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Abstract—In this paper, we propose equivalent radix-22 algorithms and evaluate them based on twiddle factor switching
activity for a single delay feedback pipelined FFT architecture.
These equivalent pipeline FFT algorithms have the same number
of complex multipliers with the same resolution as the radix22 . It is shown that the twiddle factor switching activity of the
equivalent algorithms is reduced with up to 40% for some of the
equivalent algorithms derived for N = 256.

TABLE I
M ULTIPLICATION RESOLUTION AT DIFFERENT STAGES FOR VARIOUS FFT
ALGORITHMS (N = 256).

Radix
2
22 [3]
23 [4]
24 [5]
25 [6]
26 [6]

I. I NTRODUCTION
Computation of the discrete Fourier transform (DFT) and
inverse DFT is used in e.g. orthogonal frequency-division multiplexing (OFDM) communication systems and spectrometers.
An N -point DFT can be expressed as
X(k) =

N
−1


x (n) WNk , k = 0, 1, . . . , N − 1

(1)

n=0
2π

where WN = e−j N is the twiddle factor, the N :th primitive
root of unity with it’s exponent being evaluated modulo N , n is
the time index, and k is the frequency index. Various methods
for efficiently computing (1) have been the subject of a large
body of published literature. They are commonly referred to as
fast Fourier transform (FFT) algorithms. Also, many different
architectures to efficiently map the FFT algorithm to hardware
have been proposed [1].
A commonly used architecture for transforms of length
N = br is the pipelined FFT [2]. The pipeline architecture
is characterized by continuous processing of input data. In
addition, the pipeline architecture is highly regular, making
it straightforward to automatically generate FFTs of various
lengths. In a pipeline architecture the complex multiplier is
one of the most power-consuming unit.
Figure 1 outlines the architecture of a Radix-2i singlepath delay feedback (SDF) decimation in frequency (DIF)
pipeline FFT architecture if length N. This architecture is
generic while the required ranges of each complex twiddle
factor multiplier is outlined in Table I for varying numbers of
i. For the twiddle factor multipliers with small ranges special
methods have been proposed. Especially, one can note that for
a W4 multiplier the possible coefficients are {±1, ±j} and,
hence, this can be simply solved by optionally interchanging
real and imaginary parts and possibly negate (or replace the
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1
W256
W4
W4
W4
W4
W4

2
W128
W256
W8
W8
W8
W8

Stage number
3
4
5
W64
W32
W16
W4
W64
W4
W256
W4
W8
W16
W256
W4
W16
W32
W256
W16
W32
W64

6
W8
W16
W32
W8
W4
W256

7
W4
W4
W4
W16
W8
W4

addition with a subtraction in the subsequent stage). In [5],
[8] twiddle factor multiplier for {W8 , W16 , and W32 } using
constant multiplication were proposed. However, a common
way to solve the twiddle factor multiplication is to use a
general complex mulitplier and precompute the twiddle factors
and store in a memory.
In integrated circuits, low power design is always desirable.
In digital CMOS circuits, dynamic power is the dominating
part of the total power consumption which can be approximated by [9]
1 2
fc CL α
(2)
Pdyn = VDD
2
where VDD is the supply voltage, fC is the clock frequency,
CL is the load capacitance and α is the switching activity
switching activity. In this work we focus on the switching
activity and how to reduce the switching activity between two
successive coefficients fed to the complex multiplier.
In [11]–[14], methods for reducing the size of the coefficient
memory has been proposed. In [10], [15], methods for reducing the switching activity between successive twiddle factor
coefficients have been proposed. However, these methods
comes with a hardware overhead. In this work we focus on
the algorithms derived from radix-2i having same memory
complexity as the standard radix-22 algorithm, i.e., the same
resolution of the twiddle factors. However, as will be seen, the
twiddle factor memory switching activity differs between the
different algorithms.
The rest of the paper is organized as follows. In next section,
the radix-22 algorithm and equivalent algorithms derived from
radix-2i are presented for N = 256. Then in Section III, some
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Fig. 1. The R2i single-path delay feedback (SDF) decimation in frequency (DIF) pipeline FFT architecture (N = 256) with twiddle factor stages as used
in Table I.
TABLE II
B INARY TREE ALGORITHMS .

p+q

p
Fig. 2.

Case
I
II
III
IV
V

q

Figure
Fig. 3
Fig. 4(a)
Fig. 4(b)
Fig. 4(c)
Fig. 4(d)

Comments
Radix-22
2
Radix 2 & Modified Radix-24
Modified Radix-24
Modified Radix-26
Modified Radix-26

Illustration of binary tree corresponding to (3).

results are presented and, finally, some conclusions are given
in Section IV.
II. R ADIX 22 FFT AND ITS EQUIVALENT ALGORITHMS
The Cooley-Tukey FFT algorithm can be expressed as
X [Qk1 + k2 ]
 Q−1


P
−1


n1 k2
x [n1 + P n2 ] WQn2 k2 WM
WPn1 k1
=
n1 =0

n2 =0

0 ≤ n1 , k1 ≤ P − 1; 0 ≤ n2 , k2 ≤ Q − 1

Fig. 3.

(3)

In this algorithm, N, P and Q are considered to be powers
of 2, i.e., N = 2p+q , P = 2p and Q = 2q where p and q are
positive integers. Here, the N -point DFT is decomposed into
the Q P -point and P Q-point DFTs. Between these DFTs we
have twiddle factor multiplications. Typically, the P and Qpoint DFTs are again divided into smaller DFTs. An efficeint
representation of algorithms of this type is the binary tree
representation [7]. An example of a binary tree is shown in
Fig. 2 corresponding to (3). The left branch corresponds to
the P = 2p -point DFT and the right branch to the Q = 2q point DFT. The resolution of the interconnecting twiddle factor
is N = 2p+q , i.e., a WN multiplier is required. A radix22 decimation in frequency algorithm is shown in Fig. 3.
In the remainder of this section we will present the radix-22
algorithm and other algorithms having the same intermediate
node values as the radix-22 algorithm, but different binary
trees. The naming of the resulting algorithms are shown in
Table II.
A. Case I
The radix-22 algorithm have identical structure to radix-2
and are computationally identical to radix-4. In a pipeline FFT
architecture, a structural advantage over the other algorithms

Binary tree representation of Radix-22 DIF algorithm.

that the non-trivial multiplication operations are after every
other stage. Figure 3 represents the binary tree diagram,
each node corresponding to the twiddle factor multiplication.
Twiddle factors are indexed by the n and k, the linear index
map equations and sequences of required n and k to determine
the index. Twiddle factors with indices are tabulated in Table
III.
B. Case II
In this algorithm, the 256-point DFT is decomposed based
on the radix-22 [3] for the first stages, then the modified
radix-24 [5] in applied to the remaining stages. The radix(22 &M.24 ) algorithm is characterized that it has same twiddle
factor complex multiplier as the radix-22 for the WN multiplier. For instance consider the 256-point FFT, corresponding
twiddle factors and indices with n and k sequences are
shown in Tables III and IV, respectively. The binary tree
representation of the algorithm is shown in Fig. 4(a).
C. Case III
This algorithm is considered as a balanced binary-tree
decomposition [7] shown in Fig. 4(b). It can also be seen
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TABLE III
T WIDDLE FACTOR EQUATIONS FOR ALL CASES .
Case

1

n (k1 +2k2 )

W163

n = 32n1 + 16n2 + n3

k = k1 + 2k2 + 4k3

k = k1 + 2k2 + 4k3

k = k1 + 2k2 + 4k3

{n1 , n2 = 0, 1n3 = 0 ∼ 63}

{n1 , n2 = 0, 1n3 = 0 ∼ 15}

{n1 , n2 = 0, 1n3 = 0 ∼ 3}

{k1 , k2 = 0, 1k3 = 0 ∼ 63}

{k1 , k2 = 0, 1k3 = 0 ∼ 15}

{k1 , k2 = 0, 1k3 = 0 ∼ 3}

n3 (k1 +2k2 )
W256

(2n +n )(k +2k2 )
W16 3 4 1

n = 128n1 + 64n2 + n3

n = 32n1 + 16n2 + 8n3 + 4n4 + n5

n = 32n1 + 16n2 + 8n3 + 4n4 + n5

k = k1 + 2k2 + 4k3

k = k1 + 2k2 + 4k3 + 8k4 + 16k5

k = k1 + 2k2 + 4k3 + 8k4 + 16k5

{n1 , n2 = 0, 1n3 = 0 ∼ 63}

{n1 , n2 , n3 , n4 = 0, 1n5 = 0 ∼ 3}

{n1 , n2 , n3 , n4 = 0, 1n5 = 0 ∼ 3}

{k1 , k2 = 0, 1k3 = 0 ∼ 63}

{k1 , k2 , k3 , k4 = 0, 1k5 = 0 ∼ 3}

{k1 , k2 , k3 , k4 = 0, 1k5 = 0 ∼ 3}

(2n3 +n4 )(k1 +2k2 )

n = 8n1 + 4n2 + n3

n (k1 +2k2 +4k3 +8k4 )

W645

n (k1 +2k2 +4k3 +8k4 )

(2n3 +n4 )(k1 +2k2 )

5
W256

W16

III

V

3

n (k1 +2k2 )

W643

n = 128n1 + 64n2 + n3

II

IV

2

n (k1 +2k2 )

3
W256

I

W16

n = 32n1 + 16n2 + 8n3 + 4n4 + n5

n = 32n1 + 16n2 + 8n3 + 4n4 + n5

n = 32n1 + 16n2 + 8n3 + 4n4 + n5

k = k1 + 2k2 + 4k3 + 8k4 + 16k5

k = k1 + 2k2 + 4k3 + 8k4 + 16k5

k = k1 + 2k2 + 4k3 + 8k4 + 16k5

{n1 , n2 , n3 , n4 = 0, 1n5 = 0 ∼ 15}

{n1 , n2 , n3 , n4 = 0, 1n5 = 0 ∼ 15}

{n1 , n2 , n3 , n4 = 0, 1n5 = 0}

{k1 , k2 , k3 , k4 = 0, 1k5 = 0 ∼ 15}

{k1 , k2 , k3 , k4 = 0, 1k5 = 0 ∼ 15}

(8n3 +4n4 +2n5 +n6 )(k1 +2k2 )

W64

(2n3 +n4 )(k1 +2k2 )

W16

{k1 , k2 , k3 , k4 = 0, 1k5 = 0}
n (k1 +2k2 +4k3 +8k4 +16k5 +32k6 )

(2n5 +n6 )(k3 +2k4 )

W16

7
W256

W64

7
W256

(2n5 +n6 )(k3 +2k4 )

n (k1 +2k2 +4k3 +8k4 +16k5 +32k6 )

n = 128n1 + 64n2 + 32n3 + 16n4 + 8n5 + 4n6 + n7
k = k1 + 2k2 + 4k3 + 8k4 + 16k5 + 32k6 + 64k7
{n1 , n2 , n3 , n4 , n5 , n6 = 0, 1n7 = 0 ∼ 3}
{k1 , k2 , k3 , k4 , k5 , k6 = 0, 1k7 = 0 ∼ 3}

TABLE IV
M ULTIPLICATION AT DIFFERENT STAGES FOR ALL CASES .

Case
I
II
III
IV
V

1
W4
W4
W4
W4
W4

2
W256
W256
W16
W64
W16

Stage number
3
4
W4
W64
W4
W16
W4
W256
W4
W16
W4
W64

5
W4
W4
W4
W4
W4

6
W16
W64
W16
W256
W256

7
W4
W4
W4
W4
W4

D. Cases IV and V

Fig. 4.

Binary tree representation of radix-22 equivalent algorithms .

as applying a modified radix-24 algorithm for the first stages,
followed by a radix-22 algorithm for the remaining stages. It is
worth noticing that this algorithm is not exactly equivalent to
radix-22 as the W64 -multiplier is replaced by a W16 -multiplier.
This should in general lead to lower memory requirements.
The Twiddle factors with required index sequences are tabulated in Tables III and IV.

In these algorithm, 256-point DFT is decomposed to get the
modified radix-26 algorithm [6]. There are two decomposition
which have same complexity as radix-22 algorithm. Figures
4(c) and 4(d) show the binary tree representation in which the
difference is only the position of the W64 and W16 twiddle
factors. Twiddle factors of all stages for both cases are shown
in Table IV. The sequences for k and n are important to
determine the index. As seen in Table III, the sequences and
ranges with linear index map equations are tabulated. It should
be noted that Case V corresponds to a radix-22 decimation in
time (DIT) algorithm.
III. R ESULTS
The switching activity between successive coefficient fed
to the complex multiplier is defined in terms of Hamming
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TABLE VI
N UMBER OF OUTPUT CHANGE IN W16 MULTIPLIER

10000

Hamming Distance

8000

Case−I
Case−II
Case−III
Case−IV
Case−V

Case I
192

6000

2000

Fig. 5.

Case IV
48

Case V
12

10

11

12
13
Wordlength, N

14

15

16

In this work, we discuss the different equivalent algorithms
of Radix-22 having the same implementation complexity but
with possibly less switching activity between subsequent twiddle factor coefficients. It is shown that the twiddle factor
switching activity of the equivalent algorithms can be reduced
with more than 40% for some of the equivalent algorithms.
Even though the corresponding effect on the power consumption should be evaluated, one would expect a significant
reduction.
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