)

3 〉 and |ψ
(c)
3 〉 for t = 2π/3 (blue curve).

Q4 |c(a)|2 |c(b)|2 |c(c)|2 |c(d)|2
0.30 0.0 0.0 0.0 1.0
0.31 0.0 0.0 0.0 1.0
0.32 0.0 0.0 0.0 1.0
0.33 0.0 0.0 0.0 1.0
0.34 0.411 0.294 0.294 0.0
0.35 0.411 0.294 0.294 0.0
0.36 0.411 0.294 0.294 0.0

Table 4.1: Occupation probability for the lowest eigenvalue around Q4 = 0.33;
Q1 = Q2 = Q5 = 0 and Q3 = 1.

4.4 Case IV: Four bosons

In this case, there are fifteen possible ways to arrange the four bosons in a Trimer.
Then, we can divide the matrix representation of the Hamiltonian into three 5×5
matrices, for t = 0,±2π/3. For this configuration we have the opportunity to
study states, where two bosons located on the same site, interact with another site
composed by two bosons. The general eigenstate of this system is a combination
of five different translational states,

|Ψ4(k)〉 = c(a)|ψ(a)
4 (k)〉+ c(b)|ψ(b)

4 (k)〉+ c(c)|ψ(c)
4 (k)〉

+ c(d)|ψ(d)
4 (k)〉+ c(e)|ψ(e)

4 (k)〉 (4.8)

where,

|ψ(a)
4 (k)〉 = 1√

3

3∑
j=1

(τ T̂ )j−1|4, 0, 0〉;

|ψ(b)
4 (k)〉 = 1√

3

3∑
j=1

(τ T̂ )j−1|3, 1, 0〉;



4.4 Case IV: Four bosons 33

|ψ(c)
4 (k)〉 = 1√

3

3∑
j=1

(τ T̂ )j−1|2, 2, 0〉;

|ψ(d)
4 (k)〉 = 1√

3

3∑
j=1

(τ T̂ )j−1|2, 1, 1〉;

|ψ(e)
4 (k)〉 = 1√

3

3∑
j=1

(τ T̂ )j−1|1, 3, 0〉;

We can start analysing figure (4.3). In figure (4.3a) we observe the standard
Bose-Hubbard model. Here, we can confirm that the lowest energy pair of eigenval-
ues are dominated by the state |ψ(d)

4 〉, the second lowest energy pair of eigenvalues
by |ψ(c)

4 〉, the third lowest energy has two pairs of eigenvalues, which are mainly
composed of |ψ(b)

4 〉 and |ψ
(e)
4 〉, and finally the highest energy eigenvalue by |ψ(a)

4 〉.
For Q2 = 0 the energy eigenvalues for t = 0 and t = 2π/3 become degenerate.
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(a) Q1 = Q4 = Q5 = 0, Q3 = 1 and vary Q2
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(b) Q1 = Q2 = Q5 = 0, Q3 = 1 and vary Q4
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(c) Q1 = Q2 = Q4 = 0, Q3 = 1 and vary Q5
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(d) Q1 = Q2 = 0, Q3 = 1, Q4 = 0.5 and vary
Q5

Figure 4.3: Eigenvalues of a Trimer system with four bosons. Different combina-
tions of the Q parameters.

Figure (4.3b) shows the effect of turning on Q4. Then, we obtain interactions
between the different energy eigenvalues that result in a change of the eigenstate
composition. In figure (4.3b) it seems to be an intersection between the energy
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eigenvalue dominated by the state |ψ(c)
4 〉 and the ground state |ψ(d)

4 〉 at Q4 = 0.33,
we can verify this by doing a numerical analysis of the eigenvectors. See table
(4.2).

In figure (4.3c) we can analyse the effect of Q5. The ground state is dominated
by the lowest eigenvalue of Q(4, 0) for Q5 < 0 and Q5 > 0.288. There is an
interval, 0 < Q5 < 0.288, where the ground state is an eigenvalue of Q(4, 2π/3).
We find an intersection at Q5 = 0.288, the ground state changes from |ψ(d)

4 〉 to
|ψ(c)

4 〉, not only state but also phase. Another point that may draw our attention is
at Q5 = 0.078. Here, we find an avoided crossing. See table (4.3) and figure (4.4),
which shows how the state changes gradually from |ψ(d)

4 〉 to |ψ
(c)
4 〉. In addition,

those eigenstates come from same matrix Q(4, 0). Comparing figure (4.3c) and
figure (4.3d), where Q4 = 0.5, we find that the energy eigenvalues shift up.

Q4 |c(a)|2 |c(b)|2 |c(c)|2 |c(d)|2 |c(e)|2
0.25 0.0 0.045 0.0 0.909 0.045
0.26 0.0 0.048 0.0 0.903 0.048
0.27 0.0 0.051 0.0 0.897 0.051
0.28 0.0 0.054 0.0 0.891 0.054
0.29 0.0 0.057 0.0 0.884 0.057
0.30 0.0 0.060 0.0 0.878 0.060
0.31 0.0 0.064 0.0 0.872 0.064
0.32 0.0 0.067 0.0 0.865 0.067
0.33 0.0 0.070 0.0 0.859 0.070
0.34 0.411 0.0 0.589 0.0 0.0
0.35 0.428 0.0 0.572 0.0 0.0

Table 4.2: The occupation probability for the lowest energy eigenvalue before and
after the intersection for Q4 = 0.333, Q1 = Q2 = Q5 = 0 and Q3 = 1.

Looking at the highest energy eigenvalues in the figure (4.3), we find that it is
composed mainly by the state |ψ(a)

4 〉, but if the Q4 and Q5 terms are active, this
composition changes. The state with highest amplitude becomes |ψ(c)

4 〉 or |ψ
(b)
4 〉.

It means that the eigenstate moves from a state with all four bosons on the same
site to a state with two bosons on one site and two bosons on a separate site, or
with three bosons on one site and one boson on another site.

Table (4.4) shows that the occupation probability for the highest energy eigen-
value changes with Q4. An interesting point in this table is at Q4 = 0.4, where
the probability of finding the system in the state |ψ(a)

4 〉 or |ψ
(c)
4 〉 is equal. After

this point the dominant state is |ψ(c)
4 〉.

Table (4.5) shows that when we turn on Q5, then the occupation probability of
the highest energy eigenvalue gradually changes. Due to the Q5 term’s nature, the
bosons are distributed over all the neighbour sites and the eigenstate eventually
becomes a combination of all the possible states. It is clear for Q5 > 0.5.

What happens with the highest energy eigenvalue if we turn on both Q4 and
Q5? Now, we analyse the case, when Q5 varies and Q4 is fixed to some value
different from zero, figure (4.3d). We know from table (4.4) that |ψ(a)

4 〉 will be
the most probable state for Q4 = 0.2. It does not change when Q5 is variable.
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However, we know that for Q4 = 0.4 the states |ψ(a)
4 〉 and |ψ

(c)
4 〉 have the same

occupation probability. It means that there is a transition from the dominance of
|ψ(a)

4 〉 to a combination of |ψ(a)
4 〉 and |ψ

(c)
4 〉 in the interval 0.2 < Q4 < 0.4, even

for Q5 6= 0. If Q4 > 0.4, then |ψ(a)
4 〉 is no longer the dominant state in the highest

energy eigenvalue.
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Figure 4.4: Avoided crossing between the lowest and second lowest energy eigen-
values from the matrix for t = 0. Q1 = Q2 = Q4 = 0, Q3 = 1 and Q5 vary.

Q5 c(a) c(b) c(c) c(d) c(e)

0.0780 -0.062 0.297 -0.318 -0.847 0.297
0.0781 -0.067 0.319 -0.394 -0.797 0.319
0.0782 -0.071 0.339 -0.471 -0.736 0.340
0.0783 -0.075 0.356 -0.542 -0.668 0.356
0.0784 -0.077 0.368 -0.602 -0.600 0.368
0.0785 0.079 -0.376 0.649 0.538 -0.376
0.0786 0.080 -0.380 0.685 0.484 -0.380
0.0787 0.080 -0.383 0.712 0.438 -0.383
0.0788 0.081 -0.385 0.733 0.400 -0.385
0.0789 0.081 -0.385 0.748 0.368 -0.385
0.0790 0.081 -0.386 0.760 0.342 -0.386

Q5 c(a) c(b) c(c) c(d) c(e)

0.0780 -0.051 0.242 -0.807 0.477 0.242
0.0781 -0.045 0.213 -0.773 0.556 0.213
0.0782 -0.037 0.179 -0.728 0.635 0.179
0.0783 -0.030 0.144 -0.677 0.706 0.144
0.0784 -0.023 0.110 -0.624 0.765 0.110
0.0785 -0.017 0.081 -0.575 0.810 0.081
0.0786 -0.012 0.056 -0.532 0.843 0.056
0.0787 -0.007 0.036 -0.494 0.867 0.036
0.0788 -0.004 0.019 -0.463 0.886 0.019
0.0789 -0.001 0.006 -0.437 0.899 0.006
0.0790 0.001 -0.006 -0.415 0.910 -0.006

Table 4.3: The amplitude for the lowest (upper table) and second lowest (lower
table) energy eigenvalues of Q(4, 0) before and after the intersection around Q5 =
0.078; Q1 = Q2 = Q4 = 0 and Q3 = 1. Avoided crossing.
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Q4 |c(a)|2 |c(b)|2 |c(c)|2 |c(d)|2 |c(e)|2
0.15 0.931 0.0 0.069 0.0 0.0
0.20 0.857 0.0 0.142 0.0 0.0
0.25 0.760 0.0 0.238 0.0 0.0
0.30 0.661 0.0 0.338 0.0 0.0
0.35 0.571 0.0 0.427 0.0 0.0
0.40 0.450 0.0 0.450 0.0 0.0
0.45 0.443 0.0 0.556 0.0 0.0
0.50 0.399 0.0 0.600 0.0 0.0
0.55 0.366 0.0 0.633 0.0 0.0

Table 4.4: The occupation probability for the highest energy eigenvalue for Q4
variable, Q1 = Q2 = Q5 = 0 and Q3 = 1.

Q5 |c(a)|2 |c(b)|2 |c(c)|2 |c(d)|2 |c(e)|2
0.15 0.810 0.081 0.021 0.006 0.081
0.20 0.684 0.124 0.048 0.019 0.124
0.25 0.565 0.157 0.082 0.037 0.157
0.30 0.470 0.178 0.110 0.058 0.178
0.35 0.399 0.194 0.135 0.078 0.194
0.40 0.347 0.202 0.152 0.095 0.202
0.45 0.309 0.206 0.166 0.110 0.206
0.50 0.280 0.209 0.176 0.124 0.209
0.55 0.258 0.212 0.185 0.135 0.212

Table 4.5: The occupation probability for the highest energy eigenvalue for Q5
variable, Q1 = Q2 = Q4 = 0 and Q3 = 1.

4.5 Case V: Six bosons
This case will give us the opportunity to study a state which is composed of two
bosons in each site. This state can be compared with the case of four bosons in
the Dimer system. There are 28 different ways to put all six bosons in the Trimer.
Then, using number state method we obtain, for t = 0 one 10× 10 matrix and for
t = ±2π/3 one 9× 9 matrix. The following coefficients belong to the states,

c(a) = {6, 0, 0}; c(f) = {3, 2, 1};
c(b) = {5, 1, 0}; c(g) = {2, 2, 2};
c(c) = {4, 2, 0}; c(h) = {2, 4, 0};
c(d) = {4, 1, 1}; c(i) = {1, 5, 0};
c(e) = {3, 3, 0}; c(j) = {1, 2, 3};

We are interested in the phenomena presented in the last section, e.g. the com-
position of the highest and lowest energy eigenvalues for different values of the
Q set parameter. In order to analyse those effects, we will make some numerical
calculations, because it can be complicated to obtain analytical results in this case.

For the following configuration Q1 = Q2 = Q5 = 0, Q3 = 1 and Q4 variable,
we expect the state with all the six bosons on the same site to be the dominant
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state of the highest energy eigenvalue. However, we know from the last section,
n = 4 bosons, that there is a gradual transition from the state |ψ(a)

4 〉 to |ψ
(c)
4 〉,

which becomes noticeable for Q4 > 0.2. This phenomenon is also presented in
a system with more bosons than four, but maybe for a different interval of Q4.
In this case with six bosons, the interval is 0.2 < Q4 < 0.37. After Q4 > 0.37
the dominant state of the highest energy eigenvalue becomes the state with four
bosons on one site and two bosons on another separate site. See table (4.6) and
figure (4.5b).

Q4 |c(a)|2 |c(b)|2 |c(c)|2 |c(d)|2 · · · |c(f)|2 |c(g)|2 |c(h)|2 |c(i)|2,|c(j)|2
0.20 0.911 0.0 0.043 0.0 0.002 0.043 0.0
0.22 0.869 0.0 0.063 0.0 0.004 0.063 0.0
0.24 0.811 0.0 0.089 0.0 0.008 0.089 0.0
0.26 0.740 0.0 0.122 0.0 0.014 0.122 0.0
0.28 0.655 0.0 0.161 0.0 0.023 0.161 0.0
0.30 0.566 0.0 0.200 0.0 0.034 0.200 0.0
0.32 0.480 0.0 0.236 0.0 0.047 0.236 0.0
0.34 0.404 0.0 0.266 0.0 0.062 0.266 0.0
0.36 0.341 0.0 0.290 0.0 0.077 0.290 0.0
0.38 0.289 0.0 0.309 0.0 0.092 0.309 0.0
0.40 0.248 0.0 0.322 0.0 0.105 0.322 0.0

Table 4.6: The occupation probability for the highest energy eigenvalue Q(6, 0)
for Q4 variable, Q1 = Q2 = Q5 = 0 and Q3 = 1.
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(b) Q1 = Q2 = Q5 = 0, Q3 = 1 and vary Q4

Figure 4.5: Eigenvalues of a Trimer system with six bosons. Q1 = Q2 = Q5 = 0,
Q3 = 1 and Q4 variable. a) lowest eigenvalues and b) highest eigenvalues

Figure (4.5a) shows how the lowest energy eigenvalues behave. The ground
state is, as expected, dominated by the state with two bosons on each site. But,
at Q4 = 0.333 the ground state changes and it becomes mainly a composition of
states {4, 2, 0}. Tables (4.7) and (4.8) confirm this situation.
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Q4 |c(a)|2 |c(b)|2 |c(c)|2 |c(d)|2 |c(e)|2 |c(f)|2 |c(g)|2 |c(h)|2 |c(i)|2 |c(j)|2
0.31 0.017 0.0 0.086 0.0 0.0 0.0 0.808 0.086 0.0 0.0
0.32 0.020 0.0 0.091 0.0 0.0 0.0 0.797 0.087 0.0 0.0
0.33 0.024 0.0 0.096 0.0 0.0 0.0 0.784 0.091 0.0 0.0
0.34 0.0 0.199 0.0 0.009 0.584 0.004 0.0 0.0 0.199 0.004
0.35 0.0 0.204 0.0 0.008 0.574 0.004 0.0 0.0 0.204 0.004

Table 4.7: The occupation probability for the lowest energy eigenvalue of Q(6, 0)
for Q4 variable, Q1 = Q2 = Q5 = 0 and Q3 = 1.

Q4 |c(a)|2 |c(b)|2 |c(c)|2 |c(d)|2 |c(e)|2 |c(f)|2 |c(h)|2 |c(i)|2 |c(j)|2
0.31 0.0 0.036 0.0 0.0 0.0 0.464 0.0 0.036 0.464
0.32 0.0 0.039 0.0 0.0 0.0 0.460 0.0 0.039 0.460
0.33 0.0 0.044 0.0 0.0 0.0 0.456 0.0 0.044 0.456
0.34 0.095 0.0 0.452 0.0 0.0 0.0 0.452 0.0 0.0
0.35 0.104 0.0 0.447 0.0 0.0 0.0 0.447 0.0 0.0

Table 4.8: The occupation probability for the lowest energy eigenvalue of Q(6, 1)
for Q4 variable, Q1 = Q2 = Q5 = 0 and Q3 = 1. t = 2π/3

Notice that there are ten amplitudes in table (4.7) because it is obtained from
matrix Q(6, 0) while table (4.8) is obtained from Q(6, 1), and there are only nine
amplitudes. These tables show the strong interaction between the state {4, 2, 0}
and the other states. It can be understood from the Q4 term’s nature, which
tunnels two bosons simultaneously between sites.

Now, we turn on Q5 term. First, we let Q4 = 0, and we expect that the highest
energy eigenvalue will be dominated by the state {6, 0, 0}. It will gradually become
a combination of different states, mainly {6, 0, 0} and {5, 1, 0}. This change can
be easily understood from the Q5 term’s nature. See table (4.9)

Q5 |c(a)|2 |c(b)|2 |c(c)|2 |c(d)|2 |c(e)|2 |c(f)|2 |c(g)|2 |c(h)|2 |c(i)|2 |c(j)|2
0.10 0.889 0.051 0.002 0.002 0.0 0.0 0.0 0.002 0.051 0.0
0.20 0.624 0.139 0.026 0.023 0.011 0.004 0.0 0.026 0.139 0.004
0.30 0.352 0.167 0.071 0.063 0.049 0.026 0.005 0.071 0.167 0.026
0.40 0.199 0.151 0.099 0.091 0.082 0.056 0.014 0.099 0.151 0.056

Table 4.9: The occupation probability for the highest energy eigenvalue of Q(6, 0)
for Q5 variable, Q1 = Q2 = Q4 = 0 and Q3 = 1. t = 0

Looking at the lowest energy eigenvalue, we find that the ground state is char-
acterized by |2, 2, 2〉. It changes to {1, 2, 3} when Q5 ≈ 0.2 and t = 2π/3. Then,
there is another change in the ground state for Q5 > 0.35 and t = 2π/3, the
dominant state becomes {3, 3, 0}. See table (4.10) and (4.11).

We already know what happens when we turn on Q4. Then, we expect to see
an evident transition from the dominant state of the highest energy eigenvalue,
{6, 0, 0}, to states where the bosons occupy two separate sites, e.g. {4, 2, 0}. But,
now we have to take into account the presence of the Q5 term. We let Q4 = 0.3
and we observe a gradual state transition from {6, 0, 0} to {3, 3, 0} in the interval
0 < Q5 < 0.15. After this point, the eigenstate becomes a composition of different
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states with relatively high occupation amplitude, mainly {3, 3, 0}, {4, 2, 0} and
{3, 2, 1}. ForQ5 > 0.4, the state {3, 2, 1} has become the dominant state. See table
(4.12). In this case, the lowest energy eigenvalue is dominated by {2, 2, 2} for 0 <
Q5 < 0.1. For Q5 = 0.1 the states {4, 1, 1} and {2, 2, 2} have the same occupation
amplitude. For Q5 > 0.1 the occupation amplitude of {4, 1, 1} increases. For
Q5 < 0 the lowest energy eigenvalue is dominated by {2, 2, 2}, see figure (4.6).

Q5 |c(a)|2 |c(b)|2 |c(c)|2 |c(d)|2 |c(e)|2 |c(f)|2 |c(g)|2 |c(h)|2 |c(i)|2 |c(j)|2
0.05 0.0 0.0 0.0 0.009 0.0 0.084 0.828 0.0 0.0 0.084
0.10 0.0 0.0 0.001 0.044 0.0 0.130 0.692 0.001 0.0 0.130
0.15 0.0 0.005 0.005 0.088 0.0 0.148 0.593 0.005 0.005 0.148
0.20 0.002 0.017 0.028 0.130 0.012 0.147 0.473 0.028 0.017 0.147

Table 4.10: The occupation probability for the lowest energy eigenvalue of Q(6, 0)
for Q5 variable, Q1 = Q2 = Q4 = 0 and Q3 = 1.

Q5 |c(a)|2 |c(b)|2 |c(c)|2 |c(d)|2 |c(e)|2 |c(f)|2 |c(h)|2 |c(i)|2 |c(j)|2
0.10 0.0 0.004 0.009 0.137 0.0 0.419 0.009 0.004 0.419
0.15 0.0 0.003 0.015 0.191 0.0 0.377 0.015 0.011 0.377
0.20 0.002 0.022 0.024 0.225 0.003 0.339 0.024 0.022 0.339
0.25 0.005 0.035 0.039 0.238 0.018 0.294 0.039 0.035 0.294
0.30 0.009 0.051 0.067 0.225 0.057 0.236 0.067 0.051 0.236
0.35 0.0 0.031 0.180 0.073 0.294 0.105 0.180 0.031 0.105

Table 4.11: The occupation probability for the lowest energy eigenvalue of Q(6, 1)
for Q5 variable, Q1 = Q2 = Q4 = 0 and Q3 = 1.

Q5 |c(a)|2 |c(b)|2 |c(c)|2 |c(d)|2 |c(e)|2 |c(f)|2 |c(g)|2 |c(h)|2 |c(i)|2 |c(j)|2
0.05 0.256 0.098 0.150 0.031 0.104 0.042 0.029 0.150 0.098 0.042
0.10 0.147 0.110 0.135 0.062 0.126 0.071 0.031 0.135 0.110 0.071
0.15 0.105 0.107 0.129 0.080 0.130 0.089 0.034 0.129 0.107 0.089
0.20 0.083 0.101 0.125 0.092 0.130 0.102 0.037 0.125 0.101 0.102
0.25 0.070 0.097 0.122 0.100 0.129 0.111 0.040 0.122 0.097 0.111
0.30 0.062 0.093 0.119 0.105 0.128 0.119 0.042 0.119 0.093 0.119
0.35 0.056 0.089 0.117 0.109 0.127 0.125 0.044 0.117 0.089 0.125
0.40 0.051 0.087 0.116 0.112 0.126 0.129 0.046 0.116 0.087 0.129

Table 4.12: The occupation probability for the highest energy eigenvalue of Q(6, 0)
for Q5 variable, Q1 = Q2 = 0, Q4 = 0.3 and Q3 = 1.

4.6 Discussion: Trimer
Now, we have recollected enough information about small Trimer systems and can
draw some conclusions. We will also point out the presence of some interesting
behaviours of those systems.

In this chapter, we have diagonalized quantum Hamiltonian (4.1) using the
basis of eigenfunctions of the number operator N̂ and translational operator T̂ .
We have chosen different values for the parameter set Q and followed the evolution
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of the eigenstates. We have confirmed the presence of avoided crossings due to the
system’s non-integrability, figure (4.4). We have also seen how the nature of the
eigenstates changes due to the presence of Q4 and Q5.

Contrary to our expectations, we do not see any intersections between the
highest energy eigenvalues as those seen between the lowest energy eigenvalues.
However, we have noticed how the Q4 and Q5 terms affect the eigenstates’ com-
position. We will now concentrate our attention on this phenomenon and try to
obtain some novel results. In the next chapter we will discuss particular general
results.
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Figure 4.6: Crossings between the lowest and second lowest energy eigenvalues for
Q1 = Q2 = 0, Q3 = 1, Q4 = 0.3 and vary Q5.



Chapter 5

Summary of Results

In this chapter we summarize some results obtained in the last two chapters. We
will focus on the parameter regimes where the interesting phenomena appear. One
of them is to identify, with good accuracy and given configuration, for which values
of Q4 and Q5 we obtain one-site and two-site solutions respectively.

5.1 Stationary properties

Remember that in this master’s thesis we only solve time independent Schrödinger
equation. We just follow the evolution of the eigenvalues and eigenvectors for dif-
ferent values of the parameter set Q. However, we have seen that by diagonalizing
the corresponding Hamiltonian matrix we can obtain a lot of information about
the systems. In chapters 3 and 4 we have studied the Dimer and Trimer systems
respectively. According to the results from chapter 3, we see that the numbers
of eigenvalues increases together with the number of particles, and the number of
intersections between the eigenvalues increase too. We also find symmetry break-
ing due to the intersections between two classes of eigenstates, namely symmetric
and antisymmetric states. This symmetry breaking can be used to identify the
intersections between different eigenvalues when the number of particles is relative
large. See tables in chapter 3.

Chapter 4 is all about Trimer and due to the non-integrability of the system
we have the opportunity to study other behaviours than those seen in the chapter
3 for Dimer, e.g. avoided crossings. The avoided crossings are presented when two
eigenvalues from the same symmetry class come too close to each other.

Remember that we take advantage of the different symmetries of the Hamil-
tonian in order to simplify its solution. In the Trimer case, we use translational
invariance. The spectral decomposition of the ground and highest energy eigenval-
ues shows the possibility of changing the composition of the eigenstates, depending
on the choice of Q4 and Q5. More about this phenomenon in the next section.

41
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5.2 Stability
In order to generalize our study of the extended Bose-Hubbard model studied in
this work, we will analyse and compare the results from the previous chapter with
those obtained in [11, 12] by Öster. He studied the stability, in the corresponding
classical model, of two kinds of solutions, one- and two-site solutions in an "infinite"
lattice. In the last chapter we noticed, that there are regimes in our quantum
model, where the eigenstate composition changes from a one-site solution to a
two-site solution for both the lowest and highest energy eigenvalues. It is worth
noting that in [12], Öster et al. explored the ground state of the system, which
corresponds to the highest energy eigenvalue of our model.

We will use the same rescaling of the parameters that Öster et al. used in
[12]. It means to rescale Q3 = 1/n, Qj = 2Kj/n, j = 4, 5 and choose Q1 = 0
and Q2 = 0.2, where n is the number of particles in the system. Taking a look
at the general Hamiltonian (2.8) we can understand how those type of solutions
appear. The Q4 term tunnels simultaneously two bosons from one site to another,
which means that if there are four bosons on one site, Q4 shall tunnel two of
them to the neighbour site and the eigenstate becomes mainly composed by a
two-site solution. However, Q5 has a totally different effect on the bosons on a
site, which could favour the other solution classes. This term checks if there are
already bosons on site m and tunnels one boson from (or to) site m+ 1. It means
that for strong Q5, it becomes more probable to find the bosons distributed over
two or three sites, thus the one-site solution should become unstable.

In this work, we use the word stability to refer to a region in which a kind of
solution, e.g. one-, two- or three-site solution, has highest occupation amplitude.
It means, for n = 4, that the one-site solution is {4, 0, 0}, the two-site solution
{3, 1, 0} or {2, 2, 0}, and the three-site solution {2, 1, 1}. In this section, all the
results are obtained analysing the highest energy eigenvalue of a Trimer system.

Figure (5.1) shows the regions of stability for the different solutions. In order
to obtain this figure we use the above rescaling, which means Q1 = 0, Q2 = 0.2,
Q3 = 1/4, choose a fix Q5 = 2K5/4 and Q4 = 2K4/4, where 0.0 < K4 < 0.2.
The one-site solution, {4, 0, 0}, is stable within the region (I), above this region we
find the region (II), which marks off the area where the two-site solution, {2, 2, 0},
is stable. A two-site solution means that the bosons are distributed over two
sites. In comparison with the results presented in [12], two new regions appear
for K5 & 0.07 in figure (5.1), where region (III) shows the stability of a two-site
solution, {3, 1, 0}, with more bosons on one site than on the other site, and region
(IV) a three-site solution, which means all the bosons distributed over three sites.
Those two new regions seem to appear due to the size and quantum nature of the
system. As we expected, the one-site solution becomes unstable when K4 and K5
increase. Similarly, the two-site solution becomes unstable if K5 is relatively high
(K5 > 0.2). It is worth pointing out that the boundaries between the different
regions are calculated with an error of ±0.001.
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Figure 5.1: Regions (I), (II), (III) and (IV) indicate the stability of the different
solutions. (I) is a one-site solution, (II) is a two-site solution with equal number
of bosons on two sites, (III) is another two-site solution with more bosons on one
site than the other site and (IV) is a three-site solution. n = 4
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Figure 5.2: Regions (I), (II), (III), (IV) and (V) indicate the stability of the
different solutions. (I) is a one-site solution, (II) and (V) are two-site solutions
with more bosons on one site than the other sites, (III) and (IV) are three-site
solutions. n = 6

In order to generalize the results obtained for n = 4, we try to get analogous
regions of stability for a trimer system with n = 6. We use the same rescaling
mentioned above and take the same values for K4 and K5. Figure (5.2) shows
those regions. Region (I) represents the stability regime for one-site solution,
{6, 0, 0}. In regions (II) and (V) the two-site solutions, {4, 2, 0} and {5, 1, 0}, are
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stable. Regions (III) and (IV) show the stability of different three-site solutions,
namely {3, 2, 1} and {4, 1, 1}. In this regime for K4 and K5, the {3, 3, 0} state
does not appear. It can be mainly explained taking into account that the K4 term
tunnels an even number of bosons, therefore we obtain such a state as {4, 2, 0}.
But according to table (4.12) it is possible to reach the {3, 3, 0} state in some
regime when Q2 = 0. So, apparently the simultaneous presence of Q2 and Q4 in
this section is the reason why, in this regime, the state {3, 3, 0} disappears. The
{3, 3, 0} state would correspond to the classical two-site solution. One remarkable
result is the similarity of the stability region of the one-site solution as in the
previous case, with a maximum near to K5 ≈ −0.078.

We increase the number of bosons to n = 8 and analyse it. Figure (5.3) shows
the stability for the different solutions in this case. Observing this figure, we can
see that there are a number of small regions, which can be considered as regions of
transition between more stable solutions, e.g. regions (IV) and (V) between (I) and
(II), or regions (VI) and (VII) between (I) and (III). Those small regions should be
the signature of the system size and its quantum nature. Region (I) represents the
stability of the one-site solution, {8, 0, 0}. Region (II) is the two-site solution with
equal number of bosons on two different sites, {4, 4, 0}. The appearance of this
type of solution is important in order to compare the results with those obtained
in [12]. Region (III) shows the stability of a three-site solution, {3, 3, 2}, which
becomes the dominant state for relative large K5.

The transition states are two- and three-site solutions. The transition from
one-site to two-site solution occurs for −0.17 < K5 < −0.06. Regions (IV) and
(V) are both two-site solutions, {7, 1, 0} and {6, 2, 0}, respectively. The transition
from one-site to three-site solution occurs for K5 > −0.06, where regions (VI) and
(VII) are three-site solutions, {6, 1, 1} and {4, 2, 2}.
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Figure 5.3: Regions (I), (II) and (III) indicate the stability of the main different
solutions. (I) is a one-site solution, (II) is a two-site solution with equal number
of bosons on two sites, (III) is a three-site solutions. Regions (IV), (V), (VI) and
(VII) are other stability regions. See text for more information.
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In this chapter we have been able to obtain qualitative results that are not the
same as those obtained in [12], but evince the presence of some classical behaviours
in such a small systems, e.g. the stability region of the one-site solution has a
similar shape in this quantum study as in the classical study by Michael Öster.
However, in the quantum system there are, due to the discreteness of the system,
some predetermined states that the bosons could occupy. Then, the transition
from the one-site solution to the two-site solution does not happen in the same
way as in the classical model. In the quantum model, we obtain some intermediate
transitions. Furthermore, the appearance of the three-site solution, in the regime
used in this section, is not studied in [12].





Chapter 6

Conclusions

In this master’s thesis, we have studied how bosons interact in small lattices con-
sisting of a few sites. Quantum mechanically, a Bose-Hubbard Hamiltonian can
be used to describe bosons on lattices, with the competition between the different
Hamiltonian’s parameters. One of the best quantities of the quantum mechan-
ical system is its energy spectrum. The main focus was to explore the energy
eigenstates of an extended Bose-Hubbard model and obtain important informa-
tion, which could be compared with the corresponding results obtained from the
classical discrete nonlinear Schrödinger equation. The extended BH Hamiltonian
studied in this work does not depend explicitly on time and therefore the time-
dependent Schrödinger equation

i~
∂ψ

∂t
= Ĥψ (6.1)

can be transformed into the stationary Schrödinger equation

Ĥψn = Enψn, (6.2)

where ψn are eigenfunctions of Ĥ. In order to diagonalize the Hamiltonian, we have
taken advantage of different conserved quantities and symmetries. It is possible to
obtain the Hamiltonian matrix representation using the Dirac’s bra-ket notation

Hnm = 〈ψn|Ĥ|ψm〉. (6.3)

In this way the problem of solving the Schrödinger equation has been reduced
to the task of diagonalizing the Hamiltonian. In chapter 2 we introduced the
number state method, which further block-diagonalizes the matrix into smaller
blocks taking into account translational symmetry. Also, a routine was designed
using Mathematica, which implements the number state method.

Using the tools presented in chapter 2, we explored two small lattice systems in
chapter 3 and 4. The two-sites system, Dimer, was presented in chapter 3. Here,
we focused on the study of the different energy eigenvalues. It allowed us to note
the quantum nature of this small system and how we can obtain different results
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varying the parameter set Q. One interesting result is the presence of interactions
between the eigenvalues, particularly between the lowest ones. The majority of
those interactions are contained in a relatively small interval for the corresponding
Qj parameter, j = 1, 2, 3, 4, 5. We learned that the presence of symmetry breaking,
due to the intersection between two eigenvalues, can become a useful tool to find
those intersections in Dimer systems with larger number of bosons, as showed in
section (3.3.5). The main result from this chapter, is that relatively large systems,
like Dimer with 20 bosons, show the same kind of interactions as small systems
do. So, we can generalize those results. In the standard, repulsive BH model, the
total energy is minimized when each site is filled with the same number of bosons.
But, in chapter 3, the appearance of symmetry breaking, due to Q4 and Q5 terms,
can change the composition of the ground state.

A Trimer system was studied in chapter 4. Contrary to Dimer, a Trimer
system is non-integrable, which means a higher level of complexity, but also the
opportunity to study chaotic behaviours. The number state method helped us a lot
dividing the Hamiltonian matrix into smaller matrices depending on the quantum
number τ = 1, exp(i2π/3), exp(−i2π/3). We proved that the obtained matrices
for τ = exp(i2π/3) and τ = exp(−i2π/3) are similar. Then, we only needed to
calculate one of them. The results presented in chapter 4 recall some of the results
from chapter 3, but in addition we obtain some new, e.g. avoided crossings due
to the non-integrability. We focused on the highest energy eigenvalues, and found
that they do not intersect each other, but the non-standard parameters, Q4 and
Q5, can change their composition.

In chapter 5, we specify the most important results from chapter 4. In figures
(5.1, 5.2, 5.3) we identify the regions where the different solutions are stable and
the transitions between those solutions. In this aspect, it has been shown that the
presence of Q4 and Q5 have a crucial role in those transitions. This result was
also pointed out by Öster et al. in [12] for the classical system.

In conclusion, we have explored some of the many interesting phenomena in-
volving the nonlinear effects presented in our model. In this master’s thesis we
have shown that it is possible to identify some classical phenomena, which ap-
pears already for small systems in a quantum regime. Those results, e.g. symme-
try breaking, avoided crossings, smaller energy gap between energy levels, could
be generalized for larger systems. We have also shown how to solve and obtain
information studying the energy spectra of the Hamiltonian matrix representation.

Now, we have improved our understanding of quantum models and nonlinear
parameters, and who knows what other discoveries and knowledges are waiting for
us.



Chapter 7

Future Work

The rapid experimental and theoretical developments of the field of interacting
bosons hold promise for discovering of new and exciting results. Therefore, we
want to propose some directions in which it is possible to continue with this work.

The most natural extension of this master thesis, is to increase the number
of sites and bosons in order to explore larger systems, which would exhibit likely
similar phenomena as those presented here, but closer to a classical regime. A
better study of the parameter set Q is needed in order to model realistic cases.
It can also be interesting to study how well the different Q parameters can be
controlled in experimental works.

Another interesting extension could be to study the quantum phase transitions
at zero or finite temperature for this extended Bose-Hubbard model using numer-
ical methods. Quantum Monte Carlo technique is a useful tool that can be used
to study many-body problems and simulate realistic systems. It is worth noting
that similar studies have been already done, see [21, 4], so these references are a
good starting point.

This work focused in just one dimension, it can be extended to two or three
dimensions, as have been done in the case of the classical DNLS.

Another idea is to develop an academic software to solve quantum DNLS and
other quantum models. In this work, aMathematica routine was designed to study
the extended Bose-Hubbard model presented here, but it should be improved with
the aim of study larger systems.
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Appendix A

Mathematica Notebook

To use this notebook it is necessary to download a package created by Jose Luis
Gomez-Munoz. It is a free Mathematica add-on. You can download it from
http://homepage.cem.itesm.mx/lgomez/quantum/. In the same page, you will
find tutorials and installation instructions.

A.1 Dimer
In this section we present a Mathematica note book that describes how to model
and solve a Dimer using the Hamiltonian (3.1). It is easy to modify this notebook,
but some experience with Mathematica is needed.

An Extended Bose-Hubbard Model

Introduction
Now, we declare all the operators needed to calculate the eigenvalues and eigen-
vectors of the Hamiltonian matrix representation. The Hamiltonian used in this
notebook is described in chapter 3. You can use this notebook to model a Dimer
system with n particles, of course, it is possible to modify this file in order to
model your own system.

Load the Package
First load the Quantum`Notation` package. Write:

Needs["Quantum`Notation`"];

then press at the same time the keys SHIFT - ENTER to evaluate. Mathematica
will load the package and print a welcome message. In order to use the keyboard
to enter quantum objects write:
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SetQuantumAliases[ ];

then press at the same time the keys SHIFT - ENTER to evaluate. Remember
that SetQuantumAliases[ ] must be evaluated again in each new notebook.

Operators
We need to declare the bosonic operators. But first, we define a quantum basis,
which represents two sites, and define the Kronecker delta function:

|θj , θn−j〉;
〈θjp_, θnp_| · |θj_, θn_〉 := Kroneckerdelta[jp, j] ∗ Kroneckerdelta[np, n];

Kroneckerdelta[ ] is a Mathematica build-function. Definition of creation (a†),
annihilation (a) and number (num) operators,

DefineOperatorOnKets
[
a, { |θj_〉:→ Sqrt[j]·|θj−1〉 }

]
;

DefineOperatorOnKets
[
a†,{ |θj_〉:→ Sqrt[j + 1]·|θj+1〉 }

]
;

DefineOperatorOnKets
[
num,{ |θj_〉:→ j·|θj〉 }

]
;

The Hamiltonian
In order to model the Hamiltonian (3.1), we use the operators which were defined
above. In this case we generate three matrices of order (n+ 1)× (n+ 1),

Z= 4;

H[x_1, x_2, x_3, x_4, x_5] := Table
[
〈φl| · 〈φn−l| · x1 ·num · |φj〉 · |φn−j〉+ 〈φl| ·

〈φn−l| · |φj〉 · x1 · num · |φn−j〉+ 〈φl| · 〈φn−l| · x3 · num2 · |φj〉 · |φn−j〉+
〈φl| · 〈φn−l| · |φj〉 · x3 · num2 · |φn−j〉 + 4(〈φl| · 〈φn−l| · x4 · num · |φj〉 · num ·
|φn−j〉), {l, 0, Z}, {j, 0, Z}

]
+ Table

[
(x2/2 + 2x5(n− 1)) ∗ (〈φl| · 〈φn−l| · a · |φj〉 ·

a† · |φn−j〉+〈φl| ·〈φn−l| ·a† · |φj〉·a · |φn−j〉, {l, 0, Z}, {j, 0, Z}
]
+ Table

[
x4∗(〈φl| ·

〈φn−l|·a2·|φj〉·(a†)†·|φn−j〉+〈φl|·〈φn−l|·(a†)2·|φj〉·a2·|φn−j〉, {l, 0, Z}, {j, 0, Z}
]
;

Observe that the operators a, a† and num are applied directly to the corresponding
site.

Now, we generate a numerical Hamiltonian choosing specific values for the set
parameter Q.

Clear[n,H1];
H1 = H[0, 0, 1, 0.5, x];
n = 4;
MatrixForm[H1]//Simplify//TraditionalForm

We calculate the eigenvalues using the Mathematica function Eigenvalues[]. We
obtain five eigenvalues which be kept in the variables val1, val2, val3, val4, val5:
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{val1,val2,val3,val4,val5} = Eigenvalues[H1];

Once we have these functions, we can plot them as a function of any Q param-
eter, in this example Q5:

Plot[{val1, val2, val3, val4, val5}, {x,−.6, .6},AxesLabel→ {"Q5", "λ"}]
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Figure A.1: Eigenvalues of a dimer system with n = 4, for Q1 = Q2 = 0, Q3 = 1,
Q4 = 0.5 and Q5 vary.

Figure (A.1) shows the eigenvalues as a function of Q5. Studying this figure,
we see that there are some intersection which we want to explore. We see that the
intersection occurs approximately at Q5 ≈ 0.12, but we can calculate exactly this
point using the function FindRoot[ ]:

FindRoot[val1==val2, {x, 0.11}]

The result becomes x → 0.1178. And now we can study the eigenvectors round
this point using the following algorithm:

For[
Clear[n, q5, list1, list2, vects, vals]
q5 = 0.11;
H1 = H[0, 0, 1, 0.5, x];
n = 4; MatrixForm[H1];
{vals, vects} = Eigensystem[H1,−2];
list1 = {{q5, vals[[1]], vects[[1]]}};
list2 = {{q5, vals[[2]], vects[[2]]}};
q5 = 0.111, q5 < 0.12, x = x+ .001,Clear[n, vals, vects];
H1 = H[0, 0, 1, 0.5, x];
n = 4; textsfMatrixForm[H1];
{vals, vects} = Eigensystem[H1,−2];
Appendto[list1, {q5, vals[[1]], vects[[1]]}];
Appendto[list2, {q5, vals[[2]], vects[[2]]}];
]

It generates two lists which contain the eigenvalues and eigenvectors for corre-
sponding Q5 value.
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A.2 Trimer
In this section we present a Mathematica notebook that represents a Trimer sys-
tem. As an example, we take a trimer with n = 2 particles. It is easy to modify
this notebook, but some experience with Mathematica is needed.

An Extended Bose-Hubbard Model
Introduction
This is a routine that declares all the operators needed to calculate the eigenvalues
and eigenvectors of the Hamiltonian matrix representation. The Hamiltonian used
in this notebook is described in chapter 4. You can use this notebook to model a
Trimer system with n particles, of course, it is possible to modify this file in order
to model your own system.

Load the Package
First load the Quantum`Notation` package. Write:

Needs["Quantum`Notation`"];

then press at the same time the keys SHIFT - ENTER to evaluate. Mathematica
will load the package and print a welcome message. In order to use the keyboard
to enter quantum objects write:

SetQuantumAliases[ ];

then press at the same time the keys SHIFT - ENTER to evaluate. Remember
that SetQuantumAliases[ ] must be evaluated again in each new notebook.

Operators
We need to define the annihilation and creation operators:

DefineOperatorOnKets
[
an1,

{ |i_1̂,j_2̂,k_3̂〉:→ Sqrt[i]·|(i− 1)1̂,j2̂,k3̂〉, |01̂,j_2̂ k_3̂〉 :→0}
]
;

This operator annihilates a boson from the first site. In a similar way we can
define the annihilation operators for site 2 and 3:

DefineOperatorOnKets
[
an2,

{ |i_1̂,j_2̂,k_3̂〉:→ Sqrt[j]·|i1̂,(j − 1)2̂,k3̂〉, |i1̂,0_2̂ k_3̂〉 :→0}
]
;

DefineOperatorOnKets
[
an3,

{ |i_1̂,j_2̂,k_3̂〉:→ Sqrt[k]·|i1̂,j2̂,(k − 1)3̂〉, |i1̂,j_2̂ 0_3̂〉 :→0}
]
;
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In a similar way we can define the creation operators and the translational oper-
ators:

DefineOperatorOnKets
[
cr1,

{ |i_1̂,j_2̂,k_3̂〉:→ Sqrt[i+ 1]·|(i+ 1)1̂,j2̂,k3̂〉 }
]
;

DefineOperatorOnKets
[
cr2,

{ |i_1̂,j_2̂,k_3̂〉:→ Sqrt[j + 1]·|i1̂,(j + 1)2̂,k3̂〉 }
]
;

DefineOperatorOnKets
[
cr3,

{ |i_1̂,j_2̂,k_3̂〉:→ Sqrt[k + 1]·|i1̂,j2̂,(k + 1)3̂〉 }
]
;

DefineOperatorOnKets
[
tr3,

{ |i_1̂,j_2̂,k_3̂〉:→|k1̂,i2̂,j3̂〉 }
]
;

DefineOperatorOnKets
[
tr32,

{ |i_1̂,j_2̂,k_3̂〉:→ tr3 · tr3·|i1̂,j2̂,k3̂〉 }
]
;

DefineOperatorOnKets
[
τ3,

{ |i_1̂,j_2̂,k_3̂〉:→Exp[it]·|k1̂,i2̂,j3̂〉 }
]
;

It is convenient to define τ3 as an operator in order to avoid some problems. Now,
it is time to decide the number of particles. As a example, we choose n = 2. Then,
we get

|ψ322〉 = 1√
3

∑3
i=1(tr3)Abs[i−1] · (τ3)Abs[i−1] · |2, 0, 0〉;

|ψ321〉 = 1√
3

∑3
i=1(tr3)Abs[i−1] · (τ3)Abs[i−1] · |1, 1, 0〉;

which are invariant translationally states.

The Hamiltonian
Next step is to define the Hamiltonian (4.1). We separate this Hamiltonian in six
operators:

myopQ1 = (cr1 · an1 + cr2 · an2 + cr3 · an3);

myopQ2 = (cr2 · an1 + cr1 · an2 + cr3 · an2 + cr2 · an3 + cr1 · an3 + cr3 · an1);

myopQ3 = ((cr1 · an1)2 + (cr2 · an2)2 + (cr3 · an3)2);

myopQ4N = ((cr1·an1)·(cr2an2)+(cr2·an2)·(cr3·an3)+(cr1·an1)·(cr3·an3));

myopQ4 = ((cr2 ·an1)2 + (cr1 ·an2)2 + (cr3 ·an2)2 + (cr2 ·an3)2 + (cr1 ·an3)2 +
(cr3 · an1)2);

myopQ5 = ((cr12 + cr22) ·an1an2 + cr2 · cr1(an12 +an22) + (cr22 + cr32) ·an2 ·
an3+cr3 ·cr2 ·(an22 +an32)+(cr12 +c432) ·an1 ·an3+cr3 ·cr1 ·(an12 +an32));
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Now, we need to define a function H1 that contains the Hamiltonian as a function
of Q parameters (here x1, x2, x3, x4, x5). The Hamiltonian is the sum of the
operators defined above:

H[x1_, x2_, x3_, x4_, x5_] :=
(
x1 ·myopQ1 + x2

2 ·myopQ2 + x3 ·myopQ3 +
x4 · (4 ·myopQ4N + myopQ4) + 2x5 · myopQ5

)
;

It is neccesary to write the Hamiltonian in Matrix form. In this case we will get
three 2 × 2 matrices. But, from chapter 4 we know that it is only necessary to
calculate two matrices, one for t = 0 and another for t = 2π/3. The following
loop will do it. We let just one of the parameters Q to be variable at the time and
choose fix values for the other four:

For[l = 0, l < 2, l + +,
H1 = H[0, 0, 1, 0.5, x];
t = (2π ∗ l)/3;
e[0, 0] = Expand[〈ψ322| ·H1 · |ψ322〉];
e[0, 1] = Expand[〈ψ321| ·H1 · |ψ322〉];
e[1, 0] = Expand[〈ψ322| ·H1 · |ψ321〉];
e[1, 1] = Expand[〈ψ321| ·H1 · |ψ321〉];
Clear[t];
If[l == 0,m0 = Table[e[i, j], i, 0, 1, j, 0, 1]; ,
m1 = Table[e[i, j], i, 0, 1, j, 0, 1]; ]
]

Using the function MatrixForm, the matrices m0 and m1 can be printed in the
following form:

m0//MatrixForm
m1//MatrixForm(

5.6 4
√

2x
4
√

2x 3.6

)
(

3.2 + 0.i 2
√

2x+ 2
√

2e
2iπ

3 x

2
√

2x+ 2
√

2e−
2iπ

3 x 3.6 + 0.i

)
We can calculate the eigenvalues using the build-function Eigenvalues[ ]

{val1, val2} = Eigenvalues[N [m0]];
{val3, val4} = Eigenvalues[N [m1]];

and then, we can plot those eigenvalues as function of a Q parameter, using the
following functions.

Needs[”PlotLegends‘”]

Plot[{val1, val2, val3, val4}, {x,−.5, .5},PlotStyle→ {Red,Red,Blue,Blue},
PlotLegend→ {”τ0”, ”τ0”, ”τ2π/3”, ”τ2π/3”},
LegendPosition→ {.9,−.2},LegendShow→ {.01,−.01},
LegendSize→ 0.5,AxesLabel→5, λ},AxesStyle→ {10, Bold}]



A.2 Trimer 59

This last function plots the four eigenvalues for Q5 in the interval [−.5, .5]. See
figure (A.2) If we want to calculate the intersection between the lowest eigenvalues,
then we can try:

FindRoot[val1 == val3, {x, .3}]

Then, we get

x→ 0.34641

Here, val1 is the lowest eigenvalue of the matrix m0 and val3 the lowest eigenvalue
of m1. We can also study the eigenvectors around the intersection, e.g. Q5 =
0.3464. Look at the next loop. It goes from Q5 = 0.34 (before the intersection) to
Q5 = 0.35 (after intersection), we keep the results on two lists.

For[
Clear[x, t, vals, vects]
x = 0.34;
H1 = H[0, 0, 1, 0.5, x];
For[l = 0, l < 2, l + +,
t = (2π ∗ l)/3;
e[0, 0] = Expand[〈ψ322| ·H1 · |ψ322〉];
e[0, 1] = Expand[〈ψ321| ·H1 · |ψ322〉];
e[1, 0] = Expand[〈ψ322| ·H1 · |ψ321〉];
e[1, 1] = Expand[〈ψ321| ·H1 · |ψ321〉];
If[l == 0,m0 = Table[e[i, j], i, 0, 1, j, 0, 1];
{vals, vects} = Eigensystem[N [m0],−1];
list1 = {{x, vals, vects}}; ,
m1 = Table[e[i, j], i, 0, 1, j, 0, 1]; ]
{vals, vects} = Eigensystem[N [m1],−1];
list2 = {{x, vals, vects}};
]; ];
x = 0.341, x < 0.354, x = x+ .001,Clear[vals, vects];
For[l = 0, l < 2, l + +,
H1 = H[0, 0, 1, 0.5, x];
t = (2π ∗ l)/3;
e[0, 0] = Expand[〈ψ322| ·H1 · |ψ322〉];
e[0, 1] = Expand[〈ψ321| ·H1 · |ψ322〉];
e[1, 0] = Expand[〈ψ322| ·H1 · |ψ321〉];
e[1, 1] = Expand[〈ψ321| ·H1 · |ψ321〉];
If[l == 0,m0 = Table[e[i, j], i, 0, 1, j, 0, 1];
{vals, vects} = Eigensystem[N [m1],−1];
AppendTo[list1, {x, vals, vects}]; ,
m1 = Table[e[i, j], i, 0, 1, j, 0, 1];
{vals, vects} = Eigensystem[N [m1],−1];
AppendTo[list2, {x, vals, vects}];
]; ];
]

The variable vals contains the eigenvalues and vects the eigenvectors for the cor-
responding system.
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Figure A.2: Eigenvalues of a trimer system with n = 2, for Q1 = Q2 = 0, Q3 = 1,
Q4 = 0.5 and Q5 vary.
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