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Abstract
In this master thesis methods for increasing temporal resolution when
reconstructing radially sampled MRI data have been developed and
evaluated. This has been done in two steps; ﬁrst the order in which
data is sampled in k-space has been optimized, and second; temporal
ﬁlters have been developed in order to utilize the high sampling density
in central regions of k-space as a result of the polar sampling geometry to increase temporal resolution while maintaining image quality.
By properly designing the temporal ﬁlters the temporal resolution is
increased by a factor 3–20 depending on other variables such as image
resolution and the size of the time varying areas in the image. The
results are obtained from simulated raw data and subsequent reconstruction. The next step should be to acquire and reconstruct raw data
to conﬁrm the results.
Sammanfattning
I detta examensarbete har metoder för att öka den temporala
upplösningen vid rekonstruktion av radiellt samplat MRI-data utvecklats och utvärderats. Detta har skett i två steg; först har ordningen
för samplingen av k-rummet optimerats, och sedan har temporala ﬁlter utvecklats för att utnyttja den höga samplingstätheten för centrala
delar av k-rummet som resultat av den polära samplingsgeometrin för
att öka den temporala upplösningen med bibehållen bildkvalitet. Med
korrekt designade temporala ﬁlter kunde tidsupplösningen ökas med
en faktor 3–20 beroende på andra variabler som upplösning och storleken på det tidsvarierande arean. Resultaten är erhållna från simulerad
rådata som sedan rekonstruerats och utvärderats. Nästa steg bör vara
att samla in och rekonstruera verklig data för att bekräfta resultaten.
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1 INTRODUCTION

1

Introduction

Magnetic resonance imaging, MRI, is a medical imaging modality fundamentally diﬀerent from conventional x-ray techniques which rely on
detecting how x-rays interact with the object being imaged. MRI uses
a combination of static and time-varying magnetic ﬁelds to align the
hydrogen atoms in the body. By then applying radio frequency ﬁelds
information about how the hydrogen is bound and distributed in the body
is used to generate an image. The ﬁrst MRI image was acquired in the
mid 1970s and the impact in the medical imaging arena has been profound
due to the ability to produce high resolution images with high soft tissue
contrast, something X-ray imaging cannot do. Today MRI imaging is
used extensively in medicine and can provide diagnostic information in a
variety of ﬁelds; tumor classiﬁcation, metabolic and vascular disorders and
congenital defects are just a few examples.
In the early 1990s the Blood-oxygen-level dependant contrast (BOLD) was
discovered. This technique relies on the diﬀerent magnetic properties of
oxyhemoglobin, hemoglobin with bound oxygen, and deoxyhemoglobin,
hemoglobin without bound oxygen. Deoxyhemoglobin is paramagnetic and
causes local ﬁeld inhomogeneities which can be measured using the BOLD
technique. This eﬀect can be used to map active areas in the brain which
consume more oxygen, thus producing more deoxyhemoglobin. Imaging
this process requires a short acquisition time to be able to detect the rapid
changes in the blood oxygen levels. Currently 2-D fMRI sequences are
most widely used, 2-D slices are acquired sequentially to generate an image
volume. A 3-D sequence could potentially decrease the acquisition time
and at the same time reduce image artifacts.
In this thesis a novel method for sampling 3-D fMRI data using the
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PRESTO-CAN sequence is described. This sequence allows fast acquisitions
without sacriﬁcing SNR or matrix size. In order to fully use the information
acquired in the PRESTO-CAN sequence a new reconstruction method needs
to be devised that can take full advantage of the temporal information in
the data. The PRESTO-CAN sequence is still based on a 2-D sampling of
k-space, the Fourier domain in which all MRI data is acquired, but the orientation of 2-D plane varies with each acquisition thus building up a 3-D space.
The diﬀerence to conventional sampling is that the 2-D plane is rotated in
k-space, sampling a cylinder rather than a rectangular box. The advantage
is that information close to the center of k-space will be sampled more often
than when using a conventional scan sequence which can be used to increase
the temporal resolution. In order to do that a reconstruction method that
takes advantage of the high sampling rate of the center of k-space must be
used, as well as optimizing the order in which the 2-D planes are sampled.

1.1

Aim

The work presented in this thesis is aimed to explore methods for improving temporal resolution in MRI using improved k-space sampling and postprocessing ﬁlters to optimally use the temporal information in the acquired
data.

2
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Abbreviations

In this section a list of abbreviations used in this thesis is presented.
B0 – The static magnetic ﬁeld in an MRI camera
BOLD – Blood Oxygenation Level Dependent
DC – Direct Current
EPI – Echo Planar Imaging
FFT – Fast Fourier Transform
fMRI – Functional Magnetic Resonance Imaging
FOV – Field Of View
GROS – Golden Ratio Ordering Scheme
HLBK – Hudson-Larkin-Beekman-Kamphuis
In vivo – In the body
MR – Magnetic Resonance
MRI – Magnetic Resonance Imaging
PD – Proton Density
PRESTO – PRinciples of Echo-Shifting with a Train of Observations
RF – Radio Frequency
SNR – Signal to Noise Ratio
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MRI BASICS

MRI basics

In this chapter the basic physics behind the magnetic resonance imaging will
be outlined and the techniques and pulse sequences important to this thesis
will be brieﬂy presented. The information in this section is taken from MRI
Principles [1] and From Picture to Proton [2].

3.1

Nuclear properties of matter

All matter consists of atoms, and each atom is built up of a positively
charged nucleus and a cloud of negatively charged electrons in certain orbits
around the nucleus. The nucleus itself is a collection of nucleons; protons
which are positively charged and neutrons which have no electric charge.
The number of protons and neutrons, nucleons, determines the element and
isotope of the atom. Apart from electric charge, these subatomic particles
have another intrinsic property called spin, named so because it originally
appeared as if they were spinning, which gives rise to a measurable magnetic
moment. This magnetic moment is what is now referred to as spin, and
even the neutrally charged neutron has this property so the concept of
spinning charged particles can only be used as an aid to understanding the
property. The collection of nucleons building up the nucleus determines the
overall magnetic moment of the nucleus, and this overall magnetic moment
is central to MRI.
The most common atom in the human body is the hydrogen atom, 1 H,
consisting of one proton and one electron. The unpaired proton in the
nucleus gives rise to a net magnetic moment of the atom. A nucleus with a
net magnetic moment can be thought of as a little bar magnet, and like other
bar magnets it interacts with external magnetic ﬁelds, aligning itself in the
direction of the ﬁeld. The laws of quantum physics prohibits the nucleus to
be perfectly aligned with the magnetic ﬁeld; there will be an angle between
5
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Figure 3.1. The ﬁgure shows a model of a proton precessing around an
external magnetic ﬁeld.

the external ﬁeld and the magnetic moment of the nucleus. This in turn
generates a torque on the nucleus, causing it to precess around the direction
of the magnetic ﬁeld, see Fig. 3.1. The angular frequency of the precession
is called the Larmor frequency w, and is determined by:
ω=−

gµn
B0 = −γB0
~

(3.1)

where g is the g-factor of the nucleon, µn is the nuclear magneton, ~ is
the reduced Planck’s constant and B0 is the magnitude of the magnetic
ﬁeld. γ is called the gyromagnetic ratio and is diﬀerent for diﬀerent
nuclei, eﬀectively determining the Larmor frequency for each nucleus.
For 1 H it has the value γ = 2.67 × 108 rad s−1 T−1 = 42.6 MHz/T. The
magnetic ﬁeld strengths used in MRI scanners today are in the order of
1 T, which means that the Larmor frequency is in the radio frequency range.
The net magnetic moment of the precessing nucleus will however be aligned
with the external magnetic ﬁeld. A proton is a spin- 21 particle, meaning
that it has two quantum spin states, up and down. This means that as the
nucleus aligns itself to the magnetic ﬁeld it can do so in one of two ways,
parallel or anti-parallel to the ﬁeld, representing two energy states. The
energy diﬀerence between the two states is the Larmor frequency times the
reduced Planck’s constant, ~ω, and the distribution of particles in each of the
states follow the Boltzmann statistics. Because of this, at room temperature
the net magnetization of a distribution of particles will be parallel with the
magnetic ﬁeld. By emitting radiation at the right frequency it is possible to
excite nuclei from the lower to the upper energy state, eﬀectively “tilting”
6
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Figure 3.2. By adding energy to the system, the net magnetic ﬁeld of
the protons can be tilted towards the orthogonal plane.

the net magnetization towards the orthogonal plane, see Fig. 3.2. If the
system is left to stabilize it will return to the ground state, but as long as
there is a magnetic component in the orthogonal plane a signal from the
protons can be detected.

3.2

Phase encoding and frequency encoding

In order to produce an image from the signals detected from a perturbed
distribution of particles the signal must be position dependent, otherwise
the signal strengths from diﬀerent regions in e.g. a patient will be indistinguishable. In order to do this, a strong magnetic ﬁeld B0 is ﬁrst applied
in the z direction as described in the previous section, eﬀectively aligning
the nuclear spins. All spins will have the same Larmor frequency, independent of the position in the scanned object. By applying a linear magnetic
ﬁeld gradient in the x direction, nuclei in the positive x direction will experience a stronger magnetic ﬁeld, thus having a higher Larmor frequency.
Correspondingly, nuclei in the negative x direction will experience a weaker
magnetic ﬁeld, thus having a lower Larmor frequency. This step is called
frequency encoding. This technique only allows for positioning the nuclei in
one dimension, since applying the same ﬁeld gradient in the y direction will
give nuclei at diﬀerent positions (e.g. (x = 0, y = 5) and (x = 5, y = 0)) the
same Larmor Frequency. This can be solved by ﬁrst applying a ﬁeld gradient
for a short time in the y direction, which would induce a position-dependent
phase diﬀerence in the y direction. This step is called phase encoding. Now
each position in the object has a unique Larmor frequency and phase shift.
This enables signals to be sorted by position, and thus an image can be
7
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Figure 3.3. The ﬁgure shows how the signal from the MR camera, which
is composed of many frequencies, is stored in the raw data matrix.

formed.

3.3

Pulse sequences and k-space

The way data from an object is detected and stored goes as follows: ﬁrst,
the object is placed in the MR camera and is exposed to a strong magnetic
ﬁeld B0 , making all protons in the object precess at the Larmor frequency,
but out of phase. Second, by applying an RF pulse the net magnetization
of the protons are tilted, and the precession of the protons are all in phase
with the RF pulse. The third step is to apply a phase encoding gradient to
introduce a phase diﬀerence in the phase encoding direction. The fourth
step is to apply a frequency encoding gradient and detect the signal from
the protons as they decay back to the ground state. The signal will be
a spectrum of frequencies, since the frequency encoding gradient shifts
the Larmor frequency of the protons depending on position in the object.
Similarly, the phase will also diﬀer by spatial location of the protons.
Usually, each excitation and decay is read out and stored as a row in the
raw data matrix, see Fig. 3.3. Then another excitation is induced but with
a diﬀerent phase encoding gradient applied, which is stored in another row
of the raw data matrix, and so on. The dimensions of the rows and columns
are determined by the sampling frequency of the signal and the number of
excitations with diﬀerent phase encoding gradients applied.
The raw data collected from the MR camera is not in the form of an image,
but are radio frequency (RF) signals with a range of frequencies and phases.
In order to obtain an image, these signals must be decoded to spatial
intensities, which is done by applying the inverse Fourier transform to the
raw data. The raw data is the spatial frequencies of the image, it is said to
be in k-space as opposed to image space, a name originating from optical

8
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physics and the practice to denote wave numbers as k, i.e. the number of
whole waves per length, or the inverse of the wave length.
In order to acquire the signals that constitute an image several gradients
and RF ﬁelds have to be turned on and oﬀ in speciﬁc orders and for diﬀerent
durations of time. This sequence of RF pulses is commonly denoted pulse
sequence, and diﬀerent sequences have diﬀerent properties that can be
utilized depending on what type of object is being examined and what
information is wanted. The sequence previously described is more or less a
proton density or PD weighted image sequence, and explanations of diﬀerent
image properties such as T1 , T2 , T∗2 weighted images require a deeper
explanation of the physics behind MRI than will be presented in this chapter.

3.4

fMRI and BOLD

The sequence used in the project in which this thesis is a part is the so-called
PRESTO sequence, PRinciples of Echo-Shifting with a Train of Observations. This is a very fast pulse sequence where the entire k-space can be
ﬁlled in one excitation, as opposed to one row per excitation for most other
pulse sequences. This fast acquisition is advantageous for functional MRI,
fMRI, which is an examination method where the function or activation of
diﬀerent regions in the brain are studied. In order to study these processes
with suﬃcient temporal resolution a fast pulse sequence is needed. The
principle behind studying activation is to utilize the diﬀerence in magnetic
susceptibility for deoxyhemoglobin and oxyhemoglobin (i.e. deoxygenated
blood and oxygenated blood), which in T∗2 -weighted images create contrast,
a technique referred to as BOLD, Blood Oxygenation Level-Dependent techniques.

3.5

3-D imaging and PRESTO CAN

A novel concept introduced in [3] is the PRESTO CAN pulse sequence.
This is a 3-D scanning technique, but instead of stacking the consecutive
2-D proﬁles in a Cartesian manner as in Fig. 3.4(a) a polar coordinate
system is used, and each successive scan is rotated around a common
center, see Fig. 3.4(b). Each proﬁle is scanned in a Cartesian geometry,
but the orientation is determined by a cylindrical coordinate system.
The advantage of this is that the sampling density near the center of
k-space is high, which can be utilized in order to increase the temporal
resolution. Fewer scans are needed in order to acquire a large ﬁeld-of-view,
FOV, while still maintaining a high sampling density near the origin.
As will be explained in Sec. 4, frequencies near the center of k-space are
the low frequency components of the resulting image, and thus contain

9
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(a) Cartesian sampling of k-space (b) Cylindrical sampling of kspace

Figure 3.4. Acquiring a 3-D image means sampling a volume of k-space.
Conventionally this is done in a Cartesian grid as in (a). The PRESTOCAN pulse sequence samples k-space in a cylindrical coordinate system.

the image contrast and having a relatively high SNR. This is desirable
in an fMRI pulse sequence, where ways to shorten the scan time while
maintaining SNR and contrast would mean a higher temporal resolution
without sacriﬁcing image quality. Further, in fMRI the time varying
intensities are low frequency components of the image, so a high sampling
density for low frequency components are well suited for fMRI examinations.
The goal of this thesis is to ﬁnd ways to utilize the high sampling density
near the origin of k-space to increase temporal resolution without sacriﬁcing
image quality.

10
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Properties of k-space

Fundamental properties of k-space and its connections to the resulting image are presented in this section, as well as a discussion on using diﬀerent
sampling geometries when reading data from k-space.

4.1

Frequency components in an image

The raw data collected in MRI is said to be in ”k-space”, i.e. it is not a
raw image ready for image processing, but rather raw data that must be
processed before an image can be obtained. It was previously stated that
in order to transfer the data from k-space to real space, the inverse Fourier
transform of the raw data must be taken. Knowing this it is quite easy
to understand some basic properties of the raw data without previously
understanding a lot about the principles of MRI or the speciﬁcs of the data
collection procedure.
Fourier analysis is a subject of mathematics where functions or signals
can be represented as sums or integrals of trigonometric functions. Three
properties of the trigonometric functions are needed to properly represent
any signal; frequency, phase and amplitude. Simply put, the inverse Fourier
transform extracts all spectral components of the input function, breaking
it down to its component frequencies, phases and amplitudes. For a signal
varying in time this is intuitively easy to understand. A piano tone for
example, can be analyzed and broken down to its spectral components, after
which all overtones, harmonics, can be separated from the fundamental
frequency of the tone. These harmonics are speciﬁc for the piano, making
sound diﬀerent from a violin playing the same note.
Similarly, when taking the Fourier transform of an image, the spatial
frequencies, phases and amplitudes of the images are extracted. As an
11
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1

0.8
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0.4

0.2

0

Figure 4.1. A sine wave pattern

example, see Fig. 4.1. A simple sine wave has been plotted as an image,
where the amplitude of the function is represented by the value of each
pixel. When taking the Fourier transform of this image, ideally only one
frequency should be present, namely that of the sine wave in question.
When representing k-space visually it is common practice to place the
origin at the center of the image, as opposed to 1D representation, where
the origin is usually placed at the far left on the graph.
The component at the origin is referred to as the DC component, due to its
frequency of zero, making it a constant. This is the the average value of the
whole image. Frequencies near the origin are low frequencies and make up
the overall features of the image, including signal-to-noise and contrast.[2]
The high spatial frequencies are found farther away, near the edges of
k-space. This is where the small details in the image are represented.1
The Fourier transform generally produces a complex output, which can be
represented in the polar form z = |z|eiθ , where |z| is the magnitude or
modulus and θ is the argument of the complex number. In general, when
talking about the spectrum of an image, the amplitude spectrum is what
is meant, and is the modulus of the Fourier transform, |z|. In Fig. 4.2 the
spectrum of Fig. 4.1 can be seen. According to Euler’s identity the sine
wave can be expressed in terms of complex exponentials as:
sin(2πf t) =

ei2πf t − e−i2πf t
2i

1

This is a simplified description of k-space, since all finite objects contain both high
and low frequency components.

12
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(a) Spectrum of Fig.4.1

(b) The logarithm of (a)

Figure 4.2. The ﬁgures show the spectrum of Fig.4.1. (b) is the logarithm
of (a), a technique that compresses the spectral information presented in
the image and makes fainter frequencies more visible.

The sine wave (and all real sinusoids) are the sum of a positive and a negative
frequency, and these two frequency components are visible as two dots in
Fig.4.2(a). Next to each spectrum is a color bar that represents the values
of the pixels in the images. Fig. 4.2(a) has a very large intensity span, too
large for a correct representation either in print or on a computer screen.
By taking the logarithm of the spectrum the high and low intensities in the
image are ”compressed”, and show up much clearer to the beholder, which
can be seen in Fig. 4.2(b). Now it is obvious that the image contains more
frequencies than that of a pure sine wave, even though these are heavily
dominating. The additional frequencies are due to the fact that the signal
is ﬁnite, whereas a true sine wave is inﬁnite in extent. Also, the Fourier
transform treats the input as periodic, which give rise to some of the extra
frequencies in the image, due to discontinuities where one period ends and
another starts.

4.2

Basic properties of k-space

Let us assume that the wanted image size for a certain MRI scan is N×N.
The raw data matrix, i.e. the k-space matrix, then also has the dimensions
N×N. So far nothing is said about the resolution or the ﬁeld-of-view, FOV
of the image, but naturally these properties play an important role in the
size of the pixels of the image, and of course also for the size of the data in
k-space. These two properties are closely linked between k-space and image
space, and is a fundamental property to understand in order to grasp the
problems encountered in this thesis.
If high resolution is desired, each of the N×N pixels in the image should cover
a small part of the scanned object. However, in the previous section it was
13
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stated that data farther out in k-space represent higher spatial frequencies,
i.e. a high spatial resolution. This means that if a high resolution is sought,
the pixel width ∆x should be small, and the corresponding distance between
neighbouring data points in k-space, ∆kx , will be large, in order to cover a
larger area in k-space, see Fig. 4.3. Similarly, if a larger FOV is desired, the
N×N pixels have to be larger to cover a larger area in the image. Conversely,
data in k-space will not cover as large an area, since resolution is lower, see
Fig. 4.3. The data in k-space is more densely packed close to the origin.
Thus, an inversely proportional relationship exists between FOV and the
distance between neighbouring data points in k-space;
1
∝ ∆kx
F OVx

(4.1)

From this relation it is easy to see that if a rectangular FOV is desired, the
distance between neighbouring sampling points are diﬀerent in kx and ky
directions.

4.3

Aliasing and the Nyquist frequency

To properly sample a signal, the sampling rate must be greater than twice
the maximum frequency component of the signal in order to recover all
Fourier components. If the sampling rate is less than twice the highest frequency component, the signal is said to be undersampled. Higher frequencies
will be interpreted as a lower frequency, an eﬀect known as aliasing, see Fig.
4.4. The Nyquist frequency is the highest frequency component of the signal
that can be sampled and is thus equal to half the sampling frequency. To
avoid aliasing, the sampling frequency can be chosen such that all known
frequency components will be correctly sampled, or a low pass ﬁlter can be
applied to the signal prior to sampling in order to remove frequencies higher
than the Nyquist frequency.
4.3.1

Undersampling in the frequency encoding direction

As previously stated, the raw data from the MRI scanner can be regarded
as the spatial frequency components of the resulting image. The Nyquist
frequency is the highest detectable frequency of the signal and is thus the
components farthest out in k-space. In order to avoid aliasing, signals higher
than the Nyquist frequency are removed using a low-pass ﬁlter prior to
sampling.
4.3.2

Undersampling in the phase encoding direction

Undersampling in k-space means that the adjacent sampling points are not
close enough to correctly display the scanned object. The sampling density
in k-space determines the FOV of the image (Sec 4.2), and undersampling
14
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Figure 4.3. This schematic shows the eﬀect of diﬀerent sampling of kspace. A small grid spacing ∆kx gives a larger FOV and since the grid
does not extend far out in k-space the resolution is quite low. A larger grid
spacing means a smaller FOV, but now the grid covers more of k-space so
the resolution is higher. The same number of sample points are used for
both images.
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Figure 4.4. A signal that is undersampled will appear as a signal with a
lower frequency. This eﬀect is called aliasing.

k-space gives rise to an artifact known as foldover, wrap-around artifact or
aliasing.[2] When data in k-space is not sampled densely enough, structures
outside the FOV will still contribute information to the image. These structures appear in the image superimposed on the correct image, see Fig. 4.5,
where k-space has been undersampled in the horizontal direction. This is
usually avoided by increasing the sampling density (and correspondingly the
FOV) and then discarding the unwanted parts of the ﬁnal image.[2]

4.4

Polar coordinate systems

The basic techniques of data collection in MRI was described in section
3, and applied mostly to Cartesian coordinate systems. It is the easiest
and most intuitive sampling geometry, but for certain applications it is not
the best suited. Here, the reasons and beneﬁts of using a polar coordinate
system for data sampling are presented and discussed, as well as limitations
and drawbacks that have to be considered.
Fig. 4.6 shows a Cartesian and a polar sampling geometry, respectively.
The reason polar sampling geometry is sometimes preferable to Cartesian
geometry is the variation in sampling density. At the origin the sampling
density is very high, much higher than for a Cartesian coordinate system.
As described earlier, data near the origin in k-space provide the overall
16
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(a) Phantom scanned with proper sampling (b) Phantom scanned and undersampled in
density.
the PE direction (here the horizontal direction)
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Figure 4.5. The ﬁgure shows the eﬀect of undersampling k-space. Signals
from outside the FOV is incorrectly placed in the image
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(b) A polar sampling grid

Figure 4.6. The ﬁgures show two 13×13 grids, one in a Cartesian geometry, the other in a polar geometry. Notice the higher sampling density
near the origin when using the polar grid, and the larger area covered by
the Cartesian geometry.
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structure of the image, SNR and contrast, while data farther out in
k-space hold information about smaller structures and details. For certain
examinations, especially for sequences with a temporal dimension, image
resolution can be sacriﬁced for temporal resolution in order to study
moderate to fast dynamic processes.
The sampling density in the radial direction is usually set constant, using
the same sampling density as in the kx or ky direction for a given Cartesian
grid. It is the sampling density in the angular dimension that varies and
by which resolution and temporal gains can be made. Each scan in the
radial direction is referred to as a proﬁle, and the number of proﬁles Nθ
determines the sampling density in the angular direction. Naturally the
sampling density in the angular direction varies with the radius; the farther
out in k-space one looks, the farther apart two neighbouring proﬁles will be.
In order to make reconstruction without any artifacts due to undersampling,
the sampling density in the radial direction and in the angular direction
should be the same2 . This is achieved by choosing the number of proﬁles
such that
π
(4.2)
Nθ = Nr
2
where Nr is the number of samples in the radial direction, i.e. the number
of sample points in a single proﬁle. Under some circumstances slight undersampling can be tolerated in order to gain temporal resolution, so the
number of proﬁles can be chosen as
Nθ ≥ Nr

(4.3)

as a rule of thumb.
4.4.1

Advantages of using the polar sampling geometry

By using the polar sampling geometry, trading spatial for temporal
resolution is easy to achieve. Every radial proﬁle passes the origin, which
means that each proﬁle samples low frequencies in the image. A properly
designed reconstruction algorithm can utilize the fast updating rate of
low frequency components in the image in order to increase the temporal
resolution. Basically, low frequency components are updated very often,
whereas high frequency components are updated more seldom. This means
sacriﬁcing image resolution in favor of a sequence with a high temporal
resolution. The trade-oﬀ is that the images will have a temporal resolution
that varies with the spectral components in the image since high frequencies
are updated less often. A simple k-space readout in Cartesian coordinates
as described in Sec. 3 spends equal amount of time for all data points in
2

and be matched to the size of the corresponding Cartesian grid used for reconstruction.
More on this in Sec. 5.4.
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Figure 4.7. The image shows a reconstructed k-space where the typical
streaks from undersampling in a polar coordinate system are evident.

k-space. More important information held near the origin is updated at the
same rate as any other part of the signal.
The oversampling near the origin comes at the price of undersampling farther
out in k-space. Exactly how far out depends on the number of proﬁles used
and the sampling density in the radial direction. As stated previously, undersampling in k-space leads to some unwanted artifacts in the image. Using
a Cartesian sampling grid the artifacts presents themselves as a wrap-around
artifact, which is very severe and must always be avoided. Undersampling
artifacts manifest themselves quite diﬀerently when a polar sampling grid
is used. Undersampling in the angular direction is more common since it
is the eﬀect of using fewer radial proﬁles in order to speed up scan times.
The eﬀects are radial streaks in the image, see Fig. 4.7. Obviously, undersampling k-space using polar sampling geometry results in much less severe
artifacts. This can be utilized if shorter scan times are essential, and thus
radial streak artifacts are an acceptable trade-oﬀ.
4.4.2

Drawbacks and issues of the polar sampling geometry

Naturally there are drawbacks to this method, otherwise it would be
universally used. The main obstacle is the reconstruction from k-space
to image space. This is relatively straight forward for a Cartesian data
structure, where a simple 2-D inverse Fourier transform will do the trick.
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For a non-Cartesian data geometry there are several options, none of which
are as simple or straight forward as a 2-D Fourier transform. The easiest
way to reconstruct the non-Cartesian raw data is to simply resample it
to a Cartesian grid and then apply an inverse Fourier transform, and this
has become the de facto standard reconstruction method for non-Cartesian
data. The reconstruction method used in this thesis is a form of data
resampling from polar to Cartesian geometry called gridding, and will be
explained in detail in Sec. 5.4.
Another potential drawback of using a non-Cartesian sampling geometry
is the varying sampling density, although this can sometimes be a desired
feature. If the raw data is re-sampled to a Cartesian geometry prior to reconstruction the high sampling density near the origin might not be utilized
since an improperly performed resampling will average out data in these regions. The low sampling density farther out in k-space may cause artifacts
and a poorly constructed resampling might not use all raw data during the
resampling process [4].
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Simulating and reconstructing radial data

The aim of this thesis is to investigate novel reconstruction methods for
radially sampled raw data in order to increase temporal resolution. Methods
regarding simulation and reconstruction of 3-D data have previously been
investigated [3] and the results are the basis of this work. A brief summary of
the steps involved in simulating and reconstructing the data will be discussed
in this section.

5.1

Simulating and reconstructing spatial data in 2-D and
3-D

K-space is the spatial spectrum of the objects imaged by the MR scanner.
In order to accurately simulate raw data, geometrical objects with known
Fourier transforms are used to generate the raw data needed for reconstruction. In this case ellipsoids were chosen and a phantom similar to the
Shepp-Logan phantom was created, see Fig. 5.1. The analytical k-space
can then be arbitrarily sampled in order to simulate the raw data from the
MR camera. The raw data can then be reconstructed using the methods
described in Sec. 5.4 and the resulting image can be analyzed with regards
to artifacts introduced in the reconstruction process. If the reconstruction
is properly performed the major introduced artifacts are contingent streaks
due to undersampling, see Fig. 4.7, and artifacts connected to the non-ideal
apodization function, Sec. 5.4.

5.2

Simulation in 3-D and 4-D

In order to investigate the temporal resolution some time-varying elements
were introduced to the phantom; an additional ellipsoid with time varying
intensity was added in order to investigate how quickly intensity variations
were updated in the image. Artifacts appearing when a fourth dimension was
21
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Figure 5.1. The phantom used in the simulations.

introduced were usually diﬀerent streak artifacts. This is because proﬁles
updated at diﬀerent times will be recording slightly diﬀerent states of the
phantom. Discrete steps and jumps in k-space data can introduce streaks in
the image, which can be seen in Fig. 5.2, where the intensity of the ellipsoid
to the far left varies over time. The order in which data is updated has a big
impact on the ﬁnal result, and can drastically reduce the artifacts introduces
by time-varying objects as well as increase temporal resolution. This will be
discussed in Sec. 6.

5.3

Grid-driven vs. data-driven interpolation

As mentioned in Sec. 4.4 there are several ways in which data sampled in
a polar geometry can be reconstructed. When dealing with polar data the
ﬁrst thing to do is to resample the data to a Cartesian grid. In this thesis
the so called gridding algorithm has been used. This section will explain the
principles of this method for reconstructing polar data. There are two basic
approaches to resampling data, grid-driven and data-driven interpolation
[4]. Grid-driven interpolation starts with the target grid points and estimates the value of each point by interpolation of the nearest data points, as
illustrated in Fig. 5.3(a). There is no need for a data density correction as
opposed to data-driven interpolation, which can further simplify the process.
The choice of interpolation method also aﬀect the result of using this
method. A simple bilinear interpolation will yield a poor quality image,
which can be improved by sampling to a ﬁner grid or by using a diﬀerent
interpolation method such as the bicubic interpolation method. The
algorithm also has the disadvantage that all data points might not be used
22
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Figure 5.2. A time varying phantom, where the ellipsoid to the far left
generates streaks due to an intensity variation over time.
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y

kx

(a) Grid-driven interpolation

kx

(b) Data-driven interpolation

Figure 5.3. The ﬁgures show the principles behind grid-driven and datadriven interpolation respectively. The grid-driven algorithm ﬁnds the value
to a certain grid point by interpolating between the nearest neighbouring
data points. The data driven algorithm spreads the value of each data
point over neighbouring grid points.
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during resampling, since the position of the grid points will determine what
data points are used in the interpolation.
The data-driven interpolation, or gridding, on the other hand determines
the Cartesian grid by spreading each data point out over neighbouring grid
points, see Fig. 5.3(b) and Fig. 5.4. This is essentially a convolution of
the data points with a kernel of a certain size and shape. In this approach
all data points are used when resampling to a Cartesian grid which gives a
higher SNR in contrast to the grid-driven interpolation. However, a density
correction is needed since data points in high density regions near the origin
are summed to a proportionally higher value than at low density regions
farther out in k-space, i.e. the data needs to be normalized.
This is the method used in this thesis when resampling data from a polar to
a Cartesian geometry, and the details will be described in the next sections.

5.4

The gridding algorithm

The gridding algorithm [4],[5] uses convolution to map the polar data to a
Cartesian grid. There are several steps involved in this process, the method
will be outlined and the diﬀerent parameters that determine the outcome
will be discussed below.
1. The ﬁrst step is to compensate for the varying sampling density. For N
proﬁles the central data point (i.e. the point at the origin) is sampled
N times, and farther out in k-space fewer and fewer data samples contribute to each Cartesian grid point. The sampling density decreases
linearly with the radial distance to the origin, see Fig. 4.6(b) and this
is compensated for by applying a ramp ﬁlter ξ(kr ) to the polar raw
data F (kr , kθ ) prior to resampling:
FD (kr , kθ ) =

F (kr , kθ )
ξ(kr )

This is sometimes referred to as pre-compensation, as opposed to density corrections after the convolution which is commonly named postcompensation.
2. As a second step the convolution of the pre-compensated polar kspace data FD (kr , kθ ) with the gridding kernel W (kx , ky ) is performed,
mapping the polar data to a Cartesian grid, see Fig. 5.4.
FS (kx , ky ) = W (kx , ky ) ∗ FD (kr , kθ )
The gridding kernel determines how each polar data point is distributed over the Cartesian grid, i.e. how large contribution each polar
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Figure 5.4. The gridding kernel distributes the sampled data over the
close-by Cartesian grid points.

data sample will have on its neighbouring Cartesian grid points. The
choice of gridding kernel has a big impact on the end result. The
Fourier transform of the gridding kernel is called the apodization function or window function, and determines the FOV of the resulting image. The ideal apodization function is a rectangular function, which
means that the optimal kernel would be a sinc function, see Fig. 5.5.
Since the sinc function is inﬁnite in extent it is not practical to implement, so another kernel is normally used. The Kaiser-Bessel function
has been suggested [5] to yield good results due to the corresponding
apodization function’s almost non-existent side lobes. This minimizes
aliasing in the ﬁnal image, and is the gridding kernel used in this thesis, see Fig. 5.6. To avoid the side lobes all together the kernel is
designed so that only the main lobe deﬁnes the FOV.
3. As the convolution is performed a normalization grid ρ(kx , ky ) is calculated, where the contributions from all polar data points to all Cartesian data points are registered. This is used to correct for inhomogeneities in the sampling density. For a perfectly homogeneous raw
data distribution this is not necessary since it is already corrected in
the pre-compensation using the ramp ﬁlter, but because of the discrete
nature of the raw data sampling there will be some small inhomo-
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geneities in the sampling density. By registering how many raw data
points that contribute to each Cartesian grid point the inhomogeneities
can be corrected. This is commonly referred to as post-compensation.
Fw (kx , ky ) =

FS (kx , ky )
ρ(kx , ky )

4. Now the resampling to a Cartesian grid is complete, and the inverse
Fourier transform can be applied:
fw (x, y) = F −1 {Fw (kx , ky )}

5. Since convolution in k-space corresponds to multiplication in image
space:
W (kx , ky ) ∗ F (kx , ky ) ⇐⇒ F −1 {W (kx , ky )} · F −1 {F (kx , ky )}
the resulting image is the product of the ﬁnal wanted image
f (x, y) = F −1 {F (kx , ky )} and the apodization function w(x, y) =
F −1 {W (kx , ky )}, so in order to attain the ﬁnal image the result must
be divided by the apodization function:
f (x, y) =

fw (x, y)
w(x, y)

Note that if the gridding kernel was a sinc function, the corresponding
apodization function would be a rectangular function and this step
would not be necessary. By using a Kaiser-Bessel function, the corresponding apodization function is that which is seen in Fig. 5.6(b),
which means that the image will be bright at the center and gradually fading to be darker near the edges, much like vignetting in an old
image.
6. Some ﬁnal corrections can be made, e.g. cropping of the image to
the right FOV if oversampling has been used to further minimize the
eﬀect of a non-rectangular apodization function, see Fig. 5.6(b), or
interpolation of the ﬁnal image to another more convenient image size.
These are the basic steps when reconstructing a polar geometry k-space to
the ﬁnal image.
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Real-time vs. retrospective reconstruction

When reconstructing data with a temporal dimension there are two ways
of approaching the task. Real-time reconstruction deals with the data as it
comes in, the reconstruction can be thought of as being performed “live”.
This concept does not have to be applied only as the data is collected, but
any reconstruction where the amount of data the reconstruction algorithm is
allowed to use is restricted to a certain value of the temporal dimension can
be labeled “real-time”. The reconstruction algorithm cannot “look into the
future”, the process is causal. In contrast, retrospective reconstruction deals
with all data, and dynamic ﬁltering and optimization can be performed on
the whole data set when the reconstruction is made. For example, consider a
20 s fMRI sequence to be registered and reconstructed. When reconstructing
the state of the scanned object at t = 5 s using real-time, causal reconstruction the algorithm is not allowed to know what happens at t = 6 s. When
using retrospective, non-causal reconstructions all the data is available to
the reconstruction algorithm which can lead to a smoother transition from
one temporal state to the next with less artifacts and higher temporal resolution. Only non-causal reconstructions have been used in the course of this
thesis. This can lead to some ambiguities with regards to the actual time
represented by a reconstructed image, since data used in the reconstruction
span over a time interval of seconds. The convention used in this thesis is
to take the central time point between the ﬁrst and the last proﬁle used to
represent the time for the image. This means that half the data used in the
reconstruction is acquired before the time represented by the image, and
half is required after the time represented by the image.
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Figure 5.5. The ideal apodization function is the rectangular function,
and the corresponding gridding kernel is the sinc function.
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Figure 5.6. The Kaiser-Bessel kernel and its apodization function. Notice the side lobes in the apodization function, which causes aliasing in the
ﬁnal image. The amplitude of the side lobes are three orders of magnitude
smaller than the main lobe, which makes the Kaiser-Bessel function more
attractive than other ﬁnite kernel functions.
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Techniques for increasing temporal resolution

There are several measures that can be taken in order to increase the temporal resolution in fMRI imaging, the most obvious being to choose a faster
pulse sequence. However there are ways to increase the temporal resolution by using cleverly designed ﬁlters during reconstruction and simply by
changing the order in which data is being collected in the MR camera.

6.1

Ordered data registration in k-space

When a temporal dimension is added to the data detection and the reconstruction, the order in which the data is detected can play an important role
in determining the ﬁnal result. Since the object being scanned; whether it is
a phantom or a patient in the MR camera; changes over time, k-space data
detected at diﬀerent times but used to reconstruct one image can hold diﬀerent spatial states of the object being scanned which leads to artifacts in the
image. By using a radial geometry when scanning k-space, low frequency
components are updated every scan which means that large structures and
contrast are detected and updated more frequently than if a Cartesian geometry is used. The order in which these radial proﬁles are acquired are in
the simplest and most commonly used form just a linear increase of the angle
from a certain reference point, usually the angle from the ﬁrst proﬁle, see
Fig. 6.1(a). By using this order, the high sampling density near the origin
of k-space is not optimally used, since subsequent proﬁles can contribute to
the same data points in the Cartesian grid when the gridding algorithm is
applied. By spreading out the proﬁles evenly over k-space a much better
sampling distribution is achieved, see Fig. 6.1(b), especially for data near
the origin. For an optimal reconstruction the number of proﬁles used can
be determined by (4.2). If a 128 × 128 grid is desired, the optimal number
of proﬁles used should be 128π/2 ≈ 201. However, a 32 × 32 sub-grid in kspace surrounding the origin will be completely sampled in just 32π/2 ≈ 50
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(a) Profiles scanned with a linear incremen- (b) Adjacent profiles are not scanned succestal angle
sively

Figure 6.1. The ﬁgures show two diﬀerent ways of scanning a sequence of
proﬁles. In (a) the proﬁles are stepped through in a linear fashion, whereas
in (b) subsequent proﬁles are never neighbours, and few equidistant proﬁles
are needed to get a rough estimate of k-space.

proﬁles if the proﬁles are spread out evenly over k-space. Low frequency
components are updated much faster, and this eﬀect can not be achieved
by using the angular increments as in Fig. 6.1(a) when detecting data, but
instead spreading the proﬁles out.

6.2

Ordering Schemes

There are several diﬀerent ways of ordering the proﬁles to improve the sampling distribution. Two methods outlined in [6] have been explored in the
process of this thesis, the Golden Ratio Ordering Scheme, GROS; and the
Hudson-Larkin-Beekman-Kamphuis, HLBK, algorithm.
6.2.1

Golden Ratio Ordering Scheme – GROS

The idea behind the golden ratio ordering scheme is to choose the next proﬁle
pn+1 in the order according to a ﬁxed step size ∆ added to the current proﬁle
pn :
pn+1 = (pn + ∆) mod N
(6.1)
where the proﬁles are numbered p0 . . . pN −1 ; N is the number of proﬁles,
optimally determined by (4.2) and ∆ ∈ Z+ . Furthermore, by choosing ∆
and N such that gcd(N, ∆) = 1 all proﬁles will be visited in one sequence
of steps, i.e. N steps, so that no proﬁle will be updated twice before all
proﬁles are updated once [7]. gdc(x, y) is the greatest common divisor of x
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b

a

Figure 6.2. The two circular sectors a and b fulﬁll the relations in (6.2),
so the ratio between them is the golden ratio.

and y, which is the largest common factor in both x and y. gcd(x, y) = 1
means that there are no common factors of x and y apart from 1. This
is easiest to achieve in the general case by letting x, y or both be prime
numbers.
The golden ratio φ is deﬁned as the ratio of two quantities where the ratio
of the larger to the smaller is equal to the ratio of the sum of the quantities
to the larger:
a
a+b
=
= φ, a > b
(6.2)
b
a
This can be illustrated by a circle divided into two circular sectors with arc
lengths a and b that fulﬁll (6.2) see Fig. 6.2.
√
5+1
= 1.61803 . . . and
The numerical value for the golden ratio is φ =
2
√
5−1
its reciprocal φ−1 = Φ =
= 0.61803 . . . .
2
It has been shown [8],[9] that choosing a step size ∆ close to the golden ratio
of a semi-circle
√
5−1
Φπ = π
≈ 111.25◦
(6.3)
2
yields good results, spreading the proﬁles out quite evenly over k-space.
Note that angles 0 ≤ θ ≤ π are all that are needed to cover k-space since
each proﬁle is a diameter of the circle of k-space being sampled. When all
proﬁles are updated once and the stepping process is left to continue the
sequence starts over again, repeating the same proﬁle sequence. Since the
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Figure 6.3. A schematic of how the sequence of proﬁles will be generated
using the GROS method. 5 proﬁles labeled p0 ...p4 are stepped through
using a step size of 3 proﬁles, which is the closest whole-valued step size
to the golden ratio.

step size ∆ is determined by (6.3), N has to be a prime number in order to
satisfy gcd(N, ∆) = 1.
A simple example of how this works can be seen in Fig. 6.3, where 5 proﬁles,
labeled p0 ...p4 , are stepped through. As stated in (6.3), the optimal angle
between two proﬁles is 111.25◦ . By rounding oﬀ to the closest proﬁle, the
stepping angle becomes 108◦ which corresponds to a step size of 3 proﬁles.
According to (6.1) after p0 the proﬁle p3 is updated, then proﬁle p1 (since
(3 + 3) mod 5 = 1), after that p4 and ﬁnally p2 is updated. If the stepping
continues the next proﬁle will be proﬁle zero again (since (2+3) mod 5 = 0)
and the same pattern will repeat.
6.2.2

HLBK

Another method of distributing subsequent proﬁles outlined in [6] is the so
called Hudson-Larkin-Beekman-Kamphuis or HLBK method. Essentially it
is an algorithm that determines the choice of the next proﬁle depending on
the size of the gaps between previously chosen proﬁles. This approach sounds
promising, however situations where neighbouring proﬁles are chosen do
occur since there is no feedback and no ”planning ahead”. Furthermore, the
algorithm and its implementation is more complex than the GROS method,
which produces similar results. Hence the GROS method was chosen above
the HLBK algorithm as the method of choice for determining the order in
which proﬁles are updated.
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Figure 6.4. A schematic showing how the polar data is stored in a raw
data matrix. Each new proﬁle is stored as a new column in the matrix.

6.3

Data structures

The raw data from a scan of k-space in a Cartesian coordinate system is
handled in a straight-forward manner, each row scanned in k-space is stored
as a row in a matrix after minor corrections and preprocessing are applied. A
separate data structure stores the direction of each row scan in order to make
appropriate corrections. The raw data matrix is then a good representation
of the k-space being scanned, and can be used for further reconstruction
and processing. When the scan is performed in a polar coordinate system
each proﬁle is stored as a column in the data matrix, see Fig. 6.4. As
with Cartesian raw data, the direction of the proﬁle, i.e. the angle of the
proﬁle in the polar coordinate system, is also stored in order to perform
a proper reconstruction. As opposed to the Cartesian data matrix, where
the rows and columns represent kx and ky , in a polar coordinate system
the columns represents the radial direction kr and the rows represents the
azimuthal direction kθ . When time is taken into account as a dimension in a
polar scan described above, the azimuthal dimension kθ is also the temporal
dimension, since each proﬁle is scanned at a diﬀerent time and considered
to be scanned instantaneously with a delay time between each proﬁle scan.
As the scan is performed, each new proﬁle and its corresponding angle are
stored in their respective data structures and there is no indicator as to
when all angles have been updated once and a new sequence starts.

6.4

Temporal weights and filters

When a temporal dimension is introduced the reconstructed image is a composite of several states of the object being imaged. If the scan time is short
with respect to movements of the objects being imaged, the temporal resolution is high and few artifacts arise due to the use of data spanning over
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time. With a 20 ms scan time per EPI shot a 50 proﬁle sampling of kspace will take approximately 1 s, whereas if 200 proﬁles are used, 4 s are
required to acquire a complete image. However, if newer data is weighted
proportionally higher than older data using a temporal ﬁlter in the gridding
process where the polar data is interpolated to a Cartesian grid, the temporal resolution can be increased. The purpose of the ﬁlters is also to select
the proﬁles or part of proﬁles to be used for reconstruction. Several ﬁlters
have been applied to simulated data and evaluated with regards to image
quality and temporal resolution, and an overview of some of these ﬁlters will
be presented below. For simplicity, data is assumed to consist of two spatial
dimensions and one temporal dimension, but this is easily expanded to 4-D.
6.4.1

Sliding window technique, SW

The sliding window technique is the simplest form of temporal ﬁlter, since
it weighs all data used in the reconstruction the same. As such it is
not such a useful ﬁlter, but it illustrates nicely the way in which data is
handled in the reconstruction. It is the conventional way to handle radially
sampled data, and subsequently used as the benchmark to which other
techniques are compared, both in terms of image quality and temporal
resolution. The raw data matrix is of size R×T where R is the number
of sample points in the radial direction, i.e. the number of sample points
per proﬁle. T is the number of proﬁles detected and is generally diﬀerent
from the number of proﬁles per sequence N in (6.1). T is also a measure of the time span of the data, if the acquisition time per proﬁle is known.
Let us assume that the number of proﬁles chosen to constitute an image is
N = 201, and that the number of proﬁles detected in the measurement is
T = 400. The ﬁrst image that can be reconstructed is built up of the 201
ﬁrst proﬁles in the data set, i.e. the 201 ﬁrst columns in the raw data matrix.
The sliding window ﬁlter can now be thought of as a rectangular ﬁlter that
has the value w = 1 for 201 ﬁrst proﬁles and w = 0 otherwise, eﬀectively
sorting out the proﬁles used in the ﬁrst reconstruction. For the second
reconstruction, proﬁles 2 . . . 202 should be used, and this can be achieved by
translating the ﬁlter one proﬁle to the right. The ﬁlter is ”sliding” over the
data as the reconstruction progresses, hence the name sliding window, see
Fig 6.5. What essentially happens is that a newer version of a proﬁle replaces
an old one, implemented by using a rectangular ﬁlter on the collected data.
Since 201 unique proﬁles p0 . . . p200 are used when scanning the object, the
proﬁle that could be labeled p201 is just proﬁle p0 updated the second time.
As mentioned earlier, the time stamp of a reconstructed image is a little
ambiguous since each of the 201 proﬁles are collected at a diﬀerent time. In
this thesis the average time of the proﬁles is regarded as the time which the
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Figure 6.5. The raw data matrix where each column is a radial proﬁle,
with a sliding window ﬁlter applied on the data. The ﬁrst ∼50 proﬁles as
well as the last ∼150 are suppressed by the ﬁlter, leaving the proﬁles that
are to be used for reconstruction.

image depicts, and is referred to as the t0 proﬁle. This also means that the
azimuthal and temporal dimensions are essentially the same when using the
raw data matrix in Fig. 6.5, see Fig. 6.6.

6.4.2

The Gaussian filter

By studying Fig. 4.6 it is apparent that the sampling density near the origin
is higher than farther out in k-space. When using (4.2) to determine the
number of proﬁles needed for a certain grid size in order to avoid aliasing
due to undersampling, the lowest sampling density of the polar grid is of
course considered, which means that the closer towards the center one looks
the more oversampled k-space is. When the gridding algorithm is applied,
several proﬁles contribute to the same data points in the Cartesian grid.
If a sliding window ﬁlter is used, the contribution of the proﬁles are only
weighted according to the proximity to the Cartesian point in question,
no consideration is taken to the time at which the proﬁles were acquired.
By weighing the proﬁles not only by position but also with respect to
the acquisition time for each proﬁle, a better temporal resolution can be
achieved.
Initial trials of using a Gaussian ﬁlter:
2

f (t) = e

− t2
σt

(6.4)

applied as illustrated in Fig. 6.7, were evaluated. Now the data is weighed
diﬀerently with time, where the value deﬁned as ”current” for the reconstructed image is weighed the highest. Applying this ﬁlter improved the
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t0

Figure 6.6. As every proﬁle stored in the raw data matrix is scanned
at a diﬀerent time, the azimuthal and temporal dimension are represented
by the same axis. The time at which the proﬁle in the middle, t0 , of the
sliding window is collected is set as the time in which the reconstructed
image was acquired.

temporal resolution, but at the expense of image quality. Note in Fig.
6.7 that the ﬁlter does not vary in the radial direction, only in the azimuthal/temporal direction. This introduces artifacts since an entire proﬁle
is weighed with the same factor, although its importance to the reconstruction can vary across the proﬁle diameter. A proﬁle might not be recently
collected, but might be needed in order to avoid aliasing due to undersampling far out in k-space, whereas it can be totally ignored near the origin
since nearby samples with more recent acquisition times are available. Even
though the temporal resolution increased by a fair amount, the artifacts
introduced due to undersampling were severe enough to establish that sufﬁcient sampling density take precedence to using recent proﬁles. Another
ﬁlter that weighs the data both according to acquisition time and sampling
density had to be constructed.
6.4.3

The hourglass filter

By using (4.2) to determine the number of proﬁles needed in order to reconstruct data without undersampling and aliasing, a ﬁlter that takes the
density of the data into account was constructed. By restating (4.2) as
{ π
}
r if r > 0
N (r) =
(6.5)
2
1 if r = 0
the number of proﬁles used for reconstruction at diﬀerent distances from the
origin can be calculated. The result of applying (6.5) to a sliding window
ﬁlter can be seen in Fig. 6.8. The ﬁlter has the shape of an hourglass,
hence the name. The closer to the center of k-space one looks, the fewer
36

6
6.4 Temporal weights and filters

TECHNIQUES FOR INCREASING
TEMPORAL RESOLUTION

Figure 6.7. A Gaussian temporal ﬁlter weighs data according to acquisition time, but gives the whole proﬁle the same weight. This can be problematic since the number of proﬁles needed for an alias-free reconstruction
varies in the radial dimension.

proﬁles are needed for the reconstruction, and in the center of k-space only
one proﬁle, t0 , is used. This means that the whole proﬁle is generally not
used for reconstruction, only the parts where the data is recent enough to
be important or where it is used by necessity to avoid undersampling. To
get a better feel for how this technique works the proﬁles are plotted in
a Cartesian coordinate system in Fig. 6.9, which makes the function of
this ﬁlter more apparent. Only one radial proﬁle transverses the whole of
k-space to be sampled, t0 , other proﬁles are cut oﬀ when they are suﬃciently
close to more recent proﬁles to avoid undersampling. The interpolation
from a polar to a Cartesian data grid is done using the gridding method
described in Sec. 5.4, and spreads each data point out over a local area of
4×4 pixels, so even though there are Cartesian data points that are not
transversed by a proﬁle in Fig. 6.9, contributions from nearby proﬁles are
enough to make a proper interpolation.
This ﬁlter showed a much better temporal resolution, there were however
still artifacts introduced in the image when the ﬁlter was applied. This was
due to the abrupt ends of the proﬁles, which caused a ﬂickering artifact in
the ﬁnal image. To reduce this the proﬁles were not abruptly cut oﬀ but
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Figure 6.8. The hourglass ﬁlter varies in the radial direction to select
the parts of the proﬁles necessary to be able to construct an aliasing-free
image.

was smoothly tapered oﬀ using a Gaussian function,
2

f (r) = e

− r2
σr

(6.6)

see Fig. 6.10. The eﬀect of these tapering zones was to greatly reduce the
ringing artifacts, yet still produce sequences with a high temporal resolution
[10].
As mentioned in Sec. 4.4 slight undersampling can be acceptable due to the
less severe artifacts introduced by aliasing introduced by undersampling
in the azimuthal dimension, so the less stringent rule of thumb, (4.3) can
be followed when (4.2) is not achievable. If applying the hourglass ﬁlter
without modiﬁcations as presented in Fig. 6.10 when the number of proﬁles
do not satisfy (4.2), the ﬁlter would further worsen the undersampling and
subsequently the aliasing. By using all available proﬁles until (4.2) and
thus (6.5) are fulﬁlled the aliasing can be reduced. The narrowing of the
hourglass ﬁlter only starts when the sampling density is high enough to
omit proﬁles and still fulﬁll (4.2). An illustration of this can be seen in
Fig. 6.11, where two sequences are compared, one where enough proﬁles
have been scanned to fulﬁll (4.2), and one where fewer proﬁles have been
acquired. The diﬀerence between the ﬁlters represents the part of the
proﬁles that should be used to avoid aliasing. In Fig. 6.11(a) this area is
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Figure 6.9. The part of each proﬁles that is used for reconstruction
when applying the hourglass ﬁlter. The older a proﬁle is, the more of it
is discarded as newer data is available in neighbouring proﬁles. In this
example 23 proﬁles are sampled, which can be used to reconstruct a 15×15
image without aliasing

large and goes right into the middle of k-space, thus aﬀecting a large range
of spatial frequencies. By shaping the ﬁlter as in Fig. 6.11(b), the area
where aliasing occurs is eliminated within the number of proﬁles chosen.
Some aliasing will still occur due to the lower number of proﬁles used, but
this cannot be ﬁxed with a ﬁlter.
A curious consequence of this ﬁlter is that objects of diﬀerent sizes update at
diﬀerent rates. Larger objects which have a higher proportion of its signal
near the origin will update faster, and conversely smaller objects with a
higher proportion of its signal farther out in k-space will update slower.
This is a consequence of the oversampling of k-space near the origin, at the
expense of lower sampling densities father out. By applying a ﬁlter that
takes advantage of these properties diﬀerent update rates for diﬀerently size
objects will follow.
6.4.4

Interpolation in the azimuthal dimension

Another method of reducing the artifacts introduced by removing parts of
the proﬁles during reconstruction is to interpolate in the azimuthal dimension where information is lost [11]. The parts of the proﬁles that are removed
are linearly interpolated between neighbouring proﬁles, and only in the azimuthal dimension, see Fig. 6.12. Interpolating in the radial dimension
introduces serious artifacts and cannot be used to minimize artifacts. This
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Figure 6.10. By rounding oﬀ the edges with a Gaussian function artifacts
introduced by sudden changes in k-space are greatly reduced.

is an alternative to the tapering zones described in Sec. 6.4.3 which also
decreases the artifacts introduced by the hourglass ﬁlter.
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(b) ...which is minimized by expanding the
filter in the radial direction.

Figure 6.11. In ( a), an hourglass ﬁlter for a sequence that contains fewer
proﬁles (blue) than stated by (4.2) (red) needs to be adjusted to minimize
aliasing. In ( b), all proﬁles (blue) are used until (6.5) is fulﬁlled (red), at
which point the proﬁles are reduced according the the standard hourglass
ﬁlter.

O

r

Figure 6.12. The ﬁgure shows the proﬁles ordered i the way they are distributed across k-space, starting at the angle θ = 0◦ and going to θ = 180◦ .
By interpolating in the azimuthal dimension, that is between neighbouring
proﬁles, the parts of the proﬁles that are removed by the hourglass ﬁlter
are replaced and aliasing is greatly reduced, while further increasing the
temporal resolution.
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The results using the diﬀerent methods and ﬁlters for increasing the
temporal resolution are presented in this section.
In order to measure the temporal resolution a simulated phantom was
used in which a small sphere with an intensity that varies with time was
introduced, see Fig. 7.1. The intensity proﬁle is constructed by plotting
the intensity variation of the mean pixel value of the time varying sphere
over time. Each reconstruction can be thought of as a movie frame, and
from each movie frame the intensities of the pixels of interest are extracted,
yielding a graph similar to Fig. 7.3. The temporal resolution was measured
by studying how quickly the sphere disappeared in the reconstructed image
when the intensity proﬁle of the raw data is a step function, see Fig. 7.2.
The sphere disappears instantaneously in the raw data, but due to the time
span of the proﬁles used in each reconstruction there is a time interval
when newly updated proﬁles do not have contributions from the sphere but
older proﬁles do. The result is a gradual disappearance of the sphere in the
reconstructed images, and the time it takes the intensity to drop from 80%
to 20% of its nominal value are compared between diﬀerent reconstruction
methods in order to determine the relative temporal resolution. To quantify
the results, the fraction of the rates at which the intensity drops from 80%
to 20% for diﬀerent techniques will also be presented. The actual time
it takes depend on the scan time of a radial proﬁle, so time will not be
measured in seconds but rather in number of proﬁles. The actual time can
be attained by multiplying the scan time for a radial proﬁle by the number
of proﬁles.
To compare diﬀerent techniques a simulation was made where 199 proﬁle
angles were used to sample k-space over a period of 500 proﬁles, which allows
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(a) The smaller sphere used to determine (b) The larger sphere used to determine temtemporal resolution
poral resolution

Intensity [A.u.]

Figure 7.1. The dot outside the phantom has an intensity that varies
with time, it abruptly disappears at time t0 , as shown in Fig. 7.2.

Time [A.u.]
Figure 7.2. The intensity proﬁle of the sphere introduced in the phantom
to quantify temporal resolution. This step function makes changes over
time very easy to quantify.
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Image frame
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Intensity [A.u.]

1.0
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Sliding
window
Raw data

0.8
0.5
0.2
0
t0

Time [A.u.]

Figure 7.3. The intensity proﬁle of the dot using the sliding window
technique. The intensity proﬁle of the dot in the phantom is shown as a
dashed line. Note that the intensity drops “before” the phantom intensity
changes, due to the retrospective reconstruction described in Sec. 6.1.

for 302 reconstructed images in which the sphere with intensity proﬁle as in
Fig. 7.2 is studied. The images have the size 128 × 128, so 199 proﬁle angles
will make an almost perfect reconstruction and the image quality will not
suﬀer from artifacts introduced by the radial scanning geometry.

7.1

Sliding window results

Using the sliding window technique described in Sec. 6.4.1, the time it takes
the intensity to drop to zero is proportional to the number of proﬁles used
in the reconstruction. The intensity proﬁle decreases linearly with time as
shown in Fig. 7.3. Note that due to the non-causal nature of the ﬁlter
described in Sec. 6.1 the time deﬁned as “present” is not the latest proﬁle
used in the reconstruction, but the center one. Thus the intensity decreases
“before” the decrease happens in the phantom, since “past”, “present” and
“future” proﬁles are used in each reconstructed image. Since 199 proﬁle
angles are used and since the sliding window technique uses all proﬁles with
equal weight, it takes 199 image frames before all information of the sphere
is gone in the reconstructed images. The sliding window technique will serve
as a bench mark for other methods, as it represents the non-ﬁltered result
by which other methods can easily be compared.
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The Gaussian filter

The Gaussian ﬁlter described in Sec. 6.4.2 improved the temporal resolution compared to the sliding window technique. Two diﬀerent standard
deviations of the Gaussian function were used in the reconstruction, σ = 20
proﬁles, Fig. 7.5, and σ = 12 proﬁles, Fig.7.4. From the ﬁgures 7.4–7.5 it
is apparent that the temporal resolution is far better than for the sliding
window technique. It is also evident that the Gaussian ﬁlter introduces artifacts, since the intensity before and after the drop is not steady, but varies
with time. This is seen in the images as intensity ﬂickering, see Fig. 7.8,
and is not very pronounced for σ = 20, but very degrading for σ = 12. Too
few proﬁles are part of the image reconstruction, resulting in the ﬂickering
artifacts. The rates relative to the sliding window rate at which the intensity
dropped from 80%–20% are presented in table 7.1.

7.3

The hourglass filter

The hourglass ﬁlter described in Sec.6.4.3 also gives a higher temporal
resolution than the sliding window technique, but with less artifacts than
the Gaussian ﬁlters, see Fig.7.6—7.13. The response to the intensity
change is not as fast as for the Gaussian ﬁlter, but again, this has to be
compared with the artifacts in the respective images, which are much less
in the images reconstructed using the hourglass ﬁlter. By varying the
width of the tapering zones the temporal resolution will change, yielding
higher resolution for smaller tapering zones at the expense of image quality,
although the image quality is very good and almost identical for the two
reconstructions using tapering zones. As mentioned in Sec. 6.4.3 the
tapering zones are areas in the ﬁlter where the value drops down from 1
to 0 using a Gaussian function in order to avoid large discrete jumps of
values in k-space, which will introduce serious artifacts. The extent of the
tapering zones is determined by the width of the Gaussian function, which
is set by the value of σr in (6.6). This value cannot be compared to σt in
(6.4), where the unit is “number of proﬁles” or “time”. The width of the
tapering zones are in units of “pixels” in the radial direction, which can be
understood by studying Fig. 6.10.
As explained in Sec. 6.4.3, objects of diﬀerent sizes will update at diﬀerent
rates. In order to conﬁrm these predictions and measure the eﬀect size
has on the temporal resolution two diﬀerent spheres were used to measure
the temporal resolution. The original sphere used in all simulations had a
diameter of 6 pixels. The second sphere was a larger sphere with a diameter
of 30 pixels, although the whole sphere did not ﬁt in the ﬁeld of view, see
Fig. 7.1. The results of these simulations can be seen in table 7.1. It is
notable that the temporal resolution increases as the size of the tapering
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zones decrease, and also that the rate at which the large sphere disappears
is higher than that of the small sphere. The artifacts in the images where no
tapering zones were applied were so severe that the temporal resolution was
diﬃcult to estimate, see Fig. 7.15, the large amounts of noise in the images
made it diﬃcult to estimate when the intensity proﬁle crossed the 80% and
20% lines, which can be seen in Fig 7.12–7.13. Image qualities and temporal
resolutions for diﬀerent ﬁlters using hourglass ﬁlters with Gaussian tapering
zones can be seen in Fig. 7.6 - 7.15.

7.4

Azimuthal interpolation

The results using azimuthal interpolation instead of the tapering zones can
be seen in Fig. 7.16–7.17 and in table 7.1. When it comes to temporal
resolution, this method clearly is the fastest, but as can be seen in Fig. 7.16–
7.17 there is a certain amount of noise in the images. This noise might be
reduced by using a better interpolation method or by averaging the signal
of each pixel over several frames, although this would be a form of post
processing and not a part of the ﬁlter itself. The noise is better controlled
than that of both Gaussian ﬁlter and the hourglass ﬁlter with no tapering
zones, so if certain amount of noise is acceptable in order to achieve a high
temporal resolution, this method is superior.
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Figure 7.4. The intensity proﬁle of the smaller sphere when the Gaussian
σt = 12 proﬁles ﬁlter was applied during reconstruction. The dashed line
represents the sliding window intensity proﬁle. An example image showing
typical artifacts can be seen in Fig. 7.8( a)
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Figure 7.5. The intensity proﬁle of the smaller sphere when the Gaussian
σt = 20 proﬁles ﬁlter was applied during reconstruction. The dashed line
represents the sliding window intensity proﬁle.An example image showing
typical artifacts can be seen in Fig. 7.8( b)
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Figure 7.6. The intensity proﬁle of the smaller sphere when the hourglass
σr = 12 pixels ﬁlter was applied during reconstruction. The dashed line
represents the sliding window intensity proﬁle. An example image showing
typical artifacts can be seen in Fig. 7.9( a)
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Figure 7.7. The intensity proﬁle of the larger sphere when the hourglass
σr = 12 pixels ﬁlter was applied during reconstruction. The dashed line
represents the sliding window intensity proﬁle.An example image showing
typical artifacts can be seen in Fig. 7.9( b)
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(a) Image quality for the Gaussian filter (b) Image quality for the Gaussian filter σt =
σt = 12 profiles
20 profiles

Figure 7.8. Image quality for the Gaussian ﬁlters with σ = 12 and
σ = 20 proﬁles with the small sphere. There is a fair amount of streaking
artifacts in (a), but the temporal resolution is also higher as can be seen
in Fig. 7.4 - 7.5.

(a) Image quality for the hourglass filter (b) Image quality for the hourglass filter σ =
σ = 12 pixels for the small sphere
12 pixels for the large sphere

Figure 7.9. Image quality for the hourglass ﬁlter with σ = 12 pixels for
the small and large spheres. The larger sphere produces more artifacts,
but the temporal resolution is also higher, as can be seen in Fig. 7.6 - 7.7

50

7.4 Azimuthal interpolation

7

RESULTS

Image frame
1

75

150

Intensity [A.u.]

1.0

225

300

Hourglass
σr=20

0.8

Sliding
window

0.5
0.2
0
t0

Time [A.u.]

Figure 7.10. The intensity proﬁle of the smaller sphere when the hourglass σr = 20 ﬁlter was applied during reconstruction. The dashed line
represents the sliding window intensity proﬁle. An example image showing typical artifacts can be seen in Fig. 7.14( a)
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Figure 7.11. The intensity proﬁle of the larger sphere when the hourglass σr = 20 ﬁlter was applied during reconstruction. The dashed line
represents the sliding window intensity proﬁle. An example image showing typical artifacts can be seen in Fig. 7.14( b)
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Figure 7.12. The intensity proﬁle of the smaller sphere when the hourglass σr = 0 ﬁlter was applied during reconstruction. The dashed line
represents the sliding window intensity proﬁle. An example image showing typical artifacts can be seen in Fig. 7.15( a)
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Figure 7.13. The intensity proﬁle of the larger sphere when the hourglass
σr = 0 ﬁlter was applied during reconstruction. The dashed line represents
the sliding window intensity proﬁle. An example image showing typical
artifacts can be seen in Fig. 7.15( b)
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(a) Image quality for the hourglass filter (b) Image quality for the hourglass filter σ =
σ = 20 pixels for the small sphere
20 pixels for the large sphere

Figure 7.14. Image quality for the hourglass ﬁlter with σ = 20 pixels for
the small and large spheres. The larger sphere produces more artifacts,
but the temporal resolution is also higher, as can be seen in Fig. 7.10 7.11

(a) Image quality for the hourglass filter (b) Image quality for the hourglass filter σ =
σ = 0 pixels for the small sphere
0 pixels for the large sphere

Figure 7.15. Image quality for the hourglass ﬁlter with σ = 0 pixels for
the small and large spheres. The artifacts produced when no tapering is
used are severe and makes the images unusable. The noise can also be
seen in Fig. 7.12 - 7.13
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Figure 7.16. The intensity proﬁle of the smaller sphere when the hourglass ﬁlter and azimuthal interpolation was applied during reconstruction.
The dashed line represents the sliding window intensity proﬁle. There was
some ﬂickering, spatial and temporal variations in intensity in the image
as the dot disappeared. An example image showing typical artifacts can be
seen in Fig. 7.18( a)
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Figure 7.17. The intensity proﬁle of the larger sphere when the hourglass
ﬁlter and azimuthal interpolation was applied during reconstruction. The
dashed line represents the sliding window intensity proﬁle. There was some
ﬂickering, spatial and temporal variations in intensity in the image as the
dot disappeared. An example image showing typical artifacts can be seen
in Fig. 7.18( b)
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(a) Image quality for the hourglass filter and (b) Image quality for the hourglass filter and
azimuthal interpolation for the small sphere. azimuthal interpolation for the large sphere.

Figure 7.18. Image quality for the hourglass ﬁlter with asimuthal interpolation for the small and large spheres. As with the other ﬁlters the
artifacts are more pronounced for the large sphere, but at the same time
the temporal resolution is higher, as can be seen in Fig.7.16 - 7.17.
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Table 7.1. The table shows the results of the simulations to establish the
performance of the diﬀerent ﬁltering techniques.

Filter
Sliding Window

Gaussian ﬁlter

Hourglass ﬁlter

Hourglass ﬁlter using
azimuthal interpolation

7.5

Size of sphere
small
small

Parameters
—
—

Rate/RateSW
1
1

small
small

σt = 20
σt = 12

4.8
7.8

small
large

σr = 20
σr = 20

2.7
3.9

small
large

σr = 12
σr = 12

3.4
6.2

small
large

σr = 0
σr = 0

3.3
12.4

small
large

—
—

5.2
20.7

Result summary

As can be deduced from Fig. 7.4–7.18 as well as from table 7.1, the results
of the hourglass ﬁlter is superior to that of both the Gaussian ﬁlter and the
sliding window technique. Using suﬃciently wide tapering zones will reduce
artifacts to the point that the result is on par with the sliding window
technique, yet still achieve a signiﬁcantly higher temporal resolution. By
interpolating in the azimuthal dimension instead of using tapering zones,
data removed by the hourglass ﬁlter is estimated using the data that is left,
which means that newer data is used when minimizing artifacts, compared
to when using the tapering zones. This technique gives better temporal
resolution, but introduces some minor artifacts not present when using the
tapering zones. The consequence of this is up to the user; if the artifacts
are acceptable in order to achieve as high temporal resolution as possible
the interpolation method is the one to use, otherwise tapering zones could
be used in order to minimize artifacts.
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Discussion and future work
Discussion

The results presented in Sec. 7 show that there are reconstruction methods
superior to the conventional sliding window technique when it comes to
temporal resolution. The sliding window technique does not factor the time
at which the diﬀerent proﬁles were sampled into the reconstruction, which
principally means that the resulting image is the average of the states of
k-space in the time interval represented by the proﬁles. By weighing the
eﬀects of each proﬁle according to the time of sampling and at the same
time choosing the order in which to update each proﬁle in a clever way the
temporal resolution can be increased by as much as a factor of 20.
Another eﬀect of the hourglass ﬁlter discussed in Sec. 7.3 as well as in
Sec. 6.4.3 is that objects of diﬀerent sizes will have diﬀerent update rates,
depending on the distribution of spatial frequencies in k-space. This can
cause ghost artifacts for smaller objects when abrupt changes occur in the
image. On the other hand, movements of all objects in the image such as
translation of the objects being scanned image updates very quickly. The
information studied in fMRI, activation of certain areas of the brain, are
mostly low frequency changes of the images, so the high temporal resolution of the low frequency components are very well suited for the fMRI scans.
The small sphere used in the simulation updated a factor 3.4 faster for
the hourglass ﬁlter than for the sliding window technique, which took 62
proﬁles to drop the intensity from 80% to 20% of its nominal value. By
assuming that each proﬁle consists of an EPI sequence and estimating its
duration to be 20 ms, the time needed for the reconstruction using the
62
hourglass ﬁlter to drop from 80% to 20% would be 0.02
= 0.36 s. This
3.4
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is for an object that disappears instantaneously, which will not happen so
much in real data. Abrupt changes in the data are not likely to occur in
vivo, so the artifacts one would expect to see could be less pronounced than
what is presented here.
The gain in temporal resolution of the reconstruction method does not necessarily have to be used to increase the temporal resolution of the ﬁnal
image sequence. This gain can instead be used to increase the spatial resolution of an image while maintaining the same temporal resolution, or to
decrease artifacts introduced by the pulse sequence while maintaining both
spatial and temporal resolution. This freedom to trade a quality increase in
one dimension to other dimensions makes the reconstruction method very
ﬂexible.

8.2

Future work

The next step would naturally be to evaluate reconstructions of real data
from the MR camera in order to determine the performance of the diﬀerent
ﬁlters under real conditions.1 The parameters of the ﬁlters must be matched
to the examinations in question, and the evaluation of in what situations
the diﬀerent ﬁlters and parameters are suitable must be further investigated.
Another interesting feature that can be implemented is motion correction
of the objects being scanned. A translation of the objects in the image
corresponds to a phase shift in k-space, which can easily be detected and
compensated for. Similarly, a rotation of the image corresponds to a rotation
of k-space, which can also be corrected for, yielding a stable image despite
minor movements of the patient. The advantage of this is that it is possible
to use the high temporal resolution of the low frequency components to
quickly update the whole image, both low and high frequency components. If
the movements are assumed to be translation and rotation, a quick detection
of these movements in the low frequencies can immediately be corrected for
in the whole image, for all spatial frequencies.

1

This has now been done [12].
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