
Institutionen för datavetenskap 
Department of Computer and Information Science 

Final thesis 

A Study of Quadrotor Modelling 
by 

Dag Sonntag 

LIU-IDA 

2011-03-18 

 
Linköpings universitet 

SE-581 83 Linköping, Sweden 
Linköpings universitet 

581 83 Linköping 





 

 

 

Final Thesis 

A Study of Quadrotor Modelling 
by 

Dag Sonntag 

LIU-IDA 

2011-03-18 
 
 
 
 
 
 
 

 
Supervisor: Gianpaolo Conte 
  IDA, Linköpings University 
 Mariusz Wzorek 
  IDA, Linköpings University 
Examinator: Patrick Doherty 
  IDA, Linköpings University 

 





 

 
 





The publishers will keep this document online on the Internet - or its possible 
replacement - for a considerable time from the date of publication barring 
exceptional circumstances. 

The online availability of the document implies a permanent permission for 
anyone to read, to download, to print out single copies for your own use and to 
use it unchanged for any non-commercial research and educational purpose. 
Subsequent transfers of copyright cannot revoke this permission. All other uses 
of the document are conditional on the consent of the copyright owner. The 
publisher has taken technical and administrative measures to assure authenticity, 
security and accessibility. 

According to intellectual property law the author has the right to be 
mentioned when his/her work is accessed as described above and to be protected 
against infringement. 

For additional information about the Linköping University Electronic Press 
and its procedures for publication and for assurance of document integrity, 
please refer to its WWW home page: http://www.ep.liu.se/ 

 

© [Dag Sonntag] 

 





Abstract 
Quadrotors are a type of aircraft that lately has gained increased popularity within the UAV-scientific 
area. Many research groups around the world have implemented control systems that allow for 
autonomous flight of quadrotors with the help of the known dynamics. 

This thesis presents two approaches to modelling the dynamics of the quadrotor. The first is a linear 
greybox approach where the structure is derived from known equations and some constants are 
measured and some identified through system identification techniques. The second model is a 
blackbox model where a neural network is trained and used. The two models are then evaluated 
using known error measurements with the help of previously recorded flight data and the results are 
presented. It is for example shown that with the untreated flight data the traditional greybox model 
have accurate dynamics but is sensitive to noise and drifts in the measurements. It is also shown that 
better results generally can be achieved using a neural network model, especially for noisy 
unpreprocessed data. 
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1 Introduction 

 

Fig. 1.1, The LinkQuad, the quadrotor used for this thesis. 

Quadrotors are rotorcrafts that have lately gained increased popularity with new technologies within 
the UAV field of research. The first quadrotor platforms were built as early as in the 1900:s and was 
among the first vertical takeoff and landing (VTOL) vehicles that were invented [1]. The technology 
was however later abandoned due to poor performance and unstable controls causing heavy 
workload for the human pilots. The new generation of quadrotors counters these disadvantages by 
being smaller and unmanned. This is achieved using advanced electronic control systems and sensors 
for stabilization and autonomy as well as introducing some new advantages in the design. 

These stabilization and autonomy systems can be constructed in different ways. Most of them do 
however need to model how the quadrotor works to some degree. They need to be able to predict 
what the next “state” of the quadrotor will be given the current state and the control input, and if 
the state is undesirable, what action that will prevent it. Being able to predict the coming state does 
for example allow construction of simulators which imitate the true behavior of the quadrotor where 
control systems can be tested. It also gives an understanding of how the different control parameters 
should be set (e.g. in a stabilization system). 

Finding out how to predict the coming state for the quadrotor is called modeling the system 
dynamics for the system and can be achieved through mainly three approaches: 

• A whitebox model can be used where the equations are derived from the area of physics. 
The constants used in the derived formulas are found through separate measurements, like 
for example engine tests.  

• A greybox model can be used where the known parts of the dynamics are found through 
derivation like with the whitebox model while some parts are found by optimizing the model 
to real measurements. 

• A blackbox model can be used where the entire dynamics are found by optimizing the model 
to reality. 
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Today, most of quadrotor control systems use a traditional whitebox or greybox approach even 
though the blackbox approach has in other similar areas shown to give more accurate and reliable 
predictions [2]. This report aims at clarifying if this also is the case within the quadrotor modeling 
area by implementing and evaluating different approaches. The report presents two models; the first 
is a linear greybox model with a structure similar to the work done earlier in [3]. In this model the 
dynamics is derived from aerodynamic theory while the constants are found by measurements and 
identification by using MATLAB System Identification Toolbox [4]. The second model presented is a 
blackbox model that uses a neural network to learn the dynamics of the quadrotor. 

1.1 Objective 
The objective of this thesis is to compare different approaches to model the flight dynamics of a 
quadrotor and evaluate how well they perform compared to reality. This is done using flight data 
collected when flying the LinkQuad [5] quadrotor developed at Autonomous Unmanned Aircraft 
Systems Technologies Lab (http://www.ida.liu.se/divisions/aiics/aiicssite/uastech/index.en.shtml) at 
IDA at Linköpings University.  

1.2 The Structure of the Thesis 
The structure of the thesis is as follows. It starts by describing the background for the project in 
chapter 1. This in turn starts by a short summary of the background of the quadrotor and how it is 
controlled followed by a description of how the flight data was recorded. Chapter 1 is then finished 
by a short reflection of related work conducted in the area. 

Chapter 2 describes the MATLAB interface that was created for the result evaluation. This is included 
to make it easier to understand the results given throughout the thesis. 

Chapter 3 and 4 are dedicated to describe the two model approaches and how each model was 
created. The linear model is described in chapter 3 and the blackbox model in chapter 4. The reader 
does not need to comprehend the physics and equations in these chapters completely to understand 
the results. The chapters should however give a feeling for how the models were created and how 
they work. 

The empirical evaluation results are given in chapter 5. This chapter also describes how the model 
evaluation was performed and what error measurements were used during the project. 

The thesis is then finished by a discussion of the results in chapter 6. The chapter also includes a 
conclusion and suggestions on further work. 

The thesis includes one appendix which describes how the separate measurements were made for 
the linear greybox model described in chapter 3. 

1.3 The Quadrotor Platform 
A quadrotor is basically a rotorcraft that uses four different propellers connected in a cross like 
manner as shown in Fig. 1.1. This section briefly describes the history behind the quadrotors used 
today and how they are controlled. 
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1.3.1 History 

 

Fig. 1.2, One of the first quadrotors to fly; The Gyroplane 1907 

The first generation of quadrotors in the early 19-hundreds were big enough to carry a human pilot 
as shown in Fig. 1.2. They did only contain one engine that pulled all the rotors. The lift for each rotor 
was controlled by changing the angle of the blades while the rotation rate was kept constant. This is 
the same way as a normal helicopter controls its lift and requires advanced mechanics for each rotor. 
Using this technology the first generation of quadrotors only had one real advantage over normal 
helicopters of the time which was the superior lift produced by four propellers instead of just one. 
The quadrotors did however have many disadvantages, for example using four rotors required much 
more maintenance than using just one, the weight/payload ratio was lower than for normal 
helicopter and most importantly the control of the aircraft was highly unstable. The pilots had to 
constantly correct the lift for each rotor independently to prevent the aircraft from rolling over and a 
small wind could prove to be disastrous [1; 6].  

These disadvantages made normal helicopters more desirable and the development and 
construction of quadrotors was discontinued for almost a century. Some experimental attempts 
were made during this time but none successful. An example is the Piasecki PA-39-project where four 
Sikorsky CH-53 helicopters were connected together with a large structure. If the project would have 
been finished the quadrotor would have been able to carry heavier cargo than any other helicopter 
of that time, like for example armoured vehicles. Unfortunately the project was cancelled before the 
maiden flight [6]. 

It was not until recently, with the advancement within electronics, sensor technology and UAV 
research, that quadrotors got renewed interest. This time they were built to be autonomous or 
remotely controlled and could thereby be much smaller, often with a weight around 1 kg which 
allowed new improvements in the design to counter previous disadvantages [6].  

The most important improvement of design in the new second generation of quadrotors was the 
possibility of using fixed rotors with separate engines. This allowed the lift of each rotor to be 
controlled by changing the rotation rate instead of the pitch angle of the rotor blade. That was not 
possible using combustion engines since those could not accelerate the rotation rate fast enough to 
allow this kind of control but was now made possible using electrical engines instead. Using electrical 
engines in turn was made possible because of the low weight of the quadrotor [6]. 

Using fixed blades with separate engines has mainly two advantages; First the rotors are much easier 
to construct and maintain and thereby cheaper. Secondly the coupling between the engines and the 
rotors becomes easier to construct and more robust since each engine can be directly connected to 
the appropriate rotor. This does however also mean that the design of the new generation of 
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quadrotors cannot be implemented on man-sized crafts, since no engines with the needed force has 
the required acceleration. 

1.3.2 Quadrotor Control  
As described above a quadrotor has four rotors put in a cross-like manner as shown in Fig. 1.3. Each 
rotor turns with rotation rate Ω𝑖𝑖  and induces trust 𝑇𝑇𝑖𝑖  where 𝑖𝑖 is the rotor number (1 is front, 2 is 
right, 3 back and 4 left) as shown in Fig. 1.3. The acceleration and attitude of the quadrotor is 
controlled by changing the rotation rate, and thereby the induced thrust, for each rotor individually. 
This section briefly explains how the control is implemented and the definition of the coordinate 
systems [3; 6; 7; 8]. 

 

Fig. 1.3, Basic quadrotor in hovering with body-fixed coordinate system. 

The coordinate system shown in the figure is a Body-fixed (B-frame) right hand system which means 
that the 𝑋𝑋𝐵𝐵-axis always is directed forward, the 𝑌𝑌𝐵𝐵-axis right and the 𝑍𝑍𝐵𝐵-axis downwards from the 
quadrotor point of view. Another coordinate system often used is the navigation frame (N-frame) 
coordinate system as shown in Fig. 1.4. The N-frame system is based on a third person view where 
the quadrotor always is in the origin, the 𝑋𝑋𝑁𝑁-axis pointing north, the 𝑌𝑌𝑁𝑁-axis pointing east and the 
𝑍𝑍𝑁𝑁-axis pointing downward towards the earth core. When speaking about change in position in this 
coordinate system the change is always referred to the position the quadrotor had at time 0 when 
the measurements started. This report will mostly use the navigation frame although it will always 
mark which system is used by indexing with either a B or a N.  

 

Fig. 1.4, The two coordinate systems, in green the B-frame and in red the N-frame. The green “rotor” is the front and the 
direction of the 𝑿𝑿𝑩𝑩-axis. 
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If one knows the attitude of the quadrotor it is possible to convert a velocity or acceleration vector in 
the B-frame to the N-frame by multiplying it with the rotation matrix 𝑹𝑹𝐵𝐵→𝑁𝑁  shown in Eq. 1-1 and vice 
versa. The attitude is described by three angles; the roll angle which is the rotation around the 𝑋𝑋𝐵𝐵-
axis in the body frame, the pitch angle which is the rotation around the 𝑌𝑌𝐵𝐵-axis and finally the yaw 
angle which is the rotation around the 𝑍𝑍𝐵𝐵-axis shown in Fig. 1.5. The rotation matrix is well known 
and only stated in this report, for further reading the reader is referred to [8]: 

 

Fig. 1.5, The attitude angles roll (𝜱𝜱), pitch (𝜽𝜽) and yaw (𝝍𝝍). 

𝑹𝑹𝐵𝐵→𝑁𝑁 = �
cos𝜓𝜓 cos 𝜃𝜃 − sin𝜓𝜓 cos𝛷𝛷 + cos𝜓𝜓 sin𝜃𝜃 sin𝛷𝛷 sin𝜓𝜓 sin𝛷𝛷 + cos𝜓𝜓 sin𝜃𝜃 cos𝛷𝛷
sin𝜓𝜓 cos𝜃𝜃 cos𝜓𝜓 cos𝛷𝛷 + sin𝜓𝜓 sin𝜃𝜃 sin𝛷𝛷 − cos𝜓𝜓 sin𝛷𝛷 + sin𝜓𝜓 sin𝜃𝜃 cos𝛷𝛷
− sin𝜃𝜃 cos𝜃𝜃 sin𝛷𝛷 cos𝜃𝜃 cos𝛷𝛷

� 

Eq. 1-1 

When a quadrotor is hovering it means that it is staying still in mid air. This is performed when it has 
no horizontal movement, each rotor has the same rotation rate and the sum of the induced thrusts 
equals the gravity force. The thrust then induced from each rotor is called the hoverthrust 𝑇𝑇𝐻𝐻  and is 
equal to 𝑚𝑚∗𝑔𝑔

4
, where 𝑚𝑚 ∗ 𝑔𝑔 is the gravity force and the quadrotor has 4 rotors. Hovering is possible 

since the 𝑍𝑍-axis of the B-frame and the N-frame coincides which allows the total thrust from the 
rotors (𝑇𝑇𝑇𝑇) (negative in the B-frame) to negate the gravitational force (𝐺𝐺) (positive in N-frame). 

If the quadrotor is not horizontal the thrust from the rotors affects the quadrotor both horizontally 
and vertically in the N-frame, while the gravitational force only affects it vertically. For the quadrotor 
to keep its altitude (𝑍𝑍𝑁𝑁-coordinate) the vertical part needs to negate the gravity. The quadrotor will 
then still get a horizontal acceleration and it is in this way it is manoeuvred horizontally. 

As shown in Fig. 1.3 a quadrotor have two rotors rotating clockwise and two counter-clockwise. 
Having two rotors rotating counter-clockwise allows it to counter the drag induced from the two 
rotating clockwise and thereby from spinning out of control. In a normal helicopter this antidrag is 
performed by the tail rotor. 

Although control of the quadrotor is performed by changing the rotation rate and the thrust of each 
rotor individually, this way of control is very unintuitive for humans. This was one of the reasons why 
the first generation of quadrotors was disbanded, so the new generation uses four so called control 
channels to control the aircraft. The control channels are then transformed to give input to each 
rotor appropriately. The four channels are; throttle, roll, pitch and yaw. 
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1.3.2.1 Throttle 
The throttle channel controls the sum of the thrust of all rotors. If the quadrotor is horizontal this 
allows control of acceleration only in the 𝑍𝑍𝑁𝑁-axis, otherwise it also affects the acceleration in the 
appropriate 𝑋𝑋𝑁𝑁  or 𝑌𝑌𝑁𝑁  -axis depending on the attitude of the aircraft. If the quadrotor is horizontal 
and the given thrust is smaller than 𝑇𝑇𝐻𝐻  this means acceleration downwards, while if larger than 𝑇𝑇𝐻𝐻  
this means acceleration upwards as shown in Fig. 1.6. If the quadrotor is not horizontal this relation 
becomes more complex. 

 

Fig. 1.6, Throttle movement, performed by either increase or decrease all rotors rotation rate, and thereby thrust, by an 
equal value. If the new thrust is smaller than 𝑻𝑻𝑯𝑯 this means acceleration downwards, while if larger than 𝑻𝑻𝑯𝑯 this means 
acceleration upwards. 

1.3.2.2 Roll 
While the throttle channel is the only channel controlling the acceleration of the quadrotor the other 
three channels control the attitude. The roll channel allows for control of the tilt between the left 
and the right rotor by controlling the roll torque (𝜏𝜏𝛷𝛷 ). This is performed by creating a difference in 
rotation rate between these two rotors which causes a torque around the 𝑋𝑋𝐵𝐵-axis as shown in Fig. 
1.7. To not cause a difference in the total thrust performed by the quadrotor, the increase of the 
right thrust equals the decrease of the left one and vice versa. 

 

Fig. 1.7, Roll movement, performed by causing a difference in rotation rate between the left and the right rotor which 
causes the quadrotor to “roll over”. 
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1.3.2.3 Pitch 
The pitch channel controls the difference of thrust between the front and the tail rotor just like the 
roll channel did between the left and the right one. This channel allows for control of the pitch 
torque (𝜏𝜏𝜃𝜃 ) around the 𝑌𝑌𝐵𝐵-axis. In other words it allows control of whatever the quadrotor should 
rise or dip the front rotor as shown in Fig. 1.8. Just like in the case of the roll channel an increase in 
the front thrust 𝑇𝑇1has to be followed by an equal decrease of the tail-thrust 𝑇𝑇3 in order to not 
increase the total induced thrust. 

 

Fig. 1.8, Pitch movement, performed by creating a difference between the front and the back rotor which causes the 
quadrotor to either dip or raise its “nose”. 

1.3.2.4 Yaw 
The yaw channel is the last channel and controls whether the quadrotor should turn around 
horizontally, around the 𝑍𝑍𝐵𝐵-axis, as shown in Fig. 1.9. As described above this kind of spinning is 
normally negated from having two rotors rotating clockwise and two counter-clockwise but it can 
sometimes be desirable. Creating a yaw torque (𝜏𝜏𝜓𝜓 ) is performed by creating a pairwise difference of 
the thrust from the rotors rotating clockwise and the ones rotating counter-clockwise. An example is 
shown in Fig. 1.9 where a larger thrust is induced from the rotors rotating counter-clockwise than 
from the ones rotating clockwise. This causes a counter-clockwise torque to affect the quadrotor. To 
keep the total thrust, the increase of the accelerated rotors does of course have to be countered by 
an equal decrease of the opposite two rotors. 

 

Fig. 1.9, Yaw movement, performed by creating a difference between the sums from the thrust of the rotors rotating 
clockwise and the ones rotating counter-clockwise. 
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1.4 Flight Data 
This section of the thesis describes how the flight data was collected and what data was available. It 
also describes the quadrotor platform used during these flights. 

1.4.1 Setup 
The flight data available was produced during flights conducted as follows; a pilot flew the quadrotor 
remotely with a remote control for about 220 seconds. Most of the flight was performed by simply 
hovering but several manoeuvres were also performed. The pilot did control the quadrotor by 
changing the thrust, yaw, roll and pitch input as described above. However, as described in section 
1.3.1, the quadrotor design is unstable making them very hard to fly. This made a stabilization system 
required so one PID-regulator per control channel was implemented as stabilization.  

 

Fig. 1.10, The control system of the quadrotor 

During the flight the control input to the engines was recorded and saved onboard as seen in Fig. 
1.10. The sensor measurements from the onboard sensors were also saved onboard while 
measurements collected by the external Vicon sensors [9], like for example the position and attitude 
of the quadrotor, were stored into a separate computer. After the flight was finished all data were 
synchronized and converted to a MATLAB file with the time index for each measurement.  
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1.4.2 Configuration 
The quadrotor used for the thesis was a LinkQuad platform [5]. For a detailed description of the 
LinkQuad visit the UASTech website [5]. Here follows a short summary of what the construction 
included to give the reader a feeling of the performance:  

 

Fig. 1.11, The LinkQuad used for recording flight data for this thesis. The rotors, engines, frame and protective casing are 
visible. 

• A frame consisting of the casing and the landing gear shown in Fig. 1.11. The length was 
68cm, the height 20cm and the weight 950g. 

• A flight control board, the LinkBoard III [5], which among other things included: 
o One Sensor MCU – CortexTM-M3 @ 72MHz. 
o One Control MCU – CortexTM-M3 @ 72MHz. 
o Two Gumstix® Overo™ COM modules each with 

 One OMAP 3530 application processor: 
• 600MHz ARM Cortex™-A8 Core. 
• 520MHz TMS320C64x+™ DSP Core. 
• POWERVR SGX™ Graphics Accelerator. 

 256MB RAM, 256 MB Flash Memory. 
 USB 2.0 OTG interface. 
 microSD card interface. 
 Wifi 802.11(g) and Bluetooth®. 

o Sensors described below in section 1.4.3.1. 
• 4 Brushless motors with speed controllers and rotors. Two different configurations of speed 

controllers and rotors were used for different flight data-sets. 
• 6-Cell Li-Po Battery 5200mAh 12.5V allowing up to 40 min flight time with empty load. 
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1.4.3 Sensors 
The following sensor measurements were available from the flight: 

1.4.3.1 The Onboard Sensors 
The sensors onboard the quadrotor collected measurements at 100 Hz (each 0.01s) or 250 Hz 
depending on the configuration and included the following: 

• Altitude, based on a pressure sensor measurement: This sensor-data was not used during 
this thesis. 

• Attitude, with the help of gyros the roll, pitch and yaw rate of the quadrotor were recorded. 
• Accelerations, with a 3-axis accelerometer, the accelerations in all three body axes were 

recorded. 

1.4.3.2 The Vicon System 
A Vicon MX system [9] was used to track the quadrotor during the flights. The system consisted of 10 
cameras which could determine the position of the aircraft with millimetre accuracy at an impressive 
rate of 250Hz. With the measurement of the position the system could then calculate the velocities 
and accelerations in three dimensions. The system was also able to measure the attitude of the 
quadrotor. Having the attitude, it was possible to calculate the rotation rate and angular acceleration 
for the roll, pitch and yaw angles. These measurements were used as a complement to the onboard 
sensor measurements which allowed position and angle measurements without drift.  

1.4.4 The Data-sets 
Several flights took place where each flight was recorded into a separate data-set. The data-sets 
included both sensor measurements and control inputs as described in 1.4.1. The measurement 
types (in this thesis called variables) used during the thesis were: 

• The onboard accelerometers: �̈�𝑋𝐵𝐵 , �̈�𝑌𝐵𝐵  and �̈�𝑍𝐵𝐵. 
• The onboard gyros: �̇�𝛷 (roll rate), �̇�𝜃 (pitch rate) and �̇�𝜓 (yaw rate). 
• The input to each engine as described in section 1.4.1: 𝑢𝑢1, 𝑢𝑢2, 𝑢𝑢3 and 𝑢𝑢4. 
• The Vicon measurements for both the position and attitude: 

o The velocities: �̇�𝑋𝑁𝑁 , �̇�𝑌𝑁𝑁  and �̇�𝑍𝑁𝑁. 
o The positions: 𝑋𝑋𝑁𝑁 , 𝑌𝑌𝑁𝑁  and 𝑍𝑍𝑁𝑁 . 
o The angles: 𝛷𝛷, 𝜃𝜃, and 𝜓𝜓. 

Note that the angle-values are actually captured by different sensors causing the �̇�𝛷-measurement to 
not necessarily be the exact derivative of the 𝛷𝛷-measurement. Generally the derivative should 
however be very similar. 

1.5 Method 
The goal of the thesis was to compare different modelling approaches for a quadrotor. This was done 
by creating several models that were able to predict the position and attitude (roll, pitch and yaw 
angle) of the quadrotor given the input to the engines for a certain amount of time. In order to 
calculate the position and attitude it was also necessary to calculate their derivates (velocity/rate) 
and second derivatives (acceleration). An example of this could be that a model was fed with the 
control input for a pitch manoeuvre and should then be able to predict how large the manoeuvre 
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would be. In other words, the amplitude of the pitch angle acceleration and the time it would be 
active. Based on that, the model would then be able to calculate the final pitch angle. 

The focus of the comparison was mainly put on the accelerations and velocities/rates for the 
different variables since the goal of the model was to model the quadrotors dynamics. This meant 
that it was more important to be able to correctly calculate the accelerations of the manoeuvres 
rather than to end up with the correct final angle. This is further discussed in section 5.3. 

To be able to compare the different models a graphical MATLAB interface was constructed where the 
models could be easily implemented and evaluated with the given data-sets. The MATLAB interface 
handled the pre-processing of the data (described in chapter 2), running the model for a chosen time 
interval, plotting the result and finally calculating the errors according to the error measurements 
described in section 5.1.  

With the framework for the model ready a greybox model was developed as described in chapter 3. 
The structure of the model was a linear state space model similar to the one presented in [3]. The 
greybox model measured all its constants in separate test benches like a whitebox model except for 
the motor constants which were found by MATLAB system identification toolbox [4]. 

A second non-linear model was also implemented using a blackbox approach as described in chapter 
4. The blackbox variant used was a neural network where the network was trained to approximate 
the flight data using the engine input. This was done using parts of the flight data as training-data 
and parts as test-data as described in section 2.3 and 5.2. 

The different models were then compared to eachother and the results were summarized and 
discussed in this report. 

1.6 Related Work 
System identification of a system means building a mathematical model between the observed input 
and output of the system [10]. As noted in the introduction there are mainly three approaches to 
finding the mathematical model; the whitebox approach, the greybox approach and the blackbox 
approach. Within the helicopter dynamics modelling area both the greybox and blackbox approach 
have been used to gain successful models for full-sized, as well as small-sized, helicopters which have 
made it possible to build accurate control systems and simulators. 

During the last few years there have been many publications concerning modelling of quadrotors. All 
of these have to the authors knowledge been using whitebox or greybox models to describe the 
dynamics for the quadrotor system. Most of these have used the full dynamics while some have used 
a linear version. A reason for this is probably that good measurements, like measurements from the 
Vicon system, are needed for the other two approaches to be applicable and such measurements 
have not been available or have been harder to realize.  

In general the equations presented in the papers [7; 8; 6; 3] are very similar although some 
“improvements” have often been made. Here follows a short timeline of what has previously been 
implemented: 

• 2002: Pounds [3] presented a linear greybox model for the quadrotor in hover flight where 
only the major forces were modelled. The linear model presented in this thesis is based on 
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this work. Pounds used system identification to find the motor constants while the rest of 
the model was derived with a whitebox approach. 

• 2007: Bauabdallah [7] developed a complex non-linear whitebox model. The model included 
all the forces and torques presented here but also many forces and torques due to horizontal 
flight. 

• 2007: Martinez [6] developed a similar complex non-linear whitebox model as Bauabdallah. 
Martinez model was not as focused on forces and torques induced by horizontal flight but 
instead included more rotor dynamics modelling e.g. rotor flapping.  

• 2008: Bresciani [8] simplified the equations presented by Bauabdallah to only apply to 
hovering. The model was however still non-linear and a whitebox approach was used. 

As can be noted most of the models were developed with whitebox approaches. This thesis does not 
present any pure whitebox approach but instead presents a greybox approach where only a few 
constants are found by system identification. The results presented do however show that this part 
of the model is very accurate though. This is further discussed in section 6.1. It can also be noted that 
the work presented in the last couple of years focuses on non-linear models. The reason that no non-
linear greybox model is presented here is partly that only hovering flight was modelled, but also that 
the more complex non-linear model probably would give worse results for long term simulations 
with the given data. This is also further discussed in section 6.1. 

While blackbox approaches have not been used in the quadrotor modelling area it has been used 
successfully in other similar areas like modelling the dynamics for full-sized helicopters [2] or remote 
controlled helicopters [11]. Different methods have been used by different authors, for example in 
[2] the authors compare different neural network methods while in [11] the authors instead use an 
extended Kalman filter to learn the dynamics. Different methods for blackbox modelling are further 
described in the beginning of chapter 4. 

One challange for this thesis has been to compare the accuracy of the presented models to other 
models within the area. None of the quadrotor modelling publications has presented the accuracy 
results of the models they have created. A reason for this is probably that no good measuring 
system, like the Vicon system has been available. Some of the theses [8; 7] have also implemented a 
control system based on the model and then conducted error measurements for the control system, 
though never on the model itself. 

It has also been quite common to base the control system for autonomous quadrotors on blackbox 
approaches like neural networks, but in the cases found the dynamics of the system has always been 
white or greybox modelled [12]. 
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2 The Interface 
This short chapter is included in the thesis to give an understanding of the implementation used in 
the comparison as well as how it was performed. This hopefully allows the reader to critically assess 
and validate the results. It also gives an introduction to the interface used for the comparisons which 
should increase the understanding of the plots shown throughout the thesis. 

The chapter starts by describing how the flight data was pre-processed when loaded into the 
interface (section 2.1). This is followed by a description how each prediction was performed in 
section 2.2. The chapter is then finished by a description of how the training was performed for the 
blackbox model. 

 

Fig. 2.1, The interface used for comparison. The top plot shows Z-acceleration and the bottom plot Z-velocity where the 
blue line is the Vicon measurements, the green the onboard measurements, the red the predictions from model 1 and 
the cyan predictions from model 2. The middle plot shows the input. 
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2.1 Preprocessing 
When the interface was started it was loaded with one data-set of flight data and one or two models. 
The data-set then included both the input-data to the engines (𝒖𝒖) and the measurements from the 
sensors (𝒀𝒀𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚 ) as described in section 1.4.4. This included both measurements from the Vicon 
sensors and the onboard sensors as can be seen in Fig. 2.1 where both of these measurements are 
presented for comparison. 

During loading of the flight data the onboard acceleration measurements (�̈�𝑋𝐵𝐵 ,�̈�𝑌𝐵𝐵  and �̈�𝑍𝐵𝐵) were also 
transformed to the N-frame to enable comparison. 

2.2 Calculated Predictions 
To understand how the predictions were performed it is important to first understand the concept of 
trimming and trim-value.  

Trimming sensor measurements means subtracting a trim-value from those measurements. The trim-
value itself is the mean value for a part of the measurements where the system is considered being 
in a stable state. For example in Fig. 2.1 the trim-value is based on the measurements for the first 
second since the acceleration is considered stable for this time period (as can be seen acceleration is 
constant there). This does not mean that the sensor recorded a zero value; it is actually more likely 
that it did not. It is however reasonable to assume that there were no acceleration for this time 
period since the acceleration was constant and a constant acceleration for as long as one second only 
occurred when there was no notable acceleration. The error in the sensor measurement could then 
be explained by an offset or a drift (a linear trend of rising or decreasing values) occurring in the 
sensor which would have caused the sensor to give faulty values. 

By removing this average value, the trim-value, the sensor error could then be removed and the 
measurements were centred around zero. If the trim-value estimation time was as large as the entire 
chosen prediction interval this meant that the average of all the measurements for that entity would 
be zero. When trimming the measurement variables the best measurements (least noisy) were used 
if there was a choice between the Vicon and onboard sensors. This meant that the Vicon 
measurements were used for all entities but position accelerations, angle rotation rates and angle 
rotation accelerations. 

Trimming the engine input-data (𝒖𝒖) was also important because of battery drainage which caused a 
linear trend to occur in the measurements. The trend was barely notable for short time periods, so 
removing the average value (the trim-value) was sufficient, but for longer predictions (> 50 seconds) 
it was also important to remove the trend fully as seen in Fig. 2.2 and Fig. 2.3. 

  



2 The Interface  15 

 

 

Fig. 2.2, The engine input-data without detrending. As can be noted there is a notable linear (negative) trend. 

 

Fig. 2.3, The engine input-data with detrending. The trend shown in Fig. 2.2 is now removed. 

If one understands the trimming the rest of the prediction implementation is pretty straightforward; 
first the user chose what variables should be plotted in the top and bottom plot. In Fig. 2.1 these 
were the Z-acceleration and the Z-velocity. Secondly, the user chose what time interval should be 
predicted and what should be plotted (the Vicon measurements, the onboard measurements, the 
prediction from model 1 and/or the prediction from model 2). 

This was followed by several calculations by the program. It started by calculating the trim values for 
the sensor measurements and the engine input-data as described above. This was followed by a 
function call to the different model prediction functions. The model prediction functions were given 
the trimmed input-data and were returning their predictions for the time interval. They were also 
given the measurements (𝑌𝑌𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚 ) for the first 0.2 seconds so they had the correct start values. 
The predictions were then used for error calculations as described in section 5.1.  

If any onboard measurements were requested by the user the requested entities were calculated 
through derivation or integration (using the Vicon measurements as start values). As can be seen in 
Fig. 2.1 (the Z-velocity plot) small errors in the sensors measurements could cause large constant 
errors after integration. 

Finally the requested plots were plotted in the appropriate graphs. 
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2.3 Training Models 
Training the models worked similar to prediction. First the user chose which time interval to use as 
the training data and what variables should be trained. The models training function was then called 
with the correct input-data for this interval (𝒖𝒖), the measured output-data (𝒀𝒀𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚 ), as well as the 
chosen variables. The blackbox model training is explained in section 4.3. 
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3 The Linear Model 
Greybox modelling, also called semi-physical modelling, is useful when a system is not entirely 
known, but when insight into how the system works in general is available. In the case with 
quadrotor modelling this insight was the structure and equations derived below in section 3.2 while 
the unknown knowledge was some of the constants used in these equations.  

For this thesis one linear greybox model was implemented where most equations were derived and 
most constants measured. The only exception was the input-to-propeller-rotation-rate relation 
where the equation was assumed and the motor constants identified by MATLAB System 
Identification Toolbox [4]. The work is similar to the model presented by Pounds in Design of a four 
rotor aerial Robot [3]. It should be noted that the implemented greybox model is very simple and 
does not include flapping or more advanced effects or forces. 

The structure of this chapter is as follows; Section 3.1 states the assumptions and simplifications 
when creating the model. Section 3.2 then goes through each step of how the structure and 
equations of the model was derived. The chapter ends with section 3.3 which describes how the 
constants used in the model were found. 

3.1 Assumptions 
As noted above the model was decided to be linear and only to apply to hovering conditions. This 
allowed several simplifications to be made for the derivations as described in the next section. It also 
made it possible to simplify and ignore several forces and torques since only small horizontal 
movements occurred. The known forces and torques not implemented were the following: 

• Rotor flapping. 
• Hub forces due to horizontal flight. 
• Separate centre of gravity and centre of thrust.  
• Body gyroscopic effects.  

3.2 The Model Structure 
Since the model was decided to be linear, the structure could easily be described as a state space 
model: 

�̇�𝒙 = 𝐴𝐴 ∗ 𝒙𝒙 + 𝐵𝐵 ∗ 𝒖𝒖 

Eq. 3-1 

𝒀𝒀𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑝𝑝𝑝𝑝𝑖𝑖𝑝𝑝𝑝𝑝 = 𝐶𝐶 ∗ 𝒙𝒙 + 𝐷𝐷 ∗ �̇�𝒙 

Eq. 3-2 

Where 𝒙𝒙 was the state space vector, 𝒀𝒀𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑝𝑝𝑝𝑝𝑖𝑖𝑝𝑝𝑝𝑝  was the predicted output from the model and 𝒖𝒖 was 
the engine input as described in 1.4.4. Finally 𝐴𝐴, 𝐵𝐵,  𝐶𝐶 and 𝐷𝐷 were transfer matrices based on the 
physics theory described below. The state space vector 𝒙𝒙 was decided to consist of the following 
variables: 
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• The position and velocity: 𝑋𝑋𝑁𝑁 , 𝑌𝑌𝑁𝑁 ,  𝑍𝑍𝑁𝑁, �̇�𝑋𝑁𝑁 , �̇�𝑌𝑁𝑁  and �̇�𝑍𝑁𝑁. 
• The attitude and angle rates: 𝛷𝛷, 𝜃𝜃, 𝜓𝜓, �̇�𝛷, �̇�𝜃 and �̇�𝜓. 
• The induced thrust from each propeller: 𝑇𝑇1, 𝑇𝑇2, 𝑇𝑇3 and 𝑇𝑇4. 

This meant that since the output vector 𝒀𝒀𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑝𝑝𝑝𝑝𝑖𝑖𝑝𝑝𝑝𝑝  also had to include the accelerations (�̈�𝑋𝑁𝑁, �̈�𝑌𝑁𝑁,  �̈�𝑍𝑁𝑁  
and �̈�𝛷, �̈�𝜃, �̈�𝜓), it had to be a composition of both the state space vector 𝒙𝒙 and its derivative �̇�𝒙 as shown 
in Eq. 3-2.  

3.2.1 Thrust Derivation 
The two main forces affecting the quadrotor while hovering were the thrust from the engines pulling 
it upwards and the gravitational force pulling it downwards. Since the quadrotor only could control 
the thrust force for each rotor this meant that the equation between the engine input  (𝑢𝑢𝑖𝑖) and the 
thrust force (𝑇𝑇𝑖𝑖) had to be carefully derived.  

The first part in finding this equation was to find the relation between the engine input (𝑢𝑢𝑖𝑖 ) and the 
propeller rotation rate Ω𝑖𝑖 . This relation could not easily be derived from physics, but since the 
relation was assumed to be linear (because the model were assumed to be linear) it could be written 
as:  

Ω̇𝑖𝑖  = Am ∗ Ωi + Bm ∗ ui  
Eq. 3-3 

𝐴𝐴𝑚𝑚  and 𝐵𝐵𝑚𝑚  were here two motor constants that could be found by measuring the rotation rate Ω𝑖𝑖  
while changing the input ui . Appendix A explains this procedure. As explained in appendix A the 
equations also used the differential value ui

∆ (the difference compared to its average value) instead 
of ui  to avoid constant offsets in the sensors measurements. This meant that the calculated rotation 
rate also was the differential rotation rate Ωi

∆, not the absolute rotation rate Ωi . 

The second part was to find the equation between the rotation rate (Ω𝑖𝑖 ) of the propeller and the 
induced thrust force (𝑇𝑇𝑖𝑖). This equation is well known in the propeller aerodynamics area but was 
unfortunately non-linear, it could however be linearized around hovering conditions as follows: 

𝑇𝑇𝑖𝑖 = 𝑚𝑚 ∗ Ω𝑖𝑖2 𝑙𝑙𝑖𝑖𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑙𝑙𝑚𝑚𝑚𝑚
�������� 𝑇𝑇𝑖𝑖 = 2 ∗ 𝑚𝑚 ∗ Ω0 ∗ Ω𝑖𝑖  ⇔  Ω𝑖𝑖 =

𝑇𝑇𝑖𝑖
2 ∗ 𝑚𝑚 ∗ Ω0

 

Eq. 3-4 

𝑇𝑇𝑖𝑖 = 𝑚𝑚 ∗ Ω𝑖𝑖2 was here the non-linear equation which could be linearized by substituting one Ω𝑖𝑖  by its 
average value Ω0. Once linear, the thrust and rotation rate could be replaced by their differential 
values instead of their absolute values. 𝑚𝑚 is the thrust constant that could be found by doing a 
separate measurement in static condition as described in appendix A. 

Ω0could be calculated since the average induced thrust 𝑇𝑇0 had to be the hover thrust because the 
quadrotor was in hovering condition as described in section 1.3.2. The equation between Ω0 and 𝑇𝑇0 
could then be derived by: 

𝑇𝑇𝑖𝑖 = 𝑚𝑚 ∗ Ω𝑖𝑖2  ⇔Ω𝑖𝑖 =
�𝑇𝑇𝑖𝑖
√𝑚𝑚

⇒Ω0 =
�𝑇𝑇0

√𝑚𝑚
=
�𝑚𝑚 ∗ 𝑔𝑔

4
√𝑚𝑚

 

Eq. 3-5 
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Where 𝑚𝑚 is the total mass of the quadrotor and 𝑔𝑔 the gravity constant. The last needed piece to find 
the equation between the engine input 𝑢𝑢𝑖𝑖  and the induced thrust 𝑇𝑇𝑖𝑖  was then the equation for the 
rotor rotation acceleration Ω̇𝑖𝑖 . This equation could be derived by: 

Ω̇𝑖𝑖 =
𝑚𝑚Ω𝑖𝑖
𝑚𝑚𝑝𝑝

=
𝑚𝑚
𝑚𝑚𝑝𝑝

 𝑇𝑇𝑖𝑖
2 ∗ 𝑚𝑚 ∗ Ω0

=
 �̇�𝑇𝑖𝑖

2 ∗ 𝑚𝑚 ∗ Ω0
 

Eq. 3-6 

Eq. 3-3, Eq. 3-4, Eq. 3-5 and Eq. 3-6 could then be combined to: 

Ω̇𝑖𝑖 = 𝐴𝐴𝑚𝑚 ∗ Ω𝑖𝑖 + 𝐵𝐵𝑚𝑚 ∗ 𝑢𝑢𝑖𝑖 𝑚𝑚𝑚𝑚𝑝𝑝𝑙𝑙𝑚𝑚𝑝𝑝𝑖𝑖𝑝𝑝𝑔𝑔  Ω̇𝑖𝑖
𝑚𝑚𝑝𝑝𝑚𝑚  Ω𝑖𝑖

���������
�̇�𝑇𝑖𝑖

2 ∗ 𝑚𝑚 ∗ Ω0
= 𝐴𝐴𝑚𝑚

𝑇𝑇𝑖𝑖
2 ∗ 𝑚𝑚 ∗ Ω0

+ 𝐵𝐵𝑚𝑚  𝑢𝑢𝑖𝑖  

⇔ �̇�𝑇𝑖𝑖 =  𝐴𝐴𝑚𝑚  𝑇𝑇𝑖𝑖 + 2 𝐵𝐵𝑚𝑚𝑚𝑚 ∗ Ω0 𝑢𝑢𝑖𝑖 = 𝐴𝐴𝑚𝑚  𝑇𝑇𝑖𝑖 + 2 𝐵𝐵𝑚𝑚�𝑚𝑚
𝑚𝑚 ∗ 𝑔𝑔

4
 𝑢𝑢𝑖𝑖  

Eq. 3-7 

3.2.2 Translational Equations of Motion 
The thrust force is the sum of the thrust from the rotors pointing upwards in the B-frame. To 
transform this force to the N-frame it needed to be multiplied with the rotation matrix 𝑹𝑹𝐵𝐵→𝑁𝑁  shown 
in Eq. 1-1.  

�
�̈�𝑋𝑁𝑁
�̈�𝑌𝑁𝑁
�̈�𝑍𝑁𝑁
� = 𝑹𝑹𝐵𝐵→𝑁𝑁  �

�̈�𝑋𝐵𝐵
�̈�𝑌𝐵𝐵
�̈�𝑍B

� 

Eq. 3-8 

The calculations is however simpler in the B-frame so we will keep to that. First of all it is simple to 
see that only two forces affected the quadrotor in hovering conditions; the gravity and the induced 
thrust: 

�
�̈�𝑋𝐵𝐵
�̈�𝑌𝐵𝐵
�̈�𝑍𝐵𝐵
� = (𝑹𝑹𝐵𝐵→𝑁𝑁)−1  �

0
0
g
� −

⎣
⎢
⎢
⎢
⎡

0
0

�
𝑇𝑇𝑖𝑖
𝑚𝑚

4

𝑖𝑖=1 ⎦
⎥
⎥
⎥
⎤
 

Eq. 3-9 

By assuming hovering conditions where the roll, pitch and yaw angles were small, several 
simplifications could be made to Eq. 3-8: 

• The cosines of any angle could be substituted by 1. 
• Sinuses of any angle could be replaced by the angles themselves. 
• For the 𝑍𝑍𝑁𝑁-acceleration the gravity (𝑔𝑔) and the average thrust of 𝑇𝑇𝑖𝑖G  negated each other 

which allowed the differential thrust 𝑇𝑇𝑖𝑖∆ could be used instead. 
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Summarized this gives: 

 �
�̈�𝑋𝐵𝐵
�̈�𝑌𝐵𝐵
�̈�𝑍B

� =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

 

−𝜃𝜃 ∗ 𝑔𝑔
𝑚𝑚

𝛷𝛷 ∗ 𝑔𝑔
𝑚𝑚

�
−𝑇𝑇𝑖𝑖∆

𝑚𝑚

4

𝑖𝑖=1 ⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

Eq. 3-10 

3.2.3 Rotational Equation of Motion 
By differentiating the rotation rate of the rotors the attitude of the quadrotor could be controlled as 
described in 1.3.2. The equations for these torqueses are quite simple and well known within the 
quadrotor area [7]. For roll and pitch torques the difference in thrust for respective rotors are 
multiplied with the horizontal displacement 𝑙𝑙 (the distance between the centre of gravity and the 
centre of each rotor). Which rotors influence which torque is visible in Fig. 1.7 and Fig. 1.8. 

𝜏𝜏𝛷𝛷 = 𝑙𝑙(−𝑇𝑇2 + 𝑇𝑇4) 

Eq. 3-11 

𝜏𝜏𝜃𝜃 = 𝑙𝑙(𝑇𝑇1 − 𝑇𝑇3) 

Eq. 3-12 

The yaw torque is given by a contribution of two terms 𝜏𝜏𝜓𝜓 = 𝜏𝜏𝜓𝜓1 + 𝜏𝜏𝜓𝜓2 where 𝜏𝜏𝜓𝜓1 is the static part 
and 𝜏𝜏𝜓𝜓2 the dynamic. The first term 𝜏𝜏𝜓𝜓1 represents the unbalance in the drag. For example, when 
the rotors rotating clockwise rotate faster than the rotors rotating counter-clockwise the clockwise 
rotation causes more drag and thereby a clockwise torque as shown in Fig. 1.9. The equation for this 
term involves a new constant, the propeller drag constant 𝑚𝑚, which could be found through a 
separate measurement in static condition as described in appendix A. To calculate 𝜏𝜏𝜓𝜓1 the constant 
is multiplied with the sum of the rotors rotation rate squared where two rotors have positive 
rotation and two negative as described in 1.3.2.  

𝜏𝜏𝜓𝜓1 = 𝑚𝑚 ∗�(−1)𝑖𝑖Ω𝑖𝑖2
4

𝑖𝑖=1

 

Eq. 3-13 

The rotation rate could be found through Eq. 3-4 which gives: 

𝜏𝜏𝜓𝜓1 =
𝑚𝑚
𝑚𝑚
∗�(−1)𝑖𝑖𝑇𝑇𝑖𝑖

4

𝑖𝑖=1

 

Eq. 3-14 

The second term 𝜏𝜏𝜓𝜓2 is the dynamic term and is caused by the change in the propellers rotation rates 
(accelerate or decelerate) due to the inertia of the propeller causing a yaw torque. The torque can be 
written as: 
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𝜏𝜏𝜓𝜓2 = 𝐼𝐼𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑚𝑚𝑙𝑙𝑙𝑙𝑚𝑚𝑚𝑚 ∗�(−1)𝑖𝑖 Ω̇𝑖𝑖

4

𝑖𝑖=1

 

Eq. 3-15 

Ω̇𝑖𝑖  can be calculated as shown in Eq. 3-3 and rewritten as follows: 

Ω̇𝑖𝑖  = Am ∗ Ωi + Bm ∗ ui = Am ∗
𝑇𝑇𝑖𝑖

2 ∗ 𝑚𝑚 ∗ Ω0
+ Bm ∗ ui  

Which together with Eq. 3-15 gives: 
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𝑇𝑇𝑖𝑖
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+ Bm ∗ ui
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Eq. 3-16 

The last step between the induced torques and the angle accelerations was to divide the torques 
with the inertia for the appropriate axes: 
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Eq. 3-17 

3.2.4 Summarized 
The equations Eq. 3-7, Eq. 3-10 and Eq. 3-17 could then be put together to a state space form as 
shown in Eq. 3-18 with the appropriate integrations (like Z-velocity depending on Z-acceleration and 
so on).  

 

Eq. 3-18 
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The implementation in discretised form of the state space equation was quite straightforward where 
the state vector was calculated for each timepoint t according to Eq. 3-19 and Eq. 3-20 with ∆𝑝𝑝 as the 
time between two timepoints (the sampletime). 

�̇�𝒙𝑖𝑖 = 𝐴𝐴 ∗ 𝒙𝒙𝒊𝒊 + 𝐵𝐵 ∗ 𝒖𝒖𝒊𝒊 

Eq. 3-19 

𝒙𝒙𝑖𝑖 = 𝒙𝒙𝑖𝑖−1 + ∆𝑝𝑝 ∗ �̇�𝒙𝑖𝑖−1 

Eq. 3-20 

The output 𝒀𝒀𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑝𝑝𝑝𝑝𝑖𝑖𝑝𝑝𝑝𝑝  for each timepoint 𝑖𝑖 could then be calculated by Eq. 3-21 with appropriate C 
and D matrices to create the output vector shown in Eq. 3-22. 

𝒀𝒀𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑝𝑝𝑝𝑝𝑖𝑖𝑝𝑝𝑝𝑝 ,𝑖𝑖 = 𝐶𝐶 ∗ 𝒙𝒙𝒊𝒊 + 𝐷𝐷 ∗ �̇�𝒙i  

Eq. 3-21 
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T 

Eq. 3-22 

3.3 Constants 
A detailed CAD-model was available for the LinkQuad so the constants 𝑚𝑚, 𝑙𝑙, 𝐼𝐼𝑥𝑥𝑥𝑥 , 𝐼𝐼𝑦𝑦𝑦𝑦 , 𝐼𝐼𝑙𝑙𝑙𝑙  and  𝐼𝐼𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝  
could easily be measured and calculated. 𝐴𝐴𝑚𝑚 ,  𝐵𝐵𝑚𝑚 ,  𝑚𝑚  and 𝑚𝑚  did however need separate 
measurements as described in appendix A.  

The constants were measured and found to be: 

Variable Value: Description 
𝒎𝒎  1.2 𝑘𝑘𝑔𝑔 The quadrotor mass 
𝒍𝒍  0.215 𝑚𝑚 The rotor displacement 
𝑰𝑰𝒙𝒙𝒙𝒙  9.56e-3 𝑁𝑁 𝑚𝑚 𝑚𝑚2 The inertia around the 𝑋𝑋𝐵𝐵  axis 
𝑰𝑰𝒚𝒚𝒚𝒚  9.85e-3 𝑁𝑁 𝑚𝑚 𝑚𝑚2 The inertia around the 𝑌𝑌𝐵𝐵  axis 
𝑰𝑰𝒛𝒛𝒛𝒛  15.2e-3 𝑁𝑁 𝑚𝑚 𝑚𝑚2 The inertia around the 𝑍𝑍𝐵𝐵  axis 
𝑰𝑰𝒑𝒑𝒑𝒑𝒑𝒑𝒑𝒑  2.4e-6 𝑁𝑁 𝑚𝑚 𝑚𝑚2 The propeller inertia 
𝑨𝑨𝒎𝒎  -9.56 𝑚𝑚−1  The first motor constant 
𝑩𝑩𝒎𝒎  8.49e+07 𝑚𝑚𝑚𝑚𝑔𝑔 𝑉𝑉−1 𝑚𝑚−1 The second motor constant 
𝒂𝒂  1.59e-007 𝑁𝑁 𝑚𝑚2 The thrust constant 
𝒅𝒅  2.93e-009 𝑁𝑁 𝑚𝑚 𝑚𝑚2 The drag constant 

Table 3-1, The constants used by the greybox model 
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4 Blackbox Modelling 
By applying a blackbox approach to the quadrotor modelling problem different areas of system 
identification offer different solutions. The problem can be seen as a classical regression problem 
where the output variable is dependent on one or more input variables. For example the Z-
acceleration is dependent on all of the input variables. For regression problems there are several well 
known, and well explored, statistical approaches such as linear regression, least squares or support 
vector machines. These methods do in turn have many different implementations such as if they are 
linear or non-linear and parametric or non-parametric. The problem can also be seen as a supervised 
machine learning problem with continuous variables which open up the possibility to use even more 
methods e.g. genetic programming or artificial neural networks. Other ways to solve the problem 
could be to use methods such as extended Kalman filters or the ARMAX-algorithm used in the 
MATLAB System Identification Toolbox [4].  

The different approaches have different advantages and disadvantages but for this thesis a neural 
network model was used. The main reasons for this were as follows: 

• The method had been used with good results for similar areas of system identification like 
for example full size helicopters [2]. 

• The method was easily implemented for the problem with the well defined input and output 
variables. Apart from a few variables (e.g. number of nodes) that had to be set, very little 
input was needed by the user. 

• The data included much noise for some variables which the neural network method is known 
to be robust against [13].  

This chapter starts by giving the background information on how the algorithm and neural networks 
work in general in section 4.1. In section 4.2 the setup is described with the chosen values for 
variables. The chapter is finished by a description of the implementation in section 4.3. 

4.1 The Algorithm 
This thesis will not explain how a neural network works completely, for this the reader is referred to 
[13], but will just explain it briefly so the reader can understand the conclusions made. A basic feed-
forward neural network consists of one or several inputs that are used for predicting an output. This 
is done by letting each of the input values be processed through a net consisting of several nodes in 
several layers as shown in Fig. 4.1. Each node consists of a function, a so called activation function, 
which takes the sum of the input to it (the arrows pointing at it) as input and calculates an output. 
The output from the node is then sent further through the net and serves as the input to the next 
node and so on. This is done for all the nodes until the output has been calculated in the output layer 
which then serves as the prediction. Each layer can have different activation functions in its nodes 
which allows for the output to be very non-linear compared to the input. 
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Fig. 4.1, Basic feed-forward network with three layers, each node takes several inputs and calculates one output. 

The net described above however does not have any possibilities to “learn” to estimate a correct 
output. For this to happen the input to each node has to be weighted independently so only the 
relevant inputs are considered in the layer as shown in Fig. 4.2. These weights (the importance of 
each input to each node) can be changed and thereby allow the net to “learn”. How the weights are 
updated so the predicted output is as correct as possible will not be covered here, it is sufficient to 
know that this can be done if the error of the prediction is known, in other words if the correct 
(measured) output is known for that certain input. 

 

Fig. 4.2, One layer of a neural network where S is the number of neurons in the layer and R the number of inputs. Here 
the weights can be modified so the error of the prediction is lowered. 

The feed-forward network described above works well when the input is all that is needed to 
estimate the output. For example it would work very well for estimation of the 𝑍𝑍-acceleration with 
the different thrusts as input since the acceleration is only dependent on the thrust at that 
timepoint. However the thrust input would not work for the estimation of the 𝑍𝑍-velocity, since the 
velocity is dependent on more than the current thrust, it is also dependent on the velocity at the 
previous timepoint. This means that the predicted output for the previous timepoint (𝑌𝑌𝑝𝑝−1) also 
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needs to be the input for the net when calculating the current prediction (𝑌𝑌𝑝𝑝 ). This is done in a 
recurrent network shown in Fig. 4.3. 

 

Fig. 4.3, A recurrent neural network where the estimation for the previous timepoint (t-1) is used as input (together with 
the normal inputs in the input vector u(t)) for estimating the current output at timepoint (t).  

While a recurrent net can be trained just like a normal feed-forward net with the parallel 
architecture in Fig. 4.3 better, and faster, results can generally be obtained by training it in a series-
parallel architecture shown in Fig. 4.4 [14]. In this architecture the correct value is used as estimation 
for timepoint t-1. Then, after the net is trained, the structure of the net is converted into the parallel 
architecture shown in Fig. 4.3. 

 

Fig. 4.4, Series-parallel architecture, 𝒀𝒀(𝒕𝒕 − 𝟏𝟏) is the correct output for timepoint t-1, 𝒖𝒖(𝒕𝒕) is the input vector for 
timepoint t and 𝒚𝒚(𝒕𝒕) is the prediction for timepoint t. This architecture can be used for training before converting the net 
to the parallel architecture in Fig. 4.3 

The neural network used in this thesis, the non-linear autoregressive network with exogenous inputs 
(NARX), used this kind of training and transformation. To learn more about this algorithm please 
refer to [14]. 

4.2 The Net and Setup 
The NARX-net architecture allowed for several variables to be set. Initially one net was created for 
each of the 18 variables (one for X-position, one for X-velocity and so on) with the four engine inputs 
𝑢𝑢 as inputs. This model however did not present a “consistent” output, for example the output of the 
X-acceleration was not the derivation of the X-velocity so it was decided that one consistent model 
were to be used instead. This new model did instead only have 6 different nets, one each for the X, Y, 
Z velocities and roll, pitch, yaw rates. The other variables were then integrated (position/angles) and 
derivated (accelerations) from the calculated velocities/rates. The result of using the integration and 
the derivation compared to 18 different nets are presented and discussed in sections 5.3.3 and 6.2. 
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The algorithm also allowed several other variables to be set arbitrary. The numbers used for these 
variables were simply found by trial and error with the following guidelines; the total training time 
for 130 seconds training data (13 000 timepoints) was to be less than one hour and the prediction 
time was to be less than 10 seconds for 10 seconds prediction (1000 timepoints). The variables set 
according to this were then: 

• The number of nodes in the hidden layer; 10 was found to be sufficient giving only marginal 
increase in accuracy with further increase of the number of nodes. 

• The number of training epochs, in other words the number of times the net was to be 
retrained before it was considered ready. This was set as high as 25 so the nets were surely 
trained even while most nets only showed marginal improvement after 10 epochs. 

• The number of delayed outputs that was to be used as inputs. This number was set to 20 
which meant that the net had a memory of 0.2 seconds. This number could be seen as high 
but was set this way because of the large noise in the measured data (which caused errors in 
the imminent previous timepoints). 

• The performance estimation function, the function estimating the size of the error, was 
decided to be the mean square error. 

• The activation function was decided to be a sigmoid. 

4.3 Implementation 
The blackbox model was divided into two functions, the training function and the prediction 
function. 

The training function did get the correct output 𝒀𝒀𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚  and the engine inputs 𝑢𝑢1,𝑢𝑢2,𝑢𝑢3 and 𝑢𝑢4 
for a certain number of timepoints as input. The series parallel architecture allowed training on long 
intervals without errors due to the integrational nature of the problem. It was however found that 
the architecture in some cases made the trained nets overly dependent on the previous 
outputs (𝑌𝑌𝑝𝑝−1). Why this occurred is discussed in section 6.2. As discussed there this could also be 
avoided by adding noise to the entities that contained no or very little noise. 

Both the input data 𝒖𝒖 and the correct output data 𝒀𝒀 had to be normalized for the NARX-algorithm to 
work properly. It could be done by a function suggested by MATLAB where the configuration for the 
normalization could be saved for later use. This enabled the possibilities to redo the normalization as 
well as invert it. After normalization, the six nets (X, Y, Z-velocities and roll, pitch, yaw rates) could be 
trained and thereafter converted to the architecture shown in Fig. 4.3 as explained above. The 
procedure is shown in Fig. 4.5. 
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Fig. 4.5, The flow for training the neural net. It started by adding noise to appropriate entities followed by normalizing all 
the data before using the parallel architecture for training the neural nets. The nets could then be transformed to the 
recurrent architecture shown in Fig. 4.3. 

The prediction function did, unlike in the case with the greybox approach, need the correct output 
𝒀𝒀𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑝𝑝𝑝𝑝𝑖𝑖𝑝𝑝𝑝𝑝  for the first 20 timepoints (0.2s) since the net needed the previous 20 outputs to predict 
the next. The output data, as well as all the input data, fed to the function was then normalized in 
the same way as for the training using the same configuration for the normalization as the net was 
trained upon. The appropriate net (X-velocity for X-position, speed or acceleration, roll rate for roll 
angle, rate or acceleration and so on) was then used to predict the normalized output of that 
velocity/rate variable. This output was thereafter denormalized and integrated/derivated to get the 
output  𝒀𝒀𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑝𝑝𝑝𝑝𝑖𝑖𝑝𝑝𝑝𝑝  for the requested variable. The procedure is shown in Fig. 4.6. 

An example of this process could be that the prediction of the Z-position was requested. This would 
mean that the Z-velocity net was supposed to be used. The input 𝒖𝒖 and the output of the Z-velocity 
for the first 20 timepoints would then be normalized with the same normalization configuration used 
to train the Z-velocity net followed by the net making its prediction. The prediction would thereafter 
be denormalized and integrated to get the Z-position. 

  

Fig. 4.6, The flow for predicting the output y using the trained neural net. The input data was first normalized so it 
approximated the data the net was trained upon. It was thereafter used as input to the net and a normalized output was 
predicted. The normalized output could then be denormalized to get the real prediction. 
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5 Model Comparison  
In this project the models described in chapter 3 and 4 were tested and evaluated on several data-
sets containing the unpreprocessed recorded flight data and control input described in section 1.4.4. 
Section 5.1 describes the performance measurements used for the evaluation while the 
implementation of the testing is explained in section 5.2. The results are then summarized and 
clarified in section 5.3. This thesis mainly presents the evaluation results for a single flight data-set 
but some plots are included from other data-sets to show certain phenomenas, this to not confuse 
the reader with multiple sampling intervals and so on. 

Several figures are presented throughout the chapter to visualize what is being described in the text. 
In section 5.3 a complete set of graphs is also shown to give the reader a feeling of the accuracy of 
the models. 

5.1 Error Measurements 
To compare the different models two different error measurements, the RMS error and the TIC error, 
were used. The two measurements have different properties and were both used in this report to 
give a more complete view of the accuracy in the model prediction. Generally, it can however be said 
that a good RMS error implies a good TIC error and vice versa. It should also be noted that only the 
RMS error was used for training the blackbox model. 

5.1.1 RMS Error 
The RMS error measurement [15] is the average absolute error of the variable for the chosen interval 
containing 𝑝𝑝 number of measure points: 

𝑅𝑅𝑅𝑅𝑅𝑅 =  �
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Eq. 5-1 

The measured values (𝑌𝑌𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚 ) and the predicted values (𝑌𝑌𝑝𝑝𝑚𝑚𝑚𝑚 𝑚𝑚𝑖𝑖𝑝𝑝𝑝𝑝𝑖𝑖𝑝𝑝𝑝𝑝 ) are smoothened to remove 
the impact from white noise prior to subtraction. This makes it possible to discuss the average error 
of different models and whether it is within an acceptable range. Tischler [15] suggests that an 
average error between 1 and 2 deg/s is acceptable when discussing angle rates and 1 and 2 deg/s2 
for angle acceleration. He also suggests that an error between 1 and 2 ft/s (0.3 to 0.6 m/s) for 
velocities and 1 and 2 ft/s2  for accelerations are acceptable. These suggestions are however hard to 
apply to the quadrotor dynamics since they probably were meant for larger aircrafts with more 
stable dynamics and less noise in the measurements. It can for example be noted that an angle rate 
error of 2 deg/s is very small as can be seen in Fig. 5.1. 
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Fig. 5.1, 10 seconds prediction for the roll rate. In blue is the measured value (𝒀𝒀𝒎𝒎𝒎𝒎𝒂𝒂𝒎𝒎𝒖𝒖𝒑𝒑𝒎𝒎𝒅𝒅) while the prediction 
(𝒀𝒀𝒑𝒑𝒑𝒑𝒎𝒎𝒅𝒅𝒊𝒊𝒑𝒑𝒕𝒕𝒊𝒊𝒑𝒑𝒐𝒐) is the red dashed line. As can be seen the prediction is very good but the RMS error is still 9 deg/s. 

While the RMS error gives an easy overview of the magnitude of the error it can be hard to compare 
the error between different variables. For example the error of an accurate prediction for the Z-
acceleration can be 0.40 m/s2 while for the roll prediction it can be 60 deg/s2. It was also found that 
models that made restrictive predictions (models that made predictions with an absolute value lower 
than the measured value) got better RMS error results than models that made more bold predictions 
with larger manoeuvres. An extreme example of this can be seen in Fig. 5.2 where a dummy model 
always predicting zero made a better prediction according to the RMS error than a neural network 
model which clearly captured some of the dynamics. 

 

Fig. 5.2, Two models predicting the yaw rate for 10s. In blue is the measurement. The red dashed line is a dummy model 
(always predicting 0) while the cyan slash dotted one is a blackbox neural network model (NN). The RMS error is 9.46 
(dummy) respectively 9.97 (NN) even though the NN model clearly predicts the dynamics in the system “better”. The TIC 
errors are however 1 respectively 0.45 (low is better) for the two models.  
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5.1.2 TIC Error 
The second error measurement used is the Theil Inequality Coefficient (TIC) [15] which provides a 
normalized error for assessing the model accuracy. The error is between 0 (perfect match) and 1 (no 
match) and is calculated as follows: 
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Eq. 5-2 

Just like in the case with the RMS error the 𝑌𝑌𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚  and 𝑌𝑌𝑝𝑝𝑚𝑚𝑚𝑚𝑚𝑚𝑖𝑖𝑝𝑝𝑝𝑝𝑖𝑖𝑝𝑝𝑝𝑝  values have their white noise 
reduced prior to calculation. Tischler [15] suggests that a TIC error below 0.30 is needed for a good 
prediction. This guideline works better than the RMS guideline, especially with large manoeuvres, but 
can still in some cases be low. This is for example if 𝑌𝑌𝑚𝑚𝑚𝑚𝑚𝑚 𝑚𝑚𝑢𝑢𝑚𝑚𝑚𝑚𝑚𝑚  is close to 0, in which case very small 
absolute errors gives quite large TIC errors. An extreme case of this is when the measured value 
actually is zero which, no matter how small error, always gives a TIC error of 1. The TIC error also 
suffers the drawback that predictions larger than the measured value gets smaller TIC errors than 
predictions smaller than the measured value. This can be seen in Eq. 5-2 and it causes models with 
more bold predictions to get better results than models with more restrictive predictions. 

5.2 Implementation 
The implementation for the model evaluation was as follows; First the takeoff and landing data was 
removed from the data-set, this is for the obvious reason that the models were not applicable when 
the quadrotor was not flying. The remaining data-set was then divided into two different parts: The 
training set and the evaluation set. The training set was used for training the blackbox models while 
the evaluation set only was used for evaluation so a “true” error could be calculated. Fig. 5.3 gives an 
example of how a dataset was divided. 

 

Fig. 5.3, How a data-set was divided. The measurements for the first 30 seconds were used as takeoff time and the last 
22 seconds as landing time and were both discarded, The measurements between t = 30 and t = 150 seconds were used 
as training data while the measurements between t = 150 and t = 190 were used as evaluation data. 

With the training data available, the blackbox model was trained as described in section 4.3. 

Having the blackbox model trained the last part was to actually test the models and see how well 
they performed according to the error measurements. This was done by dividing both the training 
data and the evaluation data into subparts each containing 10 seconds. Each of these subparts was 
then predicted separately and the average error was calculated. The reason for dividing the data into 
subparts was that the small errors in the acceleration prediction gave large continuous errors in the 
integration (velocity/rate). These drift errors were caused by the theoretical integrational structure 
of the dynamics and are further discussed in section 6.1.  

Finally the error results were summarized and compared in the next section. 



32  A Study of Quadrotor Modelling 

5.3 Results 
This section of the thesis presents a summary of the results. The summary consists of the average 
errors for the 01_ft100316 data-set but also a set of figures that gives the reader a sense of the 
accuracy of the models. The intervals for these graphs were chosen to include some kind of large 
manoeuvre took place for that variable and if possible also so that the interval was within the 
validation data (so the models had been unable to train on it). The results are also discussed in the 
text. The input shown in the figures was the input for the appropriate channel (throttle for Z-
acceleration etc.) where the input could be between 0 and 1000. 

The summary is divided into two parts where each model is considered separately. As noted in 
section 1.5, the main focus of the comparison was to compare how good the models captured 
dynamics for the manoeuvres. Because of this, the summary mainly focused on the accelerations and 
velocities/rates since the position/angles only were integrated from these. The changes in position 
and attitude were also very small since the quadrotor mostly was hovering at the same spot. 

  



5 Model Comparison  33 

5.3.1 Average Errors 
RMS Error Greybox Model Blackbox Model 
Entity: Evaluation  

Error 
Training 
Error 

Evaluation 
Error 

X-Velocity 504,06 0,76 0,70 
Y-Velocity 291,07 0,52 0,57 
Z-Velocity 0,17 0,13 0,13 
X-Acceleration 142,43 0,71 0,72 
Y-Acceleration 84,04 0,54 0,82 
Z-Acceleration 0,39 0,32 0,38 
Roll Rate 123,33 7,01 12.35 
Pitch Rate 185,34 25,31 19,27 
Yaw Rate 28,87 14,76 13.08 
Roll Acceleration 128,44 27,59 52,31 
Pitch Acceleration 140,78 120,47 68,75 
Yaw Acceleration 17,99 29,54 31,82 

Table 5-1, RMS error for position on data-set 1, ft1_160310. Less is better 

TIC Error Greybox Model Blackbox Model 
Entity: Evaluation  

Error 
Training 
Error 

Evaluation 
Error 

X-Velocity 1,00 0,73 0,72 
Y-Velocity 1,00 0,65 0,63 
Z-Velocity 0,43 0,36 0,35 
X-Acceleration 0,99 0,50 0,50 
Y-Acceleration 0,98 0,42 0,46 
Z-Acceleration 0,38 0,31 0,35 
Roll Rate 0,82 0,24 0,32 
Pitch Rate 0,84 0,36 0,32 
Yaw Rate 0,64 0,52 0,45 
Roll Acceleration 0,46 0,31 0,34 
Pitch Acceleration 0,43 0,31 0,29 
Yaw Acceleration 0,43 0,42 0,39 

Table 5-2 TIC error for position on data-set 1, ft1_160310. Less is better 

Table 5-1 and Table 5-2 shows the average RMS and TIC errors for the position and attitude 
prediction divided into models and whether the data also was used for training or just evaluation. 
The results are further discussed in section 5.3.2 and 5.3.3. 

5.3.2 Linear Greybox Model 
The linear greybox model managed to make very accurate predictions when predicting the 
movement along the Z-axis. This can be seen both in the tables above but also in Fig. 5.4 where the 
model performed a very good prediction for both the Z-acceleration and Z-velocity during a throttle 
manoeuvre.  

The roll and pitch predictions were on the other hand not so good. In Fig. 5.5 the roll acceleration 
prediction seems to be correct but a further look on the roll rate shows that the acceleration 
prediction is overly negative in the beginning. This causes a drift in the roll rate which gives a large 
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continuous error. The same thing can be seen for the pitch in Fig. 5.6. Since the roll and pitch 
accelerations are recalculated each timepoint (and therefore not being dependent on the previous 
value) it can be theorized that these drifts propagate from the inputs. This is further discussed in 
section 6.1. In Fig. 5.5 and Fig. 5.6 it can also be seen that the predictions often get the phase of the 
major changes correct, but misses on the amplitude of the manoeuvre. 

Unlike the roll and pitch the yaw estimation was quite good. This can be seen in both Table 5-1 and 
Table 5-2 where the average errors are small but also in Fig. 5.7 where a yaw manoeuvre was 
correctly predicted. Drifts in the acceleration prediction did also occur for the yaw which is slightly 
visible in the figure but to a much lesser extent than for the roll and pitch predictions. 

The errors in the roll and pitch estimations caused large errors in the X and Y predictions. The reason 
for this was simply that three integrations took place to calculate the X and Y accelerations which 
caused large errors even if only small errors occurred in the roll and pitch estimations. This can 
partially be seen in Fig. 5.5 and Fig. 5.6 where the errors got large after just one integration and 
would thereafter have grown exponentially with the number of following integrations.  

5.3.3 Blackbox Neural Network Model 
As seen in Table 5-1 and Table 5-2 the blackbox model performed best for most of the variables and 
with good results for all except the X and Y position estimates. For the Z-prediction the greybox 
model left little room for improvement but the blackbox performed marginally better.  

Unlike the greybox model the blackbox neural network model managed to predict both the roll and 
pitch with very good accuracy. This can be seen in both Fig. 5.5 and Fig. 5.6 but also in Table 5-1 and 
Table 5-2 where the average error of the roll rate was as low as 7 deg/s which actually is better than 
what is shown in Fig. 5.5. Surprisingly the model also managed to “predict” the drifts and to some 
extent the noise in the input which led to suspicions that the net had not learnt the dynamics but the 
time series or some kind of periodicity. The model was therefore also tested on a large manoeuvre 
not similar to anything which it had been trained upon earlier but managed to predict it correctly. 
This is shown in Fig. 5.8 and further discussed in section 6.2. 

Interestingly enough the blackbox model performed worst (according to the TIC error) when 
calculating the yaw rate which the greybox performed best on and best on the roll rate which the 
greybox model performed worst upon. This can be seen Fig. 5.7 where the two models predicted 
very similar results. In average the blackbox model did however perform better for the yaw rate with 
half the mean square error compared to the greybox model. 

It can be seen from the error values shown in Table 5-1 and Table 5-2 that overtraining on the 
training data-set did not occur. Overtraining means that the neural net just learns the exact output 
for that input, not the dynamics in general, which would have resulted in high evaluation errors and 
low training errors. 
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Fig. 5.4, Z-prediction. The top plot shows the input, the middle shows the Z-acceleration and the bottom plot shows the 
Z-velocity. The measurements are shown in blue while the greybox model is shown as a slashed red line and the blackbox 
model as a dot-slashed green line. It can be seen that both models predict the Z movement accurately. The greybox 
model had a RMS error of 0.55 and a TIC error of 0.35 for the Z acceleration compared to the blackbox model that had a 
RMS error of 0.47 and a TIC error of 0.28. 
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Fig. 5.5 Roll prediction. The top plot shows the input, the middle shows the roll acceleration and the bottom plot shows 
the roll rate. The measurements are shown in blue while the greybox model is shown as a slashed red line and the 
blackbox model as a dot-slashed green line. The roll rate shows that the accuracy are very good for the blackbox model 
while the greybox model gets continuously growing errors. For the roll acceleration the greybox model had a RMS error 
of 158 and a TIC error of 0.49 compared to the blackbox model that had a RMS error of 60.3 and a TIC error of 0.24. 
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Fig. 5.6, Pitch prediction. The top plot shows the input, the middle shows the pitch acceleration and the bottom plot 
shows the pitch rate. The measurements are shown in blue while the greybox model is shown as a slashed red line and 
the blackbox model as a dot-slashed green line. Just like for the roll it can be seen that the blackbox model achieves the 
most accurate predictions. For the pitch acceleration the greybox model had a RMS error of 113 and a TIC error of 0.52 
compared to the blackbox model that had a RMS error of 43.1 and a TIC error of 0.32. 
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Fig. 5.7, Yaw prediction. The top plot shows the input, the middle shows the yaw acceleration and the bottom plot shows 
the yaw rate. The measurements are shown in blue while the greybox model is shown as a slashed red line and the 
blackbox model as a dot-slashed green line. For the yaw both models achieves good predictions as can be seen in the 
yaw rate plot. For the yaw acceleration the greybox model had a RMS error of 25.6 and a TIC error of 0.40 compared to 
the blackbox model that had a RMS error of 26.9 and a TIC error of 0.42. 
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Fig. 5.8, Z acceleration on a manoeuvre on which the blackbox neural net has not been trained upon. The top plot shows 
the input, the middle shows the Z-acceleration and the bottom plot shows the Z-velocity. The measurements are shown 
in blue while the greybox model is shown as a slashed red line and the blackbox model as a dot-slashed green line. It can 
be seen that the blackbox model manages to predict the Z-acceleration even though it was not trained on the 
manoeuvre. It should also be noted that the greybox model did not contain the right 𝑨𝑨𝒎𝒎 and 𝑩𝑩𝒎𝒎 variables used for the 
speed controller which caused some error for that model on that dataset. 
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6 Discussion of Results 
In this chapter the results and the performance of the models are discussed. The chapter also ends 
with conclusions and suggestions for possible further work within the area.  

First of all it should be noted that both of the models could have been improved further in different 
ways by for example making them more complex or by increasing the neural net size. It should also 
be said that generally the models could predict the Z-acceleration with very good accuracy. In most 
cases the models could actually predict the “correct” value better than the sensors onboard the 
quadrotor could measure it. This is shown in Fig. 6.1 where the integration of the accelerometer are 
less consistent with the Vicon measurements (that are assumed to be very precise) than the 
predictions from either the greybox or the blackbox model.  

 

Fig. 6.1, Z velocity prediction. The graph shows that the integrated onboard sensors measurements (green) mostly were 
less accurate (compared to the Vicon measurements (blue)) than the different models predictions (greybox in red and 
blackbox in cyan)). 

Both models were also well fast enough to make predictions in real time although the blackbox 
model was slower than the greybox model. Finally it should be remembered that the models in this 
comparison were tested on data that was not pre-processed with noise and trend removal.  

6.1 Greybox Model  
As noted in section 5.3.2 the linear greybox model managed to make very good predictions of the Z-
dynamics very good and to some extent the yaw dynamics. For the rest of the variables the results 
were not so good. For the roll and pitch acceleration the changes were predicted, but the amplitude 
was often wrong and the predictions included drifts. The errors in the roll and pitch predictions also 
resulted in very bad X and Y predictions. 

With the good results in Z-acceleration and Z-velocity prediction it can be concluded that the 
linearization of the thrust (made in Eq. 3-4) did not cause large errors but that the model infact 
managed to capture the dynamics almost as good as the non-linear blackbox model. Nor can it be 
seen that the simplifications between Eq. 3-8 and Eq. 3-10, where cos 𝜃𝜃 ∗ cos𝛷𝛷 was simplified to 1 
did matter much for the Z-acceleration. The effects of the simplifications for X and Y made at the 
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same time could unfortunately never be observed since the roll and pitch angles were never 
predicted correctly.  

When it comes to the roll and pitch the large errors were unexpected since these were, according to 
the theory presented, quite simple dynamics. It could be seen in Fig. 5.6 that the main cause of the 
errors was due to the fact that the prediction of the acceleration in general included drifts and that 
the amplitude of the changes in acceleration was wrongly predicted. Both of these causes can be 
explained by errors in the input. The drifts must be explained by drifts in the input since the 
acceleration was recalculated for each timepoint and not dependent on the previous prediction as 
explained in section 5.3.2. It is also easy to see that small drifts in the input could get large impact on 
the roll and pitch predictions since the calculations were based on a subtraction between two of the 
signals instead of the sum like for Z prediction. 

Apart from the errors in the input the greybox model often calculated the amplitude wrong for small 
manoeuvres. If one takes a quick look on how the non-linear model presented by Bauabdallah [7] 
calculates the roll acceleration the following terms are used: 

• Body gyroscopic torque: �̇�𝜃 ∗ �̇�𝜓(𝐼𝐼𝑦𝑦𝑦𝑦 − 𝐼𝐼𝑙𝑙𝑙𝑙 ) 
• Propeller gyro effect: 𝐼𝐼𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑚𝑚𝑙𝑙𝑙𝑙𝑚𝑚𝑚𝑚 ∗ �̇�𝜃 ∗ ∑ �(−1)𝑖𝑖)Ωi�4

𝑖𝑖=1  
• Roll actuators action: 𝑙𝑙(𝑇𝑇1 − 𝑇𝑇3) (The torque modelled in the greybox model presented here) 
• Hub forces due to sideward flight (very small when small horizontal movements) 
• Rolling movement due to forward flight (very small when small horizontal movements) 

Since only hovering conditions were considered (and the errors occur even when no horizontal 
movement was visible) the Hub forces due to sideward flight and Rolling movement due to forward 
flight should be very small and possible to ignore. This leaves the Body gyroscopic torque and the 
Propeller gyro effect which were implemented in an attempt to increase the accuracy. However, due 
to the errors in pitch rate propagating from the drifts in the input the result got very bad. Instead of 
increasing the accuracy the new terms propagated the errors from the pitch rate to the roll 
acceleration where it got integrated to the roll rate. From the roll rate the error then propagated 
back to the pitch acceleration through the Body gyroscopic torque (�̇�𝛷 ∗ �̇�𝜓(𝐼𝐼𝑙𝑙𝑙𝑙 − 𝐼𝐼𝑥𝑥𝑥𝑥 )) and the 
Propeller Gyro effect (𝐼𝐼𝑝𝑝𝑚𝑚𝑝𝑝𝑝𝑝𝑚𝑚𝑙𝑙𝑙𝑙𝑚𝑚𝑚𝑚 ∗ �̇�𝛷 ∗ ∑ �(−1)𝑖𝑖)Ωi�4

𝑖𝑖=1 ) for the pitch acceleration prediction causing a 
bad spiral. This lead to unrecognizable results already within a few seconds and similar effects were 
present on most calculations in the non-linear model. This was however avoided with the linear 
model presented here since it used a “top down” approach where no recurrent links were made 
between the variables. It should be noted that this only applied to the setting in this thesis where the 
input was not pre-treated with noise and trend removal. 

A big problem with the linear model in general was that small errors became large continuous errors 
when integrated and exponential when integrated twice. This could for example be seen in Fig. 5.5 
where the roll rate got continuous errors even though only small errors occurred in the roll 
acceleration prediction. This was expected since the model did not include any “dampening” terms 
like friction. Nor was it really a problem for the Z, roll, pitch and yaw variables since the accelerations 
for these were calculated directly from the input. For the X and Y accelerations this however did 
become a problem since these were the third integration of the pitch and roll acceleration which 
caused the X and Y predictions to be completely wrong. 
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6.2 Blackbox Model 
The blackbox model managed to get best predictions for all the variables with very good predictions 
for most of them. Especially impressing was the roll and pitch predictions, for which the derived 
greybox model had large problems but the neural net predicted very accurately. The model 
performed worst for the X and Y predictions, but according to the known dynamics (in the derived 
structure) these were also the variables hardest to predict. These predictions might be improved by 
creating a larger net or adding more variables to the state vector for the nets. For example, in the 
current configuration the only variables the X-velocity net remembered were the previous X-velocity 
and the input for the last 0.2 seconds. According to the theory the X-velocity was however also 
dependent on the pitch angle, so including the estimations for this variable could probably increase 
the accuracy. These improvements were however not pursued since the main focus was put on the Z, 
roll, pitch and yaw predictions. 

Neural nets are traditionally known to be useful in noisy systems [13], but in this project it was found 
that net was very sensitive to have the “right” amount of noise to train properly. Too little noise 
caused the net to be too dependent on the 𝑌𝑌𝑝𝑝−1 prediction and too much noise caused the net to be 
too little dependent on the 𝑌𝑌𝑝𝑝−1 prediction. This problem was probably connected to the series 
parallel architecture used for training. In the final version of the model, where the positions/angles 
were integrated and the accelerations derivated from the velocities/rates this did however become a 
smaller problem. Some noise (10 dB) was added to the angle rates during training while the velocities 
were kept as they were. This meant that the angle predictions could probably be improved further by 
also training the angle rate nets in the recurrent architecture described in Fig. 4.3 without added 
noise in the data. This would increase the importance of the 𝑌𝑌𝑝𝑝−1 prediction in the 𝑌𝑌𝑝𝑝  prediction to an 
“optimal” level.  

The final blackbox model described used neural nets to calculate the velocities/rates of the 6 
dimensions of freedom while the rest of the variables were integrated/derivated from these 
predictions. The model was compared to a second blackbox model using 18 different nets, one for 
each variable, which created an inconsistent model where the velocities could be completely 
unrelated to the accelerations. The result of this comparison, shown in Fig. 6.2, showed that the 
model based on the velocities/rates actually performed best for the derivation and quite good even 
for the integration. For the derivation case, this probably was because the training data was more 
suitable with the right amount of noise for the velocities. For the integration case, the model with 
the directly applied net performed slightly better according to the error measurements but it could 
be seen that the integration kept the dynamics better. The final model did however suffer from the 
fact that small errors became large continuous error when integrated. 



44  A Study of Quadrotor Modelling 

 

Fig. 6.2, Z prediction comparison between two blackbox models. The top plot shows the input, the second plot shows the 
Z-acceleration, the third the Z-velocity and the bottom plot the Z-position. The measurements are shown in blue while 
the blackbox model using 18 different nets is shown as a slashed red line and the blackbox model using 6 nets as a dot-
slashed green line. It can be seen that both models achieve good results for Z-acceleration and that the 6 net model kept 
most of the dynamics for the Z-position prediction. 

One major concern with the blackbox model was that it did infact perform too well when calculating 
the roll and pitch rates. It could for example predict the trends (which the greybox model failed 
upon) and other noise which should in a sense not have been possible. A suspicion was therefore 
raised that the neural net only had learnt the input output correlation for the data it was trained 
upon, not the dynamics in general. The model was therefore tested on a manoeuvre for which it had 
not been trained with successful results (seen in Fig. 5.8) which should not have been possible if the 
neural net just learnt the time series. It was also tested on other data-sets with successful results. 
However, when the model was tested on “clean” artificial manoeuvres, like for example the step 
input (Fig. 6.3) or a long period sinusoid (Fig. 6.4) the result showed that the model quickly adapted 
to the input identifying it as a trend in the input. For the step input this meant that it quickly 
assumed a new trimpoint for the input and thereby predicting zero acceleration. For the sinusoid on 
the other hand it assumed it had a continuously growing (or decreasing) drift in the input sensor and 
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thereby always predicted the acceleration as zero. It was found that the border where it identified a 
sinusoid as a “signal” and not a drift was when the period was below 1 second. There are ways to 
create a blackbox model that would not detect drifts, mainly by reducing the memory of the net, 
which could have been implemented. These models would however got worse results with the given 
data-sets and would thereby not have been able to train the finer parts of the dynamics correctly. It 
can also be seen for example in Fig. 5.5 and Fig. 5.6 that the blackbox model could calculate the 
dynamics better than the greybox model even apart from the drift. 

 

Fig. 6.3, Step response for the two models. In the top plot the red dashed line is the linear greybox model and the cyan 
line the blackbox model. The bottom plot shows the step input in blue. It can be seen that the blackbox model quickly 
identifies the new higher input as a new trimpoint, assuming it is “zero”. 
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Fig. 6.4, The model responses on a sinusoid input. In the top plot the red dashed line is the linear greybox model and the 
cyan line the blackbox model. The bottom plot shows the step input in blue and the average in red. It can be seen that 
the blackbox model assumes the entire change in input just is drifts because of the long period time. If the period would 
have been below 1 second the model would have accepted it as “normal” input and behaved just like the greybox model. 

Apart from the drifts in the input, the input also included unnatural correlations between the input 
and the variables. Examples of these are the PID-controller and that the pilot tried to keep the 
quadrotor still in the air and thereby always trying to keep the roll and pitch angles close to 0. These 
correlations could have been learnt by the neural net causing it to give predictions true to the data-
set, but false compared to reality (if no PID-stabilizer or pilot were used). An example of this was that 
in all the cases in the training data-set where a manoeuvre caused a large pitch angle, it was followed 
by a negative pitch acceleration (caused by the PID-regulator). If data recorded with a second PID-
regulator would have been available it could have been tested whatever these correlations were 
learnt or not, though unfortunately no such data-set was available. 

One last thing that should be considered is how to use the blackbox model to create a control 
system. While the greybox model can be backward engineered into a control system the unknown 
nature of the blackbox model makes that very hard. Instead the model has to be implemented into a 
simulator from where a control system can be trained or tested.  
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6.3 Conclusion 
The conclusion from this thesis is that, from the implementation here where the input was kept with 
noise and trends, the blackbox neural network managed to give the best performance. This was 
mainly because the input contained drifts which caused large errors for the derived greybox model. 
The results did however also show that the blackbox model generally managed to get the amplitude 
of the roll and pitch manoeuvres more correct even with the drifts aside. The inability of the greybox 
model to predict the roll and pitch angle correctly also made it impossible to compare the X and Y 
predictions. The results also showed that both models were possible to implement in a real time 
simulator although the blackbox model was more computationally demanding. 

It should however be noted that the blackbox model developed here not only learnt the dynamics of 
the quadrotor but also the dynamics of the trends and the noise. This could cause problems if the 
model was to be directly applied to the quadrotor alone since it would filter out slow manoeuvres, 
like for example the sinusoid shown in Fig. 6.4.  

6.4 Further Work 
During the project some possibilities for further work were identified: 

• The models could be improved to include non-hover flight. This would require new flight 
data for testing and training the models as well as some improvements in the structure of 
the models. The improvements could for example be that the greybox model would need 
some new equations while the blackbox model might have to include more inputs to its nets. 
The comparison could also be made with preprocessed flight data where the trends and 
noise were removed. 

• A control system for the quadrotor could be derived and either tested or trained in a 
simulator constructed by the models presented here. 

• The models could also be implemented in a flight simulator and tested by a human pilot. 
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Appendix A, Constants Identification 
This appendix explains how the 𝐴𝐴𝑚𝑚 , 𝐵𝐵𝑚𝑚 , 𝑚𝑚 and 𝑚𝑚 constants could be measured independently for the 
greybox model presented in chapter 3. The appendix will start by explaining how the motor 
constants could be found and calculated and finishes by calculating the thrust and drag constants. 

Motor Constants 
As described in chapter 3 the input to rotor rotation rate was assumed to be linear and on the form: 

Ω̇𝑖𝑖  = Am ∗ Ωi + Bm ∗ ui  

Eq. A-0-1 

Where Ωi  was the rotor rotation rate, Ω̇𝑖𝑖  the rotation acceleration for the same rotor and ui  the 
input (in the form of length of a PWM pulse) sent to the speed controller for the engine connected to 
the rotor. To calculate the Am  and Bm  constants in this equation measurements of all three of these 
were required for different inputs. It was therefore decided to carefully measure the rotation rate Ωi  
(with the help of a photo sensor) while changing (and measuring) the input ui  to the speed controller 
with different frequencies. This allowed the rotor acceleration to be derived from the rotation rate. 

With the measurements recorded the MATLAB system identification toolbox [4] allowed for finding 
the Am  and Bm  constants. The toolbox used the frequency domain for its calculations for which Eq. 
A-0-1 was converted to one pole. How the toolbox made its calculations will not be covered here but 
can be found in [4]. The toolbox also required that the average of both the input and the output was 
removed centring it to 0. This later lead to that only the change in input had to be given to the 
models as described in section 3.3. It also lead to that the gravity force did not have to be modelled 
as described in 3.2. The accuracy of the equation with the found constants can be seen in Fig. A.1. 

Aerodynamic Propeller Constants Calculation 
By measuring the thrust and torque in a static state the thrust constant 𝑚𝑚 and the drag constant 𝑚𝑚 
could be calculated according to Eq. A-0-2 and Eq. A-0-3. 

𝑇𝑇𝑖𝑖 = 𝑚𝑚 ∗ Ω𝑖𝑖2 ⇔𝑚𝑚=
𝑇𝑇𝑖𝑖
Ω𝑖𝑖2 

Eq. A-0-2 

𝐷𝐷𝑖𝑖 = 𝑚𝑚 ∗ Ω𝑖𝑖2 ⇔𝑚𝑚=
𝐷𝐷𝑖𝑖
Ω𝑖𝑖2 

Eq. A-0-3 

The thrust 𝑇𝑇𝑖𝑖  and the drag 𝐷𝐷𝑖𝑖  could be measured by two different load cells, one measuring the 
change in induced vertical pressure (weight) and one in induced horizontal pressure (torque). 
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Fig. A.1, The accuracy of the motor identification. In top graph the measured value of the rotation rate can be seen in 
blue. The red line is the predicted value for the linear equation presented here and the green line is the prediction when 
using a non-linear equation. In the bottom graph the input can be seen. 
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